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BACKGROUND 

H eat and mass transfer is a basic science that deals with the rate of 
transfer of thermal energy. It has a broad application area ranging from 
biological systems to common household appliances, residential and 
commercial buildings, industrial processes, electronic devices, and food pro- 
cessing. Students are assumed to have an adequate background in calculus and 
physics. The completion of first courses in thermodynamics, fluid mechanics, 
and differential equations prior to taking heat transfer is desirable. However, 
relevant concepts from these topics are introduced and reviewed as needed. 

OBJECTIVES 

This book is intended for undergraduate engineering students in their sopho- 
more or junior year, and as a reference book by practicing engineers. The ob- 
jectives of this text are 

* To cover the basic principles of heat transfer. 

• To present a wealth of real-world engineering examples to give students 
a feel for how heat transfer is applied in engineering practice. 

• To develop an intuitive understanding of heat transfer by emphasizing 
the physics and physical arguments. 

It is our hope that this book, through its careful explanations of concepts and 
its use of numerous practical examples and figures, helps the students develop 
the necessary skills to bridge the gap between knowledge and the confidence 
for proper application of that knowledge. 

In engineering practice, an understanding of the mechanisms of heat transfer is 
hem min g increasingly important since heat transfer plays a crucial role in the de- 
sign of vehicles, power plants, refrigerators, electronic devices, buildings, and 
bridges, among other thin gs. Even a chef needs to have an intuitive understanding 
of the heat transfer mechanism in order to cook the food “right” by adjusting the 
rate of heat transfer. We may not be aware of it, but we already use the principles 
of heat transfer when seeking thermal comfort. We insulate our bodies by putting 
on heavy coats in winter, and we minimize heat gain by radiation by staying in 
shady places in summer. We speed up the cooling of hot food by blowing on it and 
keep warm in cold weather by cuddling up and thus minimizing the exposed sur- 
face area. That is, we already use heat transfer whether we realize it or not. 

GENERAL APPROACH 

This text is the outcome of an attempt to have a textbook for a practically 
oriented heat transfer course for engineering students. The text covers the 


standard topics of heat transfer with an emphasis on physics and real- world 
applications. This approach is more in line with students’ intuition, and makes 
learning the subject matter enjoyable. 

The philosophy that contributed to the overwhelming popularity of the prior 
editions of this book has remained unchanged in this edition. Namely, our 
goal has been to offer an engineering textbook that 

• Communicates directly to the min ds of tomorrow’s engineers in a sim- 
ple yet precise manner. 

• Leads students toward a clear understanding and firm grasp of the basic 
principles of heat transfer. 

• Encourages creative thinking and development of a deeper understand- 
ing and intuitive feel for heat transfer. 

• Is read by students with interest and enthusiasm rather than being used 
as an aid to solve problems. 

Special effort has been made to appeal to students’ natural curiosity and to 
help them explore the various facets of the exciting subject area of heat trans- 
fer. The enthusiastic response we received from the users of prior editions — 
from small colleges to large universities all over the world — indicates that our 
objectives have largely been achieved. It is our philosophy that the best way to 
learn is by practice. Therefore, special effort is made throughout the book to 
reinforce material that was presented earlier. 

Yesterday’s engineer spent a major portion of his or her time substituting val- 
ues into the formulas and obtaining numerical results. However, now formula 
manipulations and number crunching are being left mainly to the computers. 
Tomorrow’s engineer will have to have a clear understanding and a firm grasp 
of the basic principles so that he or she can understand even the most complex 
problems, formulate them, and interpret the results. A conscious effort is made 
to emphasize these basic principles while also providing students with a per- 
spective at how computational tools are used in engineering practice. 

NEW IN THIS EDITION 

All the popular features of the previous edition are retained while new ones 
are added. With the exception of the coverage of the theoretical foundations of 
transient heat conduction and moving the chapter “Cooling of Electronic 
Equipment” to the Online Learning Center, the main body of the text remains 
largely unchanged. The most significant changes in this edition are high- 
lighted below. 

A NEW TITLE 

The title of the book is changed to Heat and Mass Transfer: A Practical 
Approach to attract attention to the coverage of mass transfer. All topics related 
to mass transfer, including mass convection and vapor migration through build- 
ing materials, are introduced in one comprehensive chapter (Chapter 14). 

EXPANDED COVERAGE OF TRANSIENT CONDUCTION 

The coverage of Chapter 4, Transient Heat Conduction, is now expanded to in- 
clude (1) the derivation of the dimensionless Biot and Fourier numbers by 
nondimensionalizing the heat conduction equation and the boundary and initial 



conditions, (2) the derivation of the analytical solutions of a one-dimensional 
transient conduction equation using the method of separation of variables, 
(3) the derivation of the solution of a transient conduction equation in the semi- 
infinite medium using a similarity variable, and (4) the solutions of transient 
heat conduction in semi-infinite mediums for different boundary conditions 
such as specified heat flux and energy pulse at the surface. 

FUNDAMENTALS OF ENGINEERING (FE) EXAM PROBLEMS 

To prepare students for the Fundamentals of Engineering Exam (that is be- 
coming more important for the outcome-based ABET 2000 criteria) and to fa- 
cilitate multiple-choice tests, about 250 multiple-choice problems are included 
in the end-of-chapter problem sets. They are placed under the title “Funda- 
mentals of Engineering (FE) Exam Problems” for easy recognition. These 
problems are intended to check the understanding of fundamentals and to help 
readers avoid common pitfalls. 

MICROSCALE HEAT TRANSFER 

Recent inventions in micro and nano-scale systems and the development of 
micro and nano-scale devices continues to pose new challenges, and the un- 
derstanding of the fluid flow and heat transfer at such scales is becoming more 
and more important. In Chapter 6, microscale heat transfer is presented as a 
Topic of Special Interest. 

THREE ONLINE APPLICATION CHAPTERS 

The application chapter “Cooling of Electronic Equipment” (Chapter 15) is 
now moved to the Online Learning Center together with two new chapters 
“Heating and Cooling of Buildings” (Chapter 16) and “Refrigeration and 
Freezing of Foods" (Chapter 17). Please visit www.mhhe.com/cengel. 

CONTENT CHANGES AND REORGANIZATION 

With the exception of the changes already mentioned, minor changes are made 
in the main body of the text. Nearly 400 new problems are added, and many of 
the existing problems are revised^The noteworthy changes in various chapters 
are summarized here for those who are familiar with the previous edition. 

• The title of Chapter 1 is changed to “Introduction and Basic Concepts.” 

; Some artwork is replaced by photos, and several review problems on the 

first law of thermodynamics are deleted. 

• Chapter 4 “Transient Heat Conduction” is revised greatly, as explained 
previously, by including the theoretical background and the mathemati- 
cal details of the analytical solutions. 

• Chapter 6 now has the Topic of Special Interest “Microscale Heat Trans- 
fer" contributed by Dr. Subrata Roy of Kettering University. 

• Chapter 8 now has the Topic of Special Interest “Transitional Flow in 
Tubes” contributed by Dr. Afshin Ghajar of Oklahoma State University. 

• Chapter 13 “Heat Exchangers” is moved up as Chapter 11 to succeed 
“Boiling and Condensation” and to precede “Radiation.” 

• In the appendices, the values of some physical constants are updated, 
and Appendix 3 “Introduction to EES” is moved to the enclosed CD and 
the Online Learning Center. 


PREFACE 


SUPPLEMENTS 

The following supplements are available to the adopters of the book, 

ENGINEERING EQUATION SOLVER (EES) CD-ROM 

(Limited Academic Version packaged free with every new copy of the text) 
Developed by Sanford Klein and William Beckman from the University of 
Wisconsin-Madison, this software combines equation-solving capability and 
engineering property data. EES can do optimization, parametric analysis, and 
linear and nonlinear regression, and provides publication-quality plotting ca- 
pabilities. Thermodynamic and transport properties for air, water, and many 
other fluids are built in, and EES allows the user to enter property data or func- 
tional relationships. Some problems are solved using EES, and complete 
solutions together with parametric studies are included on the enclosed 
CD-ROM. To obtain the full version of EES, contact your McGraw-Hill 
representative or visit www.mhhe.com/ees. 

INSTRUCTOR’S RESOURCE CD-ROM 

(Available to instructors only) 

This CD, available to instructors only, includes the solutions manual by 
chapter. 
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Warm 



The cooling of a boiled egg in a cooler 
environment by natural convection. 


The temperature of the air adjacent to the egg is higher 
and thus its density is lower, since at constant pressure the 
density of a gas is inversely proportional to its temperature. 
Thus, we have a situation in which some low-density or 
“light” gas is surrounded by a high-density or “heavy” gas, 
and the natural laws dictate that the tight gas rise . This is no 
different than the oil in a vinegar-and-oii salad dressing ris- 
ing to the top (since p oU < pvinesar)* TW S phenomenon is 
characterized incorrectly by the phrase “heat rises ” which 
is understood to mean heated air rises . The space vacated 
by the warmer air in the vicinity of the egg is replaced by 
the cooler air nearby, and the presence of cooler air in the 
vicinity of the egg speeds up the cooling process. The rise 
of wanner air and the flow of cooler air into its place con- 
tinues until the egg is cooled to the temperature of the sur- 
rounding air. 


EMPHASIS ON 
PHYSICS 

The author believes that the emphasis 
in undergraduate education should 
remain on developing a seme of 
underlying physical mechanisms and 
a mastery of solving practical prob- 
lems that an engineer is likely to face 
in the real world. 


EFFECTIVE USE OF 

ASSOCIATION 

An observant mind should have no difficulty 
understanding engineering sciences. After all, 
the principles of engineering sciences are based 
on our everyday experiences and experimental 
observations. The process of cooking, for ex- 
ample, serves as an excellent vehicle to demon- 
strate the basic principles of heat transfer* 


EXAMPLE 4-3 Bolling Eggs 

An ordinary egg can be approximated as a 5-cm-diameter sphere {Fig, 4-21), The egg 
is initially .at a uniform temperature of 5*C and is dropped into boiling water at 95 C C. 
Taking the convection heat transfer coefficient to be h = 1200 W/m 2 - C C, determine 
how Jong it will take for the center of the egg to reach 70*C. 

SOLUTION An egg is cooked in boiling water. The cooking time of the egg is to be 
determined. 

Assumptions 1 The egg is spherical in shape with a radius of r Q “ 2.5 cm. 2 Heat 
conduction in the egg is one-dimensional because of thermal symmetry about the 
midpoint. 3 The thermal properties of the egg and the heat transfer coefficient are 
constant. 4 The Fourier number is r > 0.2 so that the one-term approximate solu- 
tions are applicable. 


-- 



FIGURE 3-44 

The effectiveness of a fin. 



Fin Effectiveness 

Fins are used to enhance heat transfer, and the use of 
fins on a surface cannot be recommended unless the 
enhancement in heat transfer justifies the added cost 
and complexity associated with the fins. In fact, 
there is no assurance that adding fins on a surface 
will enhance heat transfer. The performance of the 
fins is judged on the basis of the enhancement in 
heat transfer relative to the no-fm case. The perfor- 
mance of fins is expressed in terms of the fin effec- 
tiveness defined as Fig. 3-44. 


SELF-INSTRUCTING 

The material in the text is introduced at a 
level that an average student can follow 
comfortably. It speaks to students, not over 
students. In fact, it is self-instructive. The or- 
der of coverage is from simple to general. 


XVtli 







(6) Roast beef 

FIGURE 

A small copper ball can be modeled 
as a lumped system, but a roast 
beef cannot. 


TOOLS ToTeN^CEL^RIW^ 


EXTENSIVE USE OF 
ARTWORK 

Art is an important learning tool that helps stu- 
dents “get the picture." The third edition of Heat 
and Mass Transfer: A Practical Approach con- 
tains more figures and illustrations than any other 
book in this category. 
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LEARNING 

OBJECTIVES 

AND 

SUMMARIES 

?* ' * 

Each chapter begins with 
an Overview of the mate- 
rial to be covered and 
chapter-specific Leant - 
ing Objectives * A Sum- 
mary is included at the 
end of each chapter, pro- 
viding a quick review of 
basic concepts and im- 
portant relations, and 
pointing out the rele- 
vance of the material* 


science of thermodynamics deals with the amount of heat transfer as 
| a system undergoes a process from one equilibrium state to another, and 
H makes no reference to how long the process will take. Butin engineer- 
ing, we are often interested in the rate of heat transfer, which is the topic of 
the science of heat transfer. 

We start this chapter with a review of the fundamental concepts of thermo- 
dynamics that form the framework for heat transfer. We first present the 
relation of heat to other forms of energy and review the energy balance. We 
then present the three basic mechanisms of heat transfer, which are conduc- 
tion, convection, and radiation, and discuss thermal conductivity Conduction 
is die transfer of energy from the more energetic particles of a substance to the 
adjacent, less energetic ones as a result of interactions between the particles. 
Convection is the mode of heat transfer between a solid surface and the adja- 
cent liquid or gas that is in motion, and it involves the combined effects of 
conduction and fluid motion* Radiation is the energy emitted by matter in the 
form of electromagnetic waves (or photons) as a result of the changes in the 
electronic configurations of the atoms or molecules. We dose this chapter 
with a discussion of simultaneous heat transfer* 

OBJECTIVES 

Men you finish studying this chapter, you should be able to; 

h Understand how thermodynamics and heat transfer are related to each other, 

n Distinguish thermal energy from other forms of energy, and heat transfer from other 

forms of energy transfer, 

a Perform general energy balances as well as surface energy balances, 

b . Understand the basic mechanisms of heat transfer, which are conduction, convection, 
and radiation, and Fourier's law of heat conduction, Newton's law of cooling, and the 
Stefan-Boltzmann law of radiation, 

* Identify the mechanisms of heat transfer that occur simultaneously in practice, 
n Develop an awareness of the cost associated with heat losses, and 
» Solve va riou s heat tr a nsfer p rob fe m s encou nte red i n p ra c tree* 
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i EXAMPLE 1-9 Radiation Effect on Thermal 

Comfort 

It is a common experience to feel "chilly" in winter and 
"warm" in summer in our homes even when the thermostat 
setting is kept the same. This is due to the so called "radi- 
ation effect" resulting from radiation heat exchange be- 
tween our bodies and the surrounding surfaces of the walls 
and the ceding. 

Consider a person standing in a room maintained at 
22*C at all times. The inner surfaces of the walls, floors, 
and the ceiling of the house are observed to be at an aver- 
age temperature of 10°C in winter and 25X in summer. 
Determine the rate of radiation heat transfer between this 
person and the surrounding surfaces if the exposed surface 
area and the average outer surface temperature of the per- 
son are 1.4 m z and 30X, respectively {Fig. 1-38), 

SOLUTION The rates of radiation heat transfer between a 
person and the surrounding surfaces at specified tempera- 
tures are to be determined in summer and winter. 
Assumptions 1 Steady operating conditions exist, 2 Heat 
transfer by convection is not considered. 3 The person is 
completely surrounded by the Interior surfaces of the room. 
4 The surrounding surfaces are at a uniform temperature. 
Properties The emissivity of a person is e — 0.95 (Table 
1 - 6 ). 

Analysis The net rates of radiation heat transfer from the 
body to the surrounding walls, ceiling, and floor In winter 
and summer are 
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NUMEROUS 
WORKED-OUT 
EXAMPLES WITH 
A SYSTEMATIC 
SOLUTIONS 
PROCEDURE 

Each chapter contains several 
worked-out examples that clarify the 
material and illustrate the use of the 
basic principles. An intuitive and sys- 
tematic approach is used in the solu- 
tion of the example problems, while 
maintaining an informal conversa- 
tional style. The problem is first 
stated, and the objectives are iden- 
tified. The assumptions are then 
stated, together with their justifica- 
tions. The properties needed to solve 
the problem are listed separately, if 
appropriate. This approach is also 
used consistently in the solutions 
presented in the instructor’s solu- 
tions manual. 


A WEALTH OF REAL-WORLD 
END-OF-CHAPTER PROBLEMS 

The end-of-chapter problems are grouped under specific topics to make 
problem selection easier for both instructors and students. Within each 
group of problems are: 


• Concept Questions, indicated by “C,” to check the students’ level of 
understanding of basic concepts. 


1-9 1C We often turn the fan on in summer to help 
u$ cooL Explain how a fan makes us feel cooler in the 
summer. Also explain why some people use ceiling 
fans also in winter. 


1-148 A 30-cm-Iong. 0.5-cm-diameier electric resistance 
wire is used to determine the convection heat transfer coeffi- 
cient In air H 25 # C experimentally. Tbe surface temperature of 
the wire Is measured to be 230 ff C when the electric power con- 
sumption is 180 WL If the radiation heal loss from the wire is 
calculated to be 60 W, the convection heal trans fer coefficient is 
{<0 186 W/ed 3 ■ *C (&) 153 W/m* - C C 

(c) 124 W/m 1 < e C (d) 248 W/m 3 - e C 

{*) 390 W/ed 3 - fl C 


• Review Problems are more comprehensive in nature and are not di- 
rectly tied to any specific section of a chapter — in some cases they re- 
quire review of material learned in previous chapters. 


* Design and Essay are intended to encourage students to make engi- 
neering judgments, to conduct independent exploration of topics of 
interest, and to communicate their findings in a professional manner. 


3-32 gjjQj Reconsider Prob. 3-30, Using EES (or other) 
BBSs software, investigate the effect of thermal con- 
ductivity on the required insulation thickness. Plot the thick- 
ness of Insulation as a function of the thermal conductivity of 
the insulation in the range of 0.02 W^n - *C to 0,03 W/m * e C T 
and discuss the results. 


• Fundamentals of Engineering Exam problems are clearly marked 
and intended to check the understanding of fundamentals, to help stu- 
dents avoid common pitfalls, and to prepare students for the FE Exam 
that is becoming more important for the outcome based ABET 2000 
criteria. 

These problems are solved using EES, and complete solutions 
together with parametric studies are included on the enclosed 
CD-ROM. 

These problems are comprehensive in nature and -are intended to be 
solved with a computer, preferably using the EES software that ac- 
companies this text. 

Several economics- and safety-related problems are incorporated throughout 
to enhance cost and safety awareness among engineering students. Answers to 
selected problems are listed immediately following the problem for conve- 
nience to students. 



TOOLS TO ENHANCE LEARNING 


5-75 Consider a co!d aluminum canned drink that is initially 
at a tin j form temperature of 4*C, The can is J 2_5 cm high arid 
has a diameter of 6 cm. If the combined coGvection/radiarion 
heal transfer coe fficient be tween i he can and the surrounding 
air si 25'C is 10 Wlfri 3 - C C, determine how long it will take for 
the average temperature of the drink to rise to 15 a C. 

In an effort to slow down the warming of the cold drink, a 
person pots the can in a perfectly fitting -thick cylindrical 
rubber insulator (fc = 0,13 W/m ■ °C), Now how long will U 
take for the average temperature of the drink to rise to 15 a C? 
Assume the lop of the can is not covered. 


4*C 

i 





Heat Transfer through Windows 

Windows are glazed apertures in the building envelope that typically con- 
sist of single or multiple glazing (glass or plastic), framing, and shading. In 
a building envelope, windows offer the least resistance to heat transfer. In a 
typical house, about one-third of the total heat loss in winter occurs through 
the windows. Also, most air infil tration occurs at the edges of the windows. 
The solar heat gain through the windows is responsible for much of the 
cooling load in summer. The net effect of a window on the heat balance of 
a building depends on the characteristics and orientation of the window as 
well as the solar and weather data. Workmanship is very important in the 
construction and installation of windows to provide effective sealing 
around the edges while allowing them to be opened and closed easily. 

Despite being so undesirable from an energy conservation point of view, 
windows are an essential part of any building envelope since they enhance 
the appearance of the building, allow daylight and solar heat to come in, 
and allow people to view and observe outside without leaving their home. 
For low-rise buildings, windows also provide easy exit areas during emer- 
gencies such as fire. Important considerations in the selection of windows 
are thermal comfort and energy conservation. A window should have a 
good light transmittance while providing effective resistance to heat trans- 
fer. The lighting requirements of a building can be minimized by maximiz- 
ing the use of natural daylight. Heat loss in winter through the windows can 
be minimized by using airtight double- or triple-pane windows with spec- 
trally selective films or coatings, and letting in as much solar radiation as 
possible. Heat gain and thus cooling load in summer can be minimized by 
using effective internal or external shading on the windows. 


TOPIQS OF 

SPECIAL 

INTEREST 

Most chapters contain a real world 
application, end-of-chapter optional 
section called “Topic of Special 
Interest” where interesting applica- 
tions of heat transfer are discussed 
such as Thermal Comfort in Chap- 
ter 1, A Brief Review of Differential 
Equations in Chapter 2, Heat Trans- 
fer through the Walls and Roofs in 
Chapter 3, and Heat Transfer through 
Windows in Chapter 9. 


CONVERSION 

FACTORS 

Frequently used conversion 
factors and physical constants 
are listed on the inner cover 
pages of the text for easy 
reference. 






T he science of thermodynamics deals with the amount of heat transfer as 
a system undergoes a process from one equilibrium state to another, and 
H makes no reference to how long the process will take. But in engineer- 
ing, we are often interested in the rate of heat transfer, which is the topic of 
the science of heat transfer. 

We start this chapter with a review of the fundamental concepts of thermo- 
dynamics that form the framework for heat transfer. We first present the 
relation of heat to other forms of energy and review the energy balance. We 
then present the three basic mechanisms of heat transfer, which are conduc- 
tion, convection, and radiation, and discuss thermal conductivity. Conduction 
is the transfer of energy from the more energetic particles of a substance to the 
adjacent, less energetic ones as a result of interactions between the particles. 
Convection is the mode of heat transfer between a solid surface and the adja- 
cent liquid or gas that is in motion, and it involves the combined effects of 
conduction and fluid motion. Radiation is the energy emitted by matter in the 
form of electromagnetic waves (or photons) as a result of the changes in the 
electronic configurations of the atoms or molecules. We close this chapter 
with a discussion of simultaneous heat transfer. 
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OBJECTIVES ' 

When you finish studying this chapter, you should be able to: 

m Understand how thermodynamics and heat transfer are related to each other, 

m Distinguish thermal energy from other forms of energy, and heat transfer from other 
forms of energy transfer, 

m Perform general energy balances as well as surface energy balances, 

m Understand the basic mechanisms of heat transfer, which are conduction, convection, 
and radiation, and Fourier's law of heat conduction, Newton's law of cooling, and the 
Stefa n,-BoItzmann law of radiation, 

a Identify the mechanisms of heat transfer that occur simultaneously in practice, 

■ Develop an awareness of the cost associated with heat fosses, and 
b Solve various heat transfer problems encountered in practice. 
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' 'rnTROntlCTIQN AND BASIC CONCEPTS 


1-1 ■ THERMODYNAMICS AND HEAT TRANSFER 


Thermos 

bottle 



Insulation 


FIGURE 1-1 

We are normally interested in how long 
it takes for the hot coffee in a thermos 
bottle to cool to a certain temperature, 
which cannot be determined from a 
thermodynamic analysis alone. 



FIGURE 1-2 

Heat flows in the direction of 
decreasing temperature. 


We all know from experience that a cold canned drink left in a room warms up and 
a warm canned drink left in a refrigerator cools down. This is accomplished by the 
transfer of energy from the warm medium to the cold one. The energy transfer is 
always from the higher temperature medium to the lower temperature one, and the 
energy transfer stops when the two mediums reach the same temperature. 

You will recall from thermodynamics that energy exists in various forms. In 
this text we are primarily interested in heat, which is the form of energy that 
can be transferred from one system to another as a result of temperature dif- 
ference. The science that deals with the determination of the rates of such en- 
ergy transfers is heat transfer. 

You may be wondering why we need to undertake a detailed study on heat 
transfer. After all, we can determine the amount of heat transfer for any sys- 
tem undergoing any process using a thermodynamic analysis alone. The rea- 
son is that thermodynamics is concerned with the amount of heat transfer as a 
system undergoes a process from one equilibrium state to another, and it gives 
no indication about how long the process will take. A thermodynamic analy- 
sis simply tells us how much heat must be transferred to realize a specified 
change of state to satisfy the conservation of energy principle. 

In practice we are more concerned about the rate of heat transfer (heat trans- 
fer per unit time) than we are with the amount of it. For example, we can de- 
termine the amount of heat transferred from a thermos bottle as the hot coffee 
inside cools from 90°C to 80°C by a thermodynamic analysis alone. But a typ- 
ical user or designer of a thermos bottle is primarily interested in how long it 
will be before the hot coffee inside cools to 80°C, and a thermodynamic 
analysis cannot answer this question. Determining the rates of heat transfer to 
or from a system and thus the times of heating or cooling, as well as the vari- 
ation of the temperature, is the subject of heat transfer (Fig. 1-1). 

Thermodynamics deals with equilibrium states and changes from one equi- 
librium state to another. Heat transfer, on the other hand, deals with systems that 
lack thermal equilibrium, and thus it is a nonequilibrium phenomenon. There- 
fore, the study of heat transfer cannot be based on the principles of thermo- 
dynamics alone. However, the laws of thermodynamics lay the framework for 
the science of heat transfer. The first law requires that the rate of energy transfer 
into a system be equal to the rate of increase of the energy of that system. The 
second law requires that heat be transferred in the direction of decreasing tem- 
perature (Fig. 1-2). This is like a car parked on an inclined road must go down- 
hill in the direction of decreasing elevation when its brakes are released. It is 
also analogous to the electric current flowing in the direction of decreasing volt- 
age or the fluid flowing in the direction of decreasing total pressure. 

The basic requirement for heat transfer is the presence of a temperature dif- 
ference. There can be no net heat transfer between two bodies that are at the 
same temperature. The temperature difference is the driving force for heat 
transfer, just as the voltage difference is the driving force for electric current 
flow and pressure difference is the driving force for fluid flow. The rate of heat 
transfer in a certain direction depends on the magnitude of the temperature 
gradient (the temperature difference per unit length or the rate of change of 
temperature) in that direction. The larger the temperature gradient, the higher 
the rate of heat transfer. 


CHAPTER 1 


Application Areas of Heat Transfer 

Heat transfer is commonly encountered in engineering systems and other as- 
pects of life, and one does not need to go very far to see some application 
areas of heat transfer. In fact, one does not need to go anywhere. The human 
body is constantly rejecting heat to its surroundings, and human comfort is 
closely tied to the rate of this heat rejection. We try to control this heat trans- 
fer rate by adjusting our clothing to the environmental conditions. 

Many ordinary household appliances are designed, in whole or in part, by 
using the principles of heat transfer. Some examples include the electric or gas 
range, the heating and air-conditioning system, the refrigerator and freezer, the 
water heater, the iron, and even the computer, the TV, and the DVD player. Of 
course, energy-efficient homes are designed on the basis of minimizing heat 
loss in winter and heat gain in summer. Heat transfer plays a major role in the 
design of many other devices, such as car radiators, solar collectors, various 
components of power plants, and even spacecraft (Fig. 1-3). The optimal in- 
sulation thickness in the walls and roofs of the houses, on hot water or steam 
pipes, or on water heaters is again determined on the basis of a heat transfer 
analysis with economic consideration. 

Historical Background 

Heat has always been perceived to be something that produces in us a sensa- 
tion of warmth, and one would think that the nature of heat is one of the first 



Car radiators Power plants Refrigeration systems 

FIGURE 1-3 

Some application areas of heat transfer. 

A/C unit, fridge, radiator: © The McGraw-Hill Companies, Inc J Jill Braaten, photographer; Plane: © Voi MiPhotoDhc; Humans: 

© VoL 121/PhotoDisc; Power plant: © Corbis Royalty Free 
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FIGURE 

In the early nineteenth century, heat was 
thought to be an invisible fluid called the 
caloric that flowed from wanner bodies 
to the cooler ones. 


things understood by mankind. But it was only in the middle of the nineteenth 
century that we had a true physical understanding of the nature of heat, thanks 
to the development at that time of the kinetic theory, which treats molecules 
as tiny balls that are in motion and thus possess kinetic energy. Heat is then 
defined as the energy associated with the random motion of atoms and mole- 
cules. Although it was suggested in the eighteenth and early nineteenth cen- 
turies that heat is the manifestation of motion at the molecular level (called the 
live force), the prevailing view of heat until the middle of the nineteenth cen- 
tury was based on the caloric theory proposed by the French chemist Antoine 
Lavoisier (1743-1794) in 1789. The caloric theory asserts that heat is a fluid-like 
substance called the caloric that is a massless, colorless, odorless, and tasteless 
substance that can be poured from one body into another (Fig. 1-4). When 
caloric was added to a body, its temperature increased; and when caloric was 
removed from a body, its temperature decreased. When a body could not con- 
tain any more caloric, much the same way as when a glass of water could not 
dissolve any more salt or sugar, the body was said to be saturated with caloric. 
This interpretation gave rise to the terms saturated liquid and saturated vapor 
that are still in use today. 

The caloric theory came under attack soon after its introduction. It main- 
tained that heat is a substance that could not be created or destroyed. Yet it was 
known that heat can be generated indefinitely by rubbing one’s hands together 
or rubbing two pieces of wood together. In 1798, the American Benjamin 
Thompson (Count Rumford) (1753-1814) showed in his papers that heat can 
be generated continuously through friction. The validity of the caloric theory 
was also challenged by several others. But it was the careful experiments of 
the Englishman James R Joule (1818-1889) published in 1843 that finally 
convinced the skeptics that heat was not a substance after all, and thus put the 
caloric theory to rest. Although the caloric theory was totally abandoned in the 
middle of the nineteenth century, it contributed greatly to the development of 
thermodynamics and heat transfer. 

1-2 - ENGINEERING HEAT TRANSFER 

Heat transfer equipment such as heat exchangers, boilers, condensers, radia- 
tors, heaters, furnaces, refrigerators, and solar collectors are designed pri- 
marily on the basis of heat transfer analysis. The heat transfer problems 
encountered in practice can be considered in two groups; (1) rating and 
(2) sizing problems. The rating problems deal with the determination of the 
heat transfer rate for an existing system at a specified temperature difference. 
The sizing problems deal with the determination of the size of a system in 
order to transfer heat at a specified rate for a specified temperature difference. 

An engineering device or process can be studied either experimentally (test- 
ing and taking measurements) or analytically (by analysis or calculations). 
The experimental approach has the advantage that we deal with the actual 
physical system, and the desired quantity is determined by measurement, 
within the limits of experimental error. However, this approach is expensive, 
timeconsuming, and often impractical. Besides, the system we are analyzing 
may not even exist. For example, the entire heating and plumbing systems of 
a building must usually be sized before the building is actually built on the 
basis of the specifications given. The analytical approach (including the 


numerical approach) has the advantage that it is fast and inexpensive, but the 
results obtained are subject to the accuracy of the assumptions, approxima- 
tions, and idealizations made in the analysis. In engineering studies, often a 
good compromise is reached by reducing the choices to just a few by analysis, 
and then verifying the findings experimentally. 


Modeling in Engineering 

The descriptions of most scientific problems involve equations that relate the 
changes in some key variables to each other. Usually the smaller the increment 
chosen in the changing variables, the more general and accurate the descrip- 
tion. In the limiting case of infinitesimal or differential changes in variables, 
we obtain differential equations that provide precise mathematical formula- 
tions for the physical principles and laws by representing the rates of change 
as derivatives. Therefore, differential equations are used to investigate a wide 
variety of problems in sciences and engineering (Fig. 1-5). However, many 
problems encountered in practice can be solved without resorting to differen- 
tial equations and the complications associated with them. 

The study of physical phenomena involves two important steps. In the first 
step, all the variables that affect the phenomena are identified, reasonable as- 
sumptions and approximations are made, and the interdependence of these 
variables is studied. The relevant physical laws and principles are invoked, and 
the problem is formulated mathematically. The equation itself is very instruc- 
tive as it shows the degree of dependence of some variables on others, and the 
relative importance of various terms. In the second step, the problem is solved 
using an appropriate approach, and the results are interpreted. 

Many processes that seem to occur in nature randomly and without any 
order are, in fact, being governed by some visible or not-so-visible physical 
laws. Whether we notice them or not, these laws are there, governing consis- 
tently and predictably what seem to be ordinary events. Most of these laws are 
well defined and well understood by scientists. This makes it possible to pre- 
dict the course of an event before it actually occurs, or to study various aspects 
of an event mathematically without actually running expensive and timecon- 
sumhig experiments. This is whe/e the power of analysis lies. Very accurate 
results to meaningful practical problems can be obtained with relatively little 
effort by using a suitable and realistic mathematical model. The preparation 
of such models requires an adequate knowledge of the natural phenomena 
involved and the relevant laws, as well as a sound judgment. An unrealistic 
model will obviously give inaccurate and thus unacceptable results. 

An analyst working on an engineering problem often finds himself or 
herself in a position to make a choice between a very accurate but complex 
model, and a simple but not-so-accurate model. The right choice depends on 
the situation at hand. The right choice is usually the simplest model that yields 
adequate results. For example, the process of baking potatoes or roasting a 
round chunk of beef in an oven can be studied analytically in a simple way by 
modeling the potato or the roast as a spherical solid ball that has the properties 
of water (Fig. 1-6). The model is quite simple, but the results obtained are suf- 
ficiently accurate for most practical purposes. As another example, when we 
analyze the heat losses from a building in order to select the right size for a 
heater, we determine the heat losses under anticipated worst conditions and 
select a furnace that will provide sufficient energy to make up for those losses. 



FIGURE 1-5 

Mathematical modeling of physical 

problems. 



FIGURE 1-6 


Modeling is a powerful engineering 
tool that provides great insight and 
simplicity at the expense of 
some accuracy. 


Often we tend to choose a larger furnace in anticipation of some future ex- 
pansion, or just to provide a factor of safety. A very simple analysis is ade- 
quate in this case. 

When selecting heat transfer equipment, it is important to consider the ac- 
tual operating conditions. For example, when purchasing a heat exchanger 
that will handle hard water, we must consider that some calcium deposits will 
form on the heat transfer surfaces over time, causing fouling and thus a grad- 
ual decline in performance. The heat exchanger must be selected on the basis 
of operation under these adverse conditions instead of under new conditions. 

Preparing very accurate but complex models is usually not so difficult. 
But such models are not much use to an analyst if they are very difficult and time- 
consuming to solve. At the minimum, the model should reflect the essential 
features of the physical problem it represents. There are many significant real- 
world problems that can be analyzed with a simple model. But it should 
always be kept in mind that the results obtained from an analysis are as accu- 
rate as the assumptions made in simplifying the problem. Therefore, the solu- 
tion obtained should not be applied to situations for which the original 
assumptions do not hold. 

A solution that is not quite consistent with the observed nature of the prob- 
lem indicates that the mathematical model used is too crude. In that case, a 
more realistic model should be prepared by eliminating one or more of the 
questionable assumptions. This will result in a more complex problem that, of 
course, is more difficult to solve. Thus any solution to a problem should be 
interpreted within the context of its formulation. 

1-3 ■ HEAT AND OTHER FORMS OF ENERGY 

Energy can exist in numerous forms such as thermal, mechanical, kinetic, po- 
tential, electrical, magnetic, chemical, and nuclear, and their sum constitutes 
the total energy E (or e on a unit mass basis) of a system. The forms of energy 
related to the molecular structure of a system and the degree of the molecular 
activity are referred to as the microscopic energy. The sum of all microscopic 
forms of energy is called the internal energy of a system, and is denoted by 
U (or u on a unit mass basis). 

The international unit of energy is joule (J) or kilojoule (1 kJ = 1000 J). 
In the English system, the unit of energy is the British thermal unit (Btu), 
which is defined as the energy needed to raise the temperature of 1 Ibm of 
water at 60°F by 1°F. The magnitudes of kl and Btu are almost identical 
(1 Btu = 1.055056 kJ). Another well-known unit of energy is the calorie 
(1 cal = 4. 1868 J), which is defined as the energy needed to raise the temper- 
ature of 1 gram of water at 14.5°C by 1°C. 

Internal energy may be viewed as the sum of the kinetic and potential ener- 
gies of the molecules. The portion of the internal energy of a system asso- 
ciated with the kinetic energy of the molecules is called sensible energy or 
sensible heat. The average velocity and the degree of activity of the molecules 
are proportional to the temperature. Thus, at higher temperatures the mole- 
cules possess higher kinetic energy, and as a result, the system has a higher 
internal energy. 

The internal energy is also associated with the intermolecular forces be- 
tween the molecules of a system. These are the forces that bind the molecules 


to each other, and, as one would expect, they are strongest in solids and weak- 
est in gases. If sufficient energy is added to the molecules of a solid or liquid, 
they will overcome these molecular forces and simply break away, turning the 
system to a gas. This is a phase change process and because of this added en- 
ergy, a system in the gas phase is at a higher internal energy level than it is in 
the solid or the liquid phase. The internal energy associated with the phase of 
a system is called latent energy or latent heat. 

The changes mentioned above can occur without a change in the chemical 
composition of a system. Most heat transfer problems fall into this category, 
and one does not need to pay any attention to the forces binding the atoms in 
a molecule together. The internal energy associated with the atomic bonds in 
a molecule is called chemical (or bond) energy, whereas the internal energy 
associated with the bonds within the nucleus of the atom itself is called 
nuclear energy. The chemical and nuclear energies are absorbed or released 
during chemical or nuclear reactions, respectively. 

In the analysis of systems that involve fluid flow, we frequently encounter 
the combination of properties u and Pv. For the sake of simplicity and conve- 
nience, this combination is defined as enthalpy h. That is, h = u + Pv where 
the term Pv represents the flow energy of the fluid (also called the flow work), 
which is the energy needed to push a fluid and to maintain flow. In the energy 
analysis of flowing fluids, it is convenient to treat the flow energy as part of 
the energy of the fluid and to represent the microscopic energy of a fluid 
stream by enthalpy h (Fig. 1-7). 

Specific Heats of Gases, Liquids, and Solids 

You may recall that an ideal gas is defined as a gas that obeys the relation 

Pv = RT or P = pRT (t-1) 

where P is the absolute pressure, v is the specific volume, T is the thermody- 
namic (or absolute) temperature, p is the density, and R is the gas constant. It 
has been experimentally observed that the ideal gas relation given above 
closely approximates the P~v-T bejjavior of real gases at low densities. At low 
pressures and high temperatures, the density of a gas decreases and the gas be- 
haves like an ideal gas. In the range of practical interest, many familiar gases 
such as air, nitrogen, oxygen, hydrogen, helium, argon, neon, and krypton and 
even heavier gases such as carbon dioxide can be treated as ideal gases with 
negligible error (often less than one percent). Dense gases such as water vapor 
in steam power plants and refrigerant vapor in refrigerators, however, should 
not always be treated as ideal gases since they usually exist at a state near 
saturation. 

You may also recall that specific heat is defined as the energy required to 
raise the tepxperature of a unit mass of a substance by one degree (Fig. 1-8). 
In general, this energy depends on how the process is executed. We are usually 
interested in two kinds of specific heats: specific heat at constant volume c v 
and specific heat at constant pressure c p . The specific heat at constant 
volume c v can be viewed as the energy required to raise the temperature of a 
unit mass of a substance by one degree as the volume is held constant. The 
energy required to do the same as the pressure is held constant is the specific 
heat at constant pressure c p . The specific heat at constant pressure c p is 



FIGURE 1-7 

The internal energy u represents the mi- 
croscopic energy of a nonflowing fluid, 
whereas enthalpy h represents the micro- 
scopic energy of a flowing fluid. 



5 kJ 


FIGURE 1-8 

Specific heat is the energy required to 
raise the temperature of a unit mass 
of a substance by one degree in a 

specified way. 
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FIGURE 1-9 

The specific heat of a substance changes 
with temperature. 


greater than c v because at constant pressure the system is allowed to expand 
and the energy for this expansion work must also be supplied to the system. 
For ideal gases, these two specific heats are related to each other by c p = 

c y + R, 

A common unit for specific heats is kl/kg • °C or kJ/kg - K. Notice that these 
two units are identical since Af(°C) = A7(K), and 1°C change in temperature 
is equivalent to a change of 1 K. Also, 

1 kJ/kg ■ °C = 1 J/g • °C = 1 kJ/kg * K = lJ/g • K 

The specific heats of a substance, in general, depend on two independent 
properties such as temperature and pressure. For an ideal gas , however, they 
depend on temperature only (Fig. 1—9). At low pressures all real gases ap- 
proach ideal gas behavior, and therefore their specific heats depend on tem- 
perature only. 

The differential changes in the internal energy u and enthalpy h of an ideal 
gas can be expressed in terms of the specific heats as 


du = c v dT and dh = c p dT 


( 1 - 2 ) 


The finite changes in the internal energy and enthalpy of an ideal gas during a 
process can be expressed approximately by using specific heat values at the 

average temperature as 


Ah — ava AT r and A/? a V ^A T C^/§) 


(1“3) 


or 



FIGURE 1-10 

The c v and c p values of incompressible 
substances are identical and are 
denoted by c. 


At/ = »ic v>avg AT and A// = mc p ^., g isT (J) 0-4) 

t 

where m is the mass of the system. 

A substance whose specific volume (or density) does not change with tem- 
perature or pressure is called an incompressible substance. The specific vol- 
umes of solids and liquids essentially remain constant during a process, and 
thus they can be approximated as incompressible substances without sacrific- 
ing much in accuracy. 

The constant-volume and constant-pressure specific heats are identical for 
incompressible substances (Fig. 1-10). Therefore, for solids and liquids 
the subscripts on c v and c p can be dropped and both specific heats can be rep- 
resented by a single symbol, c. That is, c p = c v ^ c. This result could also be 
deduced from the physical definitions of constant-volume and constant-pressure 
specific heats. Specific heats of several common gases, liquids, and solids 
are given in the Appendix. 

The specific heats of incompressible substances depend on temperature 
only. Therefore, the change in the internal energy of solids and liquids can be 
expressed as 


At/ = »ic avg AT (I) 


(1-5) 


i 


where c avg is the average specific heat evaluated at the average temperature. 

Note that the internal energy change of the systems that remain in a single 
phase (liquid, solid, or gas) during the process can be determined very easily 
using average specific heats. 

Energy Transfer 

Energy can be transferred to or from a given mass by two mechanisms: heat 
transfer Q and work W. An energy interaction is heat transfer if its driving 
force is a temperature difference. Otherwise, it is work. A rising piston, a ro- 
tating shaft, and an electrical wire crossing the system boundaries are all as- 
sociated with work interactions. Work done per unit time is called power, and 
is denoted by W. The unit of power is W or hp (1 hp = 746 W). Car engines 
and hydraulic, steam, and gas turbines produce work; compressors, pumps, 
and mixers consume work. Notice that the energy of a system decreases as it 
does work, and increases as work is done on it. 

In daily life, we frequently refer to the sensible and latent forms of internal FIGURE 1-11 

energy as heat, and we talk about the heat content of bodies (Fig. 1-1 1). In The sensible and latent forms of internal 
thermodynamics, however, those forms of energy are usually referred to as energy can be transferred as a result of 
thermal energy to prevent any confusion with heat transfer. a temperature difference, and they are 

The term heat and the associated phrases such as heat flow, heat addition, referred to as heat or thermal energy, 

heat rejection, heat absorption, heat gain, heat loss, heat storage, heat gener- 
ation, electrical heating, latent heat, body heat, and heat source are in com- 
mon use today, and the attempt to replace heat in these phrases by thermal 
energy had only limited success. These phrases are deeply rooted in our vo- 
cabulary and they are used by both the ordinary people and scientists without 
causing any misunderstanding. For example, the phrase body heat is under- 
stood to mean the thermal energy content of a body. Likewise, heat flow is 
understood to mean the transfer of thermal energy, not the flow of a fluid-like 
substance called heat, although the latter incorrect interpretation, based on the 
caloric theory, is the origin of this phrase. Also, the transfer of heat into a sys- 
tem is frequently referred to as heat addition and the transfer of heat out of a 
system as heat rejection. ✓ 

Keeping in line with current practice, we will refer to the thermal energy as 
heat and the transfer of thermal energy as heat transfer. The amount of heat 
transferred during the process is denoted by Q. The amount of heat transferred 
per unit time is called heat transfer rate, and is denoted by Q . The overdot 
stands for the time derivative, or “per unit time.” The heat transfer rate Q has 
the unit J/s, which is equivalent to W. 

When the rate of heat transfer Q is available, then the total amount of heat 
transfer Q during a time interval Af can be determined from 

Q= (“fat (J) (1-6) 

Jo 

* - 

provided that the variation of Q with time is known. For the special case of 
Q = constant, the equation above reduces to 




6 = 


(J) 


( 1 - 7 ) 



e = 24 W 
= const. 


Heat flux is heat transfer per unit 
time and per unit area , and is equal 

■ 4 

to q = QJA when Q is uniform over 
the area A. 



FIGURE 1-13 

Schematic for Example 1-1. 


The rate of heat transfer per unit area normal to the direction of heat transfer 
is called heat flux, and the average heat flux is expressed as (Fig. 1-12) 

q = -j- (W/m 2 ) (1-8) 

where A is the heat transfer area. The unit of heat flux in English units is 
Btu/h - ft 2 . Note that heat flux may vary with time as well as position on a 
surface. 


EXAMPLE 1-1 Heating of a Copper Ball 

A 10-cm-diameter copper bail is to be heated from 100°C to an average tem- 
perature of 150°C in 30 minutes (Fig. 1-13). Taking the average density and 
specific heat of copper in this temperature range to be p = 8950 kg/m 3 and 
c p = 0.395 kJ/kg • °C, respectively, determine (a) the total amount of heat 
transfer to the copper bail, (b) the average rate of heat transfer to the ball, and 
(c) the average heat flux. 

SOLUTION The copper ball is to be heated from 100°C to 15 0°C. The total 
heat transfer, the average rate of heat transfer, and the average heat flux are to 
be determined. 

Assumptions Constant properties can be used for copper at the average 
temperature. 

Properties The average density and specific heat of copper are given to be 
p = 8950 kg/m 3 and c p = 0.395 kJ/kg ■ °C. 

Analysis (a) The amount of heat transferred to the copper ball is simply the 
change in its internal energy, and is determined from 

Energy transfer to the system = Energy increase of the system 
(2 - At/ - mc n . g (7 2 - 7',) 

where' 


m ~ p\J = |p£> 3 - | (8950 kg/m 3 )(0.1 m) 3 - 4.686 kg 


Substituting, 


Q = (4.686 kg)(0.395 kJ/kg • °C)(150 - 100) C C 92.6 k J 

Therefore, 92.6 kJ of heat needs to be transferred to the copper ball to heat it 
from 100°C to 150°C, 

{ b ) The rate of heat transfer normally changes during a process with time. How- 
ever, we can determine the average rate of heat transfer by dividing the total 
amount of heat transfer by the time interval. Therefore, 

Q 02 6 kJ 

2 ^ = l8§jf = 0.0514 kJ/s = 51.4 W 


(c) Heat flux. is defined as the heat transfer per unit time per unit area, or the 
rate of heat transfer per unit area. Therefore, the average heat flux in this 


1 case is 


4 1 EVg 


* h 

£?avg Qm g _ 51.4 W 

A ttD 2 7t( 0.1 m) : 


= 1636 W/m 3 


Discussion Note that heat fiux may vary with location on a surface. The value 
calculated above is the average heat fiux over the entire surface of the ball. 


■ THE FIRST LAW OF THERMODYNAMICS 


The first law of thermodynamics, also known as the conservation of energy 
principle, states that energy can neither be created nor destroyed during a 
process; it can only change forms . Therefore, every bit of energy must be 
accounted for during a process. The conservation of energy principle (or the 
energy balance) for any system undergoing any process may be expressed as 
follows: The net change ( increase or decrease ) in the total energy of the sys- 
tem during a process is equal to the difference between the total energy enter- 
ing and the total energy leaving the system during that process . That is, 


/Total energy \ 
entering the 
\ system J 


4 , \ 

Total energy 1 

leaving the 

^ system j 


Change in the 
total energy of 
^ the system j 


(1-9) 


Noting that energy can be transferred to or from a system by heai t work , and 
mass flow, and that the total energy of a simple compressible system consists 
of internal, kinetic, and potential energies, the energy balance for any system 
undergoing any process can be expressed as 



Net energy transfer 
by bear, work, and mass 


A E 


system 


Change in internal, kinetic, 
potential, eta, energies 


(J) 


or, in the rate form, as 


ft -10) 


■ 4 - 4 , = dE systi Jdt (W) (1-11) 

' V ' , ' 

Rale of net energy transfer Rate of change in internal 

by heat, work, and mass kinetic, potential, ela, energies 

Energy is a property, and the value of a property does not change unless the 
state of the system changes. Therefore, the energy change of a system is zero 
(A£ S ystem ~ 0) if the state of the system does not change during the process, 
that is, the process is steady. The energy balance in this case reduces to 
(Fig. 1-14/ 

Steady, rate form: 4 = 4: (1-12) 

Rate of net energy rrans ft r in Rate o f net energy transfer out 

by heat, work, and mass by heat, work, and mass 

In the absence of significant electric, magnetic, motion, gravity, and surface 
tension effects (i.e., for stationary simple compressible systems), the change 



FIGURE 1-14 

In steady operation, the rate of energy 
transfer to a system is equal to the rate 
of energy transfer from the system. 



In the absence of any work interactions, 
the change in the energy content of a 
closed system is equal to the net 
heat transfer. 


in the total energy of a system during a process is simply the change in its in- 
ternal energy. That is, AE sysU(n = ^ ^system* 

In heat transfer analysis, we are usually interested only in the forms of en- 

ergy that can be transferred as a result of a temperature difference, that is, heat 
or thermal energy. In such cases it is convenient to write a heat balance and 
to treat the conversion of nuclear, chemical, mechanical, and electrical energies 
into thermal energy as beat generation. The energy balance in that case can be 

expressed as 

Q\n ~ Gout T system (1) ^ ^ 

' , ' ' — — ' ' * ' 

Net best Heal Change In thermal 

transfer generation energy of the system 


Energy Balance for Closed Systems (Fixed Mass) 

A closed system consists of a fixed mass. The total energy E for most systems 
encountered in practice consists of the internal energy U. This is especially the 
case for stationary systems since they don’t involve any changes in their ve- 
locity or elevation during a process. The energy balance relation in that case 

reduces to 

Stationaty closed system; E in - E M = A U = mc v iST (J) {1-14) 

where we expressed the internal energy change in terms of mass m, the spe- 
cific heat at constant volume c ^ and the temperature change AT of the system. 
When the system involves heat transfer only and no work interactions across 
its boundary, the energy balance relation further reduces to (Fig. 1-15) 

Stationary closed system, no work: Q = mc v isT (J) (1-15) 

where Q is the net amount of heat transfer to or from the system. This is die 
form of the energy balance relation we will use most often when dealing with 

a fixed mass. 


Energy Balance for Steady-Flow Systems 

A large number of engineering devices such as water heaters and car radiators 
involve mass flow in and out of a system, and are modeled as control volumes. 
Most control volumes are analyzed under steady operating conditions. The 
term steady means no change with time at a specified location. The opposite 
of steady is unsteady or transient. Also, the term uniform implies no change 
with position throughout a surface or region at a specified time. These mean- 
ings are consistent with their everyday usage (steady girlfriend, uniform 
distribution, etc.). The total energy content of a control volume during a 
steady-flow process remains constant (E c y = constant). That is, the change 
in the total energy of the control volume during such a process is zero 
(A£ cv = 0). Thus the amount of energy entering a control volume in all forms 
(heat, work, mass transfer) for a steady-flow process must be equal to the 
amount of energy leaving it. 

The amount of mass flowing through a cross section of a flow device per 
unit time is called the mass flow rate, and is denoted by m . A fluid may flow 
in and out of a control volume through pipes or ducts. The mass flow rate of a 
fluid flowing in a pipe or duct is proportional to the cross-sectional area A c of 


the pipe or duct, the density p, and the velocity Vof the fluid. The mass flow 
rate through a differential area dA c can be expressed as S/h = pV n dA c where 
V n is the velocity component normal to dA c . The mass flow rate through the 
entire cross-sectional area is obtained by integration over A c . 

The flow of a fluid through a pipe or duct can often be approximated to be 
one-dimensional. That is, the properties can be assumed to vary in one direc- 
tion only (the direction of flow). As a result, all properties are assumed to be 
uniform at any cross section normal to the flow direction, and the properties 
are assumed to have bulk average values over the entire cross section. Under 
the one-dimensional flow approximation, the mass flow rate of a fluid flowing 
in a pipe or duct can be expressed as (Fig. 1-16) 

m = pVA c (kg/s) (1-18) 

where p is the fluid density, Vis the average fluid velocity in the flow direc- 
tion, and A c is the cross-sectional area of the pipe or duct. 

The volume of a fluid flowing through a pipe or duct per unit time is called 
the volume flow rate V, and is expressed as 


A c - 7ll) 2 H - 
for a; circular pipe 


V 

— dm=pVA t 


FIGURE 1-16 
The mass flow rate of a fluid at a cross 
section is equal to the product of the 
fluid density, average fluid velocity, 
and the cross-sectional area. 


O' = VA C = ~ (m 3 /s) 


(1-17) 


Note that the mass flow rate of a fluid through a pipe or duct remains constant 
during steady flow. This is not the case for the volume flow rate, however, un- 
less the density of the fluid remains constant. 

For a steady-flow system with one inlet and one exit, the rate of mass flow 
into the control volume must be equal to the rate of mass flow out of it. That 
is, m in = m ou t = m. When the changes in kinetic and potential energies are 
negligible, which is usually the case, and there is no work interaction, the en- 
ergy balance for such a steady-flow system reduces to (Fig. 1-17) 

Q = mAh = jiiCpAT (kJ/s) (1-18) 

where Q is the rate of net heat transfer into or out of the control volume. This 
is the form of the energy balance relation that we will use most often for 
steady-flow systems. 



^transfer mc pV~2 T\) 

FIGURE 1-17 


Under steady conditions, the net rate of 
energy transfer to a fluid in a control 
volume is equal to the rate of increase in 
the energy of the fluid stream flowing 
through the control volume. 


I- 

Surfaced Energy Balance 

As mentioned in the chapter opener, heat is transferred by the mechanisms of 
conduction, convection, and radiation, and heat often changes vehicles as it is 
transferred from one medium to another. For example, the heat conducted to 
the outer surface of the wall of a house in winter is convected away by the cold 
outdoor air while being radiated to the cold surroundings. In such cases, it 
may be neeessary to keep track of the energy interactions at the surface, and 
this is done by applying the conservation of energy principle to the surface. 

A surface contains no volume or mass, and thus no energy. Thereore, a sur- 
face can be viewed as a fictitious system whose energy content remains con- 
stant during a process (just like a steady-state or steady-flow system). Then 
the energy balance for a surface can be expressed as 


Surface energy balance: 


_ 0-19) 




FIGURE 1-18 

Energy interactions at the outer wall 
surface of a house* 


This relation is valid for both steady and transient conditions, and the surface 
energy balance does not involve heat generation since a surface does not have 
a volume. The energy balance for the outer surface of the wall in Fig. 1-18, 
for example, can be expressed as 

Ql = Q2 + Ql (1 " 20) 

where Q t is conduction through the wall to the surface, Q 2 is convection from 
the surface to the outdoor air, and <23 is net radiation from the surface to the 

surroundings. 

When the directions of interactions are not known, all energy interactions 
can be assumed to be towards the surface, and the surface energy balance can 
be expressed as 2 E ln = 0. Note that the interactions in opposite direction will 
end up having negative values, and balance this equation. 



FIGURE 1-19 

Schematic for Example 1-2. 


EXAMPLE 1-2 Heating of Water in an Electric Teapot 

I 

1.2 kg of liquid water initially at 15°C is to be heated to 95°C in a teapot 
equipped with a 1200-W electric heating element inside {Fig. 1-19). The 
teapot is 0.5 kg and has an average specific heat of 0.7 kJ/kg • K. Taking the 
specific heat of water to be 4.18 kJ/kg • K and disregarding any heat loss from 
the teapot, determine how long it will take for the water to be heated. 


SOLUTION Liquid water is to be heated in an electric teapot. The heating 


time is to be determined. F, FF 

Assumptions .1 Heat loss from the teapot is negligible. 2 Constant properties ; 
can be used for both the teapot and the water. 

Properties The average specific heats are given to be 0.7 kJ/kg • K for the 


teapot and 4.18 kJ/kg • K for water. . .. 

Analysis We take the teapot and the water in it as the system, which is 
a closed system (fixed mass). The energy balance in this case can be ex- 
pressed as ■ ' 

F'in ’ ’ ~ 

■ :E' m — ~ EUyyvzf F A . .. 


Then the amount of energy needed to raise the temperature of water and the 
teapot from 15°C to 95°C is 

F. m = (/«<?,, A7') w a;er + (WcA-rXeapot 

= (1.2 kg)(4. 1 8 kJ/kg - °C)(95 - 1 5)°C -F (0.5 Kg)(0.7 kJ/kg • °C) 

(95 - 15)°C 

: - ; = 429.3 kJ J 

The 1200-W electric heating unit will supply energy at a rate of 1.2 kW or 
1.2 kJ per second. Therefore, the time needed for this heater to supply 
429.3 kJ of heat is determined from 


A t 


Total energy transferred 
Rate of energy transfer 


P\n 429.3 kJ 

^transfer 1-2 kJ/S 


= 358 s = 6.0 min 
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Discussion In reality, it will take more than 6 minutes. to accomplish this heat- 
ing process since some heat loss is inevitable during heating. Also, the specific 
heat units kJ/kg • °C and kJ/kg • K are equivalent, and can be interchanged. 


EXAMPLE 1-3 Heat Loss from Heating Ducts in a Basement 

A 5-m-long section of an air heating system of a house passes through an un- 
healed space in the basement (Fig. 1-20). The cross section of the rectangu- 
lar duct of the heating system is 20 cm x 25 cm. Hot air enters the duct at 
100 kPa and 60°C at an average velocity of 5 m/s. The temperature of the air 
in the duct drops to 54°G as a result of heat loss to the coo! space in the base- 
ment. Determine the rate of heat loss from the air in the duct to the basement 
under steady conditions. Also, determine the cost of this heat loss per hour jf 
the house is heated by a natural gas furnace that has an efficiency of 80 per- 
cent, and the cost of the natural gas in that area is $1. 60/therm (1 therm = 
105,500 kJ). 


SOLUTION The temperature of the air in the heating duct of a house drops as 
a result of heat toss to the cool space in the basement. The rate of heat loss 
from the hot air and its cost are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 Air can be treated as. an 
ideal gas with constant properties at room temperature. 

Properties The constant pressure specific heat of air at the average tempera- 
ture of (54 + 6Q)/2 - 57°C is 1 .007 kl/kg ■ K (Table A-l 5). 

Analysis We take the basement section of the heating system as oiir system, 
which is a steady-flow system. The rate of heat loss from the air in the duct can 
be determined from ; 

-y . s ; " . * 

B ' : . Q '■ m Cp M' - 

where m is the mass flow rate and ^7" is the temperature drop. The density of 
air at the inlet conditions ts 



P 100 kPa 

RT ~ (0.287 kPa • m 3 /kg • K)(60 + 273)K 


==1.046 kg/m 3 


The cross-sectional area of the duct is 


A c = (0.20 m)(0.25 m) = 0.05 m 2 


Then the mass flow rate of air through the duct and the rate of heat loss 
become 


m - pVA c = (1.046 kg/m 3 )(5 m/s)(0.05 m 2 ) = 0.2615 kg/s 
and 


Cioss ntCpiy^ 

= (0.2615 kg/s)( 1.007 kJ/kg * °C)(60 - 54)°C 
= 1.58 kj/s 




or 5688 kJ/h. The cost of this heat loss to the home owner is 


Cost of heat loss 


(Rate of heat Ioss)(Untt cost of energy input) 
Furnace efficiency 


(5688 kJ/h)($1.60/therm)/ i therm ) 

0.80 Vl05,500kJ/ 

= $0.108/h 

Discussion The heat loss from the heating ducts in the basement is costing the 
home owner 10.8 cents per hour. Assuming the heater operates 2000 hours 
during a heating season, the annual cost of this heat toss adds up to $216. Most 
of this money can be saved by insulating the heating ducts in the unheated 
areas. 



FIGURE 1-21 

Schematic for Example 1-4. 


EXAMPLE 1-4 Electric Heating of a House at High Elevation 

Consider a house that has a floor space of 200 m 2 and an average height of 
3 m at 1500 m elevation where the standard atmospheric pressure is 84.6 kPa 
(Fig. 1-21). initially the house is at a uniform temperature of 10°C. Now 
the electric heater is turned on, and the heater runs until the air temperature 
in the house rises to an average value of 20°C. Determine the amount of en- 
ergy transferred to the air assuming (a) the house is air-tight and thus no ,ajr 
escapes during the heating process and {b) some air escapes through the 
cracks as the heated air in the house expands at constant pressure. Also de- 
termine the cost of this heat for each case if the cost of electricity in that area 
is $0.07 5/kWh. 


SOLUTION The air in the house is heated by an electric heater. The amount 
and cost of the energy transferred to the air are to be determined for constant- 
volume and constant-pressure cases. ■ 

Assumptions 1 Air can be treated as an ideal gas with constant properties. 
2 Heat loss from the house during heating is negligible. 3 The volume occupied 
by the furniture and other things is negligible. 

Properties The specific heats of air at the average temperature of (10 i 20)/2 
= 15°C are c p = 1.007 kJ/kg-K and c v = c p - R= 0.720 kJ/kg-K (Tables A-l 
a nd A- 1 5). ; 

Analysis The volume and the mass of the air in the house are 
{/ = (Floor area)(Height) = (200 m 2 )(3 m) = 600 m 3 


m 


PV 


(84.6 kPa)(600 m 3 ) 


RT (0.287 kPa • m 3 /kg • K}( 10 + 273)K 


648 kg 


(a) The amount of energy transferred to air at constant volume is simply the 
change in its internal energy, and is determined from 


E- m ~E, 


out 


E , 


in, constant volume 


—-AC’ 

“-'system 

= &U 3il -- >nc v b.T 

= (648 kgX0.720 kJ/kg °C)(20 — I0)°C 
-4666 kj 


i 

| 


L_. 
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At a unit cost of $0.075/kWh, the total cost of this energy is 

Cost of energy = (Amount of energy)(Unit cost of energy) 

( 1 kWh ) 

= (4666 kJ)($0.075/k\Vh) 

= $0,097 ■ 

(b) The amount of energy transferred to air at constant pressure is the change 
in its enthalpy, and is determined from 


I 

I 


^in, constant pressure ^^air mCpAT 


■-= (648kg)(1.007kJ/kg- o C)(20 -10)°C 

6525 kj 


At a unit cost of $0.075/kWh, the total cost of this energy is 


Cost of energy = (Amount of energy)(Unit cost of energy) 


= (6525 kJ)($0.075/kWh) 


f 1 kWh 1 
^3600 klj 


= $0,136 


Discussion it costs about 10 cents in the first case and 14 cents in the sec- 
ond case to raise the temperature of the air in this house from 10°C to 20°C. 
The second answer is more realistic since every house has cracks, especially 
around the doors and windows, and the pressure in the house remains essen- 
tially constant during a heating process. Therefore, the second approach is 
used in practice. This conservative approach somewhat overpredicts the 
amount of energy used, however, since some of the air escapes through the 
cracks before it is heated to 20°C. 


1-5 * HEAT TRANSFER MECHANISMS 

In Section 1-1, we defined heat as the form of energy that can be transferred 
from one system to another as a result of temperature difference. A thermo- 
dynamic analysis is concerned with the amount of heat transfer as a system 
undergoes a process from one equilibrium state to another. The science that 
deal^with the determination of the rates of such energy transfers is the heat 
transfer. The transfer of energy as heat is always from the higher-temperature 
medium to the lower-temperature one, and heat transfer stops when the two 
mediums reach the same temperature. 

Heat can be transferred in three different modes: conduction, convection, 
and radiation. All modes of heat transfer require the existence of a tempera- 
ture difference, and all modes are from the high-temperature medium to a 
lower-temperature one. Below we give a brief description of each mode. A de- 
tailed study of these modes is given in later chapters of this text. 

1-6 * CONDUCTION 

Conduction is the transfer of energy from the more energetic particles of 
a substance to the adjacent less energetic ones as a result of interactions 
between the particles. Conduction can take place in solids, liquids, or gases. 
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FIGURE 1-22 

Heat conduction through a large plane 
wall of thickness Ax and area A. 


30°C 


20 3 C 



Q = 4010W/nF 


(a) Copper (k = 401 W/m* 0 C) 



(, b ) Silicon (A = 148 W/m*°Q 

FIGURE 1-23 

The rate of heat conduction through a 
solid is directly proportional to 
its thermal conductivity. 


In gases and liquids, conduction is due to the collisions and diffusion of the 
molecules during their random motion. In solids, it is due to the combination 
of vibrations of the molecules in a lattice and the energy transport byffee elec- 
trons. A cold canned drink in a warm room, for example, eventually warms up 
to the room temperature as a result of heat transfer from the room to the drink 
through the aluminum can by conduction. 

The rate of heat conduction through a medium depends on the geometry of 
the medium, its thickness, and the material of the medium, as well as the tem- 
perature difference across the medium. We know that wrapping a hot water 
tank with glass wool (an insulating material) reduces the rate of heat loss from 
the tank. The thicker the insulation, the smaller the heat loss. We also know 
that a hot water tank loses heat at a higher rate when the temperature of the 
room housing the tank is lowered. Further, the larger the tank, the larger the 
surface area and thus the rate of heat loss. 

Consider steady heat conduction through a large plane wall of thickness 
Ax = L and area A, as shown in Fig. 1-22. The temperature difference across 
the wall is AT = T 2 ~ T x . Experiments have shown that the rate of heat trans- 
fer Q through the wall is doubled when the temperature difference AT across 
the wall or the area A normal to the direction of heat transfer is doubled, but is 
halved when the wall thickness L is doubled. Thus we conclude that the rate 
of heat conduction through a plane layer is proportional to the temperature 
difference across the layer and the heat transfer area, but is inversely propor- 
tional to the thickness of the layer. That is, 


Rate of heat conduction « 


(Area)(Temperature difference) 
Thickness 


or, 

6^ = kA ' ! - L Tr = - kA Tx (W) 

where the constant of proportionality k is the thermal conductivity of the 
material, which is a measure of the ability of a material to conduct heat 
(Fig. 1-23). In the limiting case of Ax -» 0, the equation above reduces to the 
differential form 


= (W) (1-22) 

which is called Fourier’s law of heat conduction after J. Fourier, who ex- 
pressed it first in his heat transfer text in 1822. Here dTldx is the temperature 
gradient, which is the slope of the temperature curve on a T-x diagram (the 
rate of change of T with x), at location x. The relation above indicates that the 
rate of heat conduction in a given direction is proportional to the temperature 
gradient in that direction. Heat is conducted in the direction of decreasing 
temperature, and the temperature gradient becomes negative when tempera- 
ture decreases with increasing x. The negative sign in Eq. 1-22 ensures that 
heat transfer in the positive x direction is a positive quantity. 

The heat transfer area A is always normal to the direction of heat transfer. 
For heat loss through a 5-m-long, 3-m-high, and 25-cm-thick wall, for exam- 
ple, the heat transfer area is A = 15 m 2 . Note that the thickness of the wall has 
no effect on A (Fig. 1-24). 



EXAMPLE 1-5 The Cost of Heat Loss through a Roof 


I ® The roof of an electrically heated home is 6 m long, 8 _m wide, and 0.25 m 
thick, and is made of a flat layer of concrete whose thermal conductivity is 
k = 0.8 W/m * °C (Fig. 1-25). The temperatures of the inner and the outer sur- 
faces of the roof one night are measured to be 15°C and 4°C, respectively, for 
a period of 10 hours. Determine (a) the rate of heat loss through the roof that 

f ! night and (b) the cost of that heat loss to the home owner if the cost of elec- 
tricity is $0. 08/kWh. 


SOLUTION The inner and outer surfaces of the fiat concrete roof of an elec- 
trically heated home are maintained at specified temperatures during a night. 
The heat loss through the roof and its cost that night are to be determined. 
Assumptions 1 Steady operating conditions exist during the entire night since 
the surface temperatures of the roof remain constant at the specified values. 
2 Constant properties can be used for the roof. 

Properties The thermal conductivity of the roof is given to be 
k 0.8 W/m - °C. 

Analysis (a) Noting that heat transfer through the roof is by conduction and 
the area of the roof is A = 6 m x 8 m = 48 m 2 , the steady rate of heat trans- 
fer through the roof is 




T, - 7 , 


A Q =kA 


(0.8 W/m • °C)(48 m 2 ) 


(15 - 4)°C 
0.25 m 


1690 W = 1.69 kW 


| ( b ) The amount of heat lost through the roof during a 10-hour period and its 

1 cost is 

% 


m 


pi 


a 


Q = Q At = (1.69kW)(10h) = 16.9 kWh ; 

Cost = (Amount of energy)(Umt cost of energy) ~ 

= (16.9 kWh)($0.08/kWh) - $1.35 

Discussion The cost to the home owner of the heat loss through the roof that 
night wps $1.35. The total heating bill of the house will be much larger since 
the heat. -josses through the wails are not considered in these calculations. : 

✓ 


Thermal Conductivity 

We have seen that different materials store heat differently, and we have de- 
fined the property specific heat c p as a measure of a material’s ability to store 
thermal energy. For example, c p ~ 4.18 kj/kg * °C for water and c p — 
0.45 kJ/kg • °C for iron at room temperature, which indicates that water can 
store almost 10 times the energy that iron can per unit mass. Likewise, the 
thermal conductivity k is a measure of a material’s ability to conduct heat. For 
example, k = 0.607 W/m • °C for water and k = 80.2 W/m - °C for iron at 
room temperature, which indicates that iron conducts heat more than 100 times 
faster than water can. Thus we say that water is a poor heat conductor relative 
to iron, although water is an excellent medium to store thermal energy. 

Equation 1-21 for the rate of conduction heat transfer under steady condi- 
tions can also be viewed as the defining equation for thermal conductivity. 
Thus the thermal conductivity of a material can be defined as the -rate of 



FIGURE 1-24 

In heat conduction analysis, A represents 
the area normal to the direction 
of heat transfer. 



FIGURE 1-25 
Schematic for Example 1-5. 
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The thermal conductivities of some 
materials at room temperature 


Material 

k, W/m * °C 

Diamond 

2300 

Silver 

429 

Copper 

401 

Gold 

317 

Aluminum 

237 

Iron 

80.2 

Mercury (l) 

8.54 

Glass 

0.78 

Brick 

0.72 

Water (1) 

0.607 

Human skin 

0.37 

Wood (oak) 

0.17 

Helium (g) 

0.152 

Soft rubber 

0.13 

Glass fiber 

0.043 

Air (g) 

0.026 

Urethane, rigid foam 

0.026 


Electric 

heater 



£ — L. O 

FIGURE 1-26 

A simple experimental setup to 
determine the thermal conductivity 
of a material. 


heat transfer through a unit thickness of the material per unit area per unit 
temperature difference. The thermal conductivity of a material is a measure of 
the ability of the material to conduct heat. A high value for thermal conduc- 
tivity indicates that the material is a good heat conductor, and a low value indi- 
cates that the material is a poor heat conductor or insulator. The thermal 
conductivities of some common materials at room temperature are given in 
Table 1—1 . The thermal conductivity of pure copper at room temperature is 
k ^ 401 W/m ■ °C, which indicates that a 1-m-thick copper wall will conduct 
heat at a rate of 401 W per m 2 area per °C temperature difference across the 
wall. Note that materials such as copper and silver that are good electric con- 
ductors are also good heat conductors, and have high values of thermal con- 
ductivity. Materials such as rubber, wood, and Styrofoam are poor conductors 
of heat and have low conductivity values. 

A layer of material of known thickness and area can be heated from one side 
by an electric resistance heater of known output. If the outer surfaces of the 
heater are well insulated, all the heat generated by the resistance heater will be 
transferred through the material whose conductivity is to be determined. Then 
measuring the two surface temperatures of the material when steady heat 
transfer is reached and substituting them into Eq. 1-21 together with other 
known quantities give the thermal conductivity (Fig. 1—26). 

The thermal conductivities of materials vary over a wide range, as shown in 
Fig. 1-27. The thermal conductivities of gases such as air vary by a factor of 
10 4 from those of pure metals such as copper. Note that pure crystals and met- 
als have the highest thermal conductivities, and gases and insulating materials 
the lowest. 

Temperature is a measure of the kinetic energies of the particles such as the 
molecules or atoms of a substance. In a liquid or gas, the kinetic energy of 
the molecules is due to their random translational motion as well as their 
vibrational and rotational motions. When two molecules possessing differ- 
ent kinetic energies collide, part of the kinetic energy of the more energetic 
(higher-temperature) molecule is transferred to the less energetic (lower- 
temperature) molecule, much the same as when two elastic balls of the same 
mass at different velocities collide, part of the kinetic energy of the faster 
ball is transferred to the slower one. The higher the temperature, the faster the 
molecules move and the higher the number of such collisions, and the better 
the heat transfer. 

The kinetic theory of gases predicts and the experiments confirm that the 
thermal conductivity of gases is proportional to the square root of the thermo- 
dynamic temperature T, and inversely proportional to the square root of the 
molar mass M. Therefore, the thermal conductivity of a gas increases with in- 
creasing temperature and decreasing molar mass. So it is not surprising that 
the thermal conductivity of helium ( M — 4) is much higher than those of air 
(M = 29) and argon (M = 40). 

The thermal conductivities of gases at 1 atm pressure are listed in Table A-16. 
However, they can also be used at pressures other than 1 atm, since the thermal 
conductivity of gases is independent of pressure in a wide range of pressures 
encountered in practice. 

The mechanism of heat conduction in a liquid is complicated by the fact that 
the molecules are more closely spaced, and they exert a stronger intermolecu- 
lar force field. The thermal conductivities of liquids usually lie between those 


1000 , 

Wm-°C 


100 


10 


0.1 


NONMETALLiC 

SOLIDS 


LIQUIDS 


GASES 


Hydrogenu 

Heliuhi 

' Air . , - 

[ Carbon': . 

; 7 dioxide ^/ 


NSULATORS 


; fibers 


Foams;: 


^Icrcufy-^ 

-:.^sf;VVV 


'Z- T -''i j- J " • 

Oxidei:: 

;/ t; 

iV _ ■V- V 

£>jf J .-X - -V* ' 
7 : v _ '.i : vw •:> 


R^feo^-'V; 

r.t i t 

J§pcrI J.0£"-V"- t_* 

Rubber 111 



NONMETALLIC 



CRYSTALS 



IDiMoMil 



PURE 

.Graphke-^u 



METALS 



METAL 

ALLOYS 

: Copper- 

BeryMiin^ 

? “5 ♦ > z* 5^.’ 


Aluminum 

• 7>\ 


Bronze ' ' 
Steel : ; 

rt 




"Manganese; 

.Qu ill 


"i'r ?-"-rr- V 




0.01 


FIGURE 1-27 

The range of thermal conductivity of 
various materials at room temperature. 


of solids and gases. The thermal conductivity of a substance is normally high- 
est in the solid phase and lowest in the gas phase. Unlike gases, the thermal 
conductivities of most liquids decrease with increasing temperature, with wa- 
ter being a, notable exception. Like gases, the conductivity of liquids decreases 
with increasing molar mass. Liquid metals such as mercury and sodium have 
high thermal conductivities and are very suitable for use in applications where 
a high, heat transfer rate to a liquid is desired, as in nuclear power plants. 

In iolids, heat conduction is due to two effects: the lattice vibrational waves 
induced by the vibrational motions of the molecules positioned at relatively 
fixed positions in a periodic manner called a lattice, and the energy trans- 
ported via the free flow of electrons in the solid (Fig. 1—28). The ther- 
mal conductivity of a solid is obtained by adding the lattice and electronic 
components. The relatively high thermal conductivities of pure metals are pri- 
marily due to the electronic component. The lattice component of thermal 
conductivity strongly depends on the way the molecules are arranged. For ex- 
ample, diamond, which is a highly ordered crystalline solid, has the highest 
known thermal conductivity at room temperature. 

Unlike metals, which are good electrical and heat conductors, crystalline 
solids such as diamond and semiconductors such as silicon are good heat con- 
ductors but poor electrical conductors. As a result, such materials find wide- 
spread use in the electronics industry. Despite their higher price, diamond heat 
sinks are used in the cooling of sensitive electronic components because of the 




FIGURE 1-28 

The mechanisms of heat conduction in 
different phases of a substance. 
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The thermal conductivity of an 
alloy is usually much lower than 
the thermal conductivity of either 
metal of which it is composed 


Pure metal or 
alloy 

k, W/m ■ °C, 
at 300 K 

Copper 

401 

Nickel 

91 

Constantan 


(55% Cu, 45% Ni) 

23 

Copper 

401 

Aluminum 

237 

Commercial bronze 


(90% Cu, 10% Al) 

52 


TABLE 1r-3 



Thermal conductivities of materials 
vary with temperature 


excellent thermal conductivity of diamond. Silicon oils and gaskets are com- 
monly used in the packaging of electronic components because they provide 
both good thermal contact and good electrical insulation. 

Pure metals have high thermal conductivities, and one would think that 
metal alloys should also have high conductivities. One would expect an alloy 
made of two metals of thermal conductivities k x and k 2 to have a conductivity 
k between k Y and k 2 . But this turns out not to be the case. The thermal conduc- 
tivity of an alloy of two metals is usually much lower than that of either metal, 
as shown in Table 1—2. Even smalt amounts in a pure metal of “foreign” mol- 
ecules that are good conductors themselves seriously disrupt the transfer of 
heat in that metal. For example, the thermal conductivity of steel containing 
just 1 percent of chrome is 62 W/m * °C, while the thermal conductivities of 
iron and chromium are 83 and 95 W/m • °C, respectively. 

The thermal conductivities of materials vary with temperature (Table 1-3). 
The variation of thermal conductivity over certain temperature ranges is neg- 
ligible for some materials, but significant for others, as shown in Fig, 1—29. 
The thermal conductivities of certain solids exhibit dramatic increases at tem- 
peratures near absolute zero, when these solids become superconductors. For 
example, the conductivity of copper reaches a maximum value of about 
20,000 W/m • °C at 20 K, which is about 50 times the conductivity at room 
temperature. The thermal conductivities and other thermal properties of vari- 
ous materials are given in Tables A-3 to A-16. 


k, W/m * D C 



The temperature dependence of thermal conductivity causes considerable 
complexity in conduction analysis. Therefore, it is common practice to evalu- 
ate the thermal conductivity k at the average temperature and treat it as a con- 
stant in calculations. 

In heat transfer analysis, a material is normally assumed to be isotropic; that 
is, to have uniform properties in all directions. This assumption is realistic for 
most materials, except those that exhibit different structural characteristics in 
different directions, such as laminated composite materials and wood. The 
thermal conductivity of wood across the grain, for example, is different than 
that parallel to the grain. 


Thermal Diffusivity 

The product pc p , which is frequently encountered in heat transfer analysis, is 
called the heat capacity of a material. Both the specific heat c p and the heat 
capacity pc p represent the heat storage capability of a material. But c p ex- 
presses it per unit mass whereas pc p expresses it per unit volume, as can be no- 
ticed from their units J/kg * °C and J/m 3 ■ °C, respectively. 

Another material property that appears in the transient heat conduction 
analysis is the thermal diffusivity, which represents how fast heat diffuses 
through a material and is defined as 


Heat conducted _ _k_ 
Heat stored pc p 


(m 2 /s) 


(1-23) 


Note that the thermal conductivity k represents how well a material con- 
ducts heat, and the heat capacity pc p represents how much energy a material 
stores per unit volume. Therefore, the thermal diffusivity of a material can be 
viewed as the ratio of the heat conducted through the material to the heat 
stored per unit volume. A material that has a high thermal conductivity or a 
low heat capacity will obviously have a large thermal diffusivity. The larger 
the thermal diffusivity, the faster the propagation of heat into the medium. 
A small value of thermal diffusivity means that heat is mostly absorbed by the 
material ahd a small amount of heat is conducted further. 

The thermal diffusivities of some common materials at 20°C are given in 
Table 1-4. Note that the thermal diffusivity ranges from a - 0.14 X 10“ 6 m 2 /s 
for \yater to 149 X 10“ 6 m 2 /s for silver, which is a difference of more than a 
thousand times. Also note that the thermal diffusivities of beef and water are 
the same. This is not surprising, since meat as well as fresh vegetables and 
fruits are mostly water, and thus they possess the thermal properties of water. 
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EXAMPLE 1-6 


Measuring the Thermal Conductivity of a Material ‘ 




H 


A common way of measuring the thermal conductivity of a material is to sand- 
wich an electric thermofoil heater between two identical samples of the ma- 
terial, as shown in Fig. 1-30, The thickness of the resistance heater, including 
its cover, which is made of thin silicon rubber, is usually less than 0.5 mm. 
A circulating fluid such as tap water keeps the exposed ends of the samples : 
at constant temperature. The lateral surfaces of the samples are well insulated 
to ensure that heat transfer through the samples is one-dimensional. Two 
thermocouples are embedded into each sample some distance L apart, ^and a 


TABLE 1-4 _ • • i 

The thermal diffusivities of some 
materials at room temperature 

Material a, m 2 /s 


Silver 

Gold 

Copper 

Aluminum 

Iron 

Mercury (1) 

Marble 

Ice 

Concrete 

Brick 

Heavy soil (dry) 
Glass 
Glass wool 
Water (I) 

Beef 

Wood (oak) 


149 x 10“ 6 
127 x 10“ 6 
113 x 10- 6 
97.5 x icr 6 
22.8 x 10~ 6 
4.7 x 10“ 6 
1.2 X 10~ 6 
1.2 X 10“ 6 
0.75 x 10“ 6 
0.52 x 10~ 6 
0.52 X 10~ 6 
0.34 x 10“ 6 
0.23 x 10“ 6 
0.14 x 10“ 6 
0.14 X 10' 6 
0.13 x 10- 6 


Insulation 
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heater 
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Sample 
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Cooling 
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FIGURE 1-30 


Apparatus to measure the thermal 
conductivity of a material using two 
identical samples and a thin resistance 

heater (Example 1-6). 



differential thermometer reads the temperature drop AT across this distance j 
along each sample. When steady operating conditions are reached, the total 1 
rate of heat transfer through both samples becomes equal to the electric power | 
drawn by the heater. I 

In a certain experiment, cylindrical samples of diameter 5 cm and length 8 
10 cm are used. The two thermocouples in each sample are placed 3 cm apart, 1 
After initial transients, the electric heater is observed to draw 0.4 A at 110 V, 1 
and both differential thermometers read a temperature difference of 15°C. De- | 
ter mine the thermal conductivity of the sample. 1 

SOLUTION The thermal conductivity of a material is to be determined by en- I 
soring one-dimensional heat conduction, and by measuring temperatures when I 
steady operating conditions are reached. § 

Assumptions 1 Steady operating conditions exist since the temperature 
readings do not change with time. 2 Heat losses through the lateral surfaces 
of the apparatus are negligible since those surfaces are well insulated, and 
thus the entire heat generated by the heater is conducted through the samples. 

3 The apparatus possesses thermal symmetry. : ■ > : 

Analysis The electrical power consumed by the resistance heater and con- 
verted to heat is : : - 


W t = V/ = (110 V)(0.4 A) = 44 W 


The rate of heat flow through each sample is 

Q ' (44 W) — 22 W \ 

since only half of the heat generated flows through each sample because of 
symmetry. Reading the same temperature difference across the same distance 
in each sample also confirms that the apparatus possesses thermal symmetry. 
The heat transfer area is the area normal to the direction of heat transfer, 
which is the cross-sectional area of the cylinder in this case: 

A = | ttD 2 = i 7 t( 0.05 m) 2 = 0.001963 m 2 

Noting that the temperature drops' by lS^C within 3 cm in the direction of heat 
flow, the thermal conductivity of the sample is determined to be 


i 

Q 



QL (7.2 W)(0.03 m) 

A AT " (0.001963 m 2 )(15°C) 


= 22.4 W/m * °C 


Discussion Perhaps you are wondering if we really need to use two samples in 
the apparatus, since the measurements on the second sample do not give any 
additional information. It seems like we can replace the second sample by in- 
sulation. Indeed, we do not need the second sample; however, it enables us to 
.verify the temperature measurements on the first sample and provides thermal 
symmetry, which reduces experimental error. 



EXAMPLE 1-7 Conversion between SI and English Units 


£ 


An engineer who is working on the heat transfer analysis of a brick building in g 
English units needs the thermal conductivity of brick. But the only value he g 
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can find from his handbooks is 0.72 W/m ■ °C, which is in Si units. To make 
matters worse, the engineer does not have a direct conversion factor between 
the two unit systems for thermal conductivity. Can you help him out? 

SOLUTION The situation this engineer is facing is not unique, and most en- 
gineers often find themselves in a similar position. A person must be very care- 
ful during unit conversion not to fail into some common pitfalls and to avoid 
some costly mistakes. Although unit conversion is a simple process, it requires ;■ 
utmost care and careful reasoning. 

The conversion factors for W and m are straightforward and are given in con- 
version tables to be 


;1W = 3.41214 Btu/h 
1 m = 3.2808 ft 

But the conversion of °C into °F is not so simple, and it can be a source of error 
if one is not careful. Perhaps the first thought that comes to mind is to replace 
°C by (°F - 32J/1.8 since 7(°C) = [7T°F) - 32]/1.8. But this will be wrong 
since the °C in the unit W/m • °C represents per X change in temperature. 
Noting that 1°C change in temperature corresponds to 1.8°F, the proper 
conversion factor to be used is 


1°C= 1.8°F 


Substituting, we get 


1 W/m ' ° C = (3^808ftXrAo = °' 5778 Bmlh ■ « ' ?F 


which is the desired conversion factor. Therefore, the thermal conductivity of 
the brick in English units is 


W = 0 -72W/m-°C 

- 0.72 X (0.5778 Btu/h • ft • °F) ; 

! = 0.42 Btu/h • ft • °F 

Discussion Note that the thermal conductivity value of a material in English 
units is about half that in SI units (Fig. 1-31). Also note that we rounded the 
result to two significant digits (the same number in the original value) since ex- 
pr^sing.the result in more significant digits (such as 0.4160 instead of 0.42) 
would fafsely imply a more accurate value than the original one. 


.£ = 0.72 W/m °c ; 
= 0.42 Btu/h-ftvF . 



FIGURE 1-31 


The thermal conductivity value in 
English units is obtained by multiplying 
the value in SI units by 0.5778. 


1-7 ■ CONVECTION 

Convection is the mode of energy transfer between a solid surface and the 
adjacent liquid or gas that is in motion, and it involves the combined effects of 
conduction and fluid motion. The faster the fluid motion, the greater the 
convection heat transfer. In the absence of any bulk fluid motion, heat transfer 
between a solid surface and the adjacent fluid is by pure conduction. The 
presence of bulk motion of the fluid enhances the heat transfer between the 
solid surface and the fluid, but it also complicates the determination of heat 
transfer rates. • , 
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Heat transfer from a hot 
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FIGURE 1-33 

The cooling of a boiled egg 
by forced and natural convection. 




TABLED -^5 




Typical values of convection heat 
transfer coefficient 


..fii 
*•1 
v t 


Type of 

convection h, W/m 2 * °C 


Free convection of 
gases 

Free convection of 
liquids 

Forced convection 
of gases 

Forced convection 
of liquids 

Boiling and 
condensation 


2-25 

10-1000 

25-250 

50-20,000 

2500-100,000 


Consider the cooling of a hot block by blowing cool air over its top surface 
(Fig. 1-32). Heat is first transferred to the air layer adjacent to the block by 
conduction. This heat is then carried away from the surface by convection, 
that is, by the combined effects of conduction within the air that is due to ran- 
dom motion of air molecules and the bulk or macroscopic motion of the air 
that removes the heated air near the surface and replaces it by the cooler air. 

Convection is called forced convection if the fluid is forced to flow over the 
surface by external means such as a fan, pump, or the wind. In contrast, con- 
vection is called natural (or free) convection if the fluid motion is caused by 
buoyancy forces that are induced by density differences due to the variation of 
temperature in the fluid (Fig. 1-33). For example, in the absence of a fan, heat 
transfer from the surface of the hot block in Fig. 1-32 is by natural convection 
since any motion in the air in this case is due to the rise of the wanner (and 
thus lighter) air near the surface and the fall of the cooler (and thus heavier) air 
to fill its place. Heat transfer between the block and the surrounding air is by 
conduction if the temperature difference between the air and the block is not 
large enough to overcome the resistance of air to movement and thus to initi- 
ate natural convection currents. 

Heat transfer processes that involve change of phase of a fluid are also con- 
sidered to be convection because of the fluid motion induced during the 
process, such as the rise of the vapor bubbles during boiling or the fall of the 
liquid droplets during condensation. 

Despite the complexity of convection, the rate of convection heat transfer is 
observed to be proportional to the temperature difference, and is conveniently 
expressed by Newton’s law of cooling as 

Q^ = hA s {T s ~T x ) (W) (1-24) 

where h is the convection heat transfer coefficient in W/m 2 • °C, A s is the surface 
area through which convection heat transfer takes place, T s is the surface tem- 
perature, and T x is the temperature of the fluid sufficiently far from the sur- 
face. Note that at the surface, the fluid temperature equals the surface 
temperature of the solid. 

The convection heat transfer coefficient h is not a property of the fluid. It is 
an experimentally determined parameter whose value depends on all the vari- 
ables influencing convection such as the surface geometry, the nature of fluid 
motion, the properties of the fluid, and the bulk fluid velocity. Topical values 
of h are given in Table 1-5. 

Some people do not consider convection to be a fundamental mechanism of 
heat transfer since it is essentially heat conduction in the presence of fluid mo- 
tion. But we still need to give this combined phenomenon a name, unless we 
are willing to keep referring to it as “conduction with fluid motion.” Thus, it 
is practical to recognize convection as a separate heat transfer mechanism de- 
spite the valid arguments to the contrary. 


EXAMPLE 1-8 Measuring Convection Heat Transfer Coefficient 

A 2-m-long, 0.3-cm-diameter electrical wire extends across a room at 15°C, as 
shown in Fig. 1-34. Heat is generated in the wire as a result of resistance 
heating, and the surface temperature of the wire is measured to be 152°C in 
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steady operation. Also, the voltage drop and electric current through the wire 
are measured to be 60 V and 1.5 A, respectively. Disregarding any heat trans- 
fer by radiation, determine the convection heat transfer coefficient for heat 
transfer between the outer surface of the wire and the air in the room. 


SOLUTION The convection heat transfer coefficient for heat transfer from an 
electrically heated wire to air is to be determined by measuring temperatures 
when steady operating conditions are reached and the electric power con- 
sumed. 

Assumptions 1 Steady operating conditions exist since the temperature read- 
ings do not change with time. 2 Radiation heat transfer is negligible. 

Analysis When steady operating conditions are reached, the rate of heat loss 
from the wire equals the rate of heat generation in the wire as a result of 
resistance heating. That is, 

Q - 4,^1 • • V/ - - (60 V)(1.5 A) - 90 W ; \ 

The surface area of the wire is 

A t = ttDL - 77(0.003 m)(2 m) = 0.01885 m 2 

Newton's lav/ of cooling for convection heat transfer is expressed as 


Q con¥ hA s (T s T m ) 

Disregarding any heat transfer by radiation and thus assuming all the heat loss 
from the wire to occur by convection, the convection heat transfer coefficient 
is determined to be 


Q t'Oi'iV 

As(Ts - r*) 


90 W = 

(0.01885 m 2 )(152 - 15)°C " 


34.9 W/m 2 • °C 


Discussion Note that the simple setup described above can be used to deter- 
mine the average heat transfer coefficients from a variety of surfaces in air. 
Also, tyeat transfer by radiation can be eliminated by keeping the surrounding 
surfaces at the temperature of the wire. 

/ 



T = I5°C 

i.5 a r 152 ° c 

—60 V — •] 

FIGURE 1-34 

Schematic for Example 1-8. 


1 -£( ■ RADIATION 

Radiation is the energy emitted by matter in the form of electromagnetic 
waves (or photons) as a result of the changes in the electronic configurations 
of the atoms or molecules. Unlike conduction and convection, the transfer of 
heat by radiation does not require the presence of an intervening medium. 
In fact, heat transfer by radiation is fastest (at the speed of light) and it suffers 
no attenuation in a vacuum. This is how the energy of the sun reaches the 
earth. 

In heat transfer studies we are interested in thermal radiation, which is the 
form of radiation emitted by bodies because of their temperature. It differs 
from other forms of electromagnetic radiation such as x-rays, gamma rays, 
microwaves, radio waves, and television waves that are not related to temper- 
ature. All bodies at a temperature above absolute zero emit thermal radiation. 

Radiation is a volumetric phenomenon, and all solids, liquids, and gases 
emit, absorb, or transmit radiation to varying degrees. However, radiation is 
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r ^ 400 K 

' v_ 


6 . = ar 4 

* emit, aim f 


= 1452 W/m 2 


•‘■s. 


Blackbody (e = 1) 


FIGURE 1-35 

Blackbody radiation represents the 
maximum amount of radiation that 
can be emitted from a surface 
at a specified temperature. 


TABL El - 6 • •• 

Emissivities of some materials 
at 300 K 

Materia! 

Emissivity 

Aluminum foil 

0.07 

Anodized aluminum 

0.82 

Polished copper 

0.03 

Polished gold 

0.03 

Polished silver 

0.02 

Polished stainless steel 

0.17 

Black paint 

0.98 

White paint 

0.90 

White paper 

0.92-0.97 

Asphalt pavement 

0.85-0.93 

Red brick 

0.93-0.96 

Human skin 

0.95 

Wood 

0.82-0.92 

Soil 

0.93-0.96 

Water 

0.96 

Vegetation 

0.92-0.96 


= (!-«) ^incident 
@zbs “ ® ^incident 

FIGURE 1-36 

The absorption of radiation incident on 
an opaque surface of absorptivity a. 


usually considered to be a surface phenomenon for solids that are opaque to 
thermal radiation such as metals, wood, and rocks since the radiation emitted 
by the interior regions of such material can never reach the surface, and the 
radiation incident on such bodies is usually absorbed within a few microns 
from the surface. 

The maximum rate of radiation that can be emitted from a surface at a ther- 
modynamic temperature T s (in K or R) is given by the Stefan-Boltzmann 
law as 


Gena.™ = (W) (1-25) 

where a = 5.670 X 1IT 8 W/m 2 • K 4 or 0.1714 X 10“ 8 Btu/h - ft 2 ■ R 4 is the 
Stefan-Boltzmann constant. The idealized surface that emits radiation at this 
maximum rate is called a blackbody, and the radiation emitted by a black- 
body is called blackbody radiation (Fig. 1-35). The radiation emitted by all 
real surfaces is less than the radiation emitted by a blackbody at the same tem- 
perature, and is expressed as 

= txrAfT* (W) 0-26) 

where e is the emissivity of the surface. The property emissivity, whose value 
is in the range 0 < e < 1 , is a measure of how closely a surface approximates 
a blackbody for which s = 1 . The emissivities of some surfaces are given in 
Table 1-6. 

Another important radiation property of a surface is its absorptivity a, 
which is the fraction of the radiation energy incident on a surface that is 
absorbed by the surface. Like emissivity, its value is in the range 0 ^ a < 1. 
A blackbody absorbs the entire radiation incident on it. That is, a blackbody is 
a perfect absorber (a = 1) as it is a perfect emitter. 

In general, both e and a of a surface depend on the temperature and the 
wavelength of the radiation. Kirchhoff’s law of radiation states that the emis- 
sivity and the absorptivity of a surface at a given temperature and wavelength 
are equal. In many practical applications, the surface temperature and the 
temperature of the source of incident radiation are of the same order of mag- 
nitude, and the average absorptivity of a surface is taken to be equal to its av- 
erage emissivity. The rate at which a surface absorbs radiation is determined 
from (Fig. 1-36) 


G # b*rt*d = a Q incident (W) (1-27) 

4 

where (2j nddent is the rate at which radiation is incident on the surface and a is 
the absorptivity of the surface. For opaque (nontransparent) surfaces, the 
portion of incident radiation not absorbed by the surface is reflected back. 

The difference between the rates of radiation emitted by the surface and the 
radiation absorbed is the net radiation heat transfer. If the rate of radiation ab- 
sorption is greater than the rate of radiation emission, the surface is said to be 
gaining energy by radiation. Otherwise, the surface is said to be losing energy 
by radiation. In general, the determination of the net rate of heat transfer by 
radiation between two surfaces is a complicated matter since it depends on 
the properties of the surfaces, their orientation relative to each other, and the 
interaction of the medium between the surfaces with radiation. 



When a surface of emissivity s and surface area A s at a thermodynamic tem- 
perature T s is completely enclosed by a much larger (or black) surface at ther- 
modynamic temperature T san separated by a gas (such as air) that does not 
intervene with radiation, the net rate of radiation heat transfer between these 
two surfaces is given by (Fig. 1-37) 

6^ = eaA, (Tf— r 4 rr ) (W) (1-28) 

In this special case, the emissivity and the surface area of the surrounding sur- 
face do not have any effect on the net radiation heat transfer. 

Radiation heat transfer to or from a surface surrounded by a gas such as air 
occurs parallel to conduction (or convection, if there is bulk gas motion) be- 
tween the surface and the gas. Thus the total heat transfer is determined by 
adding the contributions of both heat transfer mechanisms. For simplicity and 
convenience, this is often done by defining a combined heat transfer co- 
efficient ^combinid that includes the effects of both convection and radiation. 
Then the total heat transfer rate to or from a surface by convection and radia- 
tion is expressed as 


Q tota i = /f combined 4 (T s ~ T x ) (W) (1-29) 


Note that the combined heat transfer coefficient is essentially a convection 
heat transfer coefficient modified to include the effects of radiation. 

Radiation is usually significant relative to conduction or natural convection, 
but negligible relative to forced convection. Thus radiation in forced convec- 
tion applications is usually disregarded, especially when the surfaces involved 
have low emissivities and low to moderate temperatures. 


m 



EXAMPLE 1-9 Radiation Effect on Thermal Comfort 

It is a common experience to feel “chilly” in winter and "warm” in summer in 
our homes even when the thermtfstat setting is kept the same. This is due to 
the so called "radiation effect'* resulting from radiation heat exchange between 
our, bodies and the surrounding surfaces of the walls and the ceiling, :■ 
*Consider a person standing in a room maintained at 22°C at all times. The 
inner surfaces of the wails, floors, and the ceiling of the house are observed to 
be at an average temperature of 10°C in winter and 25°C in summer. Deter- 
mine the rate of radiation heat transfer between this person and the surround- 
ing surfaces if the exposed surface area and the average outer surface 
temperature of the person are 1.4 m 2 and 30°C, respectively (Fig. 1-38). 


SOLUTION The rates of radiation heat transfer between a person and the sur- 
rounding surfaces at specified temperatures are to be determined in summer 
and winter. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer by convec- 
tion is not considered. 3 The person is completely surrounded by the interior 
surfaces of the room. 4 The surrounding surfaces are at a uniform temperature. 
Properties The emissivity of a person is s = 0.95 (Table 1-6). * 


Surrounding 



0 nd =ar4,(rf-rt nr ) 


FIGURE 1-37 
Radiation heat transfer between a 
surface and the surfaces surrounding it 



FIGURE 1-38 

Schematic for Example 1-9. 


Analysis The net rates of radiation heat transfer from the body to the sur- 8 
rounding wal is, ceiling, and floor in winter and summer are i 


(/ rad, winter 


= scrA, (T 4 — 


= (0.95)(5.67 X 10~ s W/m 2 • K 4 )(1.4 m 2 ) 
X [(30 + 273) 4 - (10 + 273) 4 ] K 4 

= 152 W 


and 


Q rad, summer Et rA s (T s Turr, summer) 


(0.95)(5.67 X 10" s W/m 2 ■ K 4 )(1.4 m 2 ) 
X [(30 + 273) 4 - (25 + 273) 4 ] K 4 


Af\ t\ TT7 


Discussion Note that we must use thermodynamic (i.e. f absolute) temperatures 
in radiation calculations. Also note that the rate of heat loss from the person by 
radiation is almost four times as large in winter than it is in' summer, which ex- 
plains the “chi 11" we feel in winter even if the thermostat setting is kept the same. 


1-9 ■ SIMULTANEOUS HEAT TRANSFER 
MECHANISMS 
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FIGURE 1-39 

Although there are three mechanisms of 
heat transfer, a medium may involve 
only two of them simultaneously. 


We mentioned that there are three mechanisms of heat transfer, but not all three 
can exist simultaneously in a medium. For example, heat transfer is only by 
conduction in opaque solids, but by conduction and radiation in semitrans- 
parent solids. Thus, a solid may involve conduction and radiation but not con- 
vection. However, a solid may involve heat transfer by convection and/or 
radiation on its surfaces exposed to a fluid or other surfaces. For example, the 
outer surfaces of a cold piece of rock will warm up in a warmer environment as 
a result of heat gain by convection (from the air) and radiation (from the sun or 
the warmer surrounding surfaces). But the inner parts of the rock will warm up 
as this heat is transferred to the inner region of the rock by conduction. 

Heat transfer is by conduction and possibly by radiation in a still fluid (no 
bulk fluid motion) and by convection and radiation in a flowing fluid. In the 
absence of radiation, heat transfer through a fluid is either by conduction or 
convection, depending on the presence of any bulk fluid motion. Convection 
can be viewed as combined conduction and fluid motion, and conduction in a 
fluid can be viewed as a special case of convection in the absence of any fluid 
motion (Fig. 1-39). 

Thus, when we deal with heat transfer through a fluid , we have either con- 
duction or convection, but not both. Also, gases are practically transparent to 
radiation, except that some gases are known to absorb radiation strongly at 
certain wavelengths. Ozone, for example, strongly absorbs ultraviolet radia- 
tion. But in most cases, a gas between two solid surfaces does not interfere 
with radiation and acts effectively as a vacuum. Liquids, on the other hand, are 
usually strong absorbers of radiation. 

Finally, heat transfer through a vacuum is by radiation only since conduc- 
tion or convection requires the presence of a material medium. 




EXAMPLE 1-10 Heat Loss from a Person 

Consider a person standing in a breezy room at 20°C. Determine the total rate 
of heat transfer from this person if the exposed surface area and the average 
outer surface temperature of the person are 1.6 m 2 and 29°C, respectively, and 
the convection heat transfer coefficient is 6 W/m 2 • K (Fig. 1-40). 


SOLUTION The total rate of heat transfer from a person by both convection 
and radiation to the surrounding air and surfaces at specified temperatures is 
to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The person is completely 
surrounded by the interior surfaces of the room. 3 The surrounding surfaces are 
at the same temperature as the air in the room. 4 Heat conduction to the floor 
through the feet is negligible. 

Properties The emissivity of a person is e = 0.95 (Table 1-6). 

Analysis The heat transfer between the person and the air in the room is 
by convection (instead of conduction) since it is conceivable that the air in the 
vicinity of the skin or clothing warms up and rises as a result of heat transfer 
from the body, initiating natural convection currents. It appears that the exper- 
imentally determined Value for the rate of convection heat transfer in this case 
is 6 W per unit surface area (m 2 ) per unit temperature difference (in K or °C) 
between the person and the air away from the person. Thus, the rate of con- 
vection heat transfer from the person to the air in the room is : 





. . Scon, =■ M, (r, • jQ 

= (6 W/m 2 - °C)(1 .6 m 2 )(29 - 20)°C L 
= 86.4 W 

The person also loses heat by radiation to the surrounding wall surfaces. We : 
take the temperature of the surfaces of the walls, ceiling, and floor to be equal 
to the air temperature in this case for simplicity, but we recognize that this 
does not peed to be the case. These surfaces may be at a higher or lower tem- 
perature than the average temperature of the room air, depending on the out- 
door conditions and the structure of the wails. Considering that air does "not 
intervene with radiation and the^person is completely enclosed by the sur- 
rounding surfaces, the net rate of radiation heat transfer from the person to the 
surrounding walls, ceiling, and floor is 

J ( v. . 

= (0.95)(5.67 X lO” 8 W/m 2 • K 4 )(1.6 m 2 ) 

X [(29 + 273) 4 — (20 4- 273) 4 ] K 4 
■. ■ = 81.7 W ■ 

Note that we must use thermodynamic temperatures in radiation calculations. 
Also note that we used the emissivity value for the skin and clothing at room 
temperature since the emissivity is not expected to change significantly at a 
slightly higher temperature. 

Then the rate of total heat transfer from the body is determined by adding 
these two quantities: 


Qtm = Q™ + Qni = (86.4 + 81.7) W = 168 W, 



Heat transfer from the person 
described in Example 1-10. 





FIGURE 1-41 

Schematic for Example 1-11. 


Discussion The heat transfer, would be much higher if the person were not 
dressed since the exposed surface temperature would be higher. Thus, an im- 
portant function of the clothes is to serve as a barrier against heat transfer. 

In these calculations, heat transfer through the feet to the floor by conduc- 
tion, which is usually very small, is neglected. Heat transfer from the skin by 
perspiration, which is the dominant mode of heat transfer in hot environments, 

is not considered here. . . - 

Also, the units W/m 2 - °C and W/m 2 * K for heat transfer coefficient are 

equivalent, and can be interchanged. 


EXAMPLE 1-11 Heat Transfer between Two Isothermal Plates 

Consider steady heat transfer between two large parallel plates at constant 
temperatures of T\ = 300 K and T 2 = 200 K that are L — 1 cm apart t ^as 
shown in Fig 1-41. Assuming the surfaces to be black (emissivity s =-l), de- 
termine the rate of heat transfer between the plates per unit surface area as- 
suming the gap between the plates is (a) filled with atmospheric air, 
(b) evacuated, (c) filled with urethane insulation, and (d) filled with superm- 
sulation that has an apparent thermal conductivity of 0.00002 W/m - K. 

SOLUTION The total rate of heat transfer between two large parallel plates at 
specified temperatures is to be determined for four different cases. 
Assumptions 1 Steady operating conditions exist. 2 There are no natural con- 
vection currents in the air between the plates. 3 The surfaces are black and 

thus e = 1. ■ 

Properties The thermal conductivity at the average temperature of 250 K is 
k = 0.0219 W/m ■ K for air {Table A-15), 0.026 W/m • K for urethane insula- 
tion (fable A 6), and 0.00002 W/m * K for the superinsulation. 

Analysis (a) The rates of conduction and radiation heat transfer between the 
piates through the air layer are 


Qctmd — £4 


, (300 - 200)K 

(0.0219 W/m • K)(l m 2 ) Q Qlm = 219 W 


and 


Q^ = scrA(Tf-n) 

= (1)(5.67 X 10" 8 W/m 2 - K 4 )(l m 2 )[(300 K) 4 - (200 K) 4 ) = 369 W 


Therefore, 


(>. . + 2^ = 219 + 369 = 588 W 


The heat transfer rate in reality will be higher because of the natural convec- 
tion currents that are likely to occur in the air space between the plates. 

(b) When the air space between the plates is evacuated, there will be no con- 
duction or convection, and the only heat transfer between the plates will be by 
radiation. Therefore, 

0 total = Grad = ^69 W 

(c) An opaque solid material placed between two plates blocks direct radiation 
heat transfer between the plates. Also, the thermal conductivity of an insulat- 
ing material accounts for the radiation heat transfer that may be occurring 
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FIGURE 1-42 

Different ways of reducing heat transfer between two isothermal plates, and their effectiveness. 
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through the voids in the insulating material. The rate of heat transfer through 
the urethane insulation is 
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Note that heat transfer through the urethane material is less than the heat 
transfer through the air determined in (a), although the thermal conductivity of 
the insulation is higher than that of air. This is because the insulation blocks 
the radiation whereas air transmits it. 

(d) The layers of the superinsulation prevent any direct radiation heat transfer 
between the plates. However, radiation heat transfer between the sheets of su- 
perinsulation does occur, and the apparent thermal conductivity of the super- 

insulation accounts for this effect. Therefore, 


^ T, , (300 - 200)K 

&y = M = (0.00002 W/m ■ K)(l a*) a01m — 


0.2 W 


which is jgV, of the heat transfer through the vacuum. The results of this ex- 
ample are summarized in Fig. 1-4^ to put them into perspective. 

Discussion This example demonstrates the effectiveness of superinsulations 
and^pxplains why they are the insulation of choice in critical applications de- 
spite theffi high cost. 


EXAMPLE 1-12 Heat Transfer in Conventional 

and Microwave Ovens 

* 

The fast and efficient cooking of microwave ovens made them one of the es- 
sential appliances in modern kitchens (Fig. 1-43). Discuss the heat transfer 
mechanisms associated with the cooking of a chicken in microwave and con- 
ventional ovens, and explain why cooking in a microwave oven is more efficient. 


SOLUTION Food is cooked in a microwave oven by absorbing the electromag- 
netic radiation energy generated by the microwave tube, called the magnetron. 



FIGURE 1-43 

A chicken being cooked in a 
microwave oven (Example 1-12). 


The radiation emitted by the magnetron is not thermal radiation, since its 
emission is not due to the temperature of the magnetron; rather, it is due to the 
conversion of electrical energy into electromagnetic radiation at a specified 
wavelength. The wavelength of the microwave radiation is such that it is re- 
flected by metal surfaces; transmitted by the cookware made of glass, ceramic, 
or plastic; and absorbed and converted to internal energy by food (especially 
the water, sugar, and fat) molecules. 

In a microwave oven, the radiation that strikes the chicken is absorbed by 
the skin of the chicken and the outer parts. As a result, the temperature of the 
chicken at and near the skin rises. Heat is then conducted toward the inner 
parts of the chicken from its outer parts. Of course, some of the heat absorbed 
by the outer surface of the chicken is lost to the air in the oven by convection . 

In a conventional oven, the air in the oven is first heated to the desired tem- 
perature by the electric or gas heating element. This preheating may take sev- 
eral minutes. The heat is then transferred from the air to the skin of the 
chicken by natural convection in older ovens or by forced convection in the 
newer convection ovens that utilize a fan. The air motion in convection ovens 
increases the convection heat transfer coefficient and thus decreases the cook- 
ing time. Heat is then conducted toward the inner parts of the chicken from its 
outer parts as in microwave ovens. 

Microwave ovens replace the slow convection heat transfer process in con- 
ventional ovens by the instantaneous radiation heat transfer. As a result, micro- 
wave ovens transfer energy to the food at full capacity the moment they are 
turned on, and thus they cook faster while consuming less energy. : .■■■■: 



FIGURE 1-44 

Schematic for Example 1-13. 


EXAMPLE 1-13 Heating of a Plate by Solar Energy 

A thin metal plate is insulated on the back and exposed to solar radiation at 
the front surface (Fig. 1-44). The exposed surface of the plate has an absorpr 
tivity of 0.6 for solar radiation. If solar radiation is incident on the plate at a 
rate of 700 W/m 2 and the surrounding air temperature is 25°C, determine the 
surface temperature of the plate when the heat loss by convection and radia- 
tion equals the solar energy absorbed by the plate. Assume the combined con- 
vection and radiation heat transfer coefficient to be 50 W/m 2 • °C. 


SOLUTION The back side of the thin metal piate is insulated and the front 
side is exposed to solar radiation. The surface temperature of the plate is to be 
determined when it stabilizes. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the. 
insulated side of the plate is negligible. 3 The heat transfer coefficient remains 
constant. ■ 

Properties The solar absorptivity of the piate is given to be a = 0.6. ■ 

Analysis The absorptivity of the plate is 0.6, and thus 60 percent of the solar I 
radiation incident on the plate is absorbed continuously. As a result, the tern- 1 
perature of the plate rises, and the temperature difference between the plate 1 
and the surroundings increases. This increasing temperature difference I 
causes the rate of heat loss from the plate to the surroundings to increase. I 
At some point, the rate of heat loss from the plate equals the rate of solar I 


energy absorbed, and the temperature of the plate no longer changes. The 
temperature of the plate when steady operation is established is deter- 
mined from 

^gained ^loit °4.y Tine ideal, solai “ ^combined ACL Too) 


Solving for T s and substituting, the plate surface temperature is determined 
to be • 



= T„ + a 


i 1 incident, solar 


h 


= 25°C + 


combined 


0.6 X (700 W/m 2 ) 
50 W/m 2 * °C 


Discussion Note that the heat tosses prevent the plate temperature from 
rising above 33.4°C. Also, the combined heat transfer coefficient accounts for 
the effects of both convection and radiation, and thus it is very convenient 
to use in heat transfer calculations when its value is known with reasonable 
accuracy. 


1-10 ■ PROBLEM-SOLVING TECHNIQUE 


The first step in learning any science is to grasp the fundamentals and to gain 
a sound knowledge of it. The next step is to master the fundamentals by test- 
ing this knowledge. This is done by solving significant real-world problems. 
Solving such problems, especially complicated ones, require a systematic 
approach. By using a step-by-step approach, an engineer can reduce the solu- 
tion of a complicated problem into the solution of a series of simple problems 
(Fig. 1-45). When you are solving a problem, we recommend that you use the 
following steps zealously as applicable. This will help you avoid some of the 
common pitfalls associated with problem solving. 

Step 1: Problem Statement 

In your own words, briefly state the problem, the key information given, and 
the quantities to be found. This is to make sure that you understand the prob- 
lem and the objectives before you attempt to solve the problem. 

^ ' \ 

Step 2: Schematic 

Draw a realistic sketch of the physical system involved, and list the relevant 
information on the figure. The sketch does not have to be something elaborate, 
but it should resemble the actual system and show the key features. Indicate 
any energy and mass interactions with the surroundings. Listing the given in- 
formation on the sketch helps one to see the entire problem at once. 



FIGURE 1-45 


A step-by-step approach can greatly 
simplify problem solving. 


Step 3: Assumptions and Approximations 

State any appropriate assumptions and approximations made to simplify the 
problem to make it possible to obtain a solution. Justify the questionable as- 
sumptions. Assume reasonable values for missing quantities that are neces- 
sary. For example, in the absence of specific data for atmospheric pressure, it 
can be taken to be 1 atm. However, it should be noted in the analysis Jh at the 





INTRODUCTION AND BASIC CONCEPTS 


Given: Air temperature in Denver 

C 

To be found: Density of air 

Missing information: Atmospheric 
pressure 

Assumption #1: Take P = 1 atm 
(Inappropriate. Ignores effect of 
altitude. Will cause more titan 
15% error.) 

Assumption #2: Take P = 0.83 atm 
(Appropriate. Ignores only minor 
effects such as weather.) 

C 

c 


FIGURE 1-46 

The assumptions made while solving 
an engineering problem must be 
reasonable and justifiable. 


atmospheric pressure decreases with increasing elevation. For example, it 
drops to 0.83 atm in Denver (elevation 1610 m) (Fig. 1-46). 

Step 4: Physical Laws 

Apply all the relevant basic physical laws and principles (such as the conser- 
vation of energy), and reduce them to their simplest form by utilizing the as- 
sumptions made. However, the region to which a physical law is applied must 
be clearly identified first. 

Step 5: Properties 

Determine the unknown properties necessary to solve the problem from prop- 
erty relations or tables. List the properties separately, and indicate their source, 
if applicable. 

Step 6: Calculations 

Substitute the known quantities into the simplified relations and perform the 
calculations to determine the unknowns. Pay particular attention to the units 
and unit cancellations, and remember that a dimensional quantity without a 
unit is meaningless. Also, don’t give a false implication of high precision by 
copying all the digits from the calculator— round the results to an appropriate 
number of significant digits (see p. 39). 
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Energy use; 

Energy saved 
by insulation; 


$ 80 /yr 


IMPOSSIBLES 




FIGURE 1-47 

The results obtained from 
an engineering analysis must 
be checked for reasonableness. 


Step 7: Reasoning, Verification, and Discussion 

Check to make sure that the results obtained are reasonable and intuitive, and 
verify the validity of the questionable assumptions. Repeat the calculations 
that resulted in unreasonable values. For example, insulating a water heater 
that uses $80 worth of natural gas a year cannot result in savings of $200 a 
year (Fig. 1-47). 

Also, point out the significance of the results, and discuss their implications. 
State the conclusions that can be drawn from the results, and any recommen- 
dations that can be made from them. Emphasize the limitations under which 
the results are applicable, and caution against any possible misunderstandings 
and using the results in situations where the underlying assumptions do not 
apply. For example, if you determined that wrapping a water heater with a $20 
insulation jacket will reduce the energy cost by $30 a year, indicate that the in- 
sulation will pay for itself from the energy it saves in less than a year. How- 
ever, also indicate that the analysis does not consider labor costs, and that this 
will be the case if you install the insulation yourself. 

Keep in mind that the solutions you present to your instructors, and any en- 
gineering analysis presented to others, is a form of communication. Therefore 
neatness, organization, completeness, and visual appearance are of utmost im- 
portance for maximum effectiveness. Besides, neatness also serves as a great 
checking tool since it is very easy to spot errors and inconsistencies in neat 
work. Carelessness and skipping steps to save time often end up costing more 
time and unnecessary anxiety. 

The approach described here is used in the solved example problems with- 
out explicitly stating each step, as well as in the Solutions Manual of this text. 



CHAPTER 1 


For some problems, some of the steps may not be applicable or necessary. 
However, we cannot overemphasize the importance of a logical and orderly 
approach to problem solving. Most difficulties encountered while solving a 
problem are not due to a lack of knowledge; rather, they are due to a lack of 
organization. You are strongly encouraged to follow these steps in problem 
solving until you develop your own approach that works best for you. 


Engineering Software Packages 

You may be wondering why we are about to undertake an in-depth study of 
the fundamentals of another engineering science. After all, almost all such 
problems we are likely to encounter in practice can be solved using one of 
several sophisticated software packages readily available in the market today. 
These software packages not only give the desired numerical results, but also 
supply the outputs in colorful graphical form for impressive presentations. It 
is unthinkable to practice engineering today without using some of these pack- 
ages. This tremendous computing power available to us at the touch of a but- 
ton is both a blessing and a curse. It certainly enables engineers to solve 
problems easily and quickly, but it also opens the door for abuses and misin- 
formation. In the hands of poorly educated people, these software packages 
are as dangerous as sophisticated powerful weapons in the hands of poorly 
trained soldiers. 

Thi nki ng that a person who can use the engineering software packages 
without proper training on fundamentals can practice engineering is like 
thinking that a person who can use a wrench can work as a car mechanic. If it 
were true that the engineering students do not need all these fundamental 
courses they are taking because practically everything can be done by com- 
puters quickly and easily, then it would also be true that the employers would 
no longer need high-salaried engineers since any person who knows how to 
use a word-processing program can also learn how to use those software pack- 
ages. However, the statistics show that the need for engineers is on the rise, 
not on the decline, despite the availability of these powerful packages. 

We should always remember that all the computing power and the engi- 
neering software packages available today are just tools, and tools have 
meaning, only in the hands of masters. Having the best word-processing 
program does not make a person a good writer, but it certainly makes the 
job ^f a good writer much easier and makes the writer more productive 
(Fig. 1^18). Hand calculators did not eliminate the need to teach our children 
how to add or subtract, and the sophisticated medical software packages 
did not take the place of medical school training. Neither will engineering 
software packages replace the traditional engineering education. They will 
simply cause a shift in emphasis in the courses from mathematics to physics. 
That is, more time will be spent in the classroom discussing the physical 
aspects of the problems in greater detail, and less time on the mechanics of 
solution procedures. 

All these marvelous and powerful tools available today put an extra burden 
on today’s engineers. They must still have a thorough understanding of 
the fundamentals, develop a “feel” of the physical phenomena, be able to put 
the data into proper perspective, and make sound engineering judgments, just 
like their predecessors. However, they must do it much better, and much 
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An excellent word-processing 
program does not make a person a good 
writer; it simply makes a good writer 
a better and more efficient writer* 
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faster, using more realistic models because of the powerful tools available to- 
day. The engineers in the past had to rely on hand calculations, slide rules, and 
later hand calculators and computers. Today they rely on software packages. 
The easy access to such power and the possibility of a simple misunderstand- 
ing or misinterpretation causing great damage make it more important today 
than ever to have solid training in the fundamentals of engineering. In this text 
we make an extra effort to put the emphasis on developing an intuitive and 
physical understanding of natural phenomena instead of on the mathematical 
details of solution procedures. 

Engineering Equation Solver (EES) 

EES is a program that solves systems of linear or nonlinear algebraic or dif- 
ferential equations numerically. It has a large library of built-in thermophysi- 
cal property functions as well as mathematical functions, and allows the user 
to supply additional property data. Unlike some software packages, EES does 
not solve engineering problems; it only solves the equations supplied by the 
user. Therefore, the user must understand the problem and formulate it by ap- 
plying any relevant physical laws and relations. EES saves the user consider- 
able time and effort by simply solving the resulting mathematical equations. 
This makes it possible to attempt significant engineering problems not suit- 
able for hand calculations, and to conduct parametric studies quickly and con- 
veniently. EES is a very powerful yet intuitive program that is very easy to 
use, as shown in Example 1-14. The use and capabilities of EES are explained 
in Appendix 3 on the Online Learning Center. 


EXAMPLE 1-14 Solving a System of Equations with EES 



T5 


The difference of two numbers is 4, and the sum of their squares is equal to 
their sum plus 20. Determine these two numbers. 


SOLUTION Relations are given for the difference and the sum of the squares 
of two numbers. They are to be determined. 

Analysis We start the EES program by double-clicking on its icon, open a new 
file, and type the following on the blank screen that appears: 

... x - y - : 4 \ vLT:--: 

x A 2 •) y A 2 = x -t yl 20 

which is an exact mathematical expression of the problem statement with 
x and y denoting the Unknown numbers. The solution to this system of two 
nonlinear equations with two unknowns is obtained by a single click on the 
“calculator’' symbol on the taskbar. It gives 

x - 5 and y = 1 - 

Discussion Note that all we did is formulate the problem as we would on pa- 
per; EES took care of all the mathematical details of solution. Also note that 
equations can be linear or nonlinear, and they can be entered in any order with 
unknowns on either side. Friendly equation solvers such as EES allow the user 


to concentrate on the physics of the problem without worrying about the 
mathematical complexities associated with the solution of the resulting system 
of equations. 


A Remark on Significant Digits 

In engineering calculations, the information given is not known to more than 
a certain number of significant digits, usually three digits. Consequently, the 
results obtained cannot possibly be accurate to more significant digits. Re- 
porting results in more significant digits implies greater accuracy than exists, 
and it should be avoided. 

For example, consider a 3.75-L container fill ed with gasoline whose density 
is 0.845 kg/L, and try to determine its mass. Probably the first thought that 
comes to your min d is to multiply the volume and density to obtain 3.16875 kg 
for the mass, which falsely implies that the mass determined is accurate to six 
significant digits. In reality, however, the mass cannot be more accurate than 
three significant digits since both the volume and the density are accurate to 
three significant digits only. Therefore, the result should be rounded to three 
significant digits, and the mass should be reported to be 3.17 kg instead of 
what appears in the screen of the calculator. The result 3.16875 kg would be 
correct only if the volume and density were given to be 3.75000 L and 
0.845000 kg/L, respectively. The value 3.75 L implies that we are fairly con- 
fident that the volume is accurate within ±0.01 L, and it cannot be 3.74 or 
3.76 L. However, the volume can be 3.746, 3.750, 3.753, etc., since they all 
round to 3.75 L (Fig. 1-49). It is more appropriate to retain all the digits dur- 
ing intermediate calculations, and to do the rounding in the final step since 
this is what a computer will normally do. 

When solving problems, we will assume the given information to be accu- 
rate to at least three significant digits. Therefore, if the length of a pipe is 
given to be 40 m, we will assume it to be 40.0 m in order to justify using three 
significant digits in the final results. You should also keep in mind that all 
experimentally determined values -are subject to measurement errors, and such 
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Given: 

Volume: 3.75 L 

Density: p = 0.845 kg/L 

(3 significant digits) 

Also, 3.75 X 0.845 = 3.16875 


Find: 


Mass: i/i =pl/ = 3,16875 kg 


Rounding to 3 significant digits: 
m = 3.17 kg 


£ 




FIGURE 1-49 

A result with more significant digits than 
that of given data falsely implies 

more accuracy. 



errors are reflected in the results obtained. For example, if the density of a 
substance has an uncertainty of 2 percent, then the mass determined using this 
density value will also have an uncertainty of 2 percent. 

You should also be aware that we sometimes knowingly introduce small 
errors in order to avoid the trouble of searching for more accurate data. For 
example, when dealing with liquid water, we just use the value of 1000 kg/m 3 
for density, which is the density value of pure water at 0°C. Using this value 
at 75°C will result in an error of 2.5 percent since the density at this tempera- 
ture is 975 kg/m 3 . The minerals and impurities in the water introduce addi- 
tional error. This being the case, you should have no reservation in rounding 
the final results to a reasonable number of significant digits. Besides, having a 
few percent uncertainty in the results of engineering analysis is usually the 
norm, not the exception. 




FIGURE 1-50 

Most animals come into this world with 
built-in insulation, but human beings 
come with a delicate skin. 


Thermal Comfort 

Unlike animals such as a fox or a bear that are bom with built-in furs, hu- 
man beings come into this world with little protection against the harsh en- 
vironmental conditions (Fig. 1—50). Therefore, we can claim that the search 
for thermal comfort dates back to the beginning of human history. It is be- 
lieved that early human beings lived in caves that provided shelter as well 
as protection from extreme thermal conditions. Probably the first form of 
heating system used was open fire , followed by fire in dwellings through 
the use of a chimney to vent out the combustion gases. The concept of cen- 
tral heating dates back to the times of the Romans, who heated homes by 
utilizing double-floor construction techniques and passing the fire’s fumes 
through the opening between the two floor layers. The Romans were also 
the first to use transparent windows made of mica or glass to keep the wind 
and rain out while letting the light in. Wood and coal were the primary en- 
ergy sources for heating, and oil and candles were used for lighting. The ru- 
ins of south-facing houses indicate that the value of solar heating was 
recognized early in the history. 

The term air-conditioning is usually used in a restricted sense to imply 
cooling, but in its broad sense it means to condition the air to the desired 
level by heating, cooling, humidifying, dehumidifying, cleaning, and de- 
odorizing. The purpose of the air-conditioning system of a building is to 
provide complete thermal comfort for its occupants. Therefore, we need to 
understand the thermal aspects of the human body in order to design an ef- 
fective air-conditioning system. 

The building blocks of living organisms are cells, which resemble minia- 
ture factories performing various functions necessary for the survival of 
organisms. The human body contains about 100 trillion cells with an average 



*This section can be skipped without a loss in continuity* 


diameter of 0.01 mm. In a typical cell, thousands of chemical reactions oc- 
cur every second during which some molecules are broken down and en- 
ergy is released and some new molecules are formed. The high level of 
chemical activity in the cells that maintain the human body temperature at 
a temperature of 37.0°C while performing the necessary bodily Junctions is 
called the metabolism. In simple terms, metabolism refers to the burning 
of foods such as carbohydrates, fat, and protein. The metabolizable energy 
content of foods is usually expressed by nutritionists in terms of the capi- 
talized Calorie. One Calorie is equivalent to 1 Cal — 1 kcal = 4.1868 kJ. 

The rate of metabolism at the resting state is called the basal metabolic 
rate, which is the rate of metabolism required to keep a body performing 
the necessary bodily functions such as breathing and blood circulation at 
zero external activity level. The metabolic rate can also be interpreted as 
the energy consumption rate for a body. For an average man (30 years old, 
70 kg, 1.73 m high, 1.8 m 2 surface area), the basal metabolic rate is 84 W. 
That is, the body converts chemical energy of the food (or of the body fat 
if the person had not eaten) into heat at a rate of 84 J/s, which is then dissi- 
pated to the surroundings. The metabolic rate increases with the level of 
activity, and it may exceed 10 times the basal metabolic rate when someone 
is doing strenuous exercise. That is, two people doing heavy exercising 
in a room may be supplying more energy to the room than a 1-kW resis- 
tance heater (Fig. 1—5 1). An average man generates heat at a rate of 108 W 
while reading, writing, typing, or listening to a lecture in a classroom in a 
seated position. The maximum metabolic rate of an average man is 1250 W 
at age 20 and 730 at age 70. The corresponding rates for women are about 
30 percent lower. Maximum metabolic rates of trained athletes can exceed 
2000 W. 

Metabolic rates during various activities are given in Table 1-7 per unit 
body surface area. The surface area of a nude body was given by 
I). DuBois in 1916 as 




FIGURE 1-51 

Two fast-dancing people supply 
more heat to a room than a 
1-kW resistance heater. 


\ p A s = 0.202m OA75 h°‘ m (m 2 ) (1-30) 

where m is the mass of the body’m kg and h is the height in m. Clothing 
increases the exposed surface area of a person by up to about 50 percent. 
The^tietabolic rates given in the table are sufficiently accurate for most 
purposes, 'but there is considerable uncertainty at high activity levels, More 
accurate values can be determined by measuring the rate of respiratory oxy- 
gen consumption, which ranges from about 0.25 L/min for an average rest- 
ing man to more than 2 L/min during extremely heavy work. The entire 
energy released during metabolism can be assumed to be released as heat 
(in sensible or latent forms) since the external mechanical work done by the 
muscles is, very small. Besides, the work done during most activities such 
as walking or riding an exercise bicycle is eventually converted to heat 
through friction. 

The comfort of the human body depends primarily on three environmen- 
tal factors: the temperature, relative humidity, and air motion. The temper- 
ature of the environment is the single most important index of comfort. 
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Metabolic rates during various 
activities (from ASHRAE 
Handbook of Fundamentals, 

Chap. 8, Table 4) . 

Metabolic rate* 

Activity W/m 2 

Resting: 

Sleeping 
Reclining 
Seated, quiet 
Standing, relaxed 


Walking (on the level): 


2 mph (0.89 m/s) 

115 

3 mph (1.34 m/s) 

150 

4 mph (1.79 m/s) 

220 

Office Activities: 

Reading, seated 

55 

Writing 

60 

Typing 

65 

Filing, seated 

70 

Filing, standing 

80 

Walking about 

100 

Lifting/packing 

120 

Driving/Fiying: 

Car 

60-1 1 5 

Aircraft, routine 

70 

Heavy vehicle 

185 

Miscellaneous Occupational 

Activities: 

Cooking 

95-115 

Cleaning house 

115-140 

Machine work: 

Light 

115-140 

Heavy 

235 

Handling 50-kg bags 

235 

Pick and shovel work 

235-280 

Miscellaneous Leisure Activities: 

Dancing, social 

140-255 

Calisthenics/exercise 

175-235 

Tennis, singles 

210-270 

Basketball 

290-440 

Wrestling, competitive 

410-505 


40 

45 

60 

70 


*Mu!tipfy by 1.8 m J to obtain metabolic rates for 
an average man. 


Extensive research is done on human subjects to determine the thermal 
comfort zone” and to identify the conditions under which the body feels 
comfortable in an environment. It has been observed that most normally 
clothed people resting or doing light work feel comfortable in the operative 
temperature (roughly, the average temperature of air and surrounding sur- 
faces) range of 23°C to 27°C (Fig. 1-52). For unclothed people, this range 
is 29°C to 31°C. Relative humidity also has a considerable effect on com- 
fort since it is a measure of air’s ability to absorb moisture and thus it af- 
fects the amount of heat a body can dissipate by evaporation. High relative 
humidity slows down heat rejection by evaporation, especially at high tem- 
peratures, and low relative humidity speeds it up. The desirable level of rel- 
ative humidity is the broad range of 30 to 70 percent, with 50 percent being 
the most desirable level. Most people at these conditions feel neither hot 
nor cold, and the body does not need to activate any of the defense mecha- 
nisms to maintain the normal body temperature (Fig. 1-53). 

Another factor that has a major effect on thermal comfort is excessive air 
motion or draft, which causes undesired local cooling of the human body. 
Draft is identified by many as a most annoying factor in work places, auto- 
mobiles, and airplanes. Experiencing discomfort by draft is most common 
among people wearing indoor clothing and doing light sedentary work, and 
least common among people with high activity levels. The air velocity 
should be kept below 9 m/min in winter and 15 m/min in summer to mini- 
mize discomfort by draft, especially when the air is cool. A low level of air 
motion is desirable as it removes the warm, moist air that builds around the 
body and replaces it with fresh air. Therefore, air motion should be strong 
enough to remove heat and moisture from the vicinity of the body, but gen- 
tle enough to be unnoticed. High speed air motion causes discomfort out- 
doors as well. For example, an environment at 10°C with 48 km/h winds 
feels as cold as an environment at -7°C with 3 km/h winds because of the 
chilling effect of the air motion (the wind-chill factor). 

A comfort system should provide uniform conditions throughout the 
living space to avoid discomfort caused by nonuniformities such as drafts , 
asymmetric, thermal radiation, hot or cold floors, and vertical temperature 
stratification. Asymmetric thermal radiation is caused by the cold, sur- 
faces of large windows, uninsulated walls, or cold products and the warm 
surfaces of gas or electric radiant heating panels on the walls or ceiling, 
solar-heated masonry walls or ceilings, and warm machinery. Asymmetric 
radiation causes discomfort by exposing different sides of the body to 
surfaces at different temperatures and thus to different heat loss or gain 
by radiation. A person whose left side is exposed to a cold window, for 
example, will feel like heat is being drained from that side of his or her 
body (Fig. 1-54). For thermal comfort, the radiant temperature asymmetry 
should not exceed 5°C in the vertical direction and 10°C in the horizontal 
direction. The unpleasant effect of radiation asymmetry can be minimized 
by properly sizing and installing heating panels, using double-pane win- 
dows, and providing generous insulation at the walls and the roof. 


Direct contact with coid or hot floor surfaces also causes localized 
discomfort in the feet. The temperature of the floor depends on the way it 
is constructed (being directly on the ground or on top of a heated room, 
being made of wood or concrete, the use of insulation, etc.) as well as the 
floor covering used such as pads, carpets, rugs, and linoleum. A floor 
temperature of 23 to 25 °C is found to be comfortable to most people. The 
floor asymmetry loses its significance for people with footwear. An effec- 
tive and economical way of raising the floor temperature is to use radiant 
heating panels instead of turning the thermostat up. Another nonuniform 
condition that causes discomfort is temperature stratification in a room 
that exposes the head and the feet to different temperatures. For thermal 
comfort, the temperature difference between the head and foot levels 
should not exceed 3°C. This effect can be minimized by using destratifica- 
tion fans. 

It should be noted that no thermal environment will please everyone. No 
matter what we do, some people will express some discomfort. The thermal 
comfort zone is based on a 90 percent acceptance rate. That is, an environ- 
ment is deemed comfortable if only 10 percent of the people are dissatis- 
fied with it. Metabolism decreases somewhat with age, but it has no effect 
on the comfort zone. Research indicates that there is no appreciable differ- 
ence between the environments preferred by old and young people. Exper- 
iments also show that men and women prefer almost the same environment. 
The metabolism rate of women is somewhat lower, but this is compensated 
by their slightly lower skin temperature and evaporative loss. Also, there is 
no significant variation in the comfort zone from one part of the world to 
another and from winter to summer. Therefore, the same thermal comfort 
conditions can be used throughout the world in any season. Also, people 
cannot acclimatize themselves to prefer different comfort conditions. 

In a cold environment, the rate of heat loss from the body may exceed 
the rate, of metabolic heat generation. Average specific heat of the human 
body is 3.49 kJ/kg - °C, and thus each 1°C drop in body temperature corre- 
sponds to A a deficit of 244 kJ in body heat content for an average 70-kg man. 
A drop of 0.5°C in mean body temperature causes noticeable but accept- 
able discomfort. A drop of 2.6°C causes extreme discomfort. A sleeping 
person wakes up when his or her mean body temperature drops by 1.3°C 
(wh&h normally shows up as a 0.5°C drop in the deep body and 3°C in the 
skin area). The drop of deep body temperature below 35 °C may damage 
the body temperature regulation mechanism, while a drop below 28°C may 
be fatal. Sedentary people reported to feel comfortable at a mean skin tem- 
perature of 33.3°C, uncomfortably cold at 31°C, shivering cold at 30°C, 
and extremely cold at 29°C. People doing heavy work reported to feel com- 
fortable at much lower temperatures, which shows that the activity level 
affects human performance and comfort. The extremities of the body such 
as hands and feet are most easily affected by cold weather, and their 
temperature is a better indication of comfort and performance. A hand- 
skin temperature of 20°C is perceived to be uncomfortably cold, 15°C to 
be extremely cold, and 5°C to be painfully cold. Useful work can be 
performed by hands without difficulty as long as the skin temperature of 
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FIGURE 1-52 

The effect of clothing on 
the environment temperature 
that feels comfortable (1 clo = 
0.155 m 2 * °CAV - 0.880 ft 2 - °F ■ h/Btu). 

(from ASHRAE Standard 55-1981) 


23°C 



A thermally comfortable environment. 



FIGURE 1-54 

Cold surfaces cause excessive heat loss 
from the body by radiation, and thus 
discomfort on that side of the body. 



FIGURE 1-55 

The rate of metabolic heat generation 
may go up by six times the resting 
level during total body shivering 
in cold weather. 


fingers remains above 16°C (ASHRAE Handbook of Fundamentals, 
Chapter 8). 

The first line of defense of the body against excessive heat loss in a cold 
environment is to reduce the skin temperature and thus the rate of heat loss 
from the skin by constricting the veins and decreasing the blood flow to the 
skin. This measure decreases the temperature of the tissues subjacent to 
the skin, but maintains the inner body temperature. The next preventive 
measure is increasing the rate of metabolic heat generation in the body by 
shivering, unless the person does it voluntarily by increasing his or her 
level of activity or puts on additional clothing. Shivering begins slowly in 
small muscle groups and may double the rate of metabolic heat production 
of the body at its initial stages. In the extreme case of total body shivering, 
the rate of heat production may reach six times the resting levels (Fig. 1-55). 
If this measure also proves inadequate, the deep body temperature starts 
falling . Body parts furthest away from the core such as the hands and feet 
are at greatest danger for tissue damage. 

In hot environments, the rate of heat loss from the body may drop below 
the metabolic heat generation rate. This time the body activates the oppo- 
site mechanisms. First the body increases the blood flow and thus heat 
transport to the skin, causing the temperature of the skin and the subjacent 
tissues to rise and approach the deep body temperature. Under extreme heat 
conditions, the heart rate may reach 180 beats per minute in order to main- 
tain adequate blood supply to the brain and the skin. At higher heart rates, 
the volumetric efficiency of the heart drops because of the very short time 
between the beats to fill the heart with blood, and the blood supply to the 
skin and more importantly to the brain drops. This causes the person to 
faint as a result of heat exhaustion. Dehydration makes the problem worse. 
A similar thing happens when a person working very hard for a long time 
stops suddenly. The blood that has flooded the skin has difficulty returning 
to the heart in this case since the relaxed muscles no longer force the blood 
back to the heart, and thus there is less blood available for pumping to the 
brain. 

The next line of defense is releasing water from sweat glands and resort- 
ing to evaporative cooling, unless the person removes some clothing and 
reduces the activity level (Fig. 1-56). The body can maintain its core tem- 
perature at 37°C in this evaporative cooling mode indefinitely, even in en- 
vironments at higher temperatures (as high as 200°C during military . 
endurance tests), if the person dri nk s plenty of liquids to replenish his or 
her water reserves and the ambient air is sufficiently dry to allow the sweat 
to evaporate instead of rolling down the skin. If this measure proves inade- 
quate, the body will have to start absorbing the metabolic heat and the deep 
body temperature will rise. A person can tolerate a temperature rise of 
1.4°C without major discomfort but may collapse when the temperature 


rise reaches 2.8°C. People feel sluggish and their efficiency drops consid- 
erably when the core body temperature rises above 39°C. A core tempera- 
ture above 41°C may damage hypothalamic proteins, resulting in cessation 
of sweating, increased heat production by shivering, and a heat stroke with 
irreversible and life-threatening damage. Death can occur above 43°C. 

A surface temperature of 46°C causes pain on the skin. Therefore, direct 
contact with a metal block at this temperature or above is painful. However, 
a person can stay in a room at 100°C for up to 30 min without any damage 
or pain on the skin because of the convective resistance at the skin surface 
and evaporative cooling. We can even put our hands into an oven at 200°C 
for a short time without getting burned. 

Another factor that affects thermal comfort, health, and productivity is 
ventilation. Fresh outdoor air can be provided to a building naturally by 
doing nothing, ox forcefully by a mechanical ventilation system. In the first 
case, which is the norm in residential buildings, the necessary ventilation is 
provided by infiltration through cracks and leaks in the living space and by 
the opening of the windows and doors. The additional ventilation needed in 
the bathrooms and kitchens is provided by air vents with dampers or ex- 
haust fans. With this kind of uncontrolled ventilation, however, the fresh air 
supply will be either too high, wasting energy, or too low, causing poor in- 
door air quality. But the current practice is not likely to change for residen- 
tial buildings since there is not a public outcry for energy waste or air 
quality, and thus it is difficult to justify the cost and complexity of me- 
chanical ventilation systems. 

Mechanical ventilation systems are part of any heating and air condition- 
ing system in commercial buildings, providing the necessary amount of 
fresh outdoor air and distributing it uniformly throughout the building. This 
is not surprising since many rooms in large commercial buildings have no 
windows and thus rely on mechanical ventilation. Even the rooms with 
windows are in the same situation since the windows are tightly sealed and 
cannot tye opened in most buildings. It is not a good idea to oversize the 
ventilaticm system just to be on the “safe side” since exhausting the heated 
or cooled indoor air wastes energy. On the other hand, reducing the venti- 
lation rates below the required minimum to conserve energy should also be 
avoided so that the indoor air quality can be maintained at the required lev- 
els, Idle rqinimum fresh air ventilation requirements are listed in Table 1-8. 
The values are based on controlling the C0 2 and other contaminants with 
an adequate margin of safety, which requires each person be supplied with 
at least 7.5 L/s of fresh air. ■ 

Another function of the mechanical ventilation system is to clean the air 
by filtering it as it enters the building. Various types of filters are available 
for this purpose, depending on the cleanliness requirements and the allow- 
able pressure drop. 



FIGURE 1-56 

In hot environments, a body can 
dissipate a large amount of metabolic 
heat by sweating since the sweat absorbs 
the body heat and evaporates. 




? TABLE, 1-8 





Minimum fresh air requirements 
in buildings (from ASHRAE 
Standard 62-1989) 



Requirement 
(per person ) 

Application 

Us 

ft 3 /min 

Classrooms, 

libraries, 

supermarkets 8 

15 

Dining rooms, 
conference 
rooms, offices 10 

20 

Hospital 

rooms 

13 

25 

Hotel rooms 

15 

(per room) 

30 

(per room) 

Smoking 

lounges 

30 

60 

Retail stores 

1, 0-1.5- 
(per m 2 } 

0.2-0. 3 
(per ft 2 ) 

Residential 

buildings 

0.35 air change per 
hour, but not less than 
7.5 L7s (or 15 ft 3 /min) 
per person 



In this chapter, the basics of heat transfer are introduced and 
discussed. The science of thermodynamics deals with the 
amount of heat transfer as a system undergoes a process from 
one equilibrium state to another, whereas the science of heat 
transfer deals with the rate of heat transfer, which is the main 
quantity of interest in the design and evaluation of heat transfer 
equipment. The sum of all forms of energy of a system is called 
total energy, and it includes the internal, kinetic, and potential 
energies. The internal energy represents the molecular energy 
of a system, and it consists of sensible, latent, chemical, and 
nuclear forms. The sensible and latent forms of internal energy 
can be transferred from one medium to another as a result of a 
temperature difference, and are referred to as heat or thermal 
energy. Thus, heat transfer is the exchange of the sensible and 
latent forms of internal energy between two mediums as a re- 
sult of a temperature difference. The amount of heat transferred 
per unit time is called heat transfer rate and is denoted by Q . 
The rate of heat transfer per unit area is called heat flux, q. 

A system of fixed mass is called a closed system and a sys- 
tem that involves mass transfer across its boundaries is called 
an open system or control volume. The first law of thermody- 
namics or the energy balance for any system undergoing any 
process can be expressed as 

When a stationary closed system involves heat transfer only 
and no work interactions across its boundary, the energy bal- 
ance relation reduces to 


Q = mc v AT 

where Q is the amount of net heat transfer to or from the sys- 
tem. When heat is transferred at a constant rate of Q , - the 
amount of heat transfer during a time interval At can be deter- 
mined from Q = <2 At. 

Under steady conditions and in the absence of any work in- 
teractions, the conservation of energy relation for a control vol- 
ume with one inlet and one exit with negligible changes in 
kinetic and potential energies can be expressed as 

Q = mc p AT 

where m = pVA c is the mass flow rate and Q is the rate of net 
heat transfer into or out of the control volume. 

Heat can be transferred in three different modes: conduction, 
convection, and radiation. Conduction is the transfer of heat 
from the more energetic particles of a substance to the adjacent 


less energetic ones as a result of interactions between the parti- 
cles, and is expressed by Fourier's law of heat conduction as 



-kA 


dT 

dx 


where k is the thermal conductivity of the material, A is the 
area normal to the direction of heat transfer, and dll dx is the 
temperature gradient. The magnitude of the rate of heat con- 
duction across a plane layer of thickness L is given by 

n =jW AT 
fctcond m £ 


where AT is the temperature difference across the layer. 
Convection is the mode of heat transfer between a solid sur- 
face and the adjacent liquid or gas that is in motion, and in- 
volves the combined effects of conduction and fluid motion. 
The rate of convection heat transfer is expressed by Newton’s 
law of cooling as 


Q convection 


= 1>A S (T s - T„) 


where h is the convection heat transfer coefficient in W/m 2 ■ K, 
A j is the surface area through which convection heat transfer 
takes place, T s is the surface temperature, and T„ is the tem- 
perature of the fluid sufficiently far from the surface. 

Radiation is the energy emitted by matter in the form of 
electromagnetic waves (or photons) as a result of the changes 
in the electronic configurations of the atoms or molecules. The 
maximum rate of radiation that can be emitted from a surface 
at a thermodynamic temperature T s is given by the 
Stefan-Boltzmann law as Q e!J A Um3X = vAffi* where a = 5.67 X 
10“ 8 W/m 2 ■ K 4 is the Stefan-Boltzmann constant. 

When a surface of emissivity e and surface area A s at a 
temperature T s is completely enclosed by a much larger (or 
black) surface at a temperature T smT separated by a gas (such as 
air) that does not intervene with radiation, the net rate of radia- 
tion heat transfer between these two surfaces is given by 


6r*d = ecM, (Tf- 

In this case, the emissivity and the surface area of the sur- 
rounding surface do not have any effect on the net radiation 
heat transfer. 

The rate at which a surface absorbs radiation is determined 
from Q absorbed = «£> bcidem where Q is the rate at which ra- 
diation is incident on the surface and a is the absorptivity of the 

surface. 
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Thermodynamics and Heat Transfer 

1-lC How does the science of heat transfer differ from the 
science of thermodynamics? 

1-2C What is the driving force for (a) heat transfer, (£>) elec- 
tric current flow, and (c) fluid flow? 

1-3 C What is the caloric theory? When and why was it 
abandoned? 

1_4 C How do rating problems in heat transfer differ from 
the sizing problems? 

1-5C What is the difference between the analytical and ex- 
perimental approach to heat transfer? Discuss the advantages 
and disadvantages of each approach. 

1-6C What is the importance of modeling in engineering? 
How are the mathematical models for engineering processes 
prepared? 

1-7 C When modeling an engineering process, how is the 
right choice made between a simple but crude and a complex 
but accurate model? Is the complex model necessarily a better 
choice sincd it is more accurate? 

✓ 

Heat and Other Forms of Energy 

1-SC . What is heat flux? How is it related to the heat trans- 
fer rat<£? 

1-9C What are the mechanisms of energy transfer to a closed 
system? How is heat transfer distinguished from the other 
forms of energy transfer? 


‘Problems designated by a “C” are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon >■& are sqlved using EES. Problems with the icon M are the 
comprehensive in nature and are intended to be solved with a 
computer, preferably using the EES software. 


1-10C How are heat, internal energy, and thermal energy 
related to each other? 

1-11C An ideal gas is heated from 50°C to 80°C (a) at con- 
stant volume and ( b ) at constant pressure. For which case do 
you think the energy required will be greater? Why? 

1-12 A cylindrical resistor element on a circuit board dis- 
sipates 0.8 W of power. The resistor is 2 cm long, and has a 
diameter of 0.4 cm. Assuming heat to be transferred uniformly 
from all surfaces, determine (a) the amount of heat this resistor 
dissipates during a 24-hour period, ( b ) the heat flux, and (c) the 
fraction of heat dissipated from the top and bottom surfaces. 

1-13 Consider a 150-W incandescent lamp. The filament 
of the lamp is 5-cm long and has a diameter of 0.5 mm. The 
diameter of the glass bulb of the lamp is 8 cm. Determine the 
heat flux, in W/m 2 , (a) on the surface of the filament and (6) on 
the surface of the glass bulb, and (c) calculate how much it will 
cost per year to keep that lamp on for eight hours a day every 
day if the unit cost of electricity is $0.08/kWh. 

Answers: (a) 1.91 X 10 6 W/m 2 , (6) 7500 W/m 2 , (c) $35.04/yr 
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1_14 A 1200-W iron is left on the ironing board with its base 
exposed to the air. About 85 percent of the heat generated in 
the iron is dissipated through its base whose surface area is 
150 cm 2 , and the remaining 15 percent through other surfaces. 
Assuming the heat transfer from the surface to be uniform, 
determine (a) the amount of heat the iron dissipates during a 
2-hour period, in kWh, (b) the heat flux on the surface of the 
iron base, in W/m 2 , and (c) the total cost of the electrical en- 
ergy consumed during this 2-hour period. Take the unit cost of 
electricity to be $0.07/kWh. 

1-15 A 15 cm X 20-cm circuit board houses on its surface 
120 closely spaced logic chips, each dissipating 0.12 W. If the 
heat transfer from the back surface of the board is negligible, 
determine (a) the amount of heat this circuit board dissipates 
during a 10-hour period, in kWh, and ( b ) the heat flux on the 
surface of the circuit board, in W/m 2 . 
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1-16 A 15-cm-diameter aluminum ball is to be heated from 
80°C to an average temperature of 200°C. Taking the average 
density and specific heat -of aluminum in this temperature 
range to be p = 2700 kg/m 3 and c p = 0.90 kJ/kg • °C, respec- 
tively, determine the amount of energy that needs to be trans- 
ferred to the aluminum ball. Ansv/er: 515 kJ 

1-17 The average specific heat of the human body is 
3.6 kJ/kg • °C. If the body temperature of a 80-kg man rises 
from 37°C to 39°C during strenuous exercise, determine the 
increase in the thermal energy content of the body as a result of 
this rise in body temperature. 


1-18 Infiltration of cold air into a warm house during winter 
through the cracks around doors, windows, and other openings 
is a major source of energy loss since the cold air that enters 
needs to be heated to the room temperature. The infiltration is 
often expressed in terms of ACH (air changes per hour). An 
ACH of 2 indicates that the entire air in the house is replaced 
twice every hour by the cold air outside. 

Consider an electrically heated house that has a floor space 
of 200 m 2 and an average height of 3 m at 1000 m elevation, 
where the standard atmospheric pressure is 89.6 kPa. The 
house is maintained at a temperature of 22°C, and the infiltra- 
tion losses are estimated to amount to 0.7 ACH. Assuming the 
pressure and the temperature in the house remain constant, de- 
termine the amount of energy loss from the house due to infil- 
tration for a day during which the average outdoor temperature 
is 5°C. Also, determine the cost of this energy loss for that day 
if the unit cost of electricity in that area is $0.082/kWh. 

dnsiyers; 53.8 kWh/day, $4.41/day 

1-19 Consider a house with a floor space of 200 m 2 and an 
average height of 3 m at sea level, where the standard atmos- 
pheric pressure is 101.3 kPa. Initially the house is at a uniform 
temperature of 10°C. Now the electric heater is turned on, and 
the heater runs until the air temperature in the house rises to an 
average value of 22°C. Determine how much heat is absorbed 
by the air assuming some air escapes through the cracks as the 
heated air in the house expands at constant pressure. Also, de- 
termine the cost of this heat if the unit cost of electricity in that 
area is $0.075/kWh. 

1-20 Consider a 225-L water heater that is initially filled 
with water at 7°C. Determine how much energy needs to be 
transferred to the water to raise its temperature to 50°C. Take 
the density and specific heat of water to be 1 kg/L and 
4.18 kJ/kg-°C, respectively. 

Energy Balance 

1-21 On a hot summer day, a student turns his fan on when 
he leaves his room in the morning. When he returns in the 
evening, will his room be warmer or cooler than the neighbor- 
ing rooms? Why? Assume all the doors and windows are kept 
closed. 

1-22 Consider two identical rooms, one with a refrigerator in 
it and the other without one. If all the doors and windows are 
closed, will the room that contains the refrigerator be cooler or 
warmer than the other room? Why? 

1-23 Two 800-kg cars moving at a velocity of 90 km/h have a 
head-on collision on a road. Both cars come to a complete rest 
after the crash. Assuming all the kinetic energy of cars is con- 
verted to thermal energy, determine the average temperature 
rise of the remains of the cars immediately after the crash. Take 
the average specific heat of the cars to be 0.45 kJ/kg * °C. 


1-24 A classroom that normally contains 40 people is to be 
air-conditioned using window air-conditioning units of 5-kW 
cooling capacity. A person at rest may be assumed to dissipate 
heat at a rate of 360 kJ/h. There are 10 lightbulbs in the room, 
each with a rating of 100 W. The rate of heat transfer to the 
classroom through the walls and the windows is estimated to 
be 15,000 kJ/h. If the room air is to be maintained at a constant 
temperature of 21°C, determine the number of window air- 
conditioning units required. Answer: two units 

1-25 A 4-m X 5-m X 6-m room is to be heated by a base- 
board resistance heater. It is desired that the resistance heater 
be able to raise the air temperature in the room from 7°C to 
25 °C within 15 minutes. Assuming no heat losses from the 
room and an atmospheric pressure of 100 kPa, determine the 
required power rating of the resistance heater. Assume constant 
specific heats atroom temperature. Answer: 3.01 kW 

1-26 A 4-m X 5-m X 7-m room is heated by the radiator of 
a steam heating system. The steam radiator transfers heat at a 
rate of 12,500 kJ/h and a 100-W fan is used to distribute the 
warm air in the room. The heat losses from the room are esti- 
mated to be at a rate of about 5000 kJ/h. If the initial tempera- 
ture of the room air is 10°C, determine how long it will take for 
the air temperature to rise to 20°C. Assume constant specific 
heats at room temperature. 


5000 kJ/h 



7 , 

1-27 A student living in a 4-m X 6-m X 6-m dormitory 
room turns his 150-W fan on before she leaves her room on a 
summer day hoping that the room will be cooler when she 
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comes back in the evening. Assuming all the doors and win- 
dows are tightly closed and disregarding any heat transfer 
through the walls and the windows, determine the temperature 
in the room when she comes back 10 hours later. Use specific 
heat values at room temperature and assume the room to be at 
100 kPa and 15°C in the morning when she leaves. 

Answer: 58,1°C 

1-28 A room is heated by a baseboard resistance heater. 
When the heat losses from the room on a winter day amount to 
7000 kJ/h, it is observed that the air temperature in the room re- 
mains constant even though the heater operates continuously. 
Determine the power rating of the heater, in kW. 

1-29 A 5-m X 6-m X 8-m room is to be heated by an electri- 
cal resistance heater placed in a short duct in the room. Initially, 
the room is at 15°C, and the local atmospheric pressure is 98 kPa. 
The room is losing heat steadily to the outside at a rate of 
200 kJ/min. A 300-W fan circulates the air steadily through the 
duct and the electric heater at an average mass flow rate of 
50 kg/min. The duct can be assumed to be adiabatic, and there is 
no air leaking in or out of the room. If it takes 18 minutes for the 
room air to reach an average temperature of 25°C, find (a) the 
power rating of the electric heater and {b) the temperature rise 
that the air experiences each time it passes through the heater. 

1-30 A house has an electric heating system that consists of a 
300-W fan and an electric resistance heating element placed in 
a duct. Air flows steadily through the duct at a rate of 0.6 kg/s 
and experiences a temperature rise of 5°C. The rate of heat loss 
from the air in the duct is estimated to be 250 W. Determine the 
power rating of the electric resistance heating element. 

1-31 A hair dryer is basically a duct in which a few layers of 
electric resistors are placed. A small fan pulls the air in and 
forces it to flow over the resistors where it is heated. Air enters 
a 1200-W hair dryer at 100 kPa and 22°C, and leaves at 47°C. 
The cross-sectional area of the hair dryer at the exit is 60 cm 2 . 
Neglecting the power consumed by the fan and the heat losses 
through the walls of the hair dryer, determine ( a ) the volume 
flow rate of air at the inlet and { [b ) the velocity of the air at the 
exit. 4nsivers: (a) 0.0404 m 3 /s, ib) 7.30 m/s 


= 47 °C 


P, = 100 kPa 


A 2 - 60 cm 2 

pAV“ 
■< - 

r 
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r 


IV = 1200 W 
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1-32 The ducts of an air heating system pass through an 
unheated area. As a result of heat losses, the temperature of the air 
in the duct drops by 3°C. If the mass flow rate of air is 90 kg/min, 
determine the rate of heat loss from the air to the cold environment. 


1-33 Air enters the duct of an air-conditioning system at 
100 kPa and 10°C at a volume flow rate of 15 m 3 /min. The di- 
ameter of the duct is 24 cm and heat is transferred to the air in 
the duct from the surroundings at a rate of 2 kW, Determine ( a ) 
the velocity of the air at the duct inlet and ( b ) the temperature 
of the air at the exit. Answers: (a) 332 m/min, {b) 16.5°C 

1_34 Water is heated in an insulated, constant diameter tube 
by a 7-kW electric resistance heater. If the water enters the 
heater steadily at 15°C and leaves at 70°C, determine the mass 
flow rate of water. 
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Heat Transfer Mechanisms 

1-35C Consider two houses that are identical, except that the 
walls are built using bricks in one house, and wood in the other. 
If the walls of the brick house are twice as thick, which house 
do you thin k will be more energy efficient? 

1-36C Define thermal conductivity and explain its signifi- 
cance in heat transfer. 

1-37C What are the mechanisms of heat transfer? How are 
they distinguished from each other? 

1-38C What is the physical mechanism of heat conduction in 
a solid, a liquid, and a gas? 

1-39C Consider heat transfer through a windowless wall of a 
house on a winter day. Discuss the parameters that affect the 
rate of heat conduction through the wall. 

1-40C Write down the expressions for the physical laws that 
govern each mode of heat transfer, and identify the variables 
involved in each relation. 

1-41C How does heat conduction differ from convection? 

1-42C Does any of the energy of the sun reach the earth by 
conduction or convection? 

1-43 C How does forced convection differ from natural 
convection? 

1-44C Define emissivity and absorptivity. What is Kirch- 
hoff’s law of radiation? 

1-45 C What is a blackbody? How do real bodies differ from 
blackbodies? 

1-46C Judging from its unit W/m • K, can we define thermal 
conductivity of a material as the rate of heat transfer through 
the material per unit thickness per unit temperature difference? 
Explain. 

1-47C Consider heat loss through the two walls of a house 
on a winter night. The walls are identical, except that one of 


them has a tightly fit glass window. Through which wall will 
the house lose more heat? Explain. 

l^lSC Which is a better heat conductor, diamond or silver? 

1-49C Consider two walls of a house that are identical ex- 
cept that one is made of 10-cm-thick wood, while the other is 
made of 25-cm-thick brick. Through which wall wilt the house 
lose more heat in winter? 

1-50 C How do the thermal conductivity of gases and liquids 
vary with temperature? 

1-51C Why is the thermal conductivity of superinsulation 
orders of magnitude lower than the thermal conductivity of 
ordinary insulation? 

1-52C Why do we characterize the heat conduction ability 
of insulators in terms of their apparent thermal conductivity 
instead of the ordinary thermal conductivity? 

1-53C Consider an alloy of two metals whose thermal con- 
ductivities are k x and k 2 . Will the thermal conductivity of the 
alloy be less than k u greater than k 2 , or between k x and k 2 ? 

1-54 The inner and outer surfaces of a 4-m X 7-m brick wall 
of thickness 30 cm and thermal conductivity 0.69 W/m ■ K are 
maintained at temperatures of 20°C and 5°C, respectively. 
Determine the rate of heat transfer through the wall, in W. 
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1- 55 The inner and outer surfaces of a 0.5 -cm thick 2-m X 

2- m window glass in winter are 10°C and 3°C, respectively. If 
the thermal conductivity of the glass is 0.78 W/m • K, deter- 
mine the amount of heat loss through the glass over a period of 
5 h. What would your answer be if the glass were 1 cm thick? 
Answers: 78.6 MJ, 39.3 MJ 

1-56 Reconsider Prob. 1-55. Using EES (or other) soft- 

KSSa ware, plot the amount of heat loss through the 
glass as a function of the window glass thickness in the range 
of 0.1 cm to 1.0 cm. Discuss the results. 

1-57 An aluminum pan whose thermal conductivity is 
237 W/m ■ °C has a flat bottom with diameter 15 cm and thick- 
ness 0.4 cm. Heat is transferred steadily to boiling water in the 
pan through its bottom at a rate of 800 W. If the inner surface 




of the bottom of the pan is at I05°C, determine the temperature 
of the outer surface of the bottom of the pan. 



800 W 
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1-58 In a certain experiment, cylindrical samples of diameter 
4 cm and length 7 cm are used (see Fig. 1-30). The two 
thermocouples in each sample are placed 3 cm apart. After ini- 
tial transients, the electric heater is observed to draw 0.6 A at 
1 10 V, and both differential thermometers read a temperature 
difference of 10°C. Determine the thermal conductivity of the 
sample. Ansv/en 78.8 W/m * °C 

1-59 One way of measuring the thermal conductivity of a 
material is to sandwich an electric thermofoil heater between 
two identical rectangular samples of the material and to heavily 
insulate the four outer edges, as shown in the figure. Thermo- 
couples attached to the inner and outer surfaces of the samples 
record the temperatures. 

During an experiment, two 0.5 cm thick samples 10 cm X 
10 cm in size are used. When steady operation is 
reached, the heater is observed to draw 25 W of electric 
power, and the temperature of each sample is observed to drop 
from 82°C at the inner surface to 74°C at the outer surface. 
Determine the thermal conductivity of the material at the aver- 
age temperature. y 
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1-60 Repeat Prob. 1-59 for an electric power consumption 
of 20 W. 

1-61 A heat flux meter attached to the inner surface of a 
3-cm-thick refrigerator door indicates a heat flux of 25 W/m 3 
through the door. Also, the temperatures of the inner and the 
outer surfaces of the door are measured to be 7°C and 15°C, 
respectively. Determine the average thermal conductivity of the 
refrigerator door. Answer: 0.0938 W/m - °C 


1-62 Consider a person standing in a room maintained 
at 20°C at alt times. The inner surfaces of the walls, floors, and 
ceiling of the house are observed to be at an average tempera- 
ture of 12°C in winter and 23°C in summer. Determine the 
rates of radiation heat transfer between this person and the 
surrounding surfaces in both summer and winter if the ex- 
posed surface area, emissivity, and the average outer surface 
temperature of the person are 1.6 m 2 , 0.95, and 32°C, respec- 
tively. 


1-63 Rgfj Reconsider Prob. 1-62. Using EES (or other) soft- 
DsSfel ware, plot the rate of radiation heat transfer in 
winter as a function of the temperature of the inner surface of 
the room in the range of 8°C to 18°C. Discuss the results. 


1-64 For heat transfer purposes, a standing man can be mod- 
eled as a 30-cm-diameter, 170-cm-long vertical cylinder with 
both the top and bottom surfaces insulated and with the side 
surface at an average temperature of 34°C. For a convection 
heat transfer coefficient of 20 W/m 2 * °C, determine the rate of 
heat loss from this man by convection in an environment at 
18°C. Answer: 513 W 

1-65 Hot air at 80°C is blown over a 2-m X 4-m flat surface 
at 30°C. If the average convection heat transfer coefficient is 
55 W/m 2 • °C, determine the rate of heat transfer from the air to 
the plate, in kW. Answer: 22 kW 


1-66 Reconsider Prob. 1-65. Using EES (or other) soft- 
ware, plot the rate of heat transfer as a function 
of the heat transfer coefficient in the range of 20 W/m 2 ■ °C to 


100 W/m 2 * °C. Discuss the results. 


1-67 The heat generated in the circuitry on the surface of a 
silicon chip (k = 130 W/m • °C) is conducted to the ceramic 
substrate to which it is attached. The chip is 6 mm X 6 mm in 


Silicon 
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any heat transfer through the 0.5 mm high side surfaces, deter- 
mine the temperature difference between the front and back 
surfaces of the chip in steady operation. 

1-68 A 40-cm-long, 800-W electric resistance heating ele- 
ment with diameter 0.5 cm and surface temperature 120°C is 
immersed in 75 kg of water initially at 20°C. Determine 
how long it will take for this heater to raise the water tem- 
perature to 80°C. Also, determine the convection heat transfer 
coefficients at the beginning and at the end of the heating 
process. 

1-69 A 5-cm-extemal-diameter, 1 0-m-Iong hot-water pipe at 
80°C is losing heat to the surrounding air at 5°C by natural 
convection with a heat transfer coefficient of 25 W/m 2 ■ °C. 
Determine the rate of heat loss from the pipe by natural 
convection. Answer.- 2945 W 

1-70 A hollow spherical iron container with outer diameter 
20 cm and thickness 0.4 cm is filled with iced water at 0°C. If 
the outer surface temperature is 5°C, determine the approxi- 
mate rate of heat loss from the sphere, in kW, and the rate at 
which ice melts in the container. The heat of fusion of water is 
333.7 kj/kg. 
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1-71 ^gj|| Reconsider Prob. 1-70. Using EES (or other) 
festSi software, plot the rate at which ice melts as a 
function of the container thickness in the range of 0.2 cm to 
2.0 cm. Discuss the results. 

1-72 The inner and outer glasses of a 1 .2-m X 1 .2-m double- 
pane window are at 15°C and 9°C, respectively. If the 6-mm 
space between the two glasses is filled with still air, determine 
the rate of heat transfer through the window. 

Answer: 35.3 W 

1-73 Two surfaces of a 2-cm-thick plate are maintained at 
0°C and 80°C, respectively. If it is determined that heat is 
transferred through the plate at a rate of 500 W/m 2 , determine 
its thermal conductivity. 

1-74 Four power transistors, each dissipating 15 W, are 
mounted on a thin vertical aluminum plate 22 cm X 22 cm in 
size. The heat generated by the transistors is to be dissipated by 


both surfaces of the plate to the surrounding air at 25 °C, which 
is blown over the plate by a fan. The entire plate can be as- 
sumed to be nearly isothermal, and the exposed surface area of 
the transistor can be taken to be equal to its base area. If the 
average convection heat transfer coefficient is 25 W/m 2 * °C, 
determine the temperature of the aluminum plate. Disregard 
any radiation effects. 

1-75 An ice chest whose outer dimensions are 30 cm X 
40 cm X 40 cm is made of 3-cm-thick Styrofoam (k = 0.033 
W/m ■ °C). Initially, the chest is filled with 28 kg of ice at 0°C, 
and the inner surface temperature of the ice chest can be taken 
to be 0°C at all times. The heat of fusion of ice at 0°C is 
333.7 kJ/kg, and the surrounding ambient air is at 25°C. Disre- 
garding any heat transfer from the 40-cm X 40-cm base of the 
ice chest, determine how long it will take for the ice in the 
chest to melt completely if the outer surfaces of the ice chest 
are at 8°C. Answer: 22.9 days 
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1-76 A transistor with a height of 0.4 cm and a diameter 
of 0.6 cm is mounted on a circuit board. The transistor is 
cooled by air flowing over it with an average heat transfer 
coefficient of 30 W/m 2 * °C. If the air temperature is 55°C 
and the transistor case temperature is not to exceed 70°C, 
determine the amount of power this transistor can dissipate 
safely. Disregard any heat transfer from the transistor base. 
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1-77 RSI Reconsider Prob. 1-76. Using EES (or other) soft- 
[fedl ware, plot the amount of power the transistor can 
dissipate safely as a function of the maximum case temperature 
in the range of 60°C to 90°C. Discuss the results. 

1_78 A 60-m-long section of a steam pipe whose outer di- 
ameter is 10 cm passes through an open space at 10°C. The av- 
erage temperature of the outer surface of the pipe is measured 
to be 140°C, and the average heat transfer coefficient on that 
surface is determined to be 35 W/m 2 ■ °C. Determine (a) the 
rate of heat loss from the steam pipe and (&) the annual cost of 
this energy loss if steam is generated in a natural gas furnace 
having an efficiency of 86 percent, and the price of natural gas 
is $ 1.10/therm (1 therm = 105,500 kJ). 

Answers: (a) 85.8 kW t ( b ) $32,790/yr 

1-79 The boiling temperature of nitrogen at atmospheric 
pressure at sea level (1 atm) is - 196°e. Therefore, nitrogen is 
commonly used in low temperature scientific studies since the 
temperature of liquid nitrogen in a tank open to the atmosphere 
remains constant at -196°C until the liquid nitrogen in 
the tank is depleted. Any heat transfer to the tank results 
in the evaporation of some liquid nitrogen, which has a heat of 
vaporization of 198 kJ/kg and a density of 810 kg/m 3 at 1 atm. 

Consider a 4-m-diameter spherical tank initially filled 
with liquid nitrogen at 1 atm and — 196°C. The tank is exposed 
to 20°C ambient air with a heat transfer coefficient of 
25 W/m 2 * °C. The temperature of the thin-shelled spherical 
tank is observed to be almost the same as the temperature of 
the nitrogen inside. Disregarding any radiation heat exchange, 
determine the rate of evaporation of the liquid nitrogen in the 
tank as a result of the heat transfer from the ambient air. 


N 2 vapor 



1-80 Repeat Prob. 1-79 for liquid oxygen, which has a boil- 
ing temperature of -183°C, a heat of vaporization of 
213 kJ/kg, and a density of 1140 kg/m 3 at 1 atm pressure, 

1-81 [5S Reconsider Prob. 1-79. Using EES (or other) soft- 
fesjal ware, plot the rate of evaporation of liquid 



nitrogen as a function of the ambient air temperature in the 
range of 0°C to 35°C. Discuss the results. 

1-82 Consider a person whose exposed surface area is 
1.7 m 2 , emissivity is 0.5, and surface temperature is 32°C. 
Determine the rate of heat loss from that person by radiation in 
a large room having walls at a temperature of (a) 300 K and 
(b) 280 K. Answers: (a) 26. 7 W, { 6) 1 2 1 W 

1-83 A 0.3-cm-thick, 12-cm-high, and 18-cm-Iong circuit 
board houses 80 closely spaced logic chips on one side, each 
dissipating 0.06 W. The board is impregnated with copper fill- 
ings and has an effective thermal conductivity of 16 W/m * °C. 
All the heat generated in the chips is conducted across the 
circuit board and is dissipated from the back side of the board 
to the ambient air. Determine the temperature difference be- 
tween the two sides of the circuit board. Answer: 0.042°C 

1-84 Consider a sealed 20-cm-high electronic box whose 
base dimensions are 40 cm X 40 cm placed in a vacuum cham- 
ber, The emissivity of the outer surface of the box is 0.95, If the 
electronic components in the box dissipate a total of 100 W of 
power and the outer surface temperature of the box is not to ex- 
ceed 55°C, determine the temperature at which the surrounding 
surfaces must be kept if this box is to be cooled by radiation 
alone. Assume the heat transfer from the bottom surface of the 
box to the stand to be negligible. 



1-85 An engineer who is working on the heat transfer analy- 
sis of a house in English units needs the convection heat trans- 
fer coefficient on the outer surface of the house. But the only 
value he can find from his handbooks is 14 W/m 2 * °C, which is 
in SI units. The engineer does not have a direct conversion fac- 
tor between the two unit systems for the convection heat trans- 
fer coefficient. Using the conversion factors between W and 
Btu/h, m and ft, and °C and °F, express the given convection 
heat transfer coefficient in Btu/h • ft 2 ■ °F. 

Answer: 2.47 Btu/h • ft 2 • °F 

1-86 A 2.5-cm-diameter and 8-cm-Iong cylindrical sample 
of a material is used to determine its thermal conductivity 


L 


experimentally. In the thermal conductivity apparatus, the sam- 
ple is placed in a well-insulated cylindrical cavity to ensure 
one-dimensional heat transfer in the axial direction, and a heat 
flux generated by a resistance heater whose electricity con- 
sumption is measured is applied on one of its faces (say, the left 
face). A total of 9 thermocouples are imbedded into the sample, 
1 cm apart, to measure the temperatures along the sample 
and on its faces. When the power consumption was fixed at 
83.45 W, it is observed that the thermocouple readings are sta- 
bilized at the following values: 


Distance from 
[eft face, cm 

Temperature, 

°C 

0 

89.38 

1 

83.25 

2 

78.28 

3 

74.10 

4 

68.25 

5 

63.73 

6 

49.65 

7 

44.40 

8 

40.00 


Plot the variation of temperature along the sample, and calcu- 
late the thermal conductivity of the sample material. Based on 
these temperature readings, do you think steady operating con- 
ditions are established? Are there any temperature readings that 
do not appear right and should be discarded? Also, discuss 
when and how the temperature profile in a plane wall will de- 
viate from a straight line. 



1-87 Water at 0°C releases 333.7 kJ/kg of heat as it freezes to 
ice ( p = 920 kg/m 3 ) at 0°C. An aircraft flying under icing con- 
ditions maintains a heat transfer coefficient of 150 W/m 2 • °C 
between the air and wing surfaces. What temperature must the 
wings be maintained at to prevent ice from forming on them 
during icing conditions at a rate of 1 mm/min or less? 

Simultaneous Heat Transfer Mechanisms 

1-88C Can all three modes of heat transfer occur simultane- 
ously (in parallel) in a medium? 

1-89C Can a medium involve (a) conduction and convection, 
(b) conduction and radiation, or (c) convection and radiation 
simultaneously? Give examples for the “yes” answers. 


1-9 OC The deep human body temperature of a healthy 
person remains constant at 37 °C while the temperature and 
the humidity of the environment change with time. Discuss the 
heat transfer mechanisms between the human body and the en- 
vironment both in summer and winter, and explain how a per- 
son can keep cooler in summer and warmer in winter. 

1-91C We often turn the fan on in summer to help us cool. 
Explain how a fan makes us feel cooler in the summer. Also 
explain why some people use ceiling fans also in winter. 

1-92 Consider a person standing in a room at 23°C. 
Determine the total rate of heat transfer from this person if 
the exposed surface area and the skin temperature of the person 
are 1 .7 m 2 and 32°C, respectively, and the convection heat trans- 
fer coefficient is 5 W/m 2 ■ °C. Take the emissivity of the skin 
and the clothes to be 0.9, and assume the temperature of the in- 
ner surfaces of the room to be the same as the air temperature. 

Answer: 161 W 

1-93 Consider steady heat transfer between two large parallel 
plates at constant temperatures of — 290 K and T 2 = 150 K 
that are L ~ 2 cm apart. Assuming the surfaces to be black (emis- 
sivity e = 1), determine the rate of heat transfer between the 
plates per unit surface area assuming the gap between the plates 
is (a) filled with atmospheric air, (b) evacuated, (c) filled with 
fiberglass insulation, and (d) filled with superinsulation having an 
apparent thermal conductivity of 0.00015 W/m • °C. 

1-94 The inner and outer surfaces of a 25-cm-thick wall in 
summer are at 27°C and 44°C, respectively. The outer surface 
of the wall exchanges heat by radiation with surrounding 
surfaces at 40°C, and convection with ambient air also at 40°C 
with a convection heat transfer coefficient of 8 W/m 2 • °C. Solar 
radiation is incident on the surface at a rate of 150 W/m 2 . If both 
the emissivity and the solar absorptivity of the outer surface are 
0.8, determine the effective thermal conductivity of the wall. 



1-95 A 1.4-m-long, 0.2-cm-diameter electrical wire extends 
across a room that is maintained at 20 B C. Heat is generated 
in the wire as a result of resistance heating, and the surface 
temperature of the wire is measured to be 240 a C in steady 
operation. Also, the voltage drop and electric current through 
the wire are measured to be 110 V and 3 A, respectively. 



Disregarding any heat transfer by radiation, determine the con- 
vection heat transfer coefficient for heat transfer between the 
outer surface of the wire and the air in the room. 

Answer: 170.5 W/m 2 • °C 
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1-96 


jggg Reconsider Prob. 1-95. Using EES (or other) soft- 
ware, plot the convection heat transfer coefficient 


as a function of the wire surface temperature in the range of 
100°C to 300°C. Discuss the results. 


1-97 A 5-cm-diameter spherical bail whose surface is main- 
tained at a temperature of 75°C is suspended in the middle of a 
room at 20°C. If the convection heat transfer coefficient is 
85 W/m 2 • °C and the emissivity of the surface is 0.8, determine 
the total rate of heat transfer from the ball. 


1-98 (A IK A 1000-W iron is left on the iron board with its 
xJ|W base exposed to the air at 20°C. The convection 
heat transfer coefficient between the base surface and the sur- 
rounding air is 35 W/m 2 * °C. If the base has an emissivity of 
0.6 and a surface area of 0.02 m 2 , determine the temperature of 
the base of the iron. Answer: 674°C 
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1-99 The outer surface of a spacecraft in space has an emis- 
sivity of 0.8 and a solar absorptivity of 0.3. If solar radiation is 
incident on the spacecraft at a rate of 950 W/m 2 , determine the 
surface temperature of the spacecraft when the radiation emit- 
ted equals the solar energy absorbed. 

1-100 A 3-m-intemal-diameter spherical tank made of 1-cm- 
thick stainless steel is used to store iced water at 0°C. The tank 
is located outdoors at 25°C. Assuming the entire steel tank to 
be at 0°C and thus the thermal resistance of the tank to be neg- 
ligible, determine (a) the rate of heat transfer to the iced water 
in the tank and (6) the amount of ice at 0°C that melts during a 
24-hour period. The heat of fusion of water at atmospheric pres- 
sure is h;f = 333.7 kJ/kg. The emissivity of the outer surface of 
the tank is 0.75, and the convection heat transfer coefficient on 
the outer surface can be taken to be 30 W/m 2 • °C. Assume the 
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average surrounding surface temperature for radiation ex- 
change to be 15°C. Answers: (a) 23.1 kW, (6) 5980 kg 

1-101 The roof of a house consists of a 15-cm-thick 

xM' concrete slab (k = 2 W/m • °C) that is 15 m 
wide and 20 m long. The emissivity of the outer surface of the 
roof is 0.9, and the convection heat transfer coefficient on that 
surface is estimated to be 15 W/m 2 • °C. The inner surface of 
the roof is maintained at 15°C. On a clear winter night, the am- 
bient air is reported to be at 10°C while the night sky tempera- 
ture for radiation heat transfer is 255 K. Considering both 
radiation and convection heat transfer, determine the outer sur- 
face temperature and the rate of heat transfer through the roof. 

If the house is heated by a furnace burning natural gas with an 
efficiency of 85 percent, and the unit cost of natural gas is 
$0.60/therm (1 therm = 105,500 kJ of energy content), determine 
the money lost through the roof that night during a 14-hour period. 


Problem Solving Technique and EES 

1-1 02C What is the value of the engineering software pack- 
ages in (n) engineering education and (6) engineering practice? 

Determine a positive real root of the following 
equation using EES: 

7j? - 10x° J - 3.x- = -3 

Solve the following system of two equations 
with two unknowns using EES: 

x 3 - y 2 = 7.75 
3 xy + y = 3.5 

Solve the following system of three equations 
with tliree unknowns using EES: 

2x — y + z = 5 
3.x 2 + 2y = z + 2 
xy + 2z = 8 

Solve the following system of three equations 
with three unknowns using EES: 

xry — z = 1 
x — 3y a5 + xz = —2 
x + y — z = 2 

Special Topic: Thermal Comfort 

1-107C What is metabolism? What is the range of metabolic 
rate for an average man? Why are we interested in metabolic 
rate of the occupants of a building when we deal with heating 
and air conditioning? 

1-108C Why is the metabolic rate of women, in general, 
lower than that of men? What is the effect of clothing on the 
environmental temperature that feels comfortable? 


1-103 
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1-109 C What is asymmetric thermal radiation? How does it 
cause thermal discomfort in the occupants of a room? 

1-110C How do (o) draft and (b) cold floor surfaces cause 
discomfort for a room’s occupants? 

1-1 11C What is stratification? Is it likely to occur at places 
with low or high ceilings? How does it cause thermal discomfort 
for a room’s occupants? How can stratification be prevented? 

1-112C Why is it necessary to ventilate buildings? What is 
the effect of ventilation on energy consumption for heating in 
winter and for cooling in summer? Is it a good idea to keep the 
bathroom fans on all the time? Explain. 

Review Problems 

1-113 It is well known that wind makes the cold air feel much 
colder as a result of the windchill effect that is due to the in- 
crease in the convection heat transfer coefficient with increasing 
air velocity. The windchill effect is usually expressed in terms 
of the windchill factor, which is the difference between the 
actual air temperature and the equivalent calm-air temperature. 
For example, a windchill factor of 20°C for an actual air tem- 
perature of 5°C means that the windy air at 5°C feels as cold as 
the still air at — 15°C. In other words, a person will lose as 
much heat to air at 5°C with a windchill factor of 20°C as he or 
she would in calm air at — 15°C. 

For heat transfer purposes, a standing man can be modeled 
as a 30-cm-diameter, 170-cm-iong vertical cylinder with both 
the top and bottom surfaces insulated and with the side surface 
at an average temperature of 34°C. For a convection heat trans- 
fer coefficient of 15 W/m 2 * °C, determine the rate of heat loss 
from this man by convection in still air at 20°C. What would 
your answer be if the convection heat transfer coefficient is in- 
creased to 50 W/m 2 • °C as a result of winds? What is the wind- 
chill factor in this case? Ansvms: 336 W, 1120 W, 32.7°C 

1-114 A thin metal plate is insulated on the back and exposed 
to solar radiation on the front surface. The exposed surface of 
the plate has an absorptivity of 0.7 for solar radiation. If solar 
radiation is incident on the plate at a rate of 550 W/m 1 and the 
surrounding air temperature is 10°C, determine the surface 
temperature of the plate when the heat loss by convection 
equals the solar energy absorbed by the plate. Take the convec- 
tion heat transfer coefficient to be 25 W/m 2 ■ °C, and disregard 
any heat loss by radiation. 



1-115 A 4-m X 5-m X 6-m room is to be heated by one ton 
(1000 kg) of liquid water contained in a tank placed in the 
room. The room is losing heat to the outside at an average rate 
of 10,000 kJ/h. The room is initially at 20°C and 100 kPa, and 
is maintained at an average temperature of 20°C at all times. If 
the hot water is to meet the heating requirements of this room 
for a 24-h period, determine the minimum temperature of the 
water when it is first brought into the room. Assume constant 
specific heats for both air and water at room temperature. 

Answer: 77.4X 

1-116 Consider a 3-m X 3-m X 3-m cubical furnace whose 
top and side surfaces closely approximate black surfaces at a 
temperature of 1200 K. The base surface has an emissivity of 
e = 0.7, and is maintained at 800 K. Determine the net rate 
of radiation heat transfer to the base surface from the top and 
side surfaces. Answer. 594 kW 

1-117 Consider a refrigerator whose dimensions are 1 .8 m X 
1.2 m X 0.8 m and whose walls are 3 cm thick. The refrigera- 
tor consumes 600 W of power when operating and has a COP 
of 1.5. It is observed that the motor of the refrigerator remains 
on for 5 min and then is off for 15 min periodically. If the 



r 


average temperatures at the inner and outer surfaces of the re- 
frigerator are 6°C and 17°C, respectively, determine the aver- 
age thermal conductivity of the refrigerator walls. Also, 
determine the annual cost of operating this refrigerator if the 
unit cost of electricity is $0. 08/kWh. 
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1-118 Engine valves ( c p = 440 J/kg • °C and p = 7840 
kg/m 3 ) are to be heated from 40°C to 800°C in 5 min in the 
heat treatment section of a valve manufacturing facility. The 
valves have a cylindrical stem with a diameter of 8 mm and a 
length of 10 cm. The valve head and the stem may be assumed 
to be of equal surface area, with a total mass of 0.0788 kg. 
For a single valve, determine (a) the amount of heat transfer, 
(6) the average rate of heat transfer, (c) the average heat flux, 
and (d) the number of valves that can be heat treated per 
day if the heating section can hold 25 valves and it is used 10 h 
per day. 

1-119 Consider a flat-plate solar collector placed on the roof 
of a house. The temperatures at the inner and outer surfaces of 
the glass cover are measured to be 28°C and 25°C, respectively. 
The glass /cover has a surface area of 2.5 m 2 , a thickness of 
0.6 cm, and a thermal conductivity 0^0.7 W/m • °C. Heat is lost 
from the' outer surface of the cover by convection and radiation 
with a convection heat transfer coefficient of 10\V/m 2 • °C and 
an at^bientte mperatu re of 15°C. Determine the fraction of heat 
lost from the glass cover by radiation. 

1-120 The rate of heat loss through a unit surface area 
of a window per unit temperature difference between the 
indoors and the outdoors is called the //-factor. The value 
of the //-factor ranges from about 1.25 W/m 2 • °C for 
low-e coated, argon-filled, quadruple-pane windows to 
6.25 W/m/ ■ °C for a single-pane window with aluminum 
frames. Determine the range for the rate of heat loss through a 
1.2-m X 1.8-m window of a house that is maintained at 20°C 
when the outdoor air temperature is — 8°C. 

1-121 Kgjg Reconsider Prob. 1-120. Using EES (or other) 
y^i software, plot the rate of heat loss through the 
window as a function of the //-factor. Discuss the results. 
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1-122 Consider a house in Atlanta, Georgia, that is main- 
tained at 22°C and has a total of 20 m 2 of window area. The 
windows are double-door type with wood frames and metal 
spacers and have a //-factor of 2.5 W/m 2 ■ °C (see Prob. 1-120 
for the definition of //-factor). The winter average temperature 
of Atlanta is 1 1.3°C. Determine the average rate of heat loss 
through the windows in winter. 

1-123 A 50-cm-Iong, 2-mm-diameter electric resistance wire 
submerged in water is used to determine the boiling heat trans- 
fer coefficient in water at 1 atm experimentally. The wire tem- 
perature is measured to be 130°C when a wattmeter indicates 
the electric power consumed to be 4.1 kW. Using Newton’s law 
of cooling, determine the boiling heat transfer coefficient. 
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1-124 An electric heater with the total surface area of 0.25 m 2 
and emissivity 0,75 is in a room where the air has a temperature 
of 20°C and the walls are at 10°C. When the heater consumes 
500 W of electric power, its surface has a steady temperature of 
120°C. Determine the temperature of the heater surface when it 
consumes 700 W. Solve the problem (a) assuming negligible 



T t Qua 

FIGURE PI-124 


I 






CE 


rrr-. 



radiation and (b) taking radiation into consideration. Based on 
your results, comment on the assumption made in part (a). 


1-125 An ice skating rink is located in a building where the air 
is at T& = 20°C and the walls are at T w = 25°C. The convection 
heat transfer coefficient between the ice and the surrounding air is 
h = 10 W/m 2 • K. The emissivity of ice is e — 0.95. The latent 
heat of fusion of ice is h$ = 333.7 kj/kg and its density is 
920 kg/m 3 , (o) Calculate the refrigeration load of the system nec- 
essary to maintain the ice at T s = 0°C for an ice rink of 12 m by 
40 m. (b) How long would it take to melt 8 = 3 mm of ice from 
the surface of the rink if no cooling is supplied and the surface is 
considered insulated on the back side? 


Fundamentals of Engineering (FE) Exam Problems 

1-126 Which equation below is used to determine the heat 
flux for conduction? 

(a) -kA?f (b) -*grad T (c) KTj-TJ (d) e<xT 4 
ax 

(i e ) None of them 


1-127 Which equation below is used to determine the heat 
flux for convection? 

(a) -7A— (b) “7-grad T (c) h{T 2 -T x ) (d) eaT 4 
dx 

(e) None of them 


1-128 Which equation below is used to determine the heat 
flux emitted by thermal radiation from a surface? 

(a) — 7A^ (b) — A'grad T (c) h{T 2 ~T x ) (d) strT 4 
dx 

(e) None of them 

1-129 A 1-kW electric resistance heater in a room is turned 
on and kept on for 50 minutes. The amount of energy trans- 
ferred to the room by the heater is 

(■ a ) 1 kJ (b) 50 kJ (c) 3000 kJ 

(d) 3600 kJ (e) 6000 kJ 


1-130 A hot 16-cm X 16-cm X 16-cm cubical iron block is 
cooled at an average rate of 80 W. The heat flux is 

(a) 195 W/m 2 (b) 521 W/m 2 (c) 3125 W/m 2 
{d) 7100 W/m 2 (e) 19,500 W/m 2 

1-131 A 2-kW electric resistance heater submerged in 30-kg 
water is turned on and kept on for 10 min. During the process, 
500 kJ of heat is lost from the water. The temperature rise of 
water is 

(a) 5.6°C (b) 9.6°C (c) 13.6°C 

(d) 23.3°C (e) 42.5°C 

1-132 Eggs with a mass of 0.15 kg per egg and a spe- 
cific heat of 3.32 kJ/kg • °C are cooled from 32°C to 10°C at a 
rate of 300 eggs per minute. The rate of heat removal from the 
eggs is 

(a) 1 1 kW (b) 80 kW (c) 25 kW 

(d) 657 kW (e) 55 kW 

1-133 Steel balls at 140°C with a specific heat of 
0.50 kJ/kg * °C are quenched in an oil bath to an average tem- 
perature of 85 °C at a rate of 35 balls per minute. If the average 
mass of steel balls is 1.2 kg, the rate of heat transfer from the 
balls to the oil is 

(a) 33 kJ/s (b) 1980 kJ/s (c) 49 kJ/s 

(d) 30 kJ/s (e) 1 9 kJ/s 

1-134 A cold bottled drink (m = 2.5 kg, c p = 4200 J/kg • °C) 
at 5°C is left on a table In a room. The average temperature of 
the drink is observed to rise to 15°C in 30 minutes. The average 
rate of heat transfer to the drink is 

(a) 23 W (b) 29 W (c) 58 W 

(ri) 88 W (<r) 122 W 

1-135 Water enters a pipe at 20°C at a rate of 0.25 kg/s and 
is heated to 60°C. The rate of heat transfer to the water is 
(a) 10 kW (b) 20.9 kW (c) 41.8 kW 

(d) 62.7 kW (e) 167.2 kW 

1-136 Air enters a 12-m-Iong, 7-cm-diameter pipe at 50°C 
at a rate of 0.06 kg/s. The air is cooled at an average rate of 
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400 W per m 2 surface area of the pipe. The air temperature at 
the exit of the pipe is 

(a) 4.3X (&) 17.5X (c) 32.5°C 

(d) 43.4°C (e) 45. 8X 

1—137 Heat is lost steadily through a 0.5-cm thick 2 m X 
3 m window glass whose thermal conductivity is 0.7 W/m ■ °C. 
The inner and outer surface temperatures of the glass are mea- 
sured to be 12°C to 9°C. The rate of heat loss by conduction 
through the glass is 

(a) 420 \V C b ) 5040 W (c) 17,600 W 

(d) 1256 W (e) 2520 W 

1-138 The East wall of an electrically heated house is 6 m 
long, 3 m high, and 0.35 m thick, and it has an effective ther- 
mal conductivity of 0.7 W/m * X. If the inner and outer surface 
temperatures of wall are 15X and 6X, the rate of heat loss 
tlirough the wall is 

(n) 324 W (b) 40 W (c) 756 W 

(d) 648 W ( e ) 1390 W 

1-139 Steady heat conduction occurs through a 0.3-m-thick 
9 m X 3 m composite wall at a rate of 1 .2 kW. If the inner and 
outer surface temperatures of the wall are 15X and 7°C, the 
effective thermal conductivity of the wall is 

(a) 0.61 W/m • X (b) 0.83 W/m - °C (c) 1.7 W/m • X 
(d) 2.2 W/m -X (e) 5.1 W/m • X 

1-140 Heat is lost through a brick wall (k = 0.72 W/m • X), 
which is 4 m long, 3 m wide, and 25 cm thick at a rate of 
500 W. If the inner surface of the wall is at 22X, the tempera- 
ture at the midplane of the wall is 
(a) OX (b) 7.5X (c) 11. OX 

(d) 14.8X (e) 22X 

1-141 Consider two different materials, A and B . The ratio of 
thermal conductivities is k A /k B — 13, the ratio of the densities is 
pjpa ~ 0.045, and the ratio of specific heats is c pA lc pB = 16,9. 
The ratio of the thermal diffusivities dJa B is 

(a) 4882 (b) 17.1 (c) 0.06 (d) 0.1 (e) 0.03 

1-14^' A 10-cm-high and 20 -cm- wide circuit board houses 
on its surface 100 closely spaced chips, each generating heat at 
a rate of 0.08 W and transferring it by convection and radiation 
to the surrounding medium at 40X. Heat transfer from the 
back surface of the board is negligible. If the combined con- 
vection and radiation heat transfer coefficient on the surface of 
the board is 22 W/m 2 ■ X, the average surface temperature of 
the chips is 

(a) 72.4X ( b ) 66.5X (c) 40.4X 

(d) 58.2X (e) 49.1X 

1-143 A 40-cm-long, 0.4-cm-diameter electric resistance 
wire submerged in water is used to determine the convection 
heat transfer coefficient in water during boiling at 1 atm pres- 
sure. The surface temperature of the wire is measured to be 
114X when a wattmeter indicates the electric power con- 
sumption to be 7.6 kW. The heat transfer coefficient is 


(a) 108 kW/m 2 • X (b) 13.3 kW/m 3 - X 

(c) 68.1 kW/m 2 • X (d) 0.76kW/m 2 -X 

(e) 256 kW/m 2 • X 

1-144 A 10-cm X 12-cm X 14-cm rectangular prism object 
made of hardwood (p = 721 kg/m 3 , c p = 1.26 kj/kg • X) is 
cooled from 1Q0X to the room temperature of 20X in 54 min- 
utes. The approximate heat transfer coefficient during this 
process is 

(a) 0.47 W/m 2 • X (6) 5.5 W/m 2 • X 

(c) 8 W/m 2 -X (d) 1 1 W/m 2 ■ X 

(e) 17,830 W/m 2 -X 

1-145 A 30-cm-diameter black ball at 120X is suspended 
in air, and is losing heat to the surrounding air at 25X by 
convection with a heat transfer coefficient of 12 W/m 2 • X, and 
by radiation to the surrounding surfaces at 15X. The total rate 
of heat transfer from the black ball is 
(a) 322 W (/>) 595 W (c) 234 W 

(d) 472 W (e) 2100 W 

1-146 A 3-m 2 black surface at 140X is losing heat to the sur- 
rounding air at 35X by convection with a heat transfer coefficient 
of 16 W/m 2 ■ X, and by radiation to the surrounding surfaces at 
15X. The total rate of heat loss from the surface is 
(a) 5105 W ( b ) 2940 W (c) 3779W 

(d) 8819 W (e) 5040 W 

1-147 A person’s head can be approximated as a 25-cm 
diameter sphere at 35X with an emissivity of 0.95. Heat is lost 
from the head to the surrounding air at 25X by convection 
with a heat transfer coefficient of 1 1 W/m 2 • X, and by radia- 
tion to the surrounding surfaces at 10X. Disregarding the 
neck, determine the total rate of heat loss from the head. 

(a) 22 W (b) 27 W (c) 49 W 

C d) 172 W (e) 249 W 

1—148 A 30-cm-long, 0.5-cm-diameter electric resistance 
wire is used to determine the convection heat transfer coeffi- 
cient in air at 25X experimentally. The surface temperature of 
the wire is measured to be 230X when the electric power con- 
sumption is 180 W. If the radiation heat loss from the wire is 
calculated to be 60 W, the convection heat transfer coefficient is 
(a) 186 W/m 2 -X (b) 158 W/m 2 -X 

(c) 124 W/m 2 * X (d) 248 W/m 2 *X 

(e) 390 W/m 2 • X 

1-149 A room is heated by a 1.2 kW electric resistance 
heater whose wires have a diameter of 4 mm and a total length 
of 3.4 m. The air in the room is at 23X and the interior sur- 
faces of the room are at 17X, The convection heat transfer co- 
efficient on the surface of the wires is 8 W/m 2 * X. If the rates 
of heat transfer from the wires to the room by convection and 
by radiation are equal, the surface temperature of the wire is 
(a) 3534X (b) 1778X (c) 1772X 

(d) 98X (e) 25X 

1-150 A person standing in a room loses heat to the air in 
the room T>y convection and to the surrounding surfaces by 


radiation. Both the air in the room and the surrounding surfaces 
are at 20°C The exposed surfaces of the person is 1,5 m and 
has an average temperature of 32°C, and an emissivity of 0.90. 
If the rates of heat transfer from the person by convection and 
by radiation are equal, the combined heat transfer coefficient is 
(a) 0.008 W/m 2 ■ °C (jb) 3.0 W/m 2 • °C 

(c) 5.5 W/m 2 -°C (d) 8.3 W/m 2 • °C 

(e) 10.9 W/m 2 • °C 

1-151 While driving down a highway early in the evening, 
the air flow over an automobile establishes an overall heat 
transfer coefficient of 25 W/m 2 • K. The passenger cabin of this 
automobile exposes 8 m 2 of surface to the moving ambient air. 
On a day when the ambient temperature is 33°C, how much 
cooling must the air conditioning system supply to maintain a 
temperature of 20®C in the passenger cabin? 

(o) 0.65 MW (b) 1.4 MW (c) 2.6 MW 

(d) 3.5 MW (e) 0.94 MW 

1-152 On a still clear night, the sky appears to be a blackbody 
with an equivalent temperature of 250 K. What is the air temper- 
ature when a strawberry field cools to 0°C and freezes if the heat 
transfer coefficient between the plants and air is 6 W/m 2 • °C be- 
cause of a light breeze and the plants have an emissivity of 0.9? 
(a) 14°C (b) 7°C (c) 3°C (d) 0°C (e) -3°C 

1-153 Over 90 percent of the energy dissipated by an incan- 
descent light bulb is in the form of heat, not light. What is the 
temperature of a vacuum-enclosed tungsten filament with 
an exposed surface area of 2.03 cm 2 in a 100 W incandes- 
cent light bulb? The emissivity of tungsten at the anticipated 
high temperatures is about 0.35. Note that the light bulb 
consumes 100 W of electrical energy, and dissipates alt of it by 
radiation. 

(a) 1870 K (b) 2230 K (c) 2640 K 

(d) 3120 K (e) 2980 K 

1-154 Commercial surface-coating processes often use in- 
frared lamps to speed the curing of the coating. A 2-mm-thick 


teflon (k = 0.45 W/m ■ K) coating is applied to a 4-m X 4-m 
surface using this process. Once the coating reaches steady- 
state, the temperature of its two surfaces are 50°C and 45°C. 
What is the minimum rate at which power must be supplied to 
the infrared lamps steadily? 

(a) 18 kW ( b ) 20 kW (c) 22 kW (d) 24 kW 

(e) 26 kW 

Design and Essay Problems 

1-155 Write an essay on how microwave ovens work, and 
explain how they cook much faster than conventional ovens. 
Discuss whether conventional electric or microwave ovens 
consume more electricity for the same task. 

1-156 Using information from the utility bills for the coldest 
month last year, estimate the average rate of heat loss from your 
house for that month. In your analysis, consider the contribution 
of the internal heat sources such as people, lights, and appliances. 
Identify the primary sources of heat loss from your house and 
propose ways of improving the energy efficiency of your house. 

1-157 Conduct this experiment to determine the combined 
heat transfer coefficient between an incandescent lightbulb and 
the surrounding air and surfaces using a 60-W lightbulb. You 
will need a thermometer, which can be purchased in a hardware 
store, and a metal glue. You will also need a piece of string and 
a ruler to calculate the surface area of the lightbulb. First, mea- 
sure the air temperature in the room, and then glue the tip of 
the thermocouple wire of the thermometer to the glass of the 
lightbulb. Turn the light on and wait until the temperature read- 
ing stabilizes. The temperature reading will give the surface 
temperature of the lightbulb. Assuming 10 percent of the rated 
power of the bulb is converted to light and is transmitted by the 
glass, calculate the heat transfer coefficient from Newton’s law 
of cooling. 





eat transfer has direction as well as magnitude . The rate of heat conduc- 
tion in a specified direction is proportional to the temperature gradient , 
which is the rate of change in temperature with distance in that direction. 
Heat conduction in a medium, in general, is three-dimensional and time depen- 
dent, and the temperature in a medium varies with position as well as time, that 
is, T = T(x, y, z, t). Heat conduction in a medium is said to be steady when the 
temperature does not vary with time, and unsteady or transient when it does. 
Heat conduction in a medium is said to be one-dimensional when conduction is 
significant in one dimension only and negligible in the other two primary di- 
mensions, two-dimensional when conduction in the third dimension is negligi- 
ble, and three-dimensional when conduction in all dimensions is significant. 

We start this chapter with a description of steady, unsteady, and multi- 
dimensional heat conduction. Then we derive the differential equation that gov- 
erns heat conduction in a large plane wall, a long cylinder, and a sphere, and 
generalize the results to three-dimensional cases in rectangular, cylindrical, and 
spherical coordinates. Following a discussion of the boundary conditions, we 
present .the formulation of heat conduction problems and their solutions. Finally, 
we consider heat conduction problems with variable thermal conductivity. 

This chapter deals with the theoretical and mathematical aspects of heat 
conduction, and it can be coverecf selectively, if desired, without causing a sig- 
nificant loss in continuity. The more practical aspects of heat conduction are 
% 

covered in the following two chapters. 

- *i 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

u Understand multidimensionality and iime dependence of heat transfer, and the conditions 
under which a heat transfer problem can be approximated as being one-dimensional, 

a Obtam the differential equation of heat conduction in various coordinate systems, and 
simplify it for steady one-dimensional case, 

a Identify the thermal conditions on surfaces, and express them mathematically as 
boundary and initial conditions, 

b Solve one-dimensional heat conduction problems and obtain the temperature distribu- 
tions within a medium and the heat flux, 

a Analyze one-dimensional heat conduction in solids that involve heat generation, and 
m Evaluate heat conduction in solids with temperature-dependent thermal conductivity. 
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FIGURE 2-1 

Heat transfer has direction as well 
as magnitude, and thus it is 
a vector quantity. 



FIGURE 2-2 

Indicating direction for heat transfer 
(positive in the positive direction; 
negative in the negative direction). 


2-1 ■ INTRODUCTION 

In Chapter 1 heat conduction was defined as the transfer of thermal energy 
from the more energetic particles of a medium to the adjacent less energetic 
ones. It was stated that conduction can take place in liquids and gases as well 
as solids provided that there is no bulk motion involved. 

Although heat transfer and temperature are closely related, they are of a dif- 
ferent nature. Unlike temperature, heat transfer has direction as well as mag- 
nitude, and thus it is a vector quantity (Fig. 2-1). Therefore, we must specify 
both direction and magnitude in order to describe heat transfer completely at 
a point. For example, saying that the temperature on the inner surface of a 
wall is 18°C describes the temperature at that location fully. But saying that 
the heat flux on that surface is 50 W/m 2 immediately prompts the question “in 
what direction?” We can answer this question by saying that heat conduction 
is toward the inside (indicating heat gain) or toward the outside (indicating 
heat loss). 

To avoid such questions, we can work with a coordinate system and indicate 
direction with plus or minus signs. The generally accepted convention is that 
heat transfer in the positive direction of a coordinate axis is positive and in the 
opposite direction it is negative. Therefore, a positive quantity indicates heat 
transfer in the positive direction and a negative quantity indicates heat trans- 
fer in the negative direction (Fig. 2-2). 

Jhe driving force for any form of heat transfer is the temperature difference , 
andthe" larger the t emperature difference, the l arger the rate ofheat transfer . 
"Some heat transfer problems in engineering require thedetermination of the 
temperature distribution (the variation of temperature) throughout the 
medium in order to calculate some quantities of interest such as the local heat 
transfer rate, thermal expansion, and thermal stress at some critical locations 
at specified times. The specification of the temperature at a point in a medium 
first requires the specification of the location of that point. This can be done 
by choosing a suitable coordinate system such as the rectangular, cylindrical, 
or spherical coordinates, depending on the geometry involved, and a conve- 
nient reference point (the origin). 

The location of a point is specified as (x, y, z) in rectangular coordinates, as 
(r, <f>, z ) in cylindrical coordinates, and as (r, (p, 6) in spherical coordinates, 
where the distances x , y, z, and r and the angles <fi and 9 are as shown in 
Fig. 2-3. Then the temperature at a point (x, y, z) at time t in rectangular coor- 
dinates is expressed as T(x, y , z, r). The best coordinate system for a given 
geometry is the one that describes the surfaces of the geometry best. 
For example, a parallelepiped is best described in rectangular coordinates 
since each surface can be described by a constant value of the ,v-, y-, or 
z-coordinates. A cylinder is best suited for cylindrical coordinates since its lat- 
eral surface can be described by a constant value of the radius. Similarly, the 
entire outer surface of a spherical body can best be described by a constant 
value of the radius in spherical coordinates. For an arbitrarily shaped body, we 
normally use rectangular coordinates since it is easier to deal with distances 
than with angles. 

The notation just described is also used to identify the variables involved 
in a heat transfer problem. For example, the notation T(x, y, z, t) implies that 
the temperature varies with the space variables x, y, and z as well as time. The 
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(i>) Cylindrical coordinates 



(c) Spherical coordinates 



FIGURE 2-3 

The various distances 
and angles involved when 
describing the location of a point 
in different coordinate systems. 


notation T(x), on the other hand, indicates that the temperature varies in the 
a - direction only and there is no variation with the other two space coordinates 
or time. 


Steady versus Transient Heat Transfer 

Heat transfer problems are often classified as being steady (also called steady - 
state) or transient (also called unsteady). The term steady implies no change 
with time at any point within the medium, while transient implies variation 
with time or time dependence . Therefore, the temperature or heat flux remains 
unchanged with time during steady heat transfer through a medium at any lo- 
cation, although both quantities may vary from one location to another 
(Fig. 2-4). For example, heat transfer through the walls of a house is steady 
when the conditions inside the house and the outdoors remain constant for 
several hours. But even in this case, the temperatures on the inner and outer 
surfaces of the wall will be different unless the temperatures inside and out- 
side the house are the same. The^cooling of an apple in a refrigerator, on the 
other hand, is a transient heat transfer process since the temperature at any 
fixed point within the apple will change with t im e during cooling. During 
transient heat transfer, the temperature normally varies with time as well as 
position. Ih the special case of variation with time but not with position, the 
temperature of the medium changes uniformly with time. Such heat transfer 
systems are called lumped systems. A small metal object such as a thermo- 
couple junction or a thin copper wire, for example, can be analyzed as a 
lumped system during a heating or cooling process. 

Most heat transfer problems encountered in practice are transient in nature, 
but they ace usually analyzed under some presumed steady conditions since 
steady processes are easier to analyze, and they provide the answers to our 
questions. For example, heat transfer through the walls and ceiling of a typi- 
cal house is never steady since the outdoor conditions such as the temperature, 
the speed and direction of the wind, the location of the sun, and so on, change 
constantly. The conditions in a typical house are not so steady either. There- 
fore, it is almost impossible to perform a heat transfer analysis of a house ac- 
curately. But then, do we really need an in-depth heat transfer analysis? If the 
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FIGURE 2-4 

Transient and steady heat 
conduction in a plane wall. 
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FIGURE 2-5 

Two-di m ensional heat transfer 
in a long rectangular bar. 



FIGURE 2-6 

Heat transfer through the window 
of a house can be taken to be 
one-dimensional. 


purpose of a heat transfer analysis of a house is to determine the proper size of 
a heater, which is usually the case, we need to know the maximum rate of heat 
loss from the house, which is determined by considering the heat loss from the 
house under worst conditions for an extended period of time, that is, during 
steady operation under worst conditions. Therefore, we can get the answer to 
our question by doing a heat transfer analysis under steady conditions. If the 
heater is large enough to keep the house warm under most demanding condi- 
tions, it is large enough for all conditions. The approach described above is a 
common practice in engineering. 

Multidimensional Heat Transfer 

Heat transfer problems are also classified as being one-dimensional, two- 
dimensional, or three-dimensional, depending on the relative magnitudes of 
heat transfer rates in different directions and the level of accuracy desired. In 
the most general case, heat transfer through a medium is three-dimensional. 
That is, the temperature varies along all three primary directions within the 
medium during the heat transfer process. The temperature distribution 
throughout the medium at a specified time as well as the heat transfer rate at 
any location in tills general case can be described by a set of three coordinates 
such as the x, y, and z in the rectangular (or Cartesian) coordinate system; 
the r, 4>, and z in the cylindrical coordinate system; and the r, <£, and 9 in the 
spherical (or polar) coordinate system. The temperature distribution in this 
case is expressed as T(x, y, z> t), T(r, <f>, z, t), and T(r, 4>, 6, t) in the respective 
coordinate systems. 

The temperature in a medium, in some cases, varies mainly in two primary 
directions, and the variation of temperature in the third direction (and thus 
heat transfer in that direction) is negligible. A heat transfer problem in that 
case is said to be two-dimensional. For example, the steady temperature dis- 
tribution in a long bar of rectangular cross section can be expressed as T(x, y) 
if the temperature variation in the z-direction (along the bar) is negligible and 
there is no change with time (Fig. 2-5). 

A heat transfer problem is said to be one-dimensional if the temperature in 
the medium varies in one direction only and thus heat is transferred in one 
direction, and the variation of temperature and thus heat transfer in other 
directions are negligible or zero. For example, heat transfer through the glass 
of a window can be considered to be one-dimensional since heat transfer 
through the glass occurs predominantly in one direction (the direction normal 
to the surface of the glass) and heat transfer in other directions (from one side 
edge to the other and from the top edge to the bottom) is negligible (Fig. 2-6). 
Likewise, heat transfer through a hot water pipe can be considered to be one- 
dimensional since heat transfer through the pipe occurs predominantly in the 
radial direction from the hot water to the ambient, and heat transfer along the 
pipe and along the circumference of a cross section ( z - and 4>-directions) is 
typically negligible. Heat transfer to an egg dropped into boiling water is also 
nearly one-dimensional because of symmetry. Heat is transferred to the egg in 
this case in the radial direction, that is, along straight lines passing through the 
midpoint of the egg. 

We mentioned in Chapter 1 that the rate of heat conduction through a 
medium in a specified direction (say, in the x-direction) is proportional to the 
temperature difference across the medium and the area normal to the direction 



of heat transfer, but is inversely proportional to the distance in that direction. 
This was expressed in the differential form by Fourier’s law of heat conduc- 
tion for one-dimensional heat conduction as 

Q cortd =~kA g (W) (2-1) 

where k is the thermal conductivity of the material, which is a measure of the 
ability of a material to conduct heat, and dT/dx is the temperature gradient, 
which is the slope of the temperature curve on a T-x diagram (Fig. 2-7). The 
thermal conductivity of a material, in general, varies with temperature. But 
sufficiently accurate results can be obtained by using a constant value for 
thermal conductivity at the average temperature. 

Heat is conducted in the direction of decreasing temperature, and thus 
the temperature gradient is negative when heat is conducted in the positive 
x-direction. The negative sign in Eq. 2-1 ensures that heat transfer in the posi- 
tive x-direction is a positive quantity. 

To obtain a general relation for Fourier’s law of heat conduction, consider a 
medium in which the temperature distribution is three-dimensional. Fig. 2-8 
shows an isothermal surface in that medium. The heat flux vector at a point P 
on this surface must be perpendicular to the surface, and it must point in the 
direction of decreasing temperature. If n is the normal of the isothermal sur- 
face at point P, the rate of heat conduction at that point can be expressed by 
Fourier’s law as 


Q n =~kA 
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In rectangular coordinates, the heat conduction vector can be expressed in 
terms of its components as 


Q n = Qj + Q y f + Q t k 


(2-3) 


■ i J i ^ « ■ * 

where i, j, and k are the unit vectors, and Q x , Q y , and Q z are the magnitudes 
of the heat transfer rates in the x-, y-, and ^-directions, which again can be de- 
termined from Fourier’s law as 

i 

fix = Qy = “^1”. and Q t = (2-4) 

Here A x , A y and A z are heat conduction areas normal to the x-, y-, and 
z-directions, respectively (Fig. 2-8). 

Most engineering materials are isotropic in nature, and thus they have the 
same properties in all directions. For such materials we do not need to be con- 
cerned about the variation of properties with direction. But in anisotropic ma- 
terials such as the fibrous or composite materials, the properties may change 
with direction. For example, some of the properties of wood along the grain 
are different than those in the direction normal to the grain. In such cases the 
thermal conductivity may need to be expressed as a tensor quantity to account 
for the variation with direction. The treatment of such advanced topics is be- 
yond the scope of this text, and we will assume the thermal conductivity of a 
material to be independent of direction. 
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FIGURE 2-7 

The temperature gradient dT/dx is 
simply the slope of the temperature 
curve on a T-x diagram. 
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FIGURE 2-8 

The heat transfer vector is 
always normal to an isothermal 
surface and can be resolved into its 
components like any other vector. 



FIGURE 2-9 

Heat is generated in the heating coils 
of an electric range as a result of the 
conversion of electrical energy to heat. 



FIGURE 2-10 

The absorption of solar radiation by 
water can be treated as heat 
generation. 


Heat Generation 

A medium through which heat is conducted may involve the conversion of 
mechanical, electrical, nuclear, or chemical energy into heat (or thermal en- 
ergy). In heat conduction analysis, such conversion processes are character- 
ized as heat (or thermal energy) generation. 

For example, the temperature of a resistance wire rises rapidly when elec- 
tric current passes through it as a result of the electrical energy being con- 
verted to heat at a rate of I 2 R, where / is the current and R is the electrical 
resistance of the wire (Fig. 2-9). The safe and effective removal of this heat 
away from the sites of heat generation (the electronic circuits) is the subject 
of electronics cooling, which is one of the modern application areas of heat 
transfer. 

Likewise, a large amount of heat is generated in the fuel elements of nuclear 
reactors as a result of nuclear fission that serves as the heat source for the nu- 
clear power plants. The natural disintegration of radioactive elements in nu- 
clear waste or other radioactive material also results in the generation of heat 
throughout the body. The heat generated in the sun as a result of the fusion of 
hydrogen into helium makes the sun a large nuclear reactor that supplies heat 
to the earth. 

Another source of heat generation in a medium is exothermic chemical re- 
actions that may occur throughout the medium. The chemical reaction in this 
case serves as a heat source for the medium. In the case of endothermic reac- 
tions, however, heat is absorbed instead of being released during reaction, and 
thus the chemical reaction serves as a heat sink. The heat generation term be- 
comes a negative quantity in this case. 

Often it is also convenient to model the absorption of radiation such as so- 
lar energy or gamma rays as heat generation when these rays penetrate deep 
into the body while being absorbed gradually. For example, the absorption of 
solar energy in large bodies of water can be treated as heat generation 
throughout the water at a rate equal to the rate of absorption, which varies 
with depth (Fig. 2-10). But the absorption of solar energy by an opaque body 
occurs within a few microns of the surface, and the solar energy that pene- 
trates into the medium in this case can be treated as specified heat flux on the 
surface. 

Note that heat generation is a volumetric phenomenon. That is, it occurs 
throughout the body of a medium. Therefore, the rate of heat generation in a 
medium is usually specified per unit volume and is denoted by e gm , whose unit 
is W/m 3 or Btu/h • ft 3 . 

The rate of heat generation in a medium may vary with time as well as po- 
sition within the medium. When the variation of heat generation with position 
is known, the total rate of heat generation in a medium of volume V can be de- 
termined from 
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In the special case of uniform heat generation, as in the case of electric resis- 
tance heating throughout a homogeneous material, the relation in Eq. 2-5 
reduces to E gen = e g , n V4 where e gen is the constant rate of heat generation per 
unit volume. 




EXAMPLE 2-1 Heat Gain by a Refrigerator 

In order to size the compressor of a new refrigerator, it is desired to determine 
the rate of heat transfer from the kitchen air into the refrigerated space through 
the wails, door, and the top and bottom section of the refrigerator {Fig. 2-11). 
in your analysis, would you treat this as a transient or steady-state heat trans- 
fer problem? Also, would you consider the heat transfer to be one-dimensional 
or multidimensional? Explain. ' 



SOLUTION Heat transfer from the kitchen air to a refrigerator is considered. 
It is to be determined whether this heat transfer is steady or transient, and 
whether it is one- or multidimensional. 

Analysis The heat transfer process from the kitchen air to the refrigerated 
space is transient in nature since the thermal conditions in the kitchen and the 
refrigerator, in general, change with time. However, we would analyze this prob- 
lem as a steady heat transfer problem under the worst anticipated conditions 
such as the lowest thermostat setting for the refrigerated space, and the antic- 
ipated highest temperature in the kitchen (the so-called design conditions). If 
the compressor is large enough to keep the refrigerated space at the desired 
temperature setting under the presumed worst conditions, then it is large 
enough to do so under all conditions by cycling on and off. 

Heat transfer into the refrigerated space is three-dimensional in nature since 
heat will be entering through all six sides of the refrigerator. However, heat 
transfer through any wall or floor takes place in the direction normal to the 
surface, and thus it can be analyzed as being one-dimensional. Therefore, this 
problem can be simplified greatly by considering the heat transfer to be one- 
dimensional at each of the four sides as well as the top and bottom sections, 
and then by adding the calculated values of heat transfer at each surface. 



FIGURE 2-11 

Schematic for Example 2-1. 
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EXAMPLE2-2 Heat Generation in a Hair Dryer 


The resistance wire of a 1200-W hair dryer is 80 cm long and has a diameter 
of D = 0.3 cm (Fig. 2-12), Determine the rate of heat generation in the wire 
per unit- volume, in W/cm 3 , and the heat flux on the outer surface of the wire 

as a result of this heat generation. 

• * 

J t 

SOLUTION The power consumed by the resistance wire of a hair dryer is 
given. The heat generation and the heat flux are to be determined. 
Assumptions Heat is generated uniformly in the resistance wire. 

Analysis A 1200-W hair dryer converts electrical energy into heat in the wire 
at a rate of 1200 W. Therefore, the rate of heat generation in a resistance wire 
is equal to the power consumption of a resistance heater. Then the rate of heat 
generation in the wire per unit volume is determined by dividing the total rate 
of heat generation by the volume of the wire, 



♦ ♦ 

E z^ = E &n = 1200 W 

Krirc (-jtD 2 /4)L [tt( 0.3 cm) 2 /4](80 cm) 


= 212 W/cm 3 


Similarly, heat flux on the outer surface of the wire as a result of this heat gen- 
eration is determined by dividing the total rate of heat generation by the sur- 
face area of the wire, 



FIGURE 2-12 

Schematic for Example 2-2. 
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HEAT CON DUCTIONEQUATJON 



'gen 


A 


wire 



ttDL 


1200 W 

7r( 0.3 cm)(S0 cm) 


15.9 W/cm 2 


Discussion Note that heat generation is expressed per unit volume in W/cm 3 
or Btu/h • ft 3 , whereas heat flux is expressed per unit surface area in W/cm 2 or 
Btu/h • ft 2 . 
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FIGURE 2-13 

One-dimensional heat conduction 
through a volume element 
in a large plane wall. 


2-2 ■ ONE-DIMENSIONAL 

HEAT CONDUCTION EQUATION 

Consider heat conduction through a large plane wall such as the wall of a house, 
the glass of a single pane window, the metal plate at the bottom of a pressing 
iron, a cast-iron steam pipe, a cylindrical nuclear fuel element, an electrical re- 
sistance wire, the wall of a spherical container, or a spherical metal ball that is 
being quenched or tempered. Heat conduction in these and many other geome- 
tries can be approximated as being one-dimensional since heat conduction 
through these geometries is dominant in one direction and negligible in other di- 
rections. Next we develop the one-dimensional heat conduction equation in 
rectangular, cylindrical, and spherical coordinates. 


Heat Conduction Equation in a Large Plane Wall 

Consider a thin element of thickness Ax in a large plane wall, as shown in 
Fig. 2-13. Assume the density of the wall is p, the specific heat is c, and 
the area of the wall normal to the direction of heat transfer is A. An energy 
balance on this thin element during a small time interval At can be ex- 
pressed as 
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But the change in the energy content of the element and the rate of heat gen- 
eration within the element can be expressed as 

AF dement = E t + to -E, = mc(T t = pcAAx(T t + &t ~T t ) (2-7 ) 

£gen, ekicent ~ ^gen^elemict “ (2-8) 

Substituting into Eq. 2-6, we get 
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Dividing by AAx gives 
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Taking the limit as Ax 0 and Af -> 0 yields 
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since, from the definition of the derivative and Fourier’s law of heat 
conduction, 
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Noting that the area A is constant for a plane wall, the one-dimensional tran- 
sient heat conduction equation in a plane wall becomes 


Variable conductivity: 
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The thermal conductivity k of a material, in general, depends on the tempera- 
ture T (and therefore x), and thus it cannot be taken out of the derivative. 
However, the thermal conductivity in most practical applications can be as- 
sumed to remain constant at some average value. The equation above in that 
case reduces to 
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FIGURE 2-14 


The simplification of the one- 
dimensional heat conduction equation 
in a plane wall for the case of constant 
conductivity for steady conduction 
with no heat generation. 


where the property a = hi pc is the thermal diffusivity of the material and 
represents how fast heat propagates through a material. It reduces to the fol- 
lowing forms under specified conditions (Fig. 2-14): 
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(1) Steady-state: 

(d/dt = 0) 

(2) Transient, no heat generation: 

(^n = 0) 

(3) Steady-state, no heat generation: 
( d/dt = 0 and e gen = 0) 
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Note that we replaced the partial derivatives by ordinary derivatives in the 
one-dimensional steady heat conduction case since the partial and ordinary 
derivatives of a function are identical when the function depends on a single 
variable only [T = T( x) in this case]. 



One-dimensional heat conduction 
through a volume element 
in a long cylinder. 


Heat Conduction Equation in a Long Cylinder 

Now consider a thin cylindrical shell element of thickness Ar in a long 
cylinder, as shown in Fig. 2-15. Assume the density of the cylinder is p , the 
specific heat is c, and the length is L. The area of the cylinder normal to the 
direction of heat transfer at any location is A — 2tr rL where r is the value of 
the radius at that location. Note that the heat transfer area A depends on r 
in this case, and thus it varies with location. An energy balance on this thin 
cylindrical shell element during a small time interval A t can be expressed as 
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The change in the energy content of the element and the rate of heat genera- 
tion within the element can be expressed as 
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Substituting into Eq. 2-18, we get 
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where A = 2irrL. You may be tempted to express the area at the middle of the 
element using the average radius as A ~ 2n r(r + Ar/2)L. But there is nothing 
we can gain from this complication since later in the analysis we will take the 
limit as Ar 0 and thus the term Ar/2 will drop out. Now dividing the equa- 
tion above by AAr gives 
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Taking the limit as Ar — > 0 and At —> 0 yields 
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since, from the definition of the derivative and Fourier’s law of heat conduction, 
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Noting that the heat transfer area in this case is A = 2irrL, the one-dimensional 
transient heat conduction equation in a cylinder becomes 
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of constant thermal conductivity, the previous equation reduces 
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where again the property a = klpc is the thermal diffusivity of the mate- 
rial. Eq. 2-26 reduces to the following forms under specified conditions 

(Fig. 2-16): 

( 1 ) Steady-state: 

(am = o) 

(2) Transient, no heat generation: 

= °) 

(3) Steady-state, no heat generation: 

(Oldt = 0 and (? gen = 0) 

Note that we again replaced the partial derivatives by ordinary derivatives in 
the one-dimensional steady heat conduction case since the partial and ordinary 
derivatives of a function are identical when the function depends on a single 
variable only [7 1 = T(r) in this case]. 
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Heat Conduction Equation in a Sphere 

Now consider a sphere with density p, specific heat c, and outer radius R. The 
area of the sphere normal to the direction of heat transfer at any location is 
A = 47rr 2 , where r is the value of the radius at that location. Note that the heat 
transfer area A depends on r in this case also, and thus it varies with location. 
By considering a thin spherical shell element of thickness A r and repeating 
the approach described above for the cylinder by using A = 4-?rr 2 instead of 
A = 2irrL, the one-dimensional transient heat conduction equation for a 
sphere is determined to be (Fig. 2-17) 
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FIGURE 2-1 6 

Two equivalent forms of the 
differential equation for the one- 
dimensional steady heat conduction in 
a cylinder with no heat generation. 



One-dimensional heat conduction 
through a volume element in a sphere. 


Variable conductivity: 
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which, in the case of constant thermal conductivity, reduces to 
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where again the property a = klpc is the thermal diffusivity of the material. It 
reduces to the following forms under specified conditions: 
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where again we replaced the partial derivatives by ordinary derivatives in the 
one-dimensional steady heat conduction case. 
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Combined One-Dimensional 
Heat Conduction Equation 

An examination of the one-dimensional transient heat conduction equations 
for the plane wall, cylinder, and sphere reveals that all three equations can be 
expressed in a compact form as 
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where n = 0 for a plane wall, n = 1 for a cylinder, and n = 2 for a sphere. In 
the case of a plane wall, it is customary to replace the variable r by x. This 
equation can be simplified for steady-state or no heat generation cases as 

described before. 
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FIGURE 2-18 

Schematic for Example 2-3. 


EXAMPLE 2-3 Heat Conduction through the Bottom of a Pan 

Consider a steel pan placed on top of ah electric range to cook spaghetti 
(Fig. 2-18). The bottom section of the pah is 0.4 cm thick and has a diameter 
of 18 cm. The electric heating unit on the range top consumes 800 W of power 
during cooking, and 80 percent of the heat generated in the heating element 
is transferred uniformly to the pan. Assuming constant thermal conductivity, 
obtain the differential equation that describes the variation of the temperature 
in the bottom section of the pan during steady operation. ; V- M / 


SOLUTION A steel pan placed on top of an electric range is considered. The 
differential equation for the variation of temperature in the bottom of the pan 

is to be obtained. A ; v ; : v 

Analysis The bottom section of the pan has a large surface area relative to its 
thickness and can be approximated as a large plane wall. Heat flux is applied 
to the bottom surface of the pan uniformly, and the conditions on the inner sur- 
face are also uniform. Therefore, we expect the heat transfer through the bot- 
tom section of the pan to be from the bottom surface toward the top, and heat 
transfer in this case can reasonably be approximated as being one- 
dimensional. Taking the direction normal to the bottom surface of the pan to 
be the x-axis, we will have T = 7(x) during steady operation since the temper- 
ature in this case will depend on x only. T \ 

■ The thermal conductivity is given to be constant, and there is no heat gener- 
ation in the medium {within the bottom section of the pan). Therefore, the dif- 
ferential equation governing the variation of temperature in the bottom section 
of the pan in this case is simply Eq. 2-17, 


d 2 T 
± c 2 
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rhich is the steady one-dimensional heat conduction equation in rectangular 

n^ifinnc rtf rtnnctant thermal rnnriuntivitv and no heat 


generation. , 

Discussion Note that the conditions at the surface of the medium have no ef- 
fect on the differential equation. 
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EXAMPLE 2-4 Heat Conduction in a Resistance Heater 

A 2-kW resistance heater wire with thermal conductivity k = 15 W/m * K, di- 
ameter D = 0,4 cm, and length L = 50 cm is used to boil water by immersing 
it in water (Fig. 2-19). Assuming the variation of the thermal conductivity of 
the wire with temperature to be negligible, obtain the differential equation that 
describes the variation of the temperature in the wire during steady operation. 




S 


SOLUTION The resistance wire of a water heater is considered. The differen- 
tial equation for the variation of temperature in the wire is to.be obtained. 
Analysis The resistance wire can be considered to be a very long cylinder 
since its length is more than 100 times its diameter. Also, heat is generated 
uniformly in the wire and the conditions on the outer surface of the wire are 
uniform. Therefore, it is reasonable to expect the temperature in the wire to 
vary in the radial r direction only and thus the heat transfer to be one- 
dimensional. Then we have T = T(r) during steady operation since the tem- 
perature in this case depends on ronly. 

The rate of heat generation in the wire per unit volume can be determined 
from 

i ' = -- ^ = 2000 W — = 0.3 18 X 10 9 W/m 3 

geQ V wiie (ttD 2 /4)L [u-(0.004 m)74](0.5 m) 
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Noting that the thermal conductivity is given to be constant, the differential 
equation that governs the variation of temperature in the wire is simply 
Eq. 2-27, 
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which is the steady one-dimensional heat conduction equation in cylindrical 
coordinates for the case of constant thermal conductivity. 

Discussion Note again that the conditions at the surface of the wire have no 
effect op the differential equation. 
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EXAMPLE 2-5 Cooling of rf'Hot Metal Ball in Air 

i i 

1 A spherical metal ball of radius R is heated in an oven to a temperature of 300°C 
throughout and is then taken out of the oven and allowed to cool in ambient air 
I afT„ = 25°C by convection and radiation (Fig. 2-20). The thermal conductivity 
I of the ball material is known to vary linearly with temperature. Assuming the ball 
| is cooled uniformly from the entire outer surface, obtain the differential equa- 
tion that describes the variation of the temperature in the ball during cooling. 


SOLUTION A hot metal ball is allowed to cool in ambient air. The differential 
equation for the variation of temperature within the ball is to be obtained. 
Analysis "The bail is initially at a uniform temperature and is cooled uniformly 
from the entire outer surface. Also, the temperature at any point in the ball 
changes with time during cooling. Therefore, this is a one-dimensional tran- 
sient heat conduction problem since the temperature within the bail changes 
with the radial distance rand the time t. That is, T= T{r, t). 

The thermal conductivity is given to be variable, and there is no heat gener- 
ation in the ball. Therefore, the differential equation that governs the variation 
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FIGURE 2-19 

Schematic for Example 2-4. 



Schematic for Example 2-5. 



FIGURE 2-21 

Three-dimensional heat conduction 
through a rectangular volume element. 


of temperature in the bail in this case is obtained from Eq, 2-30 by setting the 
heat generation term equal to zero. We obtain 




J_JL 

r 2 dr 
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which is the one-dimensional transient heat conduction equation in spherical 
coordinates under the conditions of variable thermal conductivity and no heat 
generation. 

Discussion Note again that the conditions at the outer surface of the bail have 
no effect on the differential equation. 


2-3 - GENERAL HEAT CONDUCTION EQUATION 

In the last section we considered one-dimensional heat conduction and 
assumed heat conduction in other directions to be negligible. Most heat 
transfer problems encountered in practice can be approximated as being one- 
dimensional, and we mostly deal with such problems in this text. However, 
this is not always the case, and sometimes we need to consider heat transfer in 
other directions as well. In such cases heat conduction is said to be multidi- 
mensional, and in this section we develop the governing differential equation 
in such systems in rectangular, cylindrical, and spherical coordinate systems. 


Rectangular Coordinates 

Consider a small rectangular element of length Ax, width Ay, and height A z, 
as shown in Fig. 2-21, Assume the density of the body is p and the specific 
heat is c. An energy balance on this element during a small time interval At 
can be expressed as 
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Noting that the volume of the element is !/ eleroeiU = AxAyAz, the change in the 
energy content of the element and the rate of heat generation within the ele- 
ment can be expressed as 

AF demin[ = E l + & — E ( ~ mc(T, + Af - T t ) = pcArAyAzfT, + * - T t ) 
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Substituting into Eq. 2—36, we get 
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Noting that the heat transfer areas of the element for heat conduction in the 
v, y, and z directions are A x — AyAz, A y = AxAz, and A z = Ax A y, respectively, 
and taking the limit as Ax, Ay, Az and Af -» 0 yields 
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since, from the definition of the derivative and Fourier’s law of heat 
conduction, 
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Eq. 2-38 is the general heat conduction equation in rectangular coordinates. 
In the case of constant thermal conductivity, it reduces to 
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where the property a — k/pc is again the thermal dijfusivity of the material. 
Eq. 2—39 is known as the Fourier-Biot equation, and it reduces to these 
forms under specified conditions: 
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(called the Laplace equation) 
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Note that in the special case of one-dimensional heat transfer in the x- direction, 
the derivatives with respect to y and z drop out and the equations above reduce 
to the ones developed in the previous section for a plane wall (Fig. 2-22). 


Cylindrical Coordinates 

The general heat conduction equation in cylindrical coordinates can be 
obtained from an energy balance on a volume element in cylindrical coor- 
dinates, shown in Fig. 2-23, by following the steps just outlined. It can also 
be obtained directly from Eq. 2-38 by coordinate transformation lining the 



conduction equations reduce to the 
one-dimensional ones when the 
temperature varies in one 
dimension only. 



FIGURE 2-23 

A differential volume element in 
cylindrical coordinates. 



A differential volume element in 
spherical coordinates. 


following relations between the coordinates 
cylindrical coordinate systems: 


of a point in rectangular and 
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After lengthy manipulations, we obtain 
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Spherical Coordinates 

The general heat conduction equations in spherical coordinates can be ob- 
tained from an energy balance on a volume element in spherical coordinates, 
shown in Fig. 2-24, by following the steps outlined above. It can also be ob- 
tained directly from Eq. 2-38 by coordinate transformation using the follow- 
ing relations between the coordinates of a point in rectangular and spherical 

coordinate systems: 

x — r cos <j) sin 8, y = r sin <f> sin 6, and z = cos Q 
Again after lengthy manipulations, we obtain 
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Obtaining analytical solutions to these differential equations requires a 
knowledge of the solution techniques of partial differential equations, which 
is beyond the scope of this introductory text. Here we limit our consideration 
to one-dimensional steady-state cases, since they result in ordinary differen- 
tial equations. 



FIGURE 2-25 

Schematic for Example 2-6. 


EXAMPLE 2-6 Heat Conduction in a Short Cylinder 

A short cylindrical metal billet of radius R and height A 'is heated in an oven to 
a temperature of 300°C throughout and is then taken out of the oven and al- 
lowed to cool in ambient air at = 20°C by convection and radiation. As- 
suming the billet is cooled uniformly from all outer surfaces and the variation 
of the thermal conductivity of the materia! with temperature is negligible, ob- 
tain the differential equation that describes the variation of the temperature in 
the billet during this cooling process. 

SOLUTION A short cylindrical billet is cooled in ambient air. The differential 
equation for the variation of temperature is to be obtained. 

Analysis The billet shown in Fig. 2-25 is initially at a uniform temperature 
and is cooled uniformly from the top and bottom surfaces in the z-direction as 
well as the lateral surface in the radial r-direction. Also, the temperature at any 
point in the ball changes with time during cooling. Therefore, this is a two- 
dimensional transient heat conduction problem since the temperature within 
the billet changes with the radial and axial distances rand z and with time i. 

That is, T= T{r, z, t). . . _ . . _ | 

The thermal conductivity is given to be constant, and there is no heat genera- 1 
tion in the billet. Therefore, the differential equation that governs the variation I 





of temperature in the billet in this case is obtained from Eq. 2-43 by .setting 
the heat generation term and the derivatives with respect to <fi equal to zero. We 
obtain 
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In the case of constant thermal conductivity, it reduces to 
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which is the desired equation. 

Discussion Note that the boundary and initial conditions have no effect oh the 
differential equation. 


2-4 ° BOUNDARY AND INITIAL CONDITIONS 

The heat conduction equations above were developed using an energy balance 
on a differential element inside the medium, and they remain the same re- 
gardless of the thermal conditions on the surfaces of the medium. That is, the 
differential equations do not incorporate any information related to the condi- 
tions on the surfaces such as the surface temperature or a specified heat flux. 
Yet we know that the heat flux and the temperature distribution in a medium 
depend on the conditions at the surfaces, and the description of a heat transfer 
problem in a medium is not complete without a full description of the thermal 
conditions at the bounding surfaces of the medium. The mathematical expres- 
sions of the thermal conditions at the boundaries are called the boundary 
conditions. 

Fronf a mathematical point of view, solving a differential equation is essen- 
tially a process of removing derivatives, or an integration process, and thus the 
solution of a differential equation, typically involves arbitrary constants (Fig. 
2-26). It follows that to obtain a unique solution to a problem, we need to 
specify more than just the governing differential equation. We need to specify 
som#' conditions (such as the value of the function or its derivatives at some 
valiie of the independent variable) so that forcing the solution to satisfy these 
conditions at specified points will result in unique values for the arbitrary con- 
stants and thus a unique solution. But since the differential equation has no 
place for the additional information or conditions, we need to supply them 
separately in the form of boundary or initial conditions. 

Consider the variation of temperature along the wall of a brick house in win- 
ter. The temperature at any point in the wall depends on, among other things, the 
conditions at the two surfaces of the wall such as the air temperature of the 
house, the velocity and direction of the winds, and the solar energy incident on 
the outer surface. That is, the temperature distribution in a medium depends on 
the conditions at the boundaries of the medium as well as the heat transfer 
mechanism inside the medium. To describe a heat transfer problem completely, 
two boundary conditions must be given for each direction of the coordinate sys- 
tem along which heat transfer is significant (Fig. 2-27). Therefore, we, need to 
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FIGURE 2-26 


The general solution of a typical 
differential equation involves 
arbitrary constants, and thus an 
infinite number of solutions. 



FIGURE 2-27 

To describe a heat transfer problem 
completely, two boundary conditions 
must be given for each direction along 
which heat transfer is significant. 
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FIGURE 2-28 

Specified temperature boundary 
conditions on both surfaces 
of a plane wall. 


specify two boundary conditions for one-dimensional problems, four boundary 
conditions for two-dimensional problems, and six boundary conditions for 
three-dimensional problems. In the case of the wall of a house, for example, we 
need to specify the conditions at two locations (the inner and the outer surfaces) 
of the wall since heat transfer in this case is one-dimensional. But in the case of 
a parallelepiped, we need to specify six boundary conditions (one at each face) 
when heat transfer in all three dimensions is significant. 

The physical argument presented above is consistent with the mathematical 
nature of the problem since the heat conduction equation is second order (i.e., 
involves second derivatives with respect to the space variables) in all directions 
along which heat conduction is significant, and the general solution of a sec- 
ond-order linear differential equation involves two arbitrary constants for each 
direction. That is, the number of boundary conditions that needs to be specified 
in a direction is equal to the order of the differential equation in that direction. 

Reconsider the brick wall already discussed. The temperature at any point 
on the wall at a specified time also depends on the condition of the wall at the 
beginning of the heat conduction process. Such a condition, which is usually 
specified at time t = 0, is called the initial condition, which is a mathemati- 
cal expression for the temperature distribution of the medium initially. Note 
that we need only one initial condition for a heat conduction problem regard- 
less of the dimension since the conduction equation is first order in time (it in- 
volves the first derivative of temperature with respect to time). 

In rectangular coordinates, the initial condition can be specified in the gen- 
eral form as 

T(x, y, z, 0) = At, y, z) (2-45) 

where the function fix, y, z ) represents the temperature distribution throughout 
the medium at time / = 0. When the medium is initially at a uniform tem- 
perature of 7), the initial condition in Eq. 2-45 can be expressed as 
T(x, y, z, 0) = 7). Note that under steady conditions, the heat conduction equa- 
tion does not involve any time derivatives, and thus we do not need to specify 
an initial condition. 

The heat conduction equation is first order in time, and thus the initial con- 
dition cannot involve any derivatives (it is limited to a specified temperature). 
However, the heat conduction equation is second order in space coordinates, 
and thus a boundary condition may involve first derivatives at the boundaries 
as well as specified values of temperature. Boundary conditions most com- 
monly encountered in practice are the specified temperature, specified heat 
flux, convection , and radiation boundary conditions. 

1 Specified Temperature Boundary Condition 

The temperature of an exposed surface can usually be measured directly and 
easily. Therefore, one of the easiest ways to specify the thermal conditions on 
a surface is to specify the temperature. For one-dimensional heat transfer 
through a plane wall of thickness L, for example, the specified temperature 
boundary conditions can be expressed as (Fig. 2—28) 

7X0, 0 = Ti 

T(L, 0 = T 2 


(2-46) 



where 7\ and T 2 are the specified temperatures at surfaces at x = 0 and x — L, 
respectively. The specified temperatures can be constant, which is the case for 
steady heat conduction, or may vary with time. 


2 Specified Heat Flux Boundary Condition 

When there is sufficient information about energy interactions at a surface, it 
may be possible to determine the rate of heat transfer and thus the heat flux q 
(heat transfer rate per unit surface area, W/m 2 ) on that surface, and this infor- 
mation can be used as one of the boundary conditions. The heat flux in the 
positive x-direction anywhere in the medium, including the boundaries, can be 
expressed by Fourier’s law of heat conduction as 


£ — [ Heat h ux in the 

9x (positive x-direction 


(W/m 2 ) 


(2-47) 


Then the boundary condition at a boundary is obtained by setting the specified 
heat flux equal to —k(dTldx) at that boundary. The sign of the specified heat 
flux is determined by inspection: positive if the heat flux is in the positive di- 
rection of the coordinate axis, and negative if it is in the opposite direction. 
Note that it is extremely important to have the correct sign for the specified 
heat flux since the wrong sign will invert the direction of heat transfer and 
cause the heat gain to be interpreted as heat loss (Fig. 2-29). 

For a plate of thickness L subjected to heat flux of 50 W/m 2 into the medium 
from both sides, for example, the specified heat flux boundary conditions can 
be expressed as 


, 97(0, /) 
k \ = 50 

dx 


and 


-k 


97(7, t) 
dx 


- -50 


(2-48) 


Note that the heat flux at the surface at x = L is in the negative x-direction, 
and thus'it is -50 W/m 2 . 

! 

i 

Special Case: Insulated Boundary 

Some surfaces are commonly insulated in practice in order to minimize heat 
loss (or heat gain) through them. Insulation reduces heat transfer but does not 
totaljf elirpinate it unless its thickness is infinity. However, heat transfer 
through a properly insulated surface can be taken to be zero since adequate 
insulation reduces heat transfer through a surface to negligible levels. There- 
fore, a well-insulated surface can be modeled as a surface with a specified 
heat flux of zero. Then the boundary condition on a perfectly insulated surface 
(at x = 0, for example) can be expressed as (Fig. 2-30) 


, 97(0, 0 

*-*r = 0 


or 


97(0, Q 
9x 


= 0 


(2-49) 


That is, on an insulated surface, the first derivative of temperature with re- 
spect to the space variable (the temperature gradient) in the direction normal 
to the insulated surface is zero. This also means that the temperature function 
must be perpendicular to an insulated surface since the slope of temperature at 
the surface must be zero. 



FIGURE 2-29 

Specified heat flux 
boundary conditions on both 
surfaces of a plane wall. 



9r(0, 0 n 

dx 

T{L, t) = 60°C 

FIGURE 2-30 

A plane wall with insulation 
and specified temperature 
boundary conditions. 




FIGURE 2-31 

Thermal symmetry boundary 
condition at the center plane 
of a plane wall. 


Another Special Case: Thermal Symmetry 

Some heat transfer problems possess thermal symmetry as a result of the 
symmetry in imposed thermal conditions. For example, the two surfaces of a 
large hot plate of thickness L suspended vertically in air is subjected to the 
same thermal conditions, and thus the temperature distribution m one halt of 
the plate is the same as that in the other half. That is, the heat transfer problem 
in this plate possesses thermal symmetry about the center plane at x Ul. 
Also, the direction of heat flow at any point in the plate is toward the surface 
closer to the point, and there is no heat flow across the center plane. There- 
fore, the center plane can be viewed as an insulated surface, and the thermal 
condition at this plane of symmetry can be expressed as (Fig. 2-3 1) 

dT(L/2, f) = (2-50) 

dx 

which resembles the insulation or zero heat flux boundary condition. This 
result can also be deduced from a plot of temperature distribution with a 

maximum, and thus zero slope, at the center plane. 

In the case of cylindrical (or spherical) bodies having thermal symmetry 
about the center line (or midpoint), the thermal symmetry boundary condition 
requires that the first derivative of temperature with respect to r (the radial 
variable) be zero at the centerline (or the midpoint). 
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FIGURE 2-32 

Schematic for Example 2-7 . 


EXAMPLE 2-7 Heat Flux Boundary Condition 

Consider an aluminum pan used to cook beef stew on top of an electric range. ; 
The bottom section of the pan is L = 0.3 cm thick and has a diameter of D - 
20 cm. The electric heating unit on the range top consumes 800 W of power 
during cooking, and 90 percent of the heat generated in the heating element 
is transferred to the pan. During steady operation, the temperature of the inner 
surface of the pan is measured to be 110°C. Express the boundary conditions , 
for the bottom section of the pan during this cooking process. 


SOLUTION An aluminum pan on an electric range top is considered. The 
boundary conditions for the bottom of the pan are to be obtained. 

Analysis The heat transfer through the bottom section of the pan is from the 
bottom surface toward the top and can reasonably be approximated as being 
one-dimensional. We take the direction normal to the bottom surfaces of the 
pan as the x axis with the origin at the outer surface, as shown in Fig. 2 32. 
Then the inner and outer surfaces of the bottom section of the pan can be rep- 
resented by x = 0 and x = L, respectively. During steady operation, the tem- 
perature will depend on x only and thus T - Tix). : 

The boundary condition on the outer surface of the bottom of the pan at 
x — o can be approximated as being specified heat flux since it is stated that 
90 percent of the 800 W (i.e., 720 W) is transferred to the pan at that surface. 

Therefore, ; 


■where 

%' .3 

. Heat transfer rate _ 0.720 kW _ 00,9 fcW/m 2 
~ Bottom surface area ?r(0.1 m ) 2 
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The temperature at the inner surface of the bottom of the pan is specified to 
be 110°C. Then the boundary condition on this surface can be expressed as 

7'(L) = 110°C 


where L = 0.003 m. 

Discussion Note that the determination of the boundary conditions may re- 
quire some reasoning and approximations. 


3 Convection Boundary Condition 

Convection is probably the most common boundary condition encountered 
in practice since most heat transfer surfaces are exposed to an environment at 
a specified temperature. The convection boundary condition is based on a sur- 
face energy balance expressed as 


/ 

Heat conduction 
at the surface in a 
^selected direction 


Heat convection ^ 
at the surface in 
(the same direction/ 


For one-dtmensional heat transfer in the x-direction in a plate of thickness L, 
the convection boundary conditions on both surfaces can be expressed as 

37X0, 0 

= IhiT^ - 7X0, /)] (2-51 a) 


and 


-Jfc 


dT(L, t) 
d.x 


= h 2 [T(L, f) - T k2 ] 


(2-5 1b) 


Convection 


Conduction 




*1 


ok 


Conduction 


^2 


Convection 


fc fEfiA _ hJT{t,, t) - r j 


at 


L * 


where h v and h 2 are the convection heat transfer coefficients and and T a2 
are the temperatures of the surrounding mediums on the two sides of the plate, 
as shown In Fig. 2-33. 

In writing Eqs. 2-51 for convection boundary conditions, we have selected 
the direction of heat transfer to be the positive x- direction at both surfaces. But 
those expressions are equally applicable when heat transfer is in the opposite 
direction at one or both surfaces since reversing the direction of heat transfer 
at a surface' simply reverses the signs of both conduction and convection terms 
at that surface. This is equivalent to multiplying an equation by — 1, which has 
no effect on the equality (Fig. 2-34). Being able to select either direction as 
the direction of heat transfer is certainly a relief since often we do not know 
the surface temperature and thus the direction of heat transfer at a surface in 
advance. This argument is also valid for other boundary conditions such as the 
radiation aqd combined boundary conditions discussed shortly. 

Note that a surface has zero thic kn ess and thus no mass, and it cannot store 
any energy. Therefore, the entire net heat entering the surface from one side 
must leave the surface from the other side. The convection boundary condition 
simply states that heat continues to flow from a body to the surrounding 
medium at the same rate, and it just changes vehicles at the surface from con- 
duction to convection (or vice versa in the other direction). This is analogous to 
people traveling on buses on land and transferring to the ships at the shore. If the 
passengers are not allowed to wander around at the shore, then the rate at which 


FIGURE 2-33 

Convection boundary conditions on 
the two surfaces of a plane wall. 
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FIGURE 2-34 

The assumed direction of heat transfer 
at a boundary has no effect on the 
boundary condition expression. 
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the people are unloaded at the shore from the buses must equal the rate at which 
they board the ships. We may call this the conservation of “people” principle. 

Also note that the surface temperatures T(0, t) and T(L, t) are not known 
(if they were known, we would simply use them as the specified temperature 
boundary condition and not bother with convection). But a surface tempera- 
ture can be determined once the solution T(x, t ) is obtained by substituting the 
value of * at that surface into the solution. 
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FIGURE 2-35 

Schematic for Example 2-8. 


EXAMPLE 2-8 Convection and Insulation Boundary Conditions 

Steam flows through a pipe shown in Fig. 2-35 at an average temperature of 
= 200°C. The inner and outer radii of the pipe are q = 8 cm and r 2 = 
8.5 cm, respectively, and the outer surface of the pipe is heavily insulated, if 
the convection heat transfer coefficient on the inner surface of the pipe is 
h = 65 W/m 2 • K, express the boundary conditions on the inner and outer sur- 
faces of the pipe during transient periods. 


SOLUTION The flow of steam through an insulated pipe is considered. The 
boundary conditions on the inner and outer surfaces of the pipe are to be 
obtained. 

Analysis During initial transient periods, heat transfer through the pipe mate- 
rial predominantly is in the radial direction, and thus can be approximated as 
being one-dimensional. Then the temperature within the pipe material changes 
with the radial distance rand the time t. That is, T = T(r, t). 

It is stated that heat transfer between the steam and the pipe at the inner sur- 
face is by convection. Then taking the direction of heat transfer to be the posi- 
tive r direction, the boundary condition on that surface can be expressed as 




*0 



/) 

~k — -j- — - /j[TU - 7(r,)l 

The pipe is said to be well insulated on the outside, and thus heat loss through 
the outer surface of the pipe can be assumed to be negligible. Then the bound- 
ary condition at the outer surface can be expressed as 

- ■ . dr(r 2 ,f) = ■ . ■. 

- T dr U . ■ : 

Discussion ■ Note that the temperature gradient must be zero on the outer sur- 
face of the pipe at all times. 


4 Radiation Boundary Condition 

In some cases, such as those encountered in space and cryogenic applications, 
a heat transfer surface is surrounded by an evacuated space and thus there is 
no convection heat transfer between a surface and the surrounding medium. In 
such cases, radiation becomes the only mechanism of heat transfer between 
the surface under consideration and the surroundings. Using an energy bal- 
ance, the radiation boundary condition on a surface can be expressed as 


( Heat conduction ^ 
at the surface in a 
selected direction^ 


Radiation exchange^ 
at the surface in 
\ the same direction y 


t 


CHAPTER 2 


For one-dimensional heat transfer in the ^-direction in a plate of thickness L, 
the radiation boundary conditions on both surfaces can be expressed as 

(Fig. 2-36) 

-k = sMTtn , , - T(0, o 4 ] (2-52 a) 

and 

~k dT( ^- = e 2 cr[T(L, tf - Tf^ 2 ] ' (2-52b) 

where e s and e 2 are the emissivities of the boundary surfaces, a = 5.67 X 
1 CT 8 W/m 2 ■ K 4 is the Stefan-Boltzmann constant, and T SWi j and T sm> 2 are the 
average temperatures of the surfaces surrounding the two sides of the plate, 
respectively. Note that the temperatures in radiation calculations must be ex- 
pressed in K or R (not in °C or °F). 

The radiation boundary condition involves the fourth power of temperature, 
and thus it is a nonlinear condition. As a result, the application of this bound- 
ary condition results in powers of the unknown coefficients, which makes it 
difficult to determine them. Therefore, it is tempting to ignore radiation ex- 
change at a surface during a heat transfer analysis in order to avoid the com- 
plications associated with nonlinearity. This is especially the case when heat 
transfer at the surface is dominated by convection, and the role of radiation is 
minor. 
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FIGURE 2-36 

Radiation boundary conditions on 
both surfaces of a plane wall. 


Interface 


5 Interface Boundary Conditions 

Some bodies are made up of layers of different materials, and the solution of 
a heat transfer problem in such a medium requires the solution of the heat 
transfer problem in each layer. This, in turn, requires the specification of the 
boundary Conditions at each interface. 

The boundary conditions at an interface are based on the requirements that 
(1) two bodies in contact must have the same temperature at the area of con- 
tact apd (2) an interface (which is a surface) cannot store any energy, and thus 
the heatflibc on the two sides of an interface must be the same. The boundary 
conditions at the interface of two bodies A and B in perfect contact atx = x 0 
can be expressed as (Fig. 2-37) 


T a (x q , 0 = T B (x Q , r) 


(2-53) 



FIGURE 2-37 


Boundary conditions at the interface 
of two bodies in perfect contact. 


and 


, dT A (x 0 ,t) 7 dT B (x 0 ,t) 

~ ki S = ~ k " ax 


(2-54) 


where k A and k B are the thermal conductivities of the layers A and B, respec- 
tively. The case of imperfect contact results in thermal contact resistance, 
which is considered in the next chapter. 





6 Generalized Boundary Conditions 

So far we have considered surfaces subjected to single mode heat transfer, 
such as the specified heat flux, convection, or radiation for simplicity. In gen- 
eral, however, a surface may involve convection, radiation, and specified heat 
flux simultaneously. The boundary condition in such cases is again obtained 
from a surface energy balance, expressed as 


Heat transfer^ 

1 

to the surface 


^ in all modes j 



Heat transfer ^ 
from the surface 
in all modes j 


(2-55) 


This is illustrated in Examples 2-9 and 2-10. 



FIGURE 2-38 

Schematic for Example 2-9. 


EXAMPLE 2-9 Combined Convection and Radiation Condition g 

A spherical metal bail of radius r 0 is heated in an oven to a temperature of i 
300°C throughout and is then taken out of the oven and allowed to cool in am- i 
bient air at f* = 27°C, as shown in Fig. 2-38. The thermal conductivity of g 
the bail material is k = 14.4 W/m • K, and the average convection heat trans- I 
fer coefficient on the outer surface of the ball is evaluated to be h = g 
25 W/m 2 • K. The emissivity of the outer surface of the ball is e = 0.6, and the I 
average temperature of the surrounding surfaces is T sllfr = 290 K. Assuming 8 
the ball is cooled -uniformly from the entire outer surface, express the initial g 
and boundary conditions for the cooling process of the ball. | 

SOLUTION The cooling of a hot spherical meta! ball is considered. The initial 
and boundary conditions are to be obtained. 

Analysis The bail is initially at a uniform temperature and is cobted uniformly 
from the entire outer surface. Therefore, this is a one-dimensional transient heat 
transfer problem since the temperature within the bail changes with the radial 
distance rand the time t That is, T = T{r, t). Taking the moment the ball is re- 
moved from the oven to be f = 0, the initial condition can be expressed as I 

T T/; . T{r, 0) = T{= 300°C ' , T; ■ j . I 

The problem possesses symmetry about the midpoint (r = 0) since the g 
isotherms in this case are concentric spheres, and thus no heat is crossing g 
the midpoint of the bail. Then the boundary condition at the midpoint can be g 
expressed as . i 


37(0, Q 
.. 9r 

The heat conducted to the outer surface of the bail is lost to the environment 
by convection and radiation. Then taking the direction of heat transfer to be g 
the positive r direction, the boundary condition on the outer surface can be ex- g 
pressed as I 



= h[T(r 0 ) - TJ + eo-{nr 0 y - T^j 

Discussion AH the quantities in the above relations are known except the 
temperatures and their derivatives at r = 0 and r Q . Also, the radiation part of 


1,7^ i p -js'tfsfy.&Mfix.i I yi?J l' ifl s a tf, i ' '■( : v/i ■■ w. t : ;. • i ; ■ ■ s<. t j ■ Hv, : = pj l» ! ■£ i ' ■ n- ;, k fM;.‘A€-A iff >s jwi y-V'i 1 Mi? UV<«$ ; 


the boundary condition is often ignored for simplicity by modifying the con- 
vection heat transfer coefficient to account for the contribution of radiation. 
The convection coefficient h in that case becomes the combined heat transfer 

coefficient. 


I EXAMPLE 2-10 Combined Convection, Radiation, 

and Heat Flux 

Consider the south wall of a house that is L = 0.2 m thick. The outer surface 
of the wall is exposed to solar radiation and has an absorptivity of a = 0.5 for 
solar energy. The interior of the house is maintained at 7^ = 20°C, while the 
ambient air temperature outside remains at T a2 = 5°C.-The sky, the ground, 
and the surfaces of the surrounding structures at this location can he modeled 
as a surface at an effective temperature of T sky = 255 K for radiation exchange 
j on the outer surface. The radiation exchange between the inner surface of the 
l wait and the surfaces of the walls, floor, and ceiling it faces is negligible. The 
1 convection heat transfer coefficients on the inner and the outer surfaces of the 
1 wail are /i x = 6 W/m 2 - °C and h 2 = 25 W/m 2 - °C, respectively. The thermal 
I conductivity of the wall material is k = 0.7 W/m * °C, and the emissivity of the 
I outer surface is e 2 = 0.9. Assuming the heat transfer through the wall to be 
I steady and one-dimensional, express the boundary conditions on the inner and 
1 the outer surfaces of the wall. 


SOLUTION The wall of a house subjected to solar: radiation is considered. The 
boundary conditions on the inner and outer surfaces of the wall are to be 
obtained. ■ vo 

Analysis We take the direction normal to the wall surfaces as the x-axis with 
the origin at the inner surface of the wall, as shown in Fig. 2-39. The heat 
transfer-through the wall is given to be steady and one-dimensional, and thus 
the temperature depends on xonly and not on time. That is, T TOO. : : 

The boundary condition on the inner surface of the wall at x = 0 is a typical 
convection condition since it does pot involve any radiation or specified heat 
flux. Taking the direction of heat transfer to be the positive x-direction, the 
boundary condition on the inner surface can be expressed as 



* 



Ih\T^ - 7(0)] 


The boundary condition on the outer surface at x = 0 is quite general as it 
involves conduction, convection, radiation, and specified heat flux. Again tak- ; 
ing the direction of heat transfer to be the positive x-direction, the boundary 
condition on the outer surface can be expressed as 

-Jfc = h 2 {T(L) - 7U 2 ] + e 2 tr{T(A) 4 - T s 4 ky ] - aq, ah[ 
where q^, is the incident solar heat flux. 

Discussion Assuming the opposite direction for heat transfer would give the 
same result multiplied by —1, which is equivalent to the relation here. All the 
quantities in these relations are known except the temperatures and their de- 
rivatives at the two boundaries. 
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T1GURE 2-39 

Schematic for Example 2-10. 







Note that a heat transfer problem may involve different kinds of boundary 
conditions on different surfaces. For example, a plate may be subject to heat 
flux on one surface w hil e losing or gaining heat by convection from the other 
surface. Also, the two boundary conditions in a direction may be specified at 
the same boundary, while no condition is imposed on the other boundary. For 
example, specifying the temperature and heat flux atx = 0 of a plate of thick- 
ness L will result in a unique solution for the one-dimensional steady temper- 
ature distribution in the plate, including the value of temperature at the surface 
x ~ L. Although not necessary, there is nothing wrong with specifying more 
than two boundary conditions in a specified direction, provided that there is 
no contradiction. The extra conditions in this case can be used to verify the 
results. 


2-5 ■ SOLUTION OF STEADY ONE-DIMENSIONAL 
HEAT CONDUCTION PROBLEMS 
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■ ; Application of boundary conditions x ; 
7? -Solution of tbepfoblemk^^y 



FIGURE 2-40 

Basic steps involved in the solution of 
heat tr an sfer problems. 


So far we have derived the differential equations for heat conduction in 
various coordinate systems and discussed the possible boundary conditions. 
A heat conduction problem can be formulated by specifying the applicable 
differential equation and a set of proper boundary conditions. 

In this section we will solve a wide range of heat conduction problems in 
rectangular, cylindrical, and spherical geometries. We will limit our attention 
to problems that result in ordinary differential equations such as the steady 
one- dimensional heat conduction problems. We will also assume constant 
thermal conductivity, but will consider variable conductivity later in this chap- 
ter. If you feel rusty on differential equations or haven’t taken differential 
equations yet, no need to panic. Simple integration is all you need to solve the 
steady one-dimensional heat conduction problems. 

The solution procedure for solving heat conduction problems can be sum- 
marized as (\) formulate the problem by obtaining the applicable differential 
equation in its simplest form and specifying the boundary conditions, (2) ob- 
tain the general solution of the differential equation, and (3) apply the bound- 
ary conditions and determine the arbitrary constants in the general solution 
(Fig. 2-40). This is demonstrated below with examples. 



Schematic for Example 2-11. 


EXAMPLE 2-1 1 Heat Conduction in a Plane Wall 

Consider a large plane wail of thickness L = 0.2 m, thermal conductivity k = 
1.2 W/m ■ °C, and surface area X= 15 m 2 . The two sides of the wall are main- 
tained at constant temperatures of 7j = 120X and T 2 = SOX, respectively, as 
shown in Fig. 2-41. Determine (a) the variation of temperature within the wall 
and the value of temperature at x = 0.1 m and {£>) the rate of heat conduction 
through the wail under steady conditions. 

SOLUTION A plane wail with specified surface temperatures is given. The 
variation of temperature and the rate of heat transfer are to be determined^ 
Assumptions 1 Heat conduction is steady. 2 Heat conduction is one- 
dimensional since the wait is large relative to its thickness and the thermal 



n 
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conditions on both sides are uniform. 3 Thermal conductivity is constant. 
4 There is no heat generation. 

properties The thermal conductivity is given to*be k= 1.2 W/m • °C. 

Analysis (a) Taking the direction normal to the surface of the wall to be the 
x-direction, the differential equation for this problem can be expressed as 







i 
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i 



d 2 T 

dx 1 



with boundary conditions 


7(0) = Ti = 120°C 
7(L) = T 2 = 50°C 


The differential equation is linear and second order, and a quick inspection of 
it reveals that it has a single term involving derivatives and no terms involving 
the unknown function fas a factor. Thus, it can be solved by direct integration. 
Noting that an integration reduces the order of a derivative by one, the general 
solution of the differentia] equation above can be obtained by. two simple suc- 
cessive integrations, each of which introduces an integration constant. 

Integrating the differential equation once with respect to x yields 


where C 2 is an arbitrary constant. Notice that the order of the derivative went 
down by one as a result of integration. As a check, if we take the derivative of 
this equation, we will obtain the original differential equation. This equation is 
not the solution yet since it involves a derivative. 

integrating one more time, we obtain 

..Jv 7(x) = Qx + C 2 ' 

which is the general solution of the differential equation (Fig. 2-42). The gen- 
eral solution in this case resemble^ the general formula of a straight line whose 
slope is- Ci and whose value at x = 0 is Q>. This is not surprising since the sec- 
ond derivative represents the change in the slope of a function, and a zero sec- 
ond 1 derivative indicates that the slope of the function remains constant. 
Thereto^, any straight fine is a solution of this differential equation. 

The general solution contains two unknown constants C { and Q>, and thus 
we need two equations to determine them uniquely and obtain the specific so- 
lution. These equations are obtained by forcing the general solution to satisfy 
the specified boundary conditions. The application of each condition yields one 
equation, and thus we need to specify two conditions to determine the con- 
stants Ci and C 2 . 

When applying a boundary condition to an equation, all occurrences of the 
dependent and independent variables and any derivatives are replaced by the 
specified values. Thus the only unknowns in the resulting equations are the ar- 
bitrary constants. 

The first boundary condition can be interpreted as in the general solution re- 
place all the x's by zero and T{x) by Ti- That is (Fig. 2-43), 

7(0) -C,X0 I- C 2 -» C 2 = 7’, 


Differential equation: 
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i?.- 1 P-. 
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FIGURE 2-42 


Obtaining the general solution of a 
simple second order differential 
equation by integration. 


Boundary condition: 

T(0) = Ti 
General solution: 


. T(x) = C x x + C 2 
Applying the boundary condition: 
T{x) = Cjjc + C 2 

t ' t 
0 , 0 

: :vSS- :; :V 1 : 

Substituting: 


T x = C* X 0 + C 2 C 2 == 2*| 

^ It cannot involve x or 7X*) after the 
boundary condition is applied. 


' FIGURE 2-43 


When applying a boundary condition 
to the general solution at a specified 
point, all occurrences of the dependent 
and independent variables should be 
replaced by their specified values 

at that point. 




fhe second boundary condition can be interpreted as in the general solution, 
replace all the x's by L and T[x) by T 2 . That is, 


T(L ) = C\L + C 2 — » T 2 — Ci L + Ti ■ — > Ci 


n - Ti 


Substituting the C x and C^> expressions into the general solution, we obtain 


T 2 - r, 

T(x)=-h * + T i 


( 2 - 56 ) 


which is the desired solution since it satisfies not only the differential equation 
aut also the two specified boundary conditions. That is, differentiating Eq. 
2-56 with respect to x twice will give d 2 T/dx 2 , which is the given differential 
equation, and substituting x = 0 and x = L into Eq. 2-56 gives 7(0) = T x and 
j(i) = t 2 , respectively, which are the specified conditions at the boundaries. 

Substituting the given information, the value of the temperature at x= 0.1 m 
is determined to be 

. , (50 — 120)°C x ,■ ' 

T(0.1 m) = Q2 — — (0.1 m) + 120 C - 85 C 

(b) The rate of heat conduction anywhere in the wall is determined from 
Fourier’s law to be 


-kA 


T 2 T'l , , t, - r 2 
-kAC x = -kA — = kA— ~ 


( 2 - 57 ) 


rhe numerical value of the rate of heat conduction through the wall is deter- 
nined by substituting the given values to be 

Q - kA - /l = (1.2 W/m • °C)(15 m 2 ) “ = 6300 W 

Discussion Note that under steady conditions, the rate of heat conduction 
through a plane wall is constant. 


EXAMPLE 2-12 


A Wall with Various Sets of Boundary 
Conditions 


Consider steady one-dimensional heat conduction in a large plane wall of 
thickness L and constant thermal conductivity k with no heat generation. Ob- 
tain expressions for the variation of temperature within the wall for the follow- 
ing pairs of boundary conditions (Fig. 2-44): 

(a) -k — ^ = q a = 40 W/cm 2 and 7(0) = T 0 = 15°C 
w ax 


(b) -k ~p = q a = 40 W/cm 2 and 

(c) -k = q Q - 40 W/cm 2 and 


-25 W/cm 2 
- 40 W/cm 2 


SOLUTION Steady one-dimensional heat conduction in a large plane wall is 
considered. The variation of temperature Is to be determined for different sets 
of boundary conditions. . 
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15°C 


40 VV/cm 



(fl) 


40 W/cm 


(*) 



Analysis This is a steady one-dimensional heat conduction problem with con- 
stant thermal conductivity and no heat generation in the medium, and the heat 
conduction equation in this case can be expressed as (Eq. 2-17) 


d 2 T 

dx 2 


= 0 


whose general solution was determined in the previous example by direct inte- 
gration to be 

T(x) ~ C[.r + C; 

where Ci and are two arbitrary integration constants. The specific solutions 
corresponding to each specified pair of boundary conditions are determined as 
follows. 

(a) in this case, both boundary conditions are specified at the same boundary 
at x = 0, and no boundary condition is specified at the other boundary at 
x ••• L footing that 


1’ 


: j 


dx 


Ci 


^application of the boundary conditions gives 

- : dm ; , .■ _ 

k ; • ••• q 0 — > —kC i — (Jq — > Cj 


dx 


2o 

k 


and 


T(0) - r 0 -> r 0 = c, X o + c 2 -> c 2 = r 0 ; 

Substituting, the specific solution in this case is determined to be 
* 

T(x) - fx\ T () 


Therefore, the two boundary conditions can be specified at the same boundary, 
and it is not necessary to specify them at different locations. In fact, the fun- 
damental theorem of linear ordinary differential equations guarantees that a 
unique solution exists when both conditions are specified at the same location. 



Differential equation:; 

T'W = 0 

General solution: 

.T(x)^CiX+C 2 
(a) Unique solution: 

-*T( 0) = 

no) 

(&) M? jo/wfww: 


i?} 

•"T *0 J 


7W_“ ' 


i T{x) - None 
= 2zJ 

(c) Multiple solutions: 


-jtr(0} = 

■-*ru) = 




■kT{L) = q 0 


. : t. ;y 

Arbitrary 


FIGURE 2-45 

A boundary- value problem may have a 
unique solution, infinitely many 
solutions, or no solutions at all. 



FIGURE 2-46 

Schematic for Example 2-13. 


But no such guarantee exists when the two conditions are specified at differ- 
ent boundaries, as you will see below. 

{b) In this case different heat fluxes are specified at the two boundaries. The 
application of the boundary conditions gives 


, dT(0) . 

- k -dT = m 


— > kCi ™ ^ 


Qo 


and 


■k = 4l ^kC l - q L Ci — 


<lL 


Since q 0 * q L and the constant Ci cannot be equal to two different things at 
the same time, there is no solution in this case. This is not surprising since this 
oase corresponds to supplying heat to the plane wall from both sides and ex- 
pecting the temperature of the wall to remain steady (not to change with time). 

This is impossible. 

(c) In this case, the same values for heat flux are specified at the two bound- 
aries. The application of the boundary conditions gives 


-k 


dT(0 ) 
dx 


— 4o ^1 “ ^ 




and 


dT(L) , , „ __ . n „ 

-k = go -kCy-qa Q — 


<7o 


Thus, both conditions result in the same value for the constant C 1( but no value 
for Ci. Substituting, the specific solution in this case is determined to be : 


IX*) = 


4o 


x+C 2 


vhich is not a unique solution since is arbitrary. 

Discussion The last solution represents a family of straight lines whose slope 
s -£7o//r. Physically, this problem corresponds to requiring the rate of heat sup- 
plied to the wall at x = 0 be equal to the rate of heat removal from the other 
side of the wall at x = L But this is a consequence of the heat conduction 
through the wall being steady, and thus the second boundary condition does 
not provide any new information. So it is not surprising that the solution of this 
problem is not unique. The three cases discussed above are summarized in 

Fig. 2-45. 


EXAMPLE 2-13 Heat Conduction in the Base Plate of an Iron 

Consider the base plate of a 1200-W household iron that has a thickness of 
L = 0.5 cm, base area of A = 300 cm 2 , and thermal conductivity of k = 
15 W/m - °C. The inner surface of the base plate is subjected to uniform heat 
flux generated by the resistance heaters inside, and the outer surface loses 
heat to the surroundings at r„ = 20°C by convection, as shown in Fig. 2-46. 


i 







Taking the convection heat transfer coefficient to be h = 80 W/m 2 - °C and 
disregarding heat loss by radiation, obtain an expression for the variation of 
temperature in the base plate, and evaluate the temperatures at the inner and 
the outer surfaces. : ’ 

SOLUTION The base piate of an iron is considered. The variation of tempera- 
ture in the plate and the surface temperatures are to be. determined. 
Assumptions 1 Heat transfer is. steady since there is no change with time. 
2 Heat transfer is one-dimensional since the surface area of the base piate is 
large relative to its thickness, and the thermal conditions on both sides are uni- 
form. 3 Thermal conductivity is constant. 4 There is no heat generation in the 
medium. 5 Heat transfer by radiation is negligible. 6 The upper part of the iron 
is well insulated so that the entire heat generated in the resistance wires is 
transferred to the base plate through its inner surface. 

Properties The thermal conductivity is given to be k = 15 W/m * °C. 

Analysis The inner surface of the base plate is subjected to uniform heat flux 
at a rate of 


Go 1200 W 2 

Qo = T— = nm = 40,000 W/m 2 

The outer side of the plate is subjected to the convection condition. Taking the 
direction normal to the surface of the wall as the x-direction with its origin on 
the inner surface, the differential equation for this problem can be expressed 
as (Fig. 2-47) 

■ d 2 T 


with the boundary conditions 


= q D = 40,000 W/m 2 


dT(L) 


Thf'genera! solution of the differential equation is again obtained by two suc- 
cessive integrations to be 


dx 1 


T(x) • ; C\.x F C 2 (a) 

where C x and Q? are arbitrary constants. Applying the first boundary condition, 

dT(Q) . . r 

-k-jx" ~^ c i ~ <io - > G, - ^ 

Noting that dT/dx = C x and T(L) = C X L + C 2 , the application of the second 
boundary condition gives 



FIGURE 2-47 

The boundary conditions on the base 
plate of the iron discussed 
in Example 2-13. 


A 


_ k = h[T(L) - rj -> - kCi = A[(CjL + c 2 ) - rj 


dx 

Substituting C x = 


(Jq/A and solving for Cj, we obtain 

*=r. + hh 


m 


Now substituting Cy and Q, into the general solution (a) gives 

T(x) = Tn + 

which is the solution for the variation of the temperature in the plate. The tem- 
peratures at the inner and outer surfaces of the plate are determined by sub- 
stituting x = 0 and x = L, respectively, into the relation (£>): 


m = t, + Jf + i) 


0.005 m 


- 20°C + (40,000 W/m 2 )( 15 Wm . ° c + g 0 Wm 2 . <> c 


1 


= 533°C 


and 


m = T, + *(<> + i) = 20°C + 


40,000 W/m 2 
80 W/m 2 ■ °C 


= 520°C 


Discussion Note that the temperature of the inner surface of the base plate is 
13°C higher than the temperature of the outer surface when steady operating 
conditions are reached. Also note that this heat transfer analysis enables us to 
calculate the temperatures of surfaces that we cannot even reach. This exam- 
ple demonstrates how the heat flux and convection boundary conditions are 
applied to heat transfer problems. 
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FIGURE 2-48 

Schematic for Example 2-14. 


EXAMPLE 2-14 Heat Conduction in a Solar Heated Wall 

Consider a large plane wall of thickness L = 0.06 m and thermal conductivity 
/r = 1.2 W/m ■ °C in space. The wail is covered with white porcelain tiles that 
have an emissivity of e = 0.85 and a solar absorptivity of a = 0.26, as shown | 
in Fig. 2-48. The inner surface of the wail is maintained at Ty = 300 K at all 
times, while the outer surface is exposed to solar radiation that is incident at a 
rate of q so!ar = 800 W/m 2 . The outer surface is also losing heat by radiation to 
deep space at 0 K. Determine the temperature of the outer surface of the wall 
and the rate of heat transfer through the wall when steady operating conditions 
are reached. What would your response be if no solar radiation was incident on 

the surface? 

SOLUTION A plane wall in space is subjected to specified temperature on one 
side and solar radiation on the other side. The outer surface temperature and 
the rate of heat transfer are to be determined. 
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Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensionat since the wall is large relative to its 
thickness, and the thermal conditions on both sides are uniform. 3 Thermal 
conductivity is constant. 4 There is no heat generation. 
properties The thermal conductivity is given to be ft = 1.2 W/m - °C. 

Analysis Taking the direction normal to the surface of the wall as the 
x-direction with its origin on the inner surface, the differential equation for this 
problem can be expressed as 


d 2 T 


= 0 


with boundary conditions 


71(0) = 7', - 300 K 

dT(L) 

'ft = sa[T{L) A — 




where T sp3ce = 0. The general solution of the differentia! equation is again 
obtained by two successive integrations to be 

7'(.v) - C,.< \ C 2 (a) 

where C x and are arbitrary constants. Applying the first boundary condition 
yields 

7(0) = c, x o i c 2 -> c 2 - r, 

Noting that dT/dx^ C x and T(L) = C X L + C?. = C X L + T x , the application of 
the second boundary conditions gives 

= E(xT{Lf - aq^ -> ~ ftQ = s(r(C x L i T,) 4 - «4>br 

Although Ci is the only unknown in this equation, we cannot get an explicit ex- 
pression for it because the equation is nonlinear, and thus we cannot get a 
closed-fqrm expression for the temperature distribution. This should explain 
why we do our best to avoid nonlipearities in the analysis, such as those asso- 
ciated with radiation. 

Let us back up a little and denote the outer surface temperature by T(L) = 
T l instead of T{L) = C X L + T x . The application of the second boundary condi- 
tion in this case gives : T ■ ■ 

“ft = . eorT{Lf - aq^ kl -> ~kC x = euT, 4 • rtq^ \ . 1 


Solving for C x gives 


C x = 




Now substituting Ci and into the general solution (a), we obtain 

T{x)= k x + 7 ) 


■v 




HEAT rnHnUCTION EQUATION 


(1) '"Rearrange the equation to be solved: 

V, - 310.4 0.240975 

The equation is m the proper form since the 
left side consists of T L only. 

(2) Guess the value ofT u say 300 K t and 
substitute into the right side of the equation . 
It gives 

/ T l — 290.2 K 

(3) Now substitute this value ofT L into the 
right side of the equation and get 

(4) Repeat step (3) until convergence to ■ ■■■. 
desired accuracy is achieved. The 
subsequent iterations give 

T L = 292.6 K 
: T l — 292.7 K 
/. T l = 292.7 K 

Therefore, the solution is T L = 292.7 K. The 
result is independent of the initial guess. 


FIGURE 2-49 

A simple method of solving a 
nonlinear equation is to arrange the 
equation such that the unknown is 
alone on the left side while everything 
else is on the right side, and to iterate 
after an initial guess until 
convergence. 


which is the solution for the variation of the temperature in the wall in terms of 
the unknown outer surface temperature T L . At x = A it becomes 


T L = 



Id) 


which is an implicit relation for the outer surface temperature T L . Substituting 
the given values, we get 


0.26 X (800 W/m 2 ) - 0.85 X (5.67 X 10 ±8 W/m 2 • K 4 ) t£ 


1.2 W/m • K 


(0.06 m) + 300 K 


which simplifies to 


T l = 310.4 — 0.240975 


TA* 

100 / 


This equation can be solved by one of the several nonlinear equation solvers 
available (or by the old fashioned trial-and-error method) to give (Fig. 2-49) 


T l = 292.7 K 


Knowing the outer surface temperature and knowing that it must remain I 
constant under steady conditions, the temperature distribution in the wall can 
be determined by substituting the T L value above into Eq. (c): j 


T(.t) 


0.26 X (800 W/m 2 ) - 0.85 X (5.67 X 10~ s W/m 2 • K 4 )(292.7 K)* 

1.2 W/m - K 


X + 300K 


which simplifies to 


T(x) -■ (-121.5 K/m)x + 300 K 

Note that the outer surface temperature turned out to be lower than the inner 
surface temperature. Therefore, the heat transfer through the wall is toward the 
outside despite the absorption of solar radiation by the outer surface. Knowing 
both the inner and outer surface temperatures of the wall, the steady rate of 
heat conduction through the wall can be determined from 




= (1.2 W/m -K) 


(300 - 292.7) K 
0.06 m 


= 146 W/m 2 


fa 



FIGURE 2-50 

Schematic for Example 2-15. 


Discussion In the case of no incident solar radiation, the outer surface tem- 
perature, determined from Eq. ( d ) by setting = 0, is T L = 284.3 K. It is 
interesting to note that the solar energy incident on the surface causes the sur- 
face temperature to increase by about 8 K only when the inner surface tem- 
perature of the wail is maintained at 300 K. 


EXAMPLE 2-15 Heat Loss through a Steam Pipe 

Consider a steam pipe of length L = 20 m, inner radius r x = 6 cm, outer radius 
r 2 = 8 cm, and thermal conductivity k = 20 W/m - °C, as shown in Fig. 2-50. 
The inner and outer surfaces of the pipe are maintained at average tempera- 
tures of Ti = 150°C and T 2 = 60°C, respectively. Obtain a general relation for 


I the temperature distribution inside the pipe under steady conditions, and 
| determine the rate of heat loss from the steam through the pipe. 

SOLUTION A steam pipe is subjected to specified temperatures on its 
surfaces. The variation of temperature and the rate of heat transfer are to be 
determined. 

Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensional since there is thermal symmetry about the 
centerline and no variation in the axial direction, and thus T~ T(r). 3 Thermal 
conductivity is constant. 4 There is no heat generation. 

Properties The thermal conductivity is given to be k = 20 W/m • °C. 

Analysis The mathematical formulation of this problem can be expressed as 

d i dT . n 
r~ I =j 0 


dr\ dr 


j Integrating the differential equation once with respect to r gives 


with boundary conditions 


T(r x ) = T X = 150°C 
T(r 2 ) = T 2 = 60°C 


r — — c 

r dr C[ 


where ^ is an arbitrary constant. We now divide both sides of this equation by 
rto bring it to a readily integrable form, 


dr 

dr 


Cl 

r 


Again integrating with respect to r gives (Fig, 2-51) 

"’j ; : Ur) ~ C\ In r \ C 2 , 

We now/apply both boundary conditions by replacing all occurrences of rand 
T(r) in;Eq. (a) with the specified values at the boundaries. We get 


(a) 


i f 








T’Crj) — T x — > C x kir x d C 2 — T x 
T{r 2 ) — T 2 Cj in r 2 + C 2 = T 2 




which are two equations in two unknowns, C 2 and £^. Solving them simultane- 
ously gives 


Ci = 


In (rj/rj) 


and C 2 = T x - p - ■ \ In r x 

ln(r 2 /r t ) 1 


a 


Substituting them into Eq. (a) and rearranging, the variation of temperature 
within the pipe is determined to be 


Infr/rj) 

Ur) = (T 2 ~ T x ) + T x 


(2-58) 


InOs/rj) 

The rate of heat loss from the steam is simply the total rate of heat conduction 
through the pipe, and is determined from Fourier's law to be 


Differential equation: 


Integrate: 


I'fH 


nr v 

■r~ ■= Q 


dr 


Divide by r (r 4- 0): 

dT_ F'i 
dr r 

Integrate again: 

T(r) = C, In r + C 2 
which is the general solution. 


FIGURE 2-5 f 

Basic steps involved in the solution 
of the steady one-dimensional 
heat conduction equation in 
cylindrical coordinates. 





Q, ^ f = -Kl-rrL) % = -fcrttC. - *■* ^ 

The numerical value of the rate of heat conduction through the pipe is deter- 
mined by substituting the given values 

(150 • • 60)°C _ v \ ; 

Q = 2tt( 20 W/m • °C)(20 m) ln(0 08/0 0 6) 786 

Discussion Note that the total rate of heat transfer through a pipe is con- 
stant, but the heat flux q = Q/( 27 t rL) is not since it decreases m the direction 

of heat transfer with increasing radius. 




m v t. 


mh 






FIGURE 2-52 

Schematic for Example 2-16. 


EXAMPLE 2-16 Heat Conduction through a Spherical Shell 

Consider a spherical container of inner radius 0 = 8 cm, outer radius rg - 
10 cm, and thermal conductivity k = 45 W/m • °C, as shown in Fig. 2-52. The 
inner and outer surfaces of the container are maintained at constant tempera- 
tures of T, = 200°C and T 2 = 80°C, respectively, as a result of some chemical 
reactions occurring inside. Obtain a general relation for the temperature distri- 
bution inside the shell under steady conditions, and determine the rate of heat 
loss from the container. 

SOLUTION A spherical container is subjected to specified temperatures on its 
surfaces. The variation of temperature and the rate of heat transfer are to be 

determined. . 

Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensional since there is thermal symmetry about the 
midpoint, and thus T= Hr). 3 Thermal conductivity is constant. 4 There is no 

heat generation. 

Properties The thermal conductivity is given to be k - 45 W/m • ■ u 
Analysis . The mathematical formulation of this problem can be expressed as 


£ 2 dT 
dr V dr 


with boundary conditions 


T(n) = T, =200°C 
Ur^ = T 2 = 80°C 


Integrating the differential equation once with respect to r yields 


where Q is an arbitrary constant. We now divide both sides of this equation by 
r 2 to bring it to a readily integrate form, 

dT c i 


Again integrating with respect to rgives 

C t „ 
T(r) = ~ + C 2 


la) 


I We now apply both boundary conditions by replacing all occurrences of rand 
j(r) in the relation above by the specified values at the boundaries. We get 

7'(r.) - -» --^ + 02 = 7, 

T(r 7 ) 7, -4 - j] I C 2 - 7 2 


which are two equations in two unknowns, C 2 and £^. Solving them simultane- 
ously gives . 

r x r 2 c 2 T 2 " r \T\ 

and C 2 • >~7r- 

Substituting into Eq. (a), the variation of temperature within the spherical she!) 
is determined to be 

r,r 2 r 2 T 2 - r x T x 

nr) = ^T) (T, - 7 -,) + ■ W: : (2-60) 

The rate of heat loss from the container is simply the total rate of heat con- 
duction through the container wait and is determined from Fourier's fayy 

dT c, r, - t 2 

(W -K^r 2 ) - ri ■■■ -4irkC x - d7rAr,r 2 j—fr- (2-61) 

The numerical value of the rate of heat conduction through the wail is deter- 
mined by substituting the given values to be 

(200 - 80)°C 

Q =477(45 W/m ■ °C)(0.08 m)(0.10 m) (Q f ( j- _ 0 08) - 27.1 kW 

Discussion Note that the total rate of heat transfer through a spherical shell is 
constant, but the heat flux <7 = 'QfAirr 2 is not since it decreases in the direc- 
tion of heat transfer with increasing radius as shown in Fig. 2-53. ; 


2-6 ■ HEAT GENERATION IN A SOLID 

Many practical heat transfer applications involve the conversion of some form 
of energy into thermal energy in the medium. Such mediums are said to in- 
volve internal heat generation, which manifests itself as a rise in temperature 
throughout the medium. Some examples of heat generation are resistance 
heating in wires, exothermic chemical reactions in a solid, and nuclear reac- 
tions in nuclear fuel rods where electrical, chemical, and nuclear energies are 
converted to heat, respectively (Fig. 2-54). The absorption of radiation 
throughout the volume of a semitransparent medium such as water can also be 
considered as heat generation within the medium, as explained earlier. 



• 61 27.1 kW 

9f ~A i “ 4 jr (0.03 m) 2 

. _Q 2 _ 27.1 kW 
qi ~ A 2 ~ 4 k (0.10 m) 2 


= 337 kW/m 2 
= 216 kW/m 2 


FIGURE 2-53 

During steady one-dimensional 
heat conduction in a spherical (or 
cylindrical) container, the total rate 
of heat transfer remains constant, 
but the heat flux decreases with 
increasing radius. 


Chemical 

reactions 



FIGURE 2-54 

Heat generation in solids is 
commonly encountered in practice. 
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FIGURE 2-55 

At steady conditions, the entire heat 
generated in a solid must leave the 
solid through its outer surface. 


Heat generation is usually expressed per unit volume of the medium, and is 
denoted by c £eD , whose unit is W/m 3 . For example, heat generation in an elec- 
trical wire of outer radius r Q and length L can be expressed as 


E 




gen, electric 
^wire 


/ 2 R e 
-nrlL 


fW/m 3 ) 


( 2 - 62 ) 


where / is the electric current and R e is the electrical resistance of the wire. 

The temperature of a medium rises during heat generation as a result of the 
absorption of the generated heat by the medium during transient start-up 
period. As the temperature of the medium increases, so does the heat transfer 
from the medium to its surroundings. This continues until steady operating 
conditions are reached and the rate of heat generation equals the rate of heat 
transfer to the surroundings. Once steady operation has been established, the 

temperature of the medium at any point no longer changes. 

The maximum temperature T mas in a solid that involves uniform heat gener- 
ation occurs at a location farthest away from the outer surface when the outer 
surface of the solid is maintained at a constant temperature T s . For example, 
the maximum temperature occurs at the midplane in a plane wall, at the 
centerline in a long cylinder, and at the midpoint in a sphere. The temperature 
distribution within the solid in these cases is symmetrical about the center of 


symmetry. , tU 

The quantities of major interest in a medium with heat generation are the 

surface temperature T s and the maximum temperature T m3X that occurs in the 

medium in steady operation. Below we develop expressions for these two 

quantities for common geometries for the case of uniform heat generation 

(e = constant) within the medium. 

Consider a solid medium of surface area A st volume W, and constant thermal 
conductivity k t where heat is generated at a constant rate of £ gea per unit vol- 
ume. Heat is transferred from the solid to the surrounding medium at T m with 
a constant heat transfer coefficient of h. All the surfaces of the solid are main- 
tained at a common temperature T s . Under steady conditions, the energy bal- 
ance for this solid can be expressed as (Fig. 2-55) 


Rate of 
heat transfer 
\from the solid. 


Rate of 

energy generation 
\ within the solid 


( 2 - 63 ) 


or 


Q = 


(W) 


( 2 - 64 ) 


Disregarding radiation (or incorporating it in the heat transfer coefficient h), 
the heat transfer rate can also be expressed from Newton’s law of cooling as 


e = hA s (t s - r«) (W) 


( 2 - 65 ) 


Combining Eqs. 2-64 and 2-65 and solving for the surface temperature 
T s gives 



( 2 - 66 : 





For a large plane wall of thickness 2 L (A s = 2 A wal( and \J = 2 AA wall ), a long 
solid cylinder of radius r 0 (A s = 2irr 0 L and \J — rrr 2 L), and a solid sphere of 
radius r 0 (A r = 4irr 2 and V = | 'nr^), Eq. 2-66 reduces to 

^genf' 

?’,.pu*wai = X« + — (2-67) 

■ ( 2 - 68 ) 

^^ = 7’, +- 3 ^- ’ (2-69) 

Note that the rise in surface temperature T s is due to heat generation in the 
solid. 

* 

Reconsider heat transfer from a long solid cylinder with heat generation. 
We mentioned above that, under steady conditions, the entire heat generated 
within the medium is conducted through the outer surface of the cylinder. 
Now consider an imaginary inner cylinder of radius r wit hin the cylinder 
(Fig. 2-56). Again the heat generated within this inner cylinder must be equal 
to the heat conducted through its outer surface. That is, from Fourier’s law of 
heat conduction, 


-M r ™ = e gta l/ r (2-70) 

where A r — 2rr;L and \J r — irr 2 L at any location r. Substituting these expres- 
sions into Eq. 2-70 and separating the variables, we get 

-k{2-irrL) ^ = e gen (rrr 2 L) -> dT = - rdr 

Integrating. from r = 0 where T( 0) — T 0 to r — r 0 where T(r c ) 

! . , 

^mtx.crlhMr = T 0 ~ T t = 

i 

< f 

where T 0 is the centerline temperature of the cylinder, which is the maximum 
temperature, and A 7^ is the difference between the centerline and the sur- 
face temperatures of the cylinder, which is the maximum temperature rise in 
the cylinder above the surface temperature. Once A T mn is available, the cen- 
terline temperature can easily be determined from (Fig. 2-57) 

Tenter = T 0 = T s + A T m3X (2-72) 

The approach outlined above can also be used to determine the maximum tem- 
perature rise in a plane wall of thickness 2 L and a solid sphere of radius r 0 , 
with these results: 


= T s yields 

( 2 - 71 ) 


A T 


max, plans wall 


AT, 


mix, sphere 


2k 

6k 


( 2 - 73 ) 


Jr 



FIGURE 2-56 

Heat conducted through a cylindrical 
shell of radius r is equal to the heat 
generated within a shell. 


i 



line 


FIGURE 2-57 

The maximum temperature in 
a symmetrical solid with uniform 
heat generation occurs at its center. 


( 2 - 74 ) 



FIGURE 2-58 

Schematic for Example 2-17. 



FIGURE 2-59 

Schematic for Example 2-18. 


Again the maximum temperature at the center can be determined from 
Eq. 2-72 by adding the maximum temperature rise to the surface temperature 

of the solid. 


EXAMPLE 2-17 Centerline Temperature of a Resistance Heater 

A 2-kW resistance heater wire whose thermal conductivity is k = 15 W/m • K 
has a diameter of D = 4 mm and a length of L = 0.5 m, and is used to boil 
water (Fig. 2-58). If the outer surface temperature of the resistance wire is 
T s = 105°C, determine the temperature at the center of the wire. 


SOLUTION The center temperature of a resistance heater submerged in water 
is to be determined. 

Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensional since there is thermal symmetry about the 
centerline and no change in the axial direction. 3 Thermal conductivity is con- 
stant. 4 Heat generation in the heater is uniform. : 

Properties The thermal conductivity is given to be k =15 W/m • K. 

Analysis The 2-kW resistance heater converts electric energy into heat at a 
rate of 2 kW. The heat generation per unit volume of the wire is 

v ¥ 

x = = - 2000 W - = 0.318 X 10 9 W/m 3 

£in OUe mlL 7r(0.002 m) 2 (0.5 m) 

Then the center temperature of the wire is determined from Eq. 2-71 to be 


T 0 = Z + 


W* _ in « r . (0.318 X 1QP W/m 3 )(0.002 mj^ = ^ 
~~4k~ — 105 C + 4 x (15 W/m °C) 


Discussion Note that the temperature difference between the center and the 
surface of the wire is 21°C. Also, the thermal conductivity units W/m * °C and 
W/m • K are equivalent. 



We have developed these relations using the intuitive energy balance ap- 
proach. However, we could have obtained the same relations by setting up the 
appropriate differential equations and solving them, as illustrated in Examples 
2-18 and 2- 19. 


EXAMPLE 2-18 Variation of Temperature in a Resistance Heater 

A long homogeneous resistance wire of radius r 0 = 0.5 cm and thermal con- 
ductivity k = 13.5 W/m - °C is being used to boil water at atmospheric pressure 
by the passage of electric current, as shown in Fig. 2-59. Heat is generated 
in the wire uniformly as a result of resistance heating at a rate of e gen = 
4.3 x 10 7 W/m 3 . If the outer surface temperature of the wire is measured to 
be T s = 108°C, obtain a relation for the temperature distribution, and deter- 
mine the temperature at the centerline of the wire when steady operating 
conditions are reached. 


' ^ ^ i|ir i^ ^ *< g.vf 5 ^^^ ?•* ^r-F^ Hj >r?^ v.?a rw=£ j.l^ - ft^ry^.y-?a >-h= 5,?^, 1 g>yjj ! i-^j^i; p.Ad b ny^»yTw i »j>y| fc: g>yfj.‘hja; sc^ ry^.PM jy>~; ?! i.u jay^jj^ry-fi ^Ej 1 ^ 1^^ 



SOLUTION This heat transfer problem is similar to the problem in Example 
2-17, except that we need to obtain a relation for the variation of temperature 
within the wire with r. Differential equations are well suited for this purpose. 

Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensional since there is no thermal symmetry about 
the centerline and no change in the axial direction. 3 Thermal conductivity is 
constant. 4 Heat generation in the wire is uniform. 


Properties The thermal conductivity is given to be k = 13.5 W/m ■ °C. 

Analysis The differential equation which governs the variatipn of temperature 
in the wire is simply Eq. 2-27, 


1A AL 

r dr V dr 



This is a second-order linear ordinary differential equation, and thus its general 
solution contains two arbitrary constants. The determination of these con- 
stants requires the specification of two boundary conditions, which can be 
taken to be 


and 


T(r 0 ) = T S = 108°C 


dT( 0) 
dr 



The first boundary condition simply states that the temperature of the outer 
surface of the wire is 108°C. The second boundary condition is the symmetry 
condition at the centerline, and states that the maximum temperature in the 
wire occurs at the centerline, and thus the slope of the temperature at r = 0 
must be zero (Fig. 2-60). This completes the mathematical formulation of the : 
proble/TT. 

Although' not immediately obvious, the differential equation is in a form that 
can be solved by direct integration. Multiplying both sides of the equation by r 
and rearranging, v/e obtain x : 

J: 

' . v;. A{ AL 

Jf dr V dr 

Integrating with respect to r gives 




FIGURE 2-60 

The thermal symmetry condition at the 
centerline of a wire in which heat 
is generated uniformly. 


r 


dT r 2 , ^ 

dr~~ k 2 +Cl 


(a) 


since the heat generation is constant, and the integral of a derivative of a func- 
tion is the function itself. That is, integration removes a derivative. It is conve- 
nient at this point to apply the second boundary condition, since it is related to 
the first derivative of the temperature, by replacing all occurrences of rand 
dT/dr in Eq. (a) by zero; It yields 


0 X 


dT{ 0) 
dr 


-gen 


2 k 


X O-F Ci - > 


Ci = 0 


J. 




ucftT rnMniJCTIOM EQUATION 



Thus C x cancels from the solution. We now divide Eq. (a) by r to bring it to a 
readily integrable form, 

(if _ Han 
dr ~ 2 k r 

Again integrating with respect to r gives 

nr) = - e -^n + c 2 

We now apply the first boundary condition by replacing all occurrences of r by 
r 0 and all occurrences of 7* by T s . We get 

n=~^ + c 2 -» c t= T * +e E r * 

Substituting this relation into Eq. {b) and rearranging give : ; 

T(r) -T s 'r {rl - r 2 ) ; ; < c) 

which is the desired solution for the temperature distribution in the wire as a 
function of r. The temperature at the centerline (r = 0) is obtained by replac- 
ing r in Eq. (c) by zero and substituting the known quantities, 

7T 0) = T + ^ r} = 108°C + 4.3Xl0 7 W/m 3 , (() 005 m) a = 128°C 

n } s 4k 0 4 X (13.5 W/m 3 -°C) 

Discussion The temperature of the centerline is 20°C above the temperature 
of the outer surface of the wire. Note that the expression above for the center- 
line temperature is identical to Eq. 2-71, which was obtained using an energy 
balance on a control volume. 
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FIGURE 2-61 

Schematic for Example 2-19. 


r = 45 °C 


EXAMPLE 2-19 Heat Conduction in a Two-Layer Medium 

Consider a long resistance wire of radius = 0.2 cm and thermal conductiv- 
ity k^ re = 15 W/m ■ °C in which heat is generated uniformly as a result of 
resistance heating at a constant rate of d geri = 50 W/cm 3 (Fig. 2-61). The wire 
is embedded in a 0.5-cm-thick layer of ceramic whose thermal conductivity is 
Ceramic = 1.2 W/m * °C. If the outer surface temperature of the ceramic layer 
is measured to be T $ = 45°C, determine the temperatures at the center of the 
resistance wire and the interface of the wire and the ceramic layer under 
steady conditions. 

SOLUTION The surface and interface temperatures of a resistance wire cov- 
ered with a ceramic layer are to be determined. 

Assumptions 1 Heat transfer is steady since there is no change with time. 
2 Heat transfer is one-dimensional since this two-layer heat transfer problem 
possesses symmetry about the centerline and involves no change in the -axial 
direction, and thus T = Tir). 3 Thermal conductivities are constant. 4 Heat 
generation in the wire is uniform. 

Properties It is given that /c A1 * re = 15 W/m - °C and /Ceramic =1-2 W/m • ° C. 


Analysis Letting T, denote the unknown interface temperature, the heat trans 
far problem in the wire can be formulated as 


with 


1 d ( ^wite\ . _ n 

rTA'-drr k 


T.tofr,) = T, 
dr^(O) 


dr 


0 


This problem was solved in Example 2-18, and its solution was determined 
to be •• 

e 


T^(r) = Tj+ : 


'gea 


Air * 


Of - r 2 ) 


(3) 


Noting that the ceramic layer does not involve any heat generation and Jt? 
outer surface temperature is specified, the heat conduction problem in that 

layer can be expressed as 


dT, 


Hr r 


ceramic 


dr 


= 0 


with 


ceramic 


(rO ~.Ti 


T ceri! r,c fo) = T S ± 45 c C 

This problem was solved in Example 2-15, and its solution was determined 
to be ■ 


ceramic 


(r) 


Injrfrj) 

ln(r 2 /rj) 


C T s ~ Tj) + Tj 


(6) 


We have Already utilized the first interface condition by setting the wire and 
ceramic la'Ver temperatures equal to 7} at the interface r - r y The interface 
temperature 7} is determined from the second interface condition that the heat 
flux in the wire and the ceramic layer at r = r x must be the same: 


yf dZ^ M O' i) _ , dT c ^ irAc 0"i) 

"jhvhe “'••• • Ceramic 


'dr 


dr 




Wi 


= - k 


ceramic 


T s -T } A V 
lnCr/rO W 


Solving for T z and substituting the given values, the interface temperature is 
determined to be 


T,= 




In TT + T s 

r l 


(50 X 10 6 W/m 3 ) (0.002 m) , 0.007 m p* = -uq apc*. 

— .. . . a rti • “A rt 


2(1.2 W/m ' °C) 


0.002 m 


Knowing the interface temperature, the temperature at the centerline (r 0) 
is obtained by substituting the known quantities into Eq. (a), 

e„ 0 „r? ' L -= (50 X 10* 5 W/m 3 )(0.002 m f _ 

(0) = T, + ^ = 149.4-C + 4 x (i5 W/m ■ !; C) " 15M ° 

•• “^wire - • • 


Thermal conductivity (W/nvK) 


^- r - ... r ■ ■ " i i u*L • ■ * 

HEAT CONDUCTION EQUATION 


Thus the temperature of the centerline is slightly above the interface; 
temperature. -7: 

Discussion This example demonstrates how steady one-dimensional heat con- 
duction problems in composite media can be solved. We could also solve this 1 
problem by determining the heat flux at the interface by dividing the total heat 
generated in the wire by the surface area of the wire, and then using this value 
as the specifed heat flux boundary condition for both the wire and the ceramic 
layer. This way the two problems are decoupled and can be solved separately. 



Temperature (K) 

FIGURE 2-62 

Variation of the thermal conductivity 
of some solids with temperature. 


2-7 ■ VARIABLE THERMAL CONDUCTIVITY, k(T) 

You will recall from Chapter 1 that the thermal conductivity of a material, in 
general, varies with temperature (Fig. 2-62). However, this variation is mild 
for many materials in the range of practical interest and can be disregarded. In 
such cases, we can use an average value for the thermal conductivity and treat 
it as a constant, as we have been doing so far. This is also common practice for 
other temperature-dependent properties such as the density and specific heat. 

When the variation of thermal conductivity with temperature in a specified 
temperature interval is large, however, it may be necessary to account for this 
variation to minimize the error. Accounting for the variation of the thermal 
conductivity with temperature, in general, complicates the analysis. But in the 
case of simple one-dimensional cases, we can obtain heat transfer relations in 
a straightforward manner. 

When the variation of thermal conductivity with temperature k(T) is known, 
the average value of the thermal conductivity in the temperature range be- 
tween 7\ and T 2 can be determined from 

f k(T)dT 

*av g = \ ^ Ti (2-75) 

This relation is based on the requirement that the rate of heat transfer through 
a medium with constant average thermal conductivity k avg equals the rate of 
heat transfer through the same medium with variable conductivity k(T). Note 
that in the case of constant thermal conductivity k(T) = k, Eq. 2-75 reduces to 
Kvg = k> as expected. 

Then the rate of steady heat transfer through a plane wall, cylindrical layer, 
or spherical layer for the case of variable thermal conductivity can be deter- 
mined by replacing the constant thermal conductivity k in Eqs. 2-57, 2-59, 
and 2-61 by the k avg expression (or value) from Eq. 2-75: 

T, — To A f r i 

GpU* w, t = = l 4 KT)dr 

£> cylinder = L = lnfr^) ^ 

Q sphere = ^ Tj KT) ^ 


(2-76) 

(2-77) 

( 2 - 78 ) 





The variation in thermal conductivity of a material with temperature in the 
temperature range of interest can often be approximated as a linear function 
and expressed as 


k(T) = + pT) {2-79) 

where ft is called the temperature coefficient of thermal conductivity. The 
average value of thermal conductivity in the temperature range 7\ to T 2 in this 
case can be determined from 



~T 

ka(l + pT)dT 

r, / 1 2 + ir\ 

r , T = *61 1 + = *(W 


(2-80) 


Note that the average thermal conductivity in this case is equal to the thermal 

A 

conductivity value at the average temperature. 

We have mentioned earlier that in a plane wall the temperature varies 
linearly during steady one- dimensional heat conduction when the thermal 
conductivity is constant. But this is no longer the case when the thermal con- 
ductivity changes with temperature, even linearly, as shown in Fig. 2-63. 



CHAPTER 2 


T 



The variation of temperature 
in a plane wall during steady 
one-dimensional heat conduction 
for the cases of constant and variable 

thermal conductivity. 


EXAMPLE 2-20 Variation of Temperature in a Wall with k(T) 

Consider a plane wall of thickness L whose thermal conductivity' varies -linearly, 
in a specified temperature range as k{T) = %( 1 + pT) where Ab and p are 
constants. The wall surface at x = 0 is maintained at a constant temperature 
of Ti while the surface at x = L is maintained at T?, as shown in Fig. 2-64. 
Assuming steady one-dimensional heat transfer, obtain a relation for (a) the 
heat transfer rate through the wall and (£>) the temperature distribution T(x) in 
the wall. 

SOLUTION? iA plate with variable conductivity is subjected to specified tem- 
peratures :bn both sides. The variation of temperature ..and the rate of heat 
transfer aVe to be determined. 

Assumptions 1 Heat transfer is ^iven to be steady and one-dimensional. 

2 Thermal conductivity varies linearly. 3 There is no heat generation. 

Properties The thermal conductivity is given to be k{T) - kail + pT). 
Analysis \(a) The rate of heat transfer through the wall can be determined from - 


iy-r 2 


I where A is the heat conduction area of the wall and - — : 

is the average thermal conductivity (Eq. 2-80). 

(b) To determine the temperature distribution in the wall, we begin with 
Fourier’s law of heat conduction, expressed as 

■■■■■* ■ dT ' 



FIGURE 2-64 

Schematic for Example 2-20. 


HEAT CONDUCTION EQUATION 


where the rate of conduction heat transfer Q and the area A are constant. 
Separating variables and integrating from x = 0 where 7"(0) =' Tj to any x 
where 7"(x) = T, we get 



\ T k(T)dT 



Substituting k(T) = AbC 1 + fiT) and performing the integrations we obtain 


Qx = -Ak$J ~ T,) + p(T 2 — Ti)tZ\ 


Substituting the Q expression from part (a) and rearranging give i 

T,+ i r+ Wi (r, " ,i) ~ Tf "i r, “® ■ ! ■ I 

which is a quadratic equation in the unknown temperature T. Using the qua- 1 
dratic formula, the temperature distribution T(x) in the wail is determined to be I 

™ ± \l& - m - jp + n + 1 r, 

. . : ; ■ ■■ ■ ■■■■■ 

Discussion The proper sign of the square root term (4- or -) is determined 
from the requirement that the temperature at any point within the medium must 
remain between 7j and T 2 . This result explains why the temperature distribution 
in a plane wall is no longer a straight line when the thermal conductivity varies 
with temperature. 


kin = k D (i. + pi) 



FIGURE 2-65 

Schematic for Example 2-21. 



EXAMPLE 2-21 Heat Conduction through a Wall with k(T) 

Consider a 2-m-high and 0.7-m-wide bronze plate whose thickness is 0.1 m. 
One side of the plate is maintained at a constant temperature of 600 K while 
the other side is maintained at 400 K, as shown in Fig. 2-65. The thermal 
conductivity of the bronze plate can be assumed to vary linearly in that tem- 
perature range as k(T) = Ab(l + (3T) where Ab ^ 38 VV/m • K and {3 = 9.21 X 
10-4 ^-i. Disregarding the edge effects and assuming steady one-dimensional 
heat transfer, determine the rate of heat conduction through the plate. . 


SOLUTION A plate with variable conductivity is subjected to specified tern- 1 
peratures on both sides. The rate of heat transfer is to be determined. 
Assumptions 1 Heat transfer is given to be steady and one-dimensional. 

2 Thermal conductivity varies linearly. 3 There Is no heat generation. 

Properties The thermal conductivity is given to be k{T) = -Ab(l + pT). 

Analysis The average thermal conductivity of the medium in this case is sim- 
ply the value at the average temperature and is determined from ■; 


K h = k(T ws ) = 4 1 + (3 


t 2 + t r 


avg 


(38 W/m- K) 


1 + (9.21 X lO^K" 1 ) 


(600 + 40^K 


- 55.5 W/m • K 


2 
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FIGURE 2-66 

The derivative of a function at a point 
represents the slope of the tangent 
line of the function at that point. 



FIGURE 2-67 

Graphical representation of 
partial derivative dz/dx. 


readability of the equations. The value of y at a fixed number a is denoted 
by y(ft ). 

The derivative of a function y(x) at a point is equivalent to the slope of 
the tangent line to the graph of the function at that point and is defined as 
(Fig. 2-66) 


/to 


dyjx) 

dx 


lira £ = 
Ax 


lim 


y(x + Ax) - y(x) 
Ax 


( 2 - 81 ) 


Here Ax represents a (small) change in the independent variable x and is 
called an increment of x. The corresponding change in the function y is 
called an increment of y and is denoted by Ay. Therefore, the derivative of 
a function can be viewed as the ratio of the increment Ay of the function to 
the increment Ax of the independent variable for very small Ax. Note that 
Ay and thus y'(x) are zero if the function y does not change with x. 

Most problems encountered in practice involve quantities that change 
with time t, and their first derivatives with respect to time represent the rate 
of change of those quantities with time. For example, if N(t) denotes the 
population of a bacteria colony at time /, then the first derivative N* = 
dN/dt represents the rate of change of the population, which is the amount 
the population increases or decreases per unit tim e. 

The derivative of the first derivative of a function y is called the second 
derivative of y, and is denoted by / or d 2 y/dx 2 . In general, the derivative of 
the ( n - l)st derivative of y is called the nth derivative of y and is denoted 
by / n) or d n y/dx fl . Here, n is a positive integer and is called the order of the 
derivative. The order n should not be confused with the degree of a deriva- 
tive. For example, /" is the third-order derivative of y, but (y') 3 is the third 
degree of the first derivative of y. Note that the first derivative of a function 
represents the slope or the rate of change of the function with the indepen- 
dent variable, and the second derivative represents the rate of change of the 
slope of the function with the independent variable. 

When a function y depends on two or more independent variables such as 
x and t, it is sometimes of interest to examine the dependence of the function 
on one of the variables only. This is done by taking the derivative of the func- 
tion with respect to that variable while holding the other variables constant 
Such derivatives are called partial derivatives. The first partial derivatives 
of the function y(x, t) with respect to x and t are defined as (Fig. 2-67) 

3y .. y(x + Ax, r) - >(x, t) 

Tx ~ ail?. Tx (2 -® 2 > 

dy .. >(x, / + At) - y(x, 0 

it a 1 ;"': A 7 (2 - 83 > 

Note that when finding BylBx we treat t as a constant and differentiate y 
with respect to x. Likewise, when finding dyldt we treat x as a constant and 
differentiate y with respect to t. 

Integration can be viewed as the inverse process of differentiation . Inte- 
gration is commonly used in solving differential equations since solving a 
differential equation is essentially a process of removing the derivatives 



from the equation. Differentiation is the process of finding y'(x) when a 

function y(x) is given, whereas integration is the process of finding the 

ftmchon y(x) when its derivative /(*) is given. The integral of this deriva- 
tive is expressed as 


J y'(x)dx = J dy = y(x) + C 


( 2 - 84 ) 


, f y 3nd the integral of the differential of a function is the 
function itself (plus a constant, of course). In Eq. 2-84,* is the integration 

variable and C is an arbitrary constant called the integration constant. 

.f^r den ^ UVe f 0f>(X) t C is y ' (x) no matter what {he value of the con- 
stant Cis. Therefore, two functions that differ by a constant have the same 

derivative, and we always add a constant C during integration to recover 

this constant that is lost during differentiation. The integral in Eq 2-84 is 

cahed an indefinite integral since the value of the arbitrary comtant C is 

“ 1)6 e “ ‘° mg “ r ***- 


| f(x)dx = y'(x) + C 


( 2 - 85 ) 


k to obmin - l defm * ng * new vanable «(*) = / to. differentiating 
it to obtain u (*) - y (*), and then applying Eq. 2-84. Therefore, the order 

of a derivative decreases by one each time it is integrated. 

Classification of Differential Equations 

A differential equation that involves only ordinary derivatives is called an 
ordinary differential equation, and a differential equation that involves 
partial derivatives is called a partial differential equation. Then it follows 
taat problems that involve a single independent variable result In ordinary 
differencial equations, and problems that involve two or more independent 
variably result m partial differential equations. A differential equation may 

orHe V& f S th Ve ^n en !, atl ^ eS of various orders of an unknown function. The 
order of the highest denvative in a differential equation is the order of the 

eqi^tiom For exampie, the order of y'" + (y") 4 = 7^ is 3 since it contains 

no fourth or higher order derivatives. 

You will remember from algebra that the equation 3* - 5 = 0 is much 
easier to solve than the equation x 4 + 3* — 5 = 0 because the first equation 
is mear whereas the second one is nonlinear. This is also true for differen- 
tial equations. Therefore, before we start solving a differential equation, we 
usually check for linearity. A differential equation is said to be linear if the 
dependent vanable and all of its derivatives are of the first degree and their 
coefficients depend on the independent variable only. In other words, a dif- 
ferential equation is linear if it can be written in a form that does not involve 

?l!7J 0V/eXS ° f de P end ent variable or its derivatives such as y 3 or 
? V ^ P^ucts of the dependent variable or its derivatives such as W 

oryy > and (3) any other nonlinear functions of the dependent variable such ‘ 

as sin y or e . If any of these conditions apply, it is nonlinear (Fig. 2-69) 


j dy - >• 4 c 
j y'dx^y b C 
j y* dx — y' (• C 

j y”dx = y + c 
j dx -- y* » r c 


FIGURE 2-68 
Some indefinite integrals 
that involve derivatives* 
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FIGURE 2-69 
A differential equation that is 
(a) nonlinear and (b) linear. When 
checking for linearity, we examine the 
dependent variable only. 


A linear differential equation, however, may contain (1) powers or non- 
linear functions of the independent variable, such as x 2 and cos x and 
(2) products of the dependent variable (or its derivatives) and functions of 
the independent variable, such as x 3 /, x?y, and e~ lx f. A linear differential 
equation of order n can be expressed in the most general form as 



FIGURE 2-70 

A differential equation with 
(a) constant coefficients and 
(, b ) variable coefficients, 


(a) An algebraic equation: L ■ 

f-ly - 10 = 0 
Solution: y = 2 and y = 5 

• (b) A differen rial eqimtion( z: ■' 

V ;x-:; : ■ . , y y 

- - ' ; Solution: y .= \ l i: 

.. • •• • 1 '? ‘ » • • 1 '■ • • • • 

FIGURE 2-71 

Unlike those of algebraic equations, 
the solutions of differential equations 
are typically functions instead of 
discrete values. 


" 0 + ‘ * * + fUx)y' + f n (x)y = R(x) (2-86) 

A differential equation that cannot be put into this form is nonlinear. A 
linear differential equation in y is said to be homogeneous as well if 
f?(x) = 0. Othenvise, it is nonhomogeneous. That is, each term in a linear 
homogeneous equation contains the dependent variable or one of its deriv- 
atives after the equation is cleared of any common factors. The term R(x) is 
called the nonhomogeneous term . 

Differential equations are also classified by the nature of the coefficients of 
the dependent variable and its derivatives. A differential equation is said to 
have constant coefficients if the coefficients of all the terms that involve the 
dependent variable or its derivatives are constants. If, after clearing any com- 
mon factors, any of the terms with the dependent variable or its derivatives in- 
volve the independent variable as a coefficient, that equation is said to have 
variable coefficients (Fig. 2-70). Differential equations with constant coeffi- 
cients are usually much easier to solve than those with variable coefficients. 

Solutions of Differential Equations 

Solving a differential equation can be as easy as performing one or more 
integrations; but such simple differential equations are usually the excep- 
tion rather than the rule. There is no single general solution method appli- 
cable to all differential equations. There are different solution techniques, 
each being applicable to different classes of differential equations. Some- 
times solving a differential equation requires the use. of two or more tech- 
niques as well as ingenuity and mastery of solution methods. Some 
differential equations can be solved only by using some very clever tricks. 
Some cannot be solved analytically at all. 

In algebra, we usually seek discrete values that satisfy an algebraic equa- 
tion such as x 2 - lx — 10 = 0. When dealing with differential equations, 
however, we seek functions that satisfy the equation in a specified interval. 
For example, the algebraic equation x 2 - lx — 10 = 0 is satisfied by two 
numbers only: 2 and 5. But the differential equation / - ly = 0 is satis- 
fied by the function e lx for any value of x (Fig. 2-7 1). 

Consider the algebraic equation x 3 - bx 2 + llx - 6 = 0. Obviously, 
x = 1 satisfies this equation, and thus it is a solution. However, it is not the 
only solution of this equation. We can easily show by direct substitution that 
x = 2 and x = 3 also satisfy this equation, and thus they are solutions as 
well. But there are no other solutions to this equation. Therefore, we say that 
the set 1, 2, and 3 forms the complete solution to this algebraic equation. 

The same line of reasoning also applies to differential equations. Typi- 
cally, differential equations have multiple solutions that contain at least one 
arbitrary constant. Any function that satisfies the differential equation on an 
interval is called a solution of that differential equation in that interval. 


A solution that involves one or more arbitrary constants represents a fam- 
ily of functions that satisfy the differential equation and is called a general 
solution of that equation. Not surprisingly, a differential equation may 
have more than one general solution. A general solution is usually referred 
to as the general solution or the complete solution if every solution of the 
equation can be obtained from it as a special case, A solution that can be 
obtained from a general solution by assigning particular values to the arbi- 
trary constants is called a specific solution. 

You will recall from algebra that a number is a solution of an algebraic 
equation if it satisfies the equation. For example, 2 is a solution of the equa- 
tion .r 5 — 8 = 0 because the substitution of 2 for x yields identically zero. 
Likewise, a function is a solution of a differential equation if that function 
satisfies the differential equation. In other words, a solution function yields 
identity when substituted into the differential equation. For example, it 
can be shown by direct substitution that the function 3e~ 2x is a solution of 
/ - 4y = 0 (Fig. 2-72). 


Function:/ = 3e _2t 
^Differential eqiiation: y* -7 “ 0 

Derivatives off: _ j 

S tibs titu ting into y —Ay “0: • * , 

r “4/io 

- : : \2e~^ - 4 X.3<r^i 0 

Therefore, the function 3e _2 Ms a solution of 
the d ifferential equation y* — 4y _ 0* 


FIGURE 2-72 
Verifying that a given function is a 
solution of a differential equation. 



In this chapter we have studied the heat conduction equation and 
its solutions. Heat conduction in a medium is said to be steady 
when the temperature does not vary with time and unsteady or 
transient when it does. Heat conduction in a medium is said to 
be one-dimensional when conduction is significant in one 
dimension only and negligible in the other two dimensions. It is 
said to be two-dimensional when conduction in the third dimen- 
sion is negligible and three-dimensional when conduction in all 
dimensions is significant In heat transfer analysis, the conver- 
sion of electrical, chemical, or nuclear energy into heat (or 
thermal) energy is characterized as heat generation. 

The heat conduction equation can^ derived by perform- 
ing an energy balance on a differential volume element. The 
one-dimensional heat conduction equation in rectangular, 
cylindrical, and spherical coordinate systems for the case of 
constant thermal conductivities are expressed as 

d 2 T ggen 1 dT 

dx 2 k « dt 

13/ ^ = i_3T 

r dr X dr) k « dt 

1ST 

' r* dr [ dr ) k a dt 

where the property a = klpc is the thermal diffusivity of the 
material. 

The solution of a heat conduction problem depends on the 
conditions at the surfaces, and the mathematical expressions 
for the thermal conditions at the boundaries are called the 
boundary conditions. The solution of transient heat conduction 


problems also depends on the condition of the medium at the 
beginning of the heat conduction process. Such a condition, 
which is usually specified at time t — 0, is called the initial 
condition, which is a mathematical expression for the temper- 
ature distribution of the medium initially. Complete mathemat- 
ical description of a heat conduction problem requires the 
specification of two boundary conditions for each dimension 
along which heat conduction is significant, and an initial con- 
dition when the problem is transient. The most common 
boundary conditions are the specified temperature, specified 
heat flux, convection, and radiation boundary conditions. A 
boundary surface, in general, may involve specified heat flux, 
convection, and radiation at the same time. 

For steady one-dimensional heat transfer through a plate of 
thickness L, the various types of boundary conditions at the 
surfaces at x = 0 and x — L can be expressed as 

Specified temperature : 

7(0) = T x and T{L) = T 2 

where T x and T 2 are the specified temperatures at surfaces at 
x = 0 and x = L. 

Specified heat flux: 

dT( 0) dT{L) 

^ - k sr = ^ 

where q$ and q L are the specified heat fluxes at surfaces at 
x = 0 and x ~ L. 



where h x and h 2 are the convection heat transfer coefficients 
and r ml and T « 2 are the temperatures of the surrounding medi- 
ums on the two sides of the plate. 

Radiation: 


, ^71(0) 

-fc-^ = 8 I i7 [ T4 - r(t» 4 ] 


dm 

dx 


wWW - 




where ei and e 2 are the emissivities of the boundary surfaces, 
o ~ 5.67 X 10 _s W/m 2 • K 4 is the Stefan-Boltzmann constant, 
and r sutTr j and T sw 2 are the average temperatures of the sur- 
faces surrounding the two sides of the plate. In radiation calcu- 
lations, the temperatures must be in K or R. 

Interface of two bodies A and B in perfect contact atx = x 0 : 


T a (x 0 ) = T b (x 0 ) and 


^ dT a fa) = _ dT B fa) 

* dx B dx 


where k A and k B are the thermal conductivities of the layers 
A and B. 

Heat generation is usually expressed per unit volume of 
the medium and is denoted by e gea , whose unit is W/m 3 . Un- 
der steady conditions, the surface temperature T s of a plane 
wall of thickness 2 L, a cylinder of outer radius r„, and a sphere 
of radius r a in which heat is generated at a constant rate of e &ia 
per unit volume in a surrounding medium at T = can be 
expressed as 



k(T)dT 



Then the rate of steady heat transfer through a plane wall, 
cylindrical layer, or spherical layer can be expressed as 


Q plane wall ™ ^avg^ 


T 2 A f 7 ' 


A f 1 ' 

lj T KT)dT 


T j - T 2 27 rL i 7| 

2-wk^L . ' 2 = ~~ k ^ dT 

8 \n{r 2 lr x ) ln( rfr x ) T 


• A , T x — T 2 f T i 

Q sphere = k(T)dT 


The variation of thermal conductivity of a material with 
temperature can often be approximated as a linear function and 
expressed as 


k(T) = *<>( 1 + fiT) 

where (3 is called the temperature coefficient of thermal con- 
ductivity. 
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Introduction 

2-1C Is heat transfer a scalar or vector quantity? Explain. 
Answer the same question for temperature. 

2-2 C How does transient heat transfer differ from steady 
heat transfer? How does one-dimensional heat transfer differ 
from two-dimensional heat transfer? 

2-3C Consider a cold canned drink left on a dinner table. 
Would you model the heat transfer to the drink as one-, two-, or 
three-dimensional? Would the heat transfer be steady or tran- 
sient? Also, which coordinate system would you use to analyze 
this heat transfer problem, and where would you place the ori- 
gin? Explain. 

2-4C Consider a round potato being baked in an oven. Would 
you model the heat transfer to the potato as one-, two-, or three- 
dimensional? Would the heat transfer be steady or transient? 
Also, which coordinate system would you use to solve this prob- 
lem, and where would you place the origin? Explain. 

2-5 C Consider an egg being cooked in boiling water in a 
pan. Would you model the heat transfer to the egg as one-, 
two-, or three-dimensional? Would the heat transfer be steady 
or transient? Also, which coordinate system would you use to 
solve this problem, and where would you place the origin? 
Explain. 

2-6C Consider a hot dog being cooked in boiling water in a 
pan. Would you model the heat transfer to the hot dog as one-, 
two-, or three-dimensional? Would the heat transfer be steady 
or transient? Also, which coordinate system would you use to 
solve this problem, and where would you place the origin? 
Explain. * . 



FIGURE P2-6C 


‘Problems designated by a "C” are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon M are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


2-7C Consider the cooking process of a roast beef in an 
oven. Would you consider this to be a steady or transient heat 
transfer problem? Also, would you consider this to be one-, 
two-, or three-dimensional? Explain. 


2-8C Consider heat loss from a 200-L cylindrical hot water 
tank in a house to the surrounding medium. Would you con- 
sider this to be a steady or transient heat transfer problem? 
Also, would you consider this heat transfer problem to be one-, 
two-, or three-dimensional? Explain. 


2-9C Does a heat flux vector at a point P on an isothermal 
surface of a medium have to be perpendicular to the surface at 
that point? Explain. 


2-1GC From a heat transfer point of view, what is the differ- 
ence between isotropic and unisotropic materials? 


2-11C What is heat generation in a solid? Give examples. 


2— 12C Heat generation is also referred to as energy genera- 
tion or thermal energy generation. What do you think of these 
phrases? 


2-13C In order to determine the size of the heating element 
of a new oven, it is desired to determine the rate of heat loss 
through the walls, door, and the top and bottom section of the 
oven. In your analysis, would you consider this to be a steady 
or transient heat transfer problem? Also, would you consider 
the heat transfer to be one-dimensional or multidimensional? 
Explain. 


2-14 Heat flux meters use a very sensitive device known as 
a thermopile to measure the temperature difference across a 
thin, heat conducting film made of kapton ( k = 0.345 W/m • 
K). If the thermopile can detect temperature differences of 
0. 1°C or more and the film thickness is 2 mm, what is the min- 
imum heat flux this meter can detect? Answer: 17.3 W/m 2 
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2-15 In a nuclear reactor, heat is generated uniformly in the 
5-cm-dtameter cylindrical uranium rods at a rate of 7 X 
10 7 W/m 3 . If the length of the rods is 1 m, determine the rate of 
heat generation in each rod. Answer. 137 kW 

2-16 In a solar pond, the absorption of solar energy can be 
modeled as heat generation and can be approximated by e gen = 
g Q where e 0 is the rate of heat absorption at the top surface 
per unit volume and b is a constant. Obtain a relation for the to- 
tal rate of heat generation in a water layer of surface area A and 
thickness L at the top of the pond. 



2-17 Consider a large 3 -cm- thick stainless steel plate in 
which heat is generated uniformly at a rate of 5 X 10 s \V/m 3 . 
Assuming the plate is losing heat from both sides, determine 
the heat flux on the surface of the plate during steady opera- 
tion. Answer 75 kW/m 7 



2-22 Starting with an energy balance on a spherical shell 
volume element, derive the one-dimensional transient heat 
conduction equation for a sphere with constant thermal con- 
ductivity and no heat generation. 



Heat Conduction Equation 

2-18C Write down the one-dimensional transient heat con- 
duction equation for a plane wall with constant thermal con- 
ductivity and heat generation in its simplest form, and indicate 
what each variable represents. 


2-23 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 

d 2 T ^ 1 dT 
dx 1 dr 


2-19C Write down the one-dimensional transient heat con- 
duction equation for a long cylinder with constant thermal con- 
ductivity and heat generation, and indicate what each variable 
represents. 

2-20 Starting with an energy balance on a rectangular vol- 
ume element, derive the one-dimensional transient heat con- 
duction equation for a plane wall with constant thermal 
conductivity and no heat generation. 

2-21 Starting with an energy balance on a cylindrical shell 
volume element, derive the steady one-dimensional heat con- 
duction equation for a long cylinder with constant thermal con- 
ductivity in which heat is generated at a rate of e gca . 


(i a ) Is heat transfer steady or transient? 

( b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the thermal conductivity of the medium constant or 
variable? 

2-24 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 

l<L( rk <H) + i =0 

r dr V dr j 


(a) Is heat transfer steady or transient? 

( b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the thermal conductivity of the medium constant or 
variable? 



j 


1 



2-25 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 


JLi. 2 ar\ isr 

r 2 dr V dr) a dt 


(a) Is heat transfer steady or transient? 

(£>) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the thermal conductivity of the medium constant or 
variable? 

2-26 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 


r 


d 2 T 
dr 2 


+ 


dT 

dr 


= 0 


(a) Is heat transfer steady or transient? 

( b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the thermal conductivity of the medium constant or 
variable? 

2-27 Starting with an energy balance on a volume element, 
derive the two-dimensional transient heat conduction equation 
in rectangular coordinates for T(x, y, t) for the case of constant 
thermal conductivity and no heat generation. 



FIGURE P2-29 


2-30 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 


d 2 T d 2 T , , 1 BT 

d,x 2 By 2 a dt 

(a) Is heat transfer steady or transient? 

(i b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

( d) Is the thermal conductivity of the medium constant or 
variable? 

2-31 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 


Id. dT) d ,BT 
r dr T r drj + Bz l* Bz 



= 0 


2-28 Starting with an energy balance on a ring-shaped 
volume element, derive the two-dimensional steady heat 
conduction equation in cylindrical coordinates for T(r> z) 
for the ca/se of constant thermal conductivity and no heat 
generation^ 

? 



2 - 29 Starting with an energy balance on a disk volume ele- 
ment, derive the one-dimensional transient heat conduction 
equation for T{z , f) in a cylinder of diameter D with an insu- 
lated side surface for the case of constant thermal conductivity 
with heat generation. 


(a) Is heat transfer steady or transient? 

(b) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(i d) Is the thermal conductivity of the medium constant or 
variable? 

2-32 Consider a medium in which the heat conduction equa- 
tion is given in its simplest form as 

\_B_( -7 dT\ 1 d 2 T 1 dT 

r 2 dr\ r dr) r 2 sin 2 6 d(f> 2 a dt 

(a) Is heat transfer steady or transient? 

(f>) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? „ 

(i d) Is the thermal conductivity of the medium constant or 
variable? 

Boundary and Initial Conditions; 

Formulation of Heat Conduction Problems 

2-33C What is a boundary condition? How many boundary 
conditions do we need to specify for a two-dimensional heat 
conduction problem? 


•• rs' 
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2-34C What is an initial condition? How many initial condi- 
tions do we need to specify for a two-dimensional heat con- 
duction problem? 

2-35C What is a thermal symmetry boundary condition? 
How is it expressed mathematically? 

2-3 6C How is the boundary condition on an insulated sur- 
face expressed mathematically? 

2-37C It is claimed that the temperature profile in a medium 
must be perpendicular to an insulated surface. Is this a valid 
claim? Explain. 

2-38C Why do we try to avoid the radiation boundary con- 
ditions in heat transfer analysis? 

2-39 Consider a spherical container of inner radius r u outer 
radius r 2t and thermal conductivity k. Express the boundary 
condition on the inner surface of the container for steady one- 
dimensional conduction for the following cases: (a) specified 
temperature of 50°C, (b) specified heat flux of 30 W/m 2 toward 
the center, (c) convection to a medium at T„ with a heat trans- 
fer coefficient of h. 



2—40 Heat is generated in a long wire of radius r 0 at a con- 
stant rate of e gen per unit volume. The wire is covered with a 
plastic insulation layer. Express the heat flux boundary condi- 
tion at the interface in terms of the heat generated. 

2-41 Consider a long pipe of inner radius r x , outer radius r 3 , 
and thermal conductivity k . The outer surface of the pipe is 
subjected to convection to a medium at T„ with a heat transfer 
coefficient of h, but the direction of heat transfer is not known. 
Express the convection boundary condition on the outer sur- 
face of the pipe. 

2-42 Consider a spherical shell of inner radius r u outer ra- 
dius r 2 , thermal conductivity k, and emissivity e. The outer sur- 
face of the shell is subjected to radiation to surrounding 
surfaces at T ian , but the direction of heat transfer is not known. 
Express the radiation boundary condition on the outer surface 
of the shell. 

2-43 A container consists of two spherical layers, A and B , 
that are in perfect contact. If the radius of the interface is r 0 , 
express the boundary conditions at the interface. 


2—44 Consider a steel pan used to boil water on top of an 
electric range. The bottom section of the pan is L = 0.5 cm 
thick and has a diameter of D = 20 cm. The electric heating 
unit on the range top consumes 1250 W of power during cook- 
ing, and 85 percent of the heat generated in the heating element 
is transferred uniformly to the pan. Heat transfer from the top 
surface of the bottom section to the water is by convection with 
a heat transfer coefficient of h. Assuming constant thermal 
conductivity and one-dimensional heat transfer, express the 
mathematical formulation (the differential equation and the 
boundary conditions) of this heat conduction problem during 
steady operation. Do not solve. 


Steel pan 





FIGURE P2-44 

2-45 A 2-kW resistance heater wire whose thermal 
conductivity is k = 18 W/m • K has a radius of r 0 = 0.15 cm 
and a length of L = 40 cm, and is used for space heating. 
Assuming constant thermal conductivity and one-dimensional 
heat transfer, express the mathematical formulation (the differ- 
ential equation and the boundary conditions) of this heat con- 
duction problem during steady operation. Do not solve. 

2-46 Consider an aluminum pan used to cook stew on top of 
an electric range. The bottom section of the pan isL = 0.25 cm 
thick and has a diameter of D = 18 cm. The electric heating 
unit on the range top consumes 900 W of power during cook- 
ing, and 90 percent of the heat generated in the heating element 
is transferred to the pan. During steady operation, the temper- 
ature of the inner surface of the pan is measured to be 108°C. 


Aluminum pan 
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FIGURE P2-46 





Assuming temperature- dependent thermal conductivity and 
one-dimensional heat transfer, express the mathematical for- 
mulation (the differential equation and the boundary condi- 
tions) of this heat conduction problem during steady operation. 
Do not solve. 

2-47 Water flows through a pipe at an average temperature 
of 7* = 70°C. The inner and outer radii of the pipe are r, = 
6 cm and r 2 = 6.5 cm, respectively. The outer surface of 
the pipe is wrapped with a thin electric heater that consumes 
300 W per m length of the pipe. The exposed surface of the 
heater is heavily insulated so that the entire heat generated in 
the heater is transferred to the pipe. Heat is transferred from the 
inner surface of the pipe to the water by convection with a heat 
transfer coefficient of h = 85 W/m 2 • K. Assuming constant 
thermal conductivity and one-dimensional heat transfer, ex- 
press the mathematical formulation (the differential equation 
and the boundary conditions) of the heat conduction in the pipe 
during steady operation. Do not solve. 



FIGURE P2-47 
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2-48 A spherical metal ball of radius r 0 is heated in an oven 
to a temperature of 7) throughout an<I is then taken out of the 
oven and dropped into a large body of water at where it is 
cooled’by convection with an average convection heat transfer 
coefficient 'qf h. Assuming constant thermal conductivity and 
transient one-dimensional heat transfer, express the mathemat- 
ical formulation (the differential equation and the boundary 
and initial conditions) of this heat conduction problem. Do not 
solve. 

2-49 A spherical metal ball of radius r a is heated in an oven 
to a temperature of 7) throughout and is then taken out of the 
oven and allowed to cool in ambient air at T„ by convection 
and radiation. The emissivity of the outer surface of the cylin- 
der is e, and the temperature of the surrounding surfaces is 
T’sun- The average convection heat transfer coefficient is esti- 
mated to be h. Assuming variable thermal conductivity and 
transient one-dimensional heat transfer, express the mathemat- 
ical formulation (the differential equation and the boundary 



Radiation 



and initial conditions) of this heat conduction problem. Do not 
solve. 

2-50 Consider the East wall of a house of thickness L. The 
outer surface of the wall exchanges heat by both convection and 
radiation. The interior of the house is maintained at T al , while 
the ambient air temperature outside remains at T^ 2 . The sky, the 
ground, and the surfaces of the surrounding structures at this lo- 
cation can be modeled as a surface at an effective temperature of 
7$ky for radiation exchange on the outer surface. The radiation 
exchange between the inner surface of the wall and the surfaces 
of the walls, floor, and ceiling it faces is negligible. The convec- 
tion heat transfer coefficients on the inner and outer surfaces of 
the wall are hi and h 2 > respectively. The thermal conductivity of 
the wall material is £ and the emissivity of the outer surface is c 2 - 
Assuming the heat transfer through the wall to be steady and 
one-dimensional, express the mathematical formulation (the 
differential equation and the boundary and initial conditions) of 
this heat conduction problem. Do not solve. 
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Solution of Steady One-Dimensional 
Heat Conduction Problems 

2-51C Consider one-dimensional heat conduction through a 
large plane wall with no heat generation that is perfectly insu- 
lated on one side and is subjected to convection and radiation 
on the other side. It is claimed that under steady conditions, the 
temperature in a plane wall must be uniform (the same every- 
where). Do you agree with this claim? Why? 

2-52C It is stated that the temperature in a plane wall with 
constant thermal conductivity and no heat generation varies 
linearly during steady one-dimensional heat conduction. Will 
this still be the case when the wall loses heat by radiation from 
its surfaces? 


2-53C Consider a solid cylindrical rod whose ends are main- 
tained at constant but different temperatures while the side sur- 
face is perfectly insulated. There is no heat generation. It is 
claimed that the temperature along the axis of the rod varies 
linearly during steady heat conduction. Do you agree with this 
claim? Why? 

2-54C Consider a solid cylindrical rod whose side surface is 
maintained at a constant temperature while the end surfaces are 
perfectly insulated. The thermal conductivity of the rod material 
is constant and there is no heat generation. It is claimed that the 
temperature in the radial direction within the rod will not vary 
during steady heat conduction. Do you agree with this claim? 
Why? 

2-55 Consider a large plane wall of thickness L = 0.4 m, 
thermal conductivity k = 2.3 W/m * °C, and surface area A = 
30 m 2 . The left side of the wall is maintained at a constant tem- 
perature of T x = 90°C while the right side loses heat by con- 
vection to the surrounding air at T„ = 25°C with a heat transfer 
coefficient of h = 24 W/m 2 * °C. Assuming constant thermal 
conductivity and no heat generation in the wall, (a) express the 
differential equation and the boundary conditions for steady 
one-dimensional heat conduction through the wall, (&) obtain a 
relation for the variation of temperature in the wall by solving 
the differential equation, and (c) evaluate the rate of heat trans- 
fer through the wall. Answer: (c) 9045 W 

2-56 Consider a solid cylindrical rod of length 0.15 m and 
diameter 0.05 m. The top and bottom surfaces of the rod are 
maintained at constant temperatures of 20°C and 95 °C, re- 
spectively, while the side surface is perfectly insulated. Deter- 
mine the rate of heat transfer through the rod if it is made of 
(a) copper, k — 380 W/m ■ °C, (b) steel, k = 18 W/m • °C, and 
(c) granite, k~ 1.2 W/m • °C. 


2-57 Reconsider Prob. 2-56. Using EES (or other) 

Isall software, plot the rate of heat transfer as a func- 
tion of the thermal conductivity of the rod in the range of 
1 W/m * °C to 400 W/m • °C. Discuss the results. 


r 
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2-58 Consider the base plate of an 800-W household iron 
with a thickness of L~ 0.6 cm, base area of A = 160 cm 2 , and 


\h 
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thermal conductivity of k = 20 W/m ■ °C. The inner surface of 
the base plate is subjected to uniform heat flux generated by 
the resistance heaters inside. When steady operating conditions 
are reached, the outer surface temperature of the plate is 
measured to be 85°C. Disregarding any heat loss through the 
upper part of the iron, (a) express the differential equation and 
the boundary conditions for steady one-dimensional heat 
conduction through the plate, (6) obtain a relation for the 
variation of temperature in the base plate by solving the differ- 
ential equation, and (c) evaluate the inner surface temperature. 

Answer: (c) 100°C 

2-59 Repeat Prob. 2-58 for a 1200-W iron. 

2-60 Reconsider Prob. 2-58. Using the relation ob- 

Bgil tained for the variation of temperature in the base 
plate, plot the temperature as a function of the distance x in the 
range of x = 0 to x = L, and discuss the results. Use the EES 
(or other) software. 

2-61 Consider a chilled-water pipe of length L, inner radius 
r t , outer radius r 2 , and thermal conductivity k. Water flows in 
the pipe at a temperature 7) and the heat transfer coefficient at 
the inner surface is h. If the pipe is well-insulated on the outer 
surface, (a) express the differential equation and the boundary 
conditions for steady one-dimensional heat conduction through 
the pipe and (b) obtain a relation for the variation of tempera- 
ture in the pipe by solving the differential equation. 

2-62 Consider a steam pipe of length L = 9 m, inner radius 
r x = 5 cm, outer radius r 2 = 6 cm, and thermal conductivity 
k = 12.5 W/m • °C. Steam is flowing through the pipe at an av- 
erage temperature of 120°C, and the average convection heat 
transfer coefficient on the inner surface is given to be h = 
70 W/m 2 • °C. If the average temperature on the outer surfaces 
of the pipe is T 2 — 70°C, (a) express the differential equation 
and the boundary conditions for steady one-dimensional heat 
conduction through the pipe, (&) obtain a relation for the varia- 
tion of temperature in the pipe by solving the differential equa- 
tion, and (c) evaluate the rate of heat loss from the steam 
through the pipe. 

Answenic) 9415 W 
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2^63 A spherical container of inner radius /q = 2 m, outer radius 
r 2 = 2.1 m, and thermal conductivity k~ 30 W/m ■ °C is filled 
with iced water at 0°C. The container is gaining heat by convec- 
tion from the surrounding air at T*. = 25°C with a heat transfer co- 
efficient of h = 18 W/m 2 • °C. Assuming the inner surface 
temperature of the container to be 0°C, (a) express the differential 
equation and the boundary conditions for steady one-dimensional 
heat conduction through the container, ( b ) obtain a relation for the 
variation of temperature in the container by solving the differential 
equation, and (c) evaluate the rate of heat gain to the iced water. 


2-64 Consider a large plane wall of thickness L = 0.3 m, 
thermal conductivity k = 2.5 W/m - °C, and surface area A = 
12 m 2 . The left side of the wall at x — 0 is subjected to a net 
heat flux of q 0 = 700 W/m 2 while the temperature at that sur- 
face is measured to be T x = 80°C. Assuming constant thermal 
conductivity and no heat generation in the wall, (a) express the 
differential equation and the boundary conditions for steady 
one-dimensional heat conduction through the wall, (b) obtain a 
relation foi the variation of temperature in the wall by solving 
the differential equation, and (c) evaluate the temperature of 
the ripht surface of the wall at x = L. Answer; (c) -4°C 



FIGURE P2-64 


CHAPTER 2 


2-65 Repeat Prob. 2-64 for a heat flux of 1050 W/m 2 and a 
surface temperature of 90°C at the left surface at x = 0. 


2-66 When a long section of a compressed air line passes 
through the outdoors, it is observed that the moisture in the 
compressed air freezes in cold weather, disrupting and even 
completely blocking the air flow in the pipe. To avoid this 
problem, the outer surface of the pipe is wrapped with electric 
strip heaters and then insulated. 

Consider a compressed air pipe of length L ~ 6 m, inner ra- 
dius /*i = 3.7 cm, outer radius r 2 ~ 4.0 cm, and thermal con- 
ductivity k = 14 W/m ■ °C equipped with a 300-W strip heater. 
Air is flowing through the pipe at an average temperature of 
— 10°C, and the average convection heat transfer coefficient on 
the inner surface is h = 30 W/m 2 ■ °C. Assuming 15 percent of 
the heat generated in the strip heater is lost through the insula- 
tion, (a) express the differential equation and the boundary con- 
ditions for steady one-dimensional heat conduction through the 
pipe, (p) obtain a relation for the variation of temperature in the 
pipe material by solving the differential equation, and (c) eval- 
uate the inner and outer surface temperatures of the pipe. 

Answers: (c) -3.91°C, -3.87°C 
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2-67 rni Reconsider Prob. 2-66. Using the relation ob- 
h tained for the variation of temperature in the pipe 
material, plot the temperature as a function of the radius r in 
the range of r = to r = r 2 , and discuss the results. Use the 
EES (or other) software. 

2-68 In a food processing facility, a spherical container of in- 
ner radius ri = 40 cm, outer radius r 2 = 41 cm, and thermal con- 
ductivity k~ 1.5 W/m • °C is used to store hot water and to keep 
it at 100°C at all times. To accomplish this, the outer surface of 
the container is wrapped with a 500-W electric strip heater and 
then insulated. The temperature of the inner surface of the con- 
tainer is observed to be nearly 100°C at all times. Assuming 
10 percent of the heat generated in the heater is lost through the 
insulation, (a) express the differential equation and the boundary 
conditions for steady one-dimensional heat conduction through 
the container, ( b ) obtain a relation for the variation of tempera- 
ture in the container material by solving the differential equation, 
and (c) evaluate the outer surface temperature of the container. 
Also determine how much water at 100°C this tank can supply 
steadily if the cold water enters at 20°C. 
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2-69 Reconsider Prob. 2-68. Using the relation ob- 

Isali tained for the variation of temperature in the con- 
tainer material, plot the temperature as a function of the radius 
r in the range of r = jq to r = r 2 , and discuss the results. Use 
the EES (or other) software. 

Heat Generation in a Solid 

2-70C Does heat generation in a solid violate the first law of 
thermodynamics, which states that energy cannot be created or 
destroyed? Explain. 

2-7 1C What is heat generation? Give some examples. 

2-72C An iron is left unattended and its base temperature 
rises as a result of resistance heating inside. When will the rate 
of heat generation inside the iron be equal to the rate of heat 
loss from the iron? 


2-73C Consider the uniform heating of a plate in an envi- 
ronment at a constant temperature. Is it possible for part of the 
heat generated in the left half of the plate to leave the plate 
through the right surface? Explain. 

2-74C Consider uniform heat generation in a cylinder and a 
sphere of equal radius made of the same material in the same 
environment. Which geometry will have a higher temperature 
at its center? Why? 

2-75 A 2-kW resistance heater wire with thermal conductiv- 
ity of k = 20 W/m • °C, a diameter of D = 4 mm, and a length 
of L ~ 0.9 m is used to boil water. If the outer surface temper- 
ature of the resistance wire is T s = 110°C, determine the tem- 
perature at the center of the wire. 
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2-76 Consider a long solid cylinder of radius r 0 = 4 cm and 
thermal conductivity k = 25 W/m • °C. Heat is generated in the 
cylinder uniformly at a rate of = 35 W/cm 3 . The side surface 

of the cylinder is maintained at a constant temperature of T s — 
80°C. The variation of temperature in the cylinder is given by 


nr) = 


c r 2 



+ T S 


Based on this relation, determine ( a ) if the heat conduction is 
steady or transient, ( b ) if it is one-, two-, or three-dimensional, 
and (c) the value of heat flux on the side surface of the cylinder 
at r = r 0 . 


2-77 Reconsider Prob. 2-76. Using the relation 

Bas obtained for the variation of temperature in the 
cylinder, plot the temperature as a function of the radius r in 
the range of r = 0 to r = r 0 , and discuss the results. Use the 
EES (or other) software. 


2-78 Consider a large plate of thickness L and thermal con- 
ductivity k in which heat is generated uniformly at a rate of e gia . 
One side of the plate is insulated while the other side is exposed 
to an environment at T v with a heat transfer coefficient of h. 
(a) Express the differential equation and the boundary condi- 
tions for steady one-dimensional heat conduction through the 
plate, (6) determine the variation of temperature in the plate, 





and (c) obtain relations for the temperatures on both surfaces 
an d the maximum temperature rise in the plate in terms of given 
parameters. 
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2-79 A long homogeneous resistance wire of radius r 0 = 
0.6 cm and thermal conductivity k = 1 5 W/m • °C is being used 
to boil water at atmospheric pressure by the passage of electric 
current. Heat is generated in the wire uniformly as a result of re- 
sistance heating at a rate of 3.2 X 10 7 W/m 3 . The heat generated 
is transferred to water at 100°C by convection with an average 
heat transfer coefficient of h = 4500 W/m 2 • °C. Assuming 
steady one-dimensional heat transfer, (o) express the differential 
equation and the boundary conditions for heat conduction 
through the wire, {b) obtain a relation for the variation of tem- 
perature in the wire by solving the differential equation, and (c) 
determine the temperature at the centerline of the wire. 
Answer, (c) 140.5°C 





FIGURE P2-79 

2-80 Reconsider Prob. 2-79. Using the relation 

Hill obtained for the variation of temperature in 
the wire, plot the temperature at the centerline of the wire 
as a function of the heat generation e geu in the range of 0.5 X 
10 7 W/m 3 to 5.0 X 10 7 W/m 3 , and discuss the results. Use the 
EES (or other) software. 

2-81 In a nuclear reactor, 1-cm-diameter cylindrical uranium 
rods cooled by water from outside serve as the fuel. Heat is 
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generated uniformly in the rods (k = 29.5 W/m ■ °C) at a rate 
of 4 X 10 7 W/m 3 . If the outer surface temperature of rods is 
220°C, determine the temperature at their center. 

2-82 Consider a large 3-cm-thick stainless steel plate (k = 
15.1 W/m ■ °C) in which heat is generated uniformly at a rate 
of 5 X 10 s W/m 3 . Both sides of the plate are exposed to an 
environment at 30°C with a heat transfer coefficient of 
60 W/m 2 • °C. Explain where in the plate the highest and the 
lowest temperatures will occur, and determine their values. 

2-83 Consider a large 5-cm-thick brass plate (k = 
111 W/m * °C) in which heat is generated uniformly at a rate of 
2 X 10 5 W/m 3 . One side of the plate is insulated while the other 
side is exposed to an environment at 25°C with a heat transfer 
coefficient of 44 W/m 2 ■ °C. Explain where in the plate the 
highest and the lowest temperatures will occur, and determine 
their values. 
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FIGURE P2-83 

2-84 Reconsider Prob. 2-83. Using EES (or other) 

software, investigate the effect of the heat trans- 
fer coefficient on the highest and lowest temperatures in the 
plate. Let the heat transfer coefficient vary from 20 W/m 2 - °C 
to 100 W/m 2 - °C. Plot the highest and lowest temperatures as 
a function of the heat transfer coefficient, and discuss the 
results. 

2-85 A 6-m-long 2-kW electrical resistance wire is made of 
0.2-cm-diameter stainless steel ( k = 15.1 W/m • °C). The re- 
sistance wire operates in an environment at 20°C with a heat 
transfer coefficient of 175 W/m 2 ■ °C at the outer surface. De- 
termine the surface temperature of the wire (a) by using the ap- 
plicable relation and (b) by setting up the proper differential 
equation and solving it. Answers: (a) 323°C, (b) 323°C 

2-86 Heat is generated uniformly at a rate of 10 kW per m 
length in a 0.2-cm-diameter electric resistance wire made of 
nickel steel (k = 10 W/m • °C). Determine the temperature dif- 
ference between the centerline and the surface of the wire. 

2-87 Repeat Prob. 2-86 for a manganese wire (k = 
7.8 W/m • °C). 

2-88 Consider a homogeneous spherical piece of radioactive 
material of radius r 0 = 0.04 m that is generating heat at a 
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constant rate of e gea — 4 X 10 7 W/m 3 . The heat generated is 
dissipated to the environment steadily. The outer surface of the 
sphere is maintained at a uniform temperature of 80 C and 
the thermal conductivity of the sphere is k = 15 W/m • °C. As- 
suming steady one-dimensional heat transfer, (a) express the 
differential equation and the boundary conditions for heat con- 
duction through the sphere, (b) obtain a relation for the varia- 
tion of temperature in the sphere by solving the differential 
equation, and (c) determine the temperature at the center of the 
sphere. 



FIGURE P2-88 


2-89 rag Reconsider Prob. 2-88. Using the relation ob- 
Bssasl tained for the variation of temperature in the 
sphere, plot the temperature as a function of the radius r in the 
range of r = 0 to r = r 0 . Also, plot the center temperature of 
the sphere as a function of the thermal conductivity in the 
range of 10 W/m • °C to 400 W/m • °C. Discuss the results. Use 
the EES (or other) software. 


2-90 A long homogeneous resistance wire of radius r 0 = 
5 mm is being used to heat the air in a room by the passage of 
electric current. Heat is generated in the wire uniformly at a 
rate of 5 X 10 7 W/m 3 as a result of resistance heating. If the 
temperature of the outer surface of the wire remains at 180°C, 
determine the temperature at r = 3.5 mm after steady operation 
conditions are reached. Take the thermal conductivity of the 
wire to be k = 8 W/m ■ °C. Answer. 200°C 


r 


180°C 

r 



FIGURE P2-90 


2-91 Consider a large plane wall of thickness L = 0.05 m. 
The wall surface at * = 0 is insulated, while the surface at.r = 
L is maintained at a temperature of 30°C. The thermal conduc- 
tivity of the wall is k = 30 W/m • °C, and heat is generated in 
the wall at a rate of e %ia = e 0 e~ 05l/L W/m 3 where e 0 = 8 X 
10 6 W/m 3 . Assuming steady one-dimensional heat transfer, (a) 
express the differential equation and the boundary conditions 
for heat conduction through the wall, (b) obtain a relation for the 
variation of temperature in the wall by solving the differential 


equation, and (c) determine the temperature of the insulated 
surface of the wall. Answer Cc} 314°C 

2-92 mm Reconsider Prob. 2-91. Using the relation given 
IsSSi for the heat generation in the wall, plot the 
heat generation as a function of the distance x in the range of 
x = 0 to x = A, and discuss the results. Use the EES (or other) 
software. 

Variable Thermal Conductivity, k(T) 

2-93C Consider steady one-dimensional heat conduction in 
a plane wall, long cylinder, and sphere with constant thermal 
conductivity and no heat generation. Will the temperature in 
any of these mediums vary linearly? Explain. 

2-94C Is the thermal conductivity of a medium, in general, 
constant or does it vary with temperature? 

2-95C Consider steady one-dimensional heat conduction in 
a plane wall in which the thermal conductivity varies linearly. 
The error involved in heat transfer calculations by assuming 
constant thermal conductivity at the average temperature is 
(a) none, (b) small, or (c) significant. 

2-96C The temperature of a plane wall during steady one- 
dimensional heat conduction varies linearly when the thermal 
conductivity is constant. Is this still the case when the ther- 
mal conductivity varies linearly with temperature? 

2-97C When the thermal conductivity of a medium varies 
linearly with temperature, is the average thermal conductivity 
always equivalent to the conductivity value at the average 
temperature? 

2-98 Consider a plane wall of thickness L whose thermal 
conductivity varies in a specified temperature range as k(T) = 
kf0 + pP) where and p are two specified constants. The 
wall surface atx = 0 is maintained at a constant temperature of 
T u while the surface at jc = L is maintained at T 2 . Assuming 
steady one-dimensional heat transfer, obtain a relation for the 
heat transfer rate through the wall. 

2-99 Consider a cylindrical shell of length L, inner radius r lt 
and outer radius r 2 whose thermal conductivity varies linearly 
in a specified temperature range as k{T) = ^(1 + pT) where 
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and P are two specified constants. The inner surface of the 
shell is maintained at a constant temperature of T u while the 
outer surface is maintained at T 2 . Assuming steady one- 
dimensional heat transfer, obtain a relation for (a) the heat 
transfer rate through the wall and ( b ) the temperature distribu- 
tion T{r) in the shell. 

2-100 Consider a spherical shell of inner radius r t and outer 
radius r 2 whose thermal conductivity varies linearly in a speci- 
fied temperature range as k(T) = &q( 1 + j3 T) where k$ and fi 
are two specified constants. The inner surface of the shell is 
maintained at a constant temperature of Tj while the outer sur- 
face is maintained at T 2 . Assuming steady one-dimensional 
heat transfer, obtain a relation for (a) the heat transfer rate 
through the shell and (b) the temperature distribution T(r) in 
the shell. 

2-101 Consider a 1.5-m-high and 0.6-m-wide plate whose 
thickness is 0.15 m. One side of the plate is maintained at a 
constant temperature of 500 K while the other side is main- 
tained at 350 K. The thermal conductivity of the plate can be 
assumed to vary linearly in that temperature range as k{T) = 
^(1 + pT) where ko = 25 W/m - K and p = 8.7 X 10“ 4 K -1 . 
Disregarding the edge effects and assuming steady one- 
dimensional heat transfer, determine the rate of heat conduc- 
tion through the plate. Answer: 30.8 kW 

2-102 Reconsider Prob. 2-101. Using EES (or 

other) software, plot the rate of heat conduction 
through the plate as a function of the temperature of the hot side 
of the plate in the range of 400 K to 700 K. Discuss the results. 

Special Topic: Review of Differential Equations 

2-103C Why do we often ut ili ze simplifying assumptions 
when we derive differential equations? 

4 

2-104C I What is a variable? How do you distinguish a de- 
pendent variable from an independent one in a problem? 

2-105C Can a differential equation involve more than one 
independent variable? Can it involve more than one dependent 
variable? Give examples. 

2-106 C What is the geometrical interpretation of a deriva- 
tive? What is the difference between partial derivatives and or- 
dinary derivatives? 

2-107C What is the difference between the degree and the 
order of a derivative? 

2-108C Consider a function fix, y) and its partial derivative 
dfldx. Under what conditions will this partial derivative be 
equal to the ordinary derivative dfldx? 

2-109C Consider a function fix) and its derivative dfldx . 
Does this derivative have to be a function of x? 

2-110C How is integration related to derivation? 

2-111C What is the difference between an algebraic equa- 
tion and a differential equation? 


2-112C What is the difference between an ordinary differen- 
tial equation and a partial differential equation? 

2-113C How is the order of a differential equation deter- 
mined? 

2-114C How do you distinguish a linear differential equa- 
tion from a nonlinear one? 

2-115C How do you recognize a linear homogeneous differ- 
ential equation? Give an example and explain why it is linear 
and homogeneous. 

2-116C How do differential equations with constant coeffi- 
cients differ from those with variable coefficients? Give an ex- 
ample for each type. 

2-117C What kind of differential equations can be solved by 
direct integration? 

2-118C Consider a third order linear and homogeneous dif- 
ferential equation. How many arbitrary constants will its gen- 
eral solution involve? 

Review Problems 

2-119 Consider a small hot metal object of mass m and spe- 
cific heat c that is initially at a temperature of T t . Now the ob- 
ject is allowed to cool in an environment at T . « by convection 
with a heat transfer coefficient of h. The temperature of the 
metal object is observed to vary uniformly with time during 
cooling. Writing an energy balance on the entire metal object, 
derive the differential equation that describes the variation of 
temperature of the ball with time, T(t). Assume constant ther- 
mal conductivity and no heat generation in the object. Do not 
solve. 
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2-120 Consider a long rectangular bar of length a in the 
x-direction and width b in the y-direction that is initially at a 
uniform temperature of T t . The surfaces of the bar at x — 0 
and y = 0 are insulated, while heat is lost from the other two 
surfaces by convection to the surrounding medium at tempera- 
ture r. with a heat transfer coefficient of h. Assuming constant 
thermal conductivity and transient two-dimensional heat 
transfer with no heat generation, express the mathematical 
formulation (the differential equation and the boundary and 
initial conditions) of this heat conduction problem. Do not 
solve. 
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2-121 Consider a short cylinder of radius r 0 and height H in 
which heat is generated at a constant rate of e gin . Heat is lost 
from the cylindrical surface at r ~ r 0 by convection to the sur- 
rounding medium at temperature T& with a heat transfer coeffi- 
cient of h. The bottom surface of the cylinder at z = 0 is 
insulated, while the top surface at z = H is subjected to uni- 
form heat flux q H . Assuming constant thermal conductivity and 
steady two-dimensional heat transfer, express the mathematical 
formulation (the differential equation and the boundary condi- 
tions) of this heat conduction problem. Do not solve. 


2-122 Consider a steam pipe of length L, inner radius r h 
outer radius r 2 , and constant thermal conductivity k. Steam 
flows inside the pipe at an average temperature of T f with a 
convection heat transfer coefficient of /i ; . The outer surface of 
the pipe is exposed to convection to the surrounding air at a 
temperature of T 0 with a heat transfer coefficient of h 0 . Assum- 
ing steady one-dimensional heat conduction through the pipe, 
(a) express the differential equation and the boundary condi- 
tions for heat conduction through the pipe material, (b) obtain 
a relation for the variation of temperature in the pipe material 
by solving the differential equation, and (c) obtain a relation 
for the temperature of the outer surface of the pipe. 


2-123 The boiling temperature of nitrogen at atmospheric 
pressure at sea level (1 atm pressure) is — 196°C. Therefore, 
nitrogen is commonly used in lo temperature scientific studies 
since the temperature of liquid nitrogen in a tank open to the 
atmosphere remains constant at — 196°C until the liquid 
nitrogen in the tank is depleted. Any heat transfer to the tank 
results in the evaporation of some liquid nitrogen, which has a 
heat of vaporization of 198 kJ/kg and a density of 810 kg/m 3 at 

1 atm. 

Consider a thick-walled spherical tank of inner radius r x = 

2 m, outer radius r 2 = 2.1 m , and constant thermal conductiv- 
ity k = 18 W/m * °C. The tank is initially filled with liquid 
nitrogen at 1 atm and - 196°C, and is exposed to ambient air 
at Tv, = 20°C with a heat transfer coefficient of h = 
25 W/m 2 * °C. The inner surface temperature of the spherical 
tank is observed to be almost the same as the temperature of 
the nitrogen inside. Assuming steady one-dimensional heat 
transfer, (a) express the differential equation and the boundary 
conditions for heat conduction through the tank, ( b ) obtain a re- 
lation for the variation of temperature in the tank material by 
solving the differential equation, and (c) determine the rate of 
evaporation of the liquid nitrogen in the tank as a result of the 
heat transfer from the ambient air. Answer: (c) 1.32 kg/s 


2-124 Repeat Prob. 2-123 for liquid oxygen, which has 
a boiling temperature of -183°C, a heat of vaporization of 
213 kJ/kg, and a density of 1 140 kg/m 3 at 1 atm. 


2-125 Consider a large plane wall of thickness L = 0.4 m 
and thermal conductivity k = 8.4 W/m • °C. There is no access 
to the inner side of the wall at * = 0 and thus the thermal 
conditions on that surface are not known. However, the outer 
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surface of the wall at x = L, whose emlssivity is e = 0.7, is 
known to exchange heat by convection with ambient air at 
r* = 25°C with an average heat transfer coefficient of h — 
14 W/m 2 ■ °C as well as by radiation with the surrounding sur- 
faces at an average temperature of T surr = 290 K. Further, the 
temperature of the outer surface is measured to be T 2 = 45°C. 
Assuming steady one-dimensional heat transfer, (a) express the 
differential equation and the boundary conditions for heat con- 
duction through the plate, (b) obtain a relation for the tempera- 
ture of the outer surface of the plate by solving the differential 
equation, and (c) evaluate the inner surface temperature of the 
wall at .r = 0. Answer: (c) 64.3°C 
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2—126 A 1000-W iron is left on the iron board with its base 
exposed to ambient air at 26°C. The base plate of the iron has 
a thickness of L = 0.5 cm, base area of A = 150 cm 2 , and ther- 
mal conductivity of k = 18 W/m ■ °C. The inner surface of the 
base platens subjected to uniform heat flux generated by the re- 
sistance heaters inside. The outer surface of the base plate 
whose emi$sivity is e = 0.7, loses hedt by convection to ambi- 
ent air with an average heat transfer coefficient of h — 
30 W/m 2 • °C as well as by radiation to the surrounding 



surfaces at an average temperature of = 295 K. 
Disregarding any heat loss through the upper part of the iron, 
(n) express the differential equation and the boundary con- 
ditions for steady one-dimensional heat conduction through 
the plate, ( b ) obtain a relation for the temperature of the outer 
surface of the plate by solving the differential equation, and 
(c) evaluate the outer surface temperature. 

2-127 Repeat Prob. 2—126 for a 1500-W iron. 

2-128 The roof of a house consists of a 25-cm-thick concrete 
slab (k = 1.9 W/m - °C) that is 8-m wide and 10 m long. The 
emissivity of the outer surface of the roof is 0.8, and the con- 
vection heat transfer coefficient on that surface is estimated to 
be 18 W/m 2 * °C. On a clear winter night, the ambient air is re- 
ported to be at 10°C, while the night sky temperature for radi- 
ation heat transfer is 170 K. If the inner surface temperature of 
the roof is T } — 16°C, determine the outer surface temperature 
of the roof and the rate of heat loss through the roof when 
steady operating conditions are reached. 
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2-129 Consider a long resistance wire of radius r x = 0.3 cm 
and thermal conductivity k^ =18 W/m ■ °C in which heat is 
generated uniformly at a constant rate of e gen = 1.5 W/cm 3 as a 
result of resistance heating. The wire is embedded in a 0.4-cm- 
thick layer of plastic whose thermal conductivity is i p!aitic = 
1 .8 W/m ■ °C. The outer surface of the plastic cover loses heat 
by convection to the ambient air at T„ = 25°C with an average 
combined heat transfer coefficient of h = 14 W/m 2 ■ °C. 
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Assuming one-dimensional heat transfer, determine the tem- 
peratures at the center of the resistance wire and the wire-plas- 
tic layer interface under steady conditions. 

Answers: 97. VC, 97.3°C 

2-130 Consider a cylindrical shell of length L, inner radius 
rj, and outer radius r 2 whose thermal conductivity varies in 
a specified temperature range as k(T ) = A' 0 (l + f3T 2 ) where 
and / 3 are two specified constants. The inner surface of the 
shell is maintained at a constant temperature of 7j while 
the outer surface is maintained at T 2 . Assuming steady one- 
dimensional heat transfer, obtain a relation for the heat transfer 
rate through the shell. 

2-131 In a nuclear reactor, heat is generated in 1-cm- 
diameter cylindrical uranium fuel rods at a rate of 4 X 
10 7 W/m 3 . Determine the temperature difference between the 
center and the surface of the fuel rod. Answer: 9.0°C 
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2-132 Consider a 20-cm-thick large concrete plane wall 
(k — 0.77 W/m • °C) subjected to convection on both sides with 
T b i = 27°C and h x = 5 W/m 2 • °C on the inside, and T„ 2 = 8°C 
and h 2 = 12 W/m 2 - °C on the outside. Assuming constant 
thermal conductivity with no heat generation and negligible 
radiation, (n) express the differential equations and the boundary 
conditions for steady one-dimensional heat conduction through 
the wall, (b) obtain a relation for the variation of temperature in 
the wall by solving the differential equation, and (c) evaluate the 
temperatures at the inner and outer surfaces of the wall. 

2-133 Consider a water pipe of length L = 17 m, inner ra- 
dius r x = 15 cm, outer radius r 2 — 20 cm, and thermal conduc- 
tivity k = 14 W/m • °C. Heat is generated in the pipe material 
uniformly by a 25 -kW electric resistance heater. The inner and 
outer surfaces of the pipe are at 7\ = 60°C and T 2 = 80°C, re- 
spectively. Obtain a general relation for temperature distribu- 
tion inside the pipe under steady conditions and determine the 
temperature at the center plane of the pipe. 

2-134 A plane wall of thickness L = 4 cm has a thermal 
conductivity of k ~ 20 W/m ■ K. A chemical reaction takes 
place inside the wall resulting in a uniform heat generation at a 
rate of = 10 5 W/m 3 . Sandwiched between the wall and an 
insulating layer is a film heater of negligible thickness that 
generates a heat flux q s — 16 kW/m 2 . The opposite side of the 
wall is in contact with water at temperature - 40°C. A ther- 
mocouple mounted on the surface of the wall in contact with 
the water reads = 90 tI C. 

(a) Determine the convection coefficient between the wall 
and water. 


(b) Show that the steady-state temperature distribution has the 
form T(x) — ax 2 + bx + c, and determine the values and 
units of a, b, and c. The origin of x is shown in the figure. 

(c) Determine the location and value of the maximum tem- 
perature in the wall. Could this location be found with- 
out knowing a, b, and c, but knowing that T(x) is a 
quadratic function? Explain. 



2-135 A plane wall of thickness 2L = 40 mm and constant 
thermal conductivity k — 5 W/m • K experiences uniform heat 
generation at a rate e gtn . Under steady conditions, the tempera- 
ture distribution in the wall is of the form T(.r) = a-bx 2 , where 
a = 80°C and b = 2 X 10 4 °C/m 2 , and x is in meters. The ori- 
gin of the x coordinate is at the midplane of the wall. 

(а) Determine the surface temperatures and sketch the tem- 
perature distribution in the wall. 

(б) What is the volumetric rate of heat generation, e gen ? 

(c) Determine the surface heat fluxes 4 (— L) and q t (L). 
(i d) What is the relationship between these fluxes, the heat 
generation rate and the geometry of the wall? 

2-136 Steady one-dimensional heat conduction takes place 
in a long slab of width IV (in the direction of heat flow, x) and 
thickness Z. The slab’s thermal conductivity varies with tem- 
perature as k = k*/(T* + T), where T is the temperature (in K), 
and k* (in W/m) and T* (in K) are two constants. The temper- 
atures at x = 0 and x = IV are T 0 and T w , respectively. Show 
that the heat flux in steady operation is given by 

. _ k* , (T* + T 0 \ 

q iv ln It* + tJ 

Also, calculate the heat flux for T* = 1000 K, T 0 = 600 K, 
T w = 400 K, ft* = 7 X 10* W/m, and IV = 20 cm. 

2-137 Heat is generated uniformly at a rate of 2.6 X 10 s 
W/m 3 in a spherical ball (k = 45 W/m • °C) of diameter 24 cm. 
The ball is exposed to iced- water at 0°C with a heat transfer co- 
efficient of 1200 W/m 2 - °C. Determine the temperatures at the 
center and the surface of the ball. 

Fundamentals of Engineering (FE) Exam Problems 

2-138 The heat conduction equation in a medium is given in 
its simplest form as 



dr 




oo. 


suw. 


Select the wrong statement below. 

(a) The medium is of cylindrical shape. 

(b) The thermal conductivity of the medium is constant. 

(c) Heat transfer through the medium is steady. 

(i d) There is heat generation within the medium. 

(e) Heat conduction through the medium is one- 
dimensional. 

2-139 Consider a medium in which the heat conduction ' 
equation is given in its simplest fo rms as 


r 1 dr \ dr) ~ a dt 


(a) Is heat transfer steady or transient? 

( b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the thermal conductivity of the medium constant or 
variable? 

(e) Is the. medium a plane wall, a cylinder, or a sphere? 

(f) Is this differential equation for heat conduction linear or 
nonlinear? 


2-140 An apple of radius R is losing heat steadily and uni- 
formly from its outer surface to the ambient air at temperature 
T* with a convection coefficient of h, and to the surrounding 
surfaces at temperature T sun (all temperatures are absolute tem- 
peratures). Also, heat is generated within the apple uniformly 
at a rate of e gen per unit volume. If T s denotes the outer surface 
temperature, the boundary condition at the outer surface of the 
apple can be expressed as 


00 

00 



T * 



= KT* ~ 7-) + O 

r=R 


= KT, - TJ + - O + c gen 



= h(T s - rj + sa(T? - O 


dT 
{d) k — 
dr 


r=R 


= h(T s - TJ) + sa(T? ~ O + 


4ttRV3 . 
4t tR 2 


(e) None of them 

2-141 A furnace of spherical shape is losing heat steadily 
and uniformly from its outer surface of radius R to the ambient 
air at temperature with a convection coefficient of h, and to 
the surrounding surfaces at temperature T san (all temperatures 
are absolute temperatures). If T 0 denotes the outer surface 
temperature, the boundary condition at the outer surface of the 
furnace can be expressed as 

- h(T 0 - T») + err(T 3 - O 

r=R 


(a) -k 


dT 

dr 


(c) k 


dr 

dr 


r=R 


= h ( T o - Td) + sa(T* - Ttd 


00 k—~ 
dr 


r=R 


KT 0 - Td) - etr(To - T*) 


(e) KAttR 1 ) 


dr 

dr 


r=R 


= h T 0 - T„) + BcrOt ~ TL) 


2-142 A plane wall of thickness L Is subjected to convection 
at both surfaces with ambient temperature T ai and heat transfer 
coefficient h Y at inner surface, and corresponding T^ 2 and h 2 
values at the outer surface. Taking the positive direction of x to 
be from the inner surface to the outer surface, the correct ex- 
pression for the convection boundary condition is 


00 k 


dT( 0) 
dx 


00 k 


dm 

dx 


= him - m 
= him - m 


00 


dT( 0) 
dx 


h[T«i - 7W)] 


Id) -k 


dm 

dx 


= h\T~x 



( e ) None of them 


2—143 Consider steady one-dimensional heat conduction 
through a plane wall, a cylindrical shell, and a spherical shell 
of uniform thickness with constant thermophysical properties 
and no thermal energy generation. The geometry in which the 
variation of temperature in the direction of heat transfer will be 
linear is 

(a) plane wall ( b ) cylindrical shell (c) spherical shell 
{d) all of them (e) none of them 


2-144 Consider a large plane wall of thickness L, thermal 
conductivity k, and surface area A. The left surface of the wall 
Is exposed to the ambient air at T„ with a heat transfer coeffi- 
cient of h while the right surface is insulated. The variation of 
temperature in the wall for steady one-dimensional heat con- 
duction with no heat generation is 


00 T(x) = 


a j 


00 T(x) = 


h(x + 0.5L) 


CO 


(c)7(x)=(l-f)r. 

id) T(x) = (L - x) 

00 T(x) = T* 


2-145 Tiie variation of temperature in a plane wall is deter- 
mined to be 7*(x) = 65x + 25 where x is in m and Tis in °C. If the 
temperature at one surface is 38°C, the thickness of the wall is 
(a) 2 m (b) 0.4 m (c) 0.2 m (d) 0.1m (e) 0.05 m 

2-146 The variation of temperature in a plane .wall is deter- 
mined to be T(x) - 110— 48x where x is in m and T is in °C. 
If the thickness of the wall is 0.75 m, the temperature differ- 
ence between the inner and outer surfaces of the wall is 
(o) 110°C ( b ) 74°C (c) 55°C (d) 36°C (e) 18°C 

2-147 The temperatures at the inner and outer surfaces of a 

15- cm-thick plane wall are measured to be 40°C and 28°C, re- 
spectively. The expression for steady, one-dimensional varia- 
tion of temperature in the wall is 

(a) T(x) = 28x + 40 (b) T(x) = -40x + 28 

(c) T(x) = 40x + 28 (d) 7(x) = -80x + 40 
(e) T(x) = 40x - 80 

2-148 Heat is generated in a long 0.3-cm-diameter cylindri- 
cal electric heater at a rate of 150 W/cm 3 . The heat flux at the 
surface of the heater in steady operation is 
(a) 42.7 W/cm 2 (b) 159 W/cm 2 (c) 150 W/cm 2 

(d) 10.6 W/cm 2 (e) 11.3 W/cm 2 

2-149 Heat is generated in a 8-cm-diameter spherical ra- 
dioactive material whose thermal conductivity is 25 W/m * °C 
uniformly at a rate of 15 W/cm 3 . If the surface temperature of 
the material is measured to be 120°C, the center temperature of 
the material during steady operation is 
(a) 160°C (b) 280°C (c)212°C 

(d) 360°C (e) 600°C 

2-150 Heat is generated in a 3 -cm- diameter spherical radio- 
active material uniformly at a rate of 15 W/cm 3 . Heat is dissi- 
pated to the surrounding medium at 25°C with a heat transfer 
coefficient of 120 W/m 2 * °C. The surface temperature of the 
material in steady operation is 

(a) 56°C (b) 84°C (c) 494°C (d) 650°C (e) 108°C 

2-151 Heat is generated uniformly in a 4-cm-diahieter, 

16- cm-long solid bar (k — 2.4 W/m • °C). The temperatures at the 
center and at the surface of the bar are measured to be 210°C and 
45°C, respectively. The rate of heat generation within the bar is 

(a) 240 W (b) 796 W (c) 1013 W 

(d) 79,620 W (e) 3.96 X 10 6 W 

2-152 A solar heat flux q s is incident on a sidewalk whose 
thermal conductivity is k, solar absorptivity is a s , and convec- 
tive heat transfer coefficient is h. Taking the positive x direc- 
tion to be towards the sky and disregarding radiation exchange 
with the surroundings surfaces, the correct boundary condition 


for this sidewalk surface is 



dT 


dT 

(«) = 

C b) 

-k- r = hiT-TJ 
dx 

(c) k = h(T T x ) a s q s 
dx 

{d) 

h(T - r*) = a s q s 


(i e ) None of them 


2-153 Hot water flows through a PVC (k = 0.092 W/m • K) 
pipe whose inner diameter is 2 cm and outer diameter is 
2.5 cm. The temperature of the interior surface of this pipe is 
35 °C and the temperature of the exterior surface is 20°C. The 
rate of heat transfer per unit of pipe length is 

(a) 22.8 W/m (b) 38.9 W/m (c) 48.7 W/m 
(d) 63.6 W/m (e) 72.6 W/m 

2-154 The thermal conductivity of a solid depends upon the 
solid's temperature as k = aT + b where a and b are constants. 
The temperature in a planar layer of this solid as it conducts 
heat is given by 

{a) aT + b = x + C 2 (b) aT + b ~ Cpc 2 + C 2 

(c) aT 2 + bT — Cj.x- + C 2 (d) aT 2 + bT = Qx 2 + C 2 
(i e ) None of them 

2-155 Harvested grains, like wheat, undergo a volumetric 
exothermic reaction while they are being stored. This heat gen- 
eration causes these grains to spoil or even start fires if not con- 
trolled properly. Wheat ( k = 0.5 W/m • K) is stored on the 
ground (effectively an adiabatic surface) in 5-m-thick layers. 
Air at 20°C contacts the upper surface of this layer of wheat 
with /[ = 3 W/m 2 * K. The temperature distribution inside this 
layer is given by 


T-Tj 

T 0 ~T S 


x 


2 


L 


where 7) is the upper surface temperature, T Q is the lower sur- 
face temperature, x is measured upwards from the ground, and 
L is the thickness of the layer. When the temperature of the up- 
per surface is 24°€, what is the temperature of the wheat next 
to the ground? 

(a) 39°C (b) 51°C (c) 72°C (d) 84°C (e)91°C 

2-156 The conduction equation boundary condition for an 
adiabatic surface with direction n being normal to the surface 
is 

(a) T = 0 ( b ) dTIdn = 0 (c) d 2 Tidn 2 = 0 

id) d 3 T/dn 3 = 0 (e) ~ kdT/dn = 1 

2-157 Which one of the followings is the correct expression 
for one-dimensional, steady-state, constant thermal con- 
ductivity heat conduction equation for a cylinder with heat 
generation? 


<«) 7 


(*)-- 


(c) 


(d) -- 


1 ST 


(e) 



dr\ dr 
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Design and Essay Problems 

2-158 Write an essay on heat generation in nuclear fuel rods. 
Obtain information on the ranges of heat generation, the varia- 
tion of heat generation with position in the rods, and the ab- 
sorption of emitted radiation by the cooling medium. 

2-159 /pfe. Write an interactive computer program to caicu- 
late the heat transfer rate and the value of tem- 
perature anywhere in the medium for steady one-dimensional 
heat conduction in a long cylindrical shell for any combination 
of specified temperature, specified heat flux, and convection 
boundary conditions. Run the program for five different sets of 
specified boundary conditions. 

2-160 Write an interactive computer program to calculate the 
heat transfer rate and the value of temperature anywhere in 



the medium for steady one-dimensional heat conduction in 
a spherical shell for any combination of specified tempera 
ture, specified heat flux, and convection boundary conditions 
Run the program for five different sets of specified boundary 
conditions. y 


2-161 Write an interactive computer program to calculate the 
heat transfer rate and the value of temperature anywhere in the 
medium for steady one-dimensional heat conduction in a plane 
wall whose thermal conductivity varies linearly as k(T) ~ 
*od + fiT) where the constants k 0 and jS are specified by the 
user for specified temperature boundary conditions. 


j 

! 

E 



i 

i 


L 






n heat transfer analysis, we are often interested in the rate of heat transfer 
through a medium under steady conditions and surface temperatures. Such 
problems can be solved easily without involving any differential equations 
by the introduction of the thennal resistance concept in an analogous manner 
to electrical circuit problems. In this case, the thennal resistance corresponds 
to electrical resistance, temperature difference corresponds to voltage, and the 
heat transfer rate corresponds to electric current. 

We start this chapter with one-dimensional steady heat conduction in 
a plane wall, a cylinder, and a sphere, and develop relations for thermal resis- 
tances in these geometries. We also develop thermal resistance relations for 
convection and radiation conditions at the boundaries. We apply this concept 
to heat conduction problems in multilayer plane walls, cylinders, and spheres 
and generalize it to systems that involve heat transfer in two or three dimen- 
sions. We also discuss the thermal contact resistance and the overall heat 
tramfer coefficient and develop relations for the critical radius of insulation 
for a cylinder and a sphere. Finally, we discuss steady heat transfer from 

finned surfaces and some complex geometries commonly encountered in 

+ •• ’ 

practice through the use of conduction shape factors. 

OBJECTIVES ✓ 

When you finish studying this chapter, you should be able to: 

m jf Understand the concept of thermal resistance and its limitations, and develop thermal 
resistance networks for practical heat conduction problems, 

m Solve steady conduction problems that involve multilayer rectangular, cylindrical, or 
spherical geometries, 

o Develop an intuitive understanding of thermal contact resistance, and circumstances 
under which it may be significant, 

& Identify applications in which insulation may actually increase heat transfer, 

m Analyze finned surfaces, and assess how efficiently and effectively fins enhance heat 
transfer, and 

a Solve multidimensional practical heat conduction problems using conduction shape 
factors. 
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FIGURE 3-1 

Heat transfer through a wall is one- 
dimensional when the temperature of 
the wall varies in one direction only. 


3-1 ■ STEADY HEAT CONDUCTION IN PLANE WALLS 


Consider steady heat conduction through the walls of a house during a winter 
day. We know that heat is continuously lost to the outdoors through the wall. 
We intuitively feel that heat transfer through the wall is in the normal direc- 
tion to the wall surface, and no significant heat transfer takes place in the wall 
in other directions (Fig. 3-1). 

Recall that heat transfer in a certain direction is driven by the temperature 
gradient in that direction. There is no heat transfer in a direction in which 
there is no change in temperature. Temperature measurements at several loca- 
tions on the inner or outer wall surface will confirm that a wall surface is 
nearly isothennai That is, the temperatures at the top and bottom of a wall 
surface as well as at the right and left ends are almost the same. Therefore, 
there is no heat transfer through the wall from the top to the bottom, or from 
left to right, but there is considerable temperature difference between the inner 
and the outer surfaces of the wall, and thus significant heat transfer in the 
direction from the inner surface to the outer one. 

The small thickness of the wall causes the temperature gradient in that 
direction to be large. Further, if the air temperatures in and outside the house 
remain constant, then heat transfer through the wall of a house can be modeled 
as steady and one-dimensional The temperature of the wall in this case 
depends on one direction only (say the .r- direction) and can be expressed 
as T(x). 

Noting that heat transfer is the only energy interaction involved in this case 
and there is no heat generation, the energy balance for the wall can be ex- 
pressed as 


Rate of 


\ ( Rate of ^ 


1 Rate of change^ 

— { heat transfer 

— 

of the energy 

y (out of the wall j 


of the wall j 


or 




dEwall 

dt 


< 3 - 1 ) 


But dE^ldt = 0 for steady operation, since there is no change in the temper- 
ature of the wall with time at any point. Therefore, the rate of heat transfer into 
the wall must be equal to the rate of heat transfer out of it. In other words, the 
rate of heat transfer through the wall must be constant, Qvxvi,v<z\i = constant. 

Consider a plane wall of thickness L and average thermal conductivity k. 
The two surfaces of the wall are maintained at constant temperatures of 
Tj and T 2 . For one-dimensional steady heat conduction through the wall, 
we have T(x). Then Fourier’s law of heat conduction for the wall can be 
expressed as 


(Wall = “Mg (W) ( 3 - 2 ) 

where the rate of conduction heat transfer £> condj wa ii ^nd the wall area A are 
constant. Thus dT/dx = constant, which means that the temperature through 
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the wall varies linearly with x That is, the temperature distribution in the wall 
under steady conditions is a straight line (Fig. 3-2). 

Separating the variables in the preceding equation and integrating from 
x = 0, where T(0) = T u to x = L, where T(L) = T 2 , we get 


jx=0 


Q 


cocid, wall 


dx “ — 


kAdT 


jr~T t 


Performing the integrations and rearranging gives 


Gcond, wall &A 


T\~T % 

L 


(W) 


(3-3) 


which is identical to Eq. 1—21. Again, the rate of heat conduction through 
a plane wall is proportional to the average thermal conductivity, the wall 
area, and the temperature difference, but is inversely proportional to the 
wall thickness. Also, once the rate of heat conduction is available, the tem- 
perature T(x) at any location x can be determined by replacing T 2 in Eq. 3-3 
by T, and L by x 


Thermal Resistance Concept 

Equation 3-3 for heat conduction through a plane wall can be rearranged as 


a 


ccmd, wail 


?x~T 2 


(W) 


(3-4) 
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coad 











FIGURE 3-2 

Under steady conditions, 
the temperature distribution in 
a plane wall is a straight line. 


where 


R 


wail 


L_ 

M 


(°C/W) 


(3-5) 


is the thermal resistance of the wall against heat conduction or simply the 
conductio.n resistance of the wall. Note that the thermal resistance of a 
medium depends on the geometry^and the thermal properties of the medium. 

This equation for heat transfer is analogous to the relation for electric cur- 
rent flow I, expressed as 



(3-6) 


where R e = LI or e A is the electric resistance and Vj - V 2 is the voltage differ- 
ence across the resistance (a e is the electrical conductivity). Thus, the rate of 
heat transfer through a layer corresponds to the electric current, the thermal 
resistance corresponds to electrical resistance, and the temperature difference 
corresponds to voltage difference across the layer (Fig. 3-3). 

Consider convection heat transfer from a solid surface of area A s and tem- 
perature T s to a fluid whose temperature sufficiently far from the surface is T x , 
with a convection heat transfer coefficient h. Newton’s law of cooling for con- 
vection heat transfer rate Q CQnw = hA s (T s — T„) can be rearranged as 

* T s — T k 

&conv d 0^0 (3—7) 

^conv " 
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(b) Electric current flow 

FIGURE 3-3 

Analogy between thermal 
and electrical resistance concepts. 


where 
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FIGURE 3-4 

Schematic for convection 
resistance at a surface. 


= M, ( ° CAV) M 

is the thermal resistance of the surface against heat convection, or simply the 
convection resistance of the surface (Fig. 3-4). Note that when the convec- 
tion heat transfer coefficient is very large (A -> co), the convection resistance 
becomes zero and T s ~ T s . That is, the surface offers no resistance to convec- 
tion, and thus it does not slow down the heat transfer process. This situation is 
approached in practice at surfaces where boiling and condensation occur. Also 
note that the surface does not have to be a plane surface. Equation 3-8 for 
convection resistance is valid for surfaces of any shape, provided that the as- 
sumption of h = constant and uniform is reasonable. 

When the wall is surrounded by a gas, the radiation effects, which we have 
ignored so far, can be significant and may need to be considered. The rate of 
radiation heat transfer between a surface of emissivity e and area A s at tem- 
perature T s and the surrounding surfaces at some average temperature T surr can 
be expressed as 

QkA = As (Tt - O = Kt A, (T s - T surr ) = ( W) (3-9) 


where 
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FIGURE 3-5 

Schematic for convection and 
radiation resistances at a surface. 


R„ d = ffr (K/W) (3-io) 

is the thermal resistance of a surface against radiation, or the radiation 
resistance, and 

* 

*^ = T75%V-j = ,! ‘ T ( T . 2 + T '» )(r - + J ’>" ) (W/m 2 • K) (3-11) 

is the radiation heat transfer coefficient. Note that both T s and must be 
in K in the evaluation of /i tad . The definition of the radiation heat transfer co- 
efficient enables us to express radiation conveniently in an analogous manner 
to convection in terms of a temperature difference. But A rad depends strongly 
on temperature while ^ usually does not. 

A surface exposed to the surrounding air involves convection and radiation 
simultaneously, and the total heat transfer at the surface is determined by 
adding (or subtracting, if in the opposite direction) the radiation and convec- 
tion components. The convection and radiation resistances are parallel to each 
other, as shown in Fig. 3-5, and may cause some complication in the thermal 
resistance network. When T slirr « 7 W , the radiation effect can properly be ac- 
counted for by replacing h in the convection resistance relation by 

ha**** = JW + /U (W/m* • K) (3-12) 

where h combined is the combined heat transfer coefficient. This way all 
complications associated with radiation are avoided. 
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FIGURE 3-6 

The thermal resistance network for heat transfer through a plane wall subjected to convection on both sides, 

and the electrical analogy* 


Thermal Resistance Network 

Now consider steady one-dimensional heat transfer through a plane wall of 
thickness L, area A, and thermal conductivity k that is exposed to convection 
on both sides to fluids at temperatures T ml and T„ 2 with heat transfer coeffi- 
cients /i t and h 2 > respectively, as shown in Fig. 3-6. Assuming T ml < T ali the 
variation-of temperature will be as shown in the figure. Note that the temper- 
ature varies linearly in the wall, and asymptotically approaches T al and T„ 2 in 
the fluids jas we move away from the wall. 

Under Steady conditions we have 

f 

] 



Rate of 

heat convection 
into the wall 


Rate of 

heat conduction 
through the wall 


Rate of 
heat convection 
from the wall 


or 


Q - ^ A{T a i -T{) = kA 1 £ 2 = h 2 A{T 2 - T a2 ) 

C3— 1 3) 

r 

which can be rearranged as 


err J 7' 1 f T l f T' r J' err 
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(3-14) 
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FIGURE 3-7 

A useful mathematical identity. 


Adding the numerators and denominators yields (Fig. 3-7) 

Q = T *' ~ T ^ ~ (W) (3-15) 

Kloinl 


where 

= Raw [ + + R*m* ^]Ta + M + J^A ( ° CAV) (3-1 6) 

Note that the heat transfer area A is constant for a plane wall, and the rate of 
heat transfer through a wall separating two mediums is equal to the tempera- 
ture difference divided by the total thermal resistance between the mediums. 
Also note that the thermal resistances are in series, and the equivalent thermal 
resistance is determined by simply adding the individual resistances, just like 
the electrical resistances connected in series. Thus, the electrical analogy still 
applies. We summarize this as the rate of steady heat transfer between two 
surfaces is equal to the temperature difference divided by the total thermal 

resistance between those two surfaces. 

Another observation that can be made from Eq. 3-15 is that the ratio of the 
temperature drop to the thermal resistance across any layer is constant, and 
thus the temperature drop across any layer is proportional to the thermal 
resistance of the layer. The larger the resistance, the larger the temperature 
drop. In fact, the equation Q = AT/R can be rearranged as 

A T=QR (°C) (3-17) 



Ar=dfi 

FIGURE 3-8 

The temperature drop across a layer is 
proportional to its thermal resistance. 


which indicates that the temperature drop across any layer is equal to the rate 
of heat transfer times the thermal resistance across that layer (Fig. 3-8). You 
may recall that this is also true for voltage drop across an electrical resistance 
when the electric current is constant. 

It is sometimes convenient to express heat transfer through a medium in an 
analogous manner to Newton’s law of cooling as 

G = CM AT (W) (3-18) 

where U is the overall heat transfer coefficient. A comparison of Eqs. 3-15 
and 3-18 reveals that 


UA = (°C/K) (3-19) 

Therefore, for a unit area, the overall heat transfer coefficient is equal to the 
inverse of the total thermal resistance. 

Note that we do not need to know the surface temperatures of the wall in or- 
der to evaluate the rate of steady heat transfer through it. All we need to know 
is the convection heat transfer coefficients and the fluid temperatures on both 
sides of the wall. The surface temperature of the wall can be determined as 
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described above using the thermal resistance concept, but by taking the 
surface at which the temperature is to be determined as one of the terminal 
surfaces. For example, once Q is evaluated, the surface temperature 7) can be 
determined from 


4 

Q 




R 


conv, 1 


Fg>i T x 

1/M 


(3-20) 


Multilayer Plane Walls 

In practice we often encounter plane walls that consist of several layers of dif- 
ferent materials. The thermal resistance concept can still be used to determine 
the rate of steady heat transfer through such composite walls. As you may 
have already guessed, this is done by simply noting that the conduction resis- 
tance of each wall is UkA connected in series, and using the electrical analogy. 
That is, by dividing the temperature difference between two surfaces at known 
temperatures by the total thermal resistance between them. 

Consider a plane wall that consists of two layers (such as a brick wall with 
a layer of insulation). The rate of steady heat transfer through this two-layer 
composite wall can be expressed as (Fig. 3-9) 


Q = 


T xl - T, 


*2 


R 


total 


where R ioi2X is the total thermal resistance , expressed as 
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FIGURE 3-9 

The thermal resistance network for 
heat transfer through a two-layer 
plane wall subjected to 
convection on both sides. 
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FIGURE 3-10 

The evaluation of the surface and 


interface temperatures when and 
T*i are given and Q is calculated. 




FIGURE 3-11 

Schematic for Example 3-1. 




The subscripts 1 and 2 in the 7? wail relations above indicate the first and the 
second layers, respectively. We could also obtain this result by following the 
approach already used for the single-layer case by noting that the rate of 
steady heat transfer Q through a multilayer medium is constant, and thus it 
must be the same through each layer. Note from the thermal resistance net- 
work that the resistances are in series, and thus the total thermal resistance is 
simply the arithmetic sum of the individual thermal resistances in the path of 
heat transfer. 

This result for the two-layer case is analogous to the single-layer case, ex- 
cept that an additional resistance is added for the additional layer. This result 
can be extended to plane walls that consist of three or more layers by adding 
an additional resistance for each additional layer. 

Once Q is known, an unknown surface temperature 7} at any surface or 
interface j can be determined from 



T. — T- 


L total, t— / 


( 3 - 23 ) 


where 7) is a known temperature at location i and 7? t otau -j * s Ibe total thermal 
resistance between locations i and j. For example, when the fluid temperatures 
r.! and T x2 for the two-layer case shown in Fig. 3-9 are available and Q is 
calculated from Eq. 3-21, the interface temperature T 2 between the two walls 
can be determined from (Fig. 3-10) 


T a ,[ T 2 

T^conv, 1 F i 


-L + A 

mm 


( 3 - 24 ) 


The temperature drop across a layer is easily determined from Eq. 3-17 by 
multiplying Q by the thermal resistance of that layer. 

The thermal resistance concept is widely used in practice because it is intu- 
itively easy to understand and it has proven to be a powerful tool in the solu- 
tion of a wide range of heat transfer problems. But its use is limited to systems 
through which the rate of heat transfer Q remains constant; that is, to systems 
involving steady heat transfer with no heat generation (such as resistance 
heating or chemical reactions) within the medium. 


EXAMPLE 3-1 Heat Loss through a Wall 

Consider a 3-m-high, 5-m-wide, and 0.17-m-thick wall whose thermal con- 
ductivity is k = 0.9 W/m • K (Fig. 3-11). On a certain day, the temperatures of 
the inner and the outer surfaces of the wail are measured to be 16°C and 2°C, 
respectively. Determine the rate of heat loss through the wall on that day. 


SOLUTION The two surfaces of a wall are maintained at specified tempera- 
tures. The rate of heat loss through the wall is to be determined. 

Assumptions 1 Heat transfer through the wall is steady since the surface 
temperatures remain constant at the specified values. 2 Heat transfer is one- 
dimensional since any significant temperature gradients exist in the direction 
from the indoors to the outdoors. 3 Thermal conductivity is constant. 
properties The thermal conductivity is given to be k = 0.9 W/rn • K. ■ 
Analysis Noting that heat transfer through the wall is by conduction and the 
area of the wail is A = 3 m x 5 m = 15 m 2 , the steady rate of heat transfer 
through the wall can be determined from Eq. 3-3 to be 

Q = kA = (0.9 W/m • 0 CXI5 m 2 ) = 630 W 

^ UJui • 

We could also determine the steady rate of heat transfer through the wail by 
making use of the thermal resistance concept from - 


where 


d ^ 0*3 m 

wan ~ kA 7 (0.9 W/m • °C)(15 m 2 ) 


0.02222°C/W 


Substituting, we get 


e = 


(16 — 2)°C 
0.02222°C/W 


630 W 


Discussion This is the same result obtained earlier. Note that heat conduction 
through a plane wall with specified surface temperatures can be determined 
directly and easily without utilizing the thermal resistance concept/ However, 
the thermal resistance concept serves as a valuable tool in more complex heat 
transfer problems, as you will see in the following examples. Also, the units 
W/m - °C|and W/m * K for thermal conductivity are equivalent, and thus inter- 
changeable. This is also the case for °C and K for temperature differences. 


EXAMPLE 3-2 Heat Loss through a S ingle-Pane Window 

Consider a 0.8-m-high and 1.5-m-wide glass window with a thickness of 8 mm 
and a thermal conductivity of k = 0.78 W/m - K. Determine the steady rate of 
heat transfer through this glass window and the temperature of Its inner 
surface for a day during which the room is maintained at 20°C while the tem- 
perature df the outdoors is —10°C. Take the heat transfer coefficients on the 
inner and outer surfaces of the window to be h L - 10 W/m 2 • °C and h 2 = 
40 W/m 2 * °C, which includes the effects of radiation. 

SOLUTION Heat loss through a window glass is considered. The rate of 

heat transfer through the window and the inner surface temperature are to be 
determined. 


■v 
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FIGURE 3-12 

Schematic for Example 3-2. 
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Assumptions 1 Heat transfer through the window is steady since the surface 
temperatures remain constant at the specified values. 2 Heat transfer through 
the wall is one-dimensiona! since any significant temperature gradients exist in 
the direction from the indoors to the outdoors. 3 Thermal conductivity is 
constant. 

Properties The thermal conductivity is given to bok = 0.78 W/m • K. 
Analysis This problem involves conduction through the glass window and con- 
vection at its surfaces, and can best be handled by making use of the thermal 
resistance concept and drawing the thermal resistance network, as shown in 
Fig. 3-12. Noting that the area of the window is A = 0.8 m x 1.5 m = 
1.2 m 2 , the individual resistances are evaluated from their definitions to be 


Ri i j hA (10 w/m 2 • °C)(1.2 m 2 ) 


0 08333°C/W 


D = JzL — 

R„ = R 


0.008 m 


M (0.78 W/m - °C)(1.2 m 2 ) 
1 1 


= 0.00855°C/W V : 
= 0.02083°C/W 


C0DV - 2 h 2 A (40 W/m 2 - °C)(1 .2 m 2 ) 

Noting that all three resistances are in series, the total resistance is 


R 




^ ^conv, I ^glass 2 

= 0.1127°C/W 


0.08333 + 0.00855 + 0.02083 


Then the steady rate of heat transfer through the window becomes 


R 


total 


0.1127°C/W 


Knowing the rate of heat transfer, the inner surface temperature of the window 
glass can be determined from 


Q = 


T - 1 ~ T x 

D 

1 


.^1 6-^CQQV, 1 

= 20°C - (266 W)(0.08333°C/W) 
' = — 2.2°C 


Discussion Note that the inner surface temperature of the window glass is 
— 2.2°C even though the temperature of the air in the room is maintained at 
20°C. Such low surface temperatures are highly undesirable since they cause 
the formation of fog or even frost on the inner surfaces of the glass yvhen the 
humidity in the room is high. 


EXAMPLE 3-3 Heat Loss through Double-Pane Windows 

Consider a 0.8-m-high and 1,5-m-wide double-pane window consisting of two 
4-mm-thick layers of glass {k — 0.78 W/m * K) separated by a 10-mm-wide 
stagnant air space (k = 0.026 W/m * K). Determine the steady rate of heat 


t* 

I transfer through this double-pane window and the temperature of its inner sur- 
| face for a day during which the room is maintained at 20 C C while the temper- 
I ature of the outdoors is — 10°C. Take the convection heat transfer coefficients 
£ on the inner and outer surfaces of the window to be h x ~ iO W/m ? • °C and 
| hz = 40 W/m 2 • °C, which includes the effects of radiation. 

SOLUTION A double-pane window is considered. The rate of heat transfer 
through the window and the inner surface temperature are to be determined. 
Analysis This example problem is identical to the previous one except that 
the single 8-mm-thick window glass is replaced by two 4-mm-thick glasses 
that enclose a 10-mm-wide stagnant air space. Therefore, the thermal resis- 
tance network of this problem involves two additional conduction resistances 
corresponding to the two additional layers, as shown in Fig. 3-13. Noting that 
the area of the window is again A = 0.8 m X L5 m - 1.2 m 2 , the individual 
resistances are evaluated from their definitions to be 


Glass 


20°C 






4 -10°C 


, . | " 'l ’>s, - , I J . 

4 mm - 1 4 mm 




^conv. 


^ A (10 W/m 2 * °C)(I.2m 2 ) 


= 0.08333°C/W 




0.004 m 


= 0.00427°CAV 


3 ki A (0.78 W/m • °C)(1.2 m 2 ) 

R *' ~ M (0.026 W/m • °C)( i .2 m 2 ) = °- 3205 ° c:/W 


P 1 X 

conv - 2 h 2 A (40 W/m 2 • °C)(1.2 m 2 ) 


= 0.02083°C/W 


FIGURE 3-13 

Schematic for Example 3-3. 


Noting that all three resistances are in series, the total resistance is 

^total Rfxmv, 1 "T /^glass, 1 ~F /^air E 2 ~F T^conv, 2 

0.08333 + 0.00427 i 0.3205 + 0.00427 I 0.02083 : 

"7- • - 0.4332°C/W 

f ■ 

Then the steady rate of heat transfer through the window becomes : 

: Q = A, - T. 1 = [20 - (-10)]°C = 

t „ ■ : : « !su i 0.4332’C/W " 

• \ ■ • 

which is about one-fourth of the result obtained in the previous example. This 
explains the popularity of the double- and even triple-pane windows.in cold 
climates. The drastic reduction in the heat transfer rate in this case is due to 
the large thermal resistance of the air layer between the glasses. 

The inner surface temperature of the window in this case will be 

T\ = T wl - QR^i = 20°C - (69.2 W)(0.08333°C/W) = 14.2°C 


which is considerably higher than the —2.2°C obtained in the previous ex- 
ample. Therefore, a doubie-pane window will rarely get fogged. A double-pane 
window will also reduce the heat gain in summer, and thus reduce the air- 
conditioning costs. yy : -'yy7-- 


i 





FIGURE 3-14 

Temperature distribution and heat flow 
lines along two solid plates pressed 
against each other for the case of 
perfect and imperfect contact. 




(a) Ideal (perfect) thermal contact (fi) Actual (imperfect) thermal contact 


3-2 ■ THERMAL CONTACT RESISTANCE 

In the analysis of heat conduction through multilayer solids, we assumed 
“perfect contact” at the interface of two layers, and thus no temperature drop 
at the interface. This would be the case when the surfaces are perfectly smooth 
and they produce a perfect contact at each point. In reality, however, even flat 
surfaces that appear smooth to the eye turn out to be rather rough when ex- 
amined under a microscope, as shown in Fig. 3—14, with numerous peaks and 
valleys. That is, a surface is microscopically rough no matter how smooth it 
appears to be. 

When two such surfaces are pressed against each other, the peaks form good 
material contact but the valleys form voids filled with air. As a result, an in- 
terface contains numerous air gaps of varying sizes that act as insulation be- 
cause of the low thermal conductivity of air. Thus, an interface offers some 
resistance to heat transfer, and this resistance per unit interface area is called 
the thermal contact resistance, R c . The value of R c is determined experi- 
mentally using a setup like the one shown in Fig. 3—15, and as expected, there 
is considerable scatter of data because of the difficulty in characterizing the 
surfaces. 

Consider heat transfer through two metal rods of cross-sectional area A that 
are pressed against each other. Heat transfer through the interface of these two 
rods is the sum of the heat transfers through the solid contact spots and the 
gaps in the noncontact areas and can be expressed as 

Q = Gconuct + (3 “ 25) 

It can also be expressed in an analogous manner to Newton’s law of cooling as 


Q h c A ^fjnterface 


( 3 - 28 ) 



where A is the apparent interface area (which' is the same as the cross-sectional 
area of the rods) and A T interface is the effective temperature difference at the 
interface. The quantity h Ci which corresponds to the convection heat transfer 
coefficient, is called the thermal contact conductance and is expressed as 


hc Ar ; 


QIA 


(W/m 2 - °C) 


( 3 - 27 ) 


interface 


It is related to thermal contact resistance by 

„ _i_ Ar interfaw 

C ~K~ QIA 


(m 2 • °CAV) 


( 3 - 28 ) 


That is, thermal contact resistance is the inverse of thermal contact conduc- 
tance. Usually, thermal contact conductance is reported in the literature, but 
the concept of thermal contact resistance serves as a better vehicle for ex- 
plaining the effect of interface on heat transfer. Note that R c represents ther- 
mal contact resistance per unit area. The thermal resistance for the entire 
interface is obtained by dividing R c by the apparent interface area A. 

The thermal contact resistance can be determined from Eq. 3-28 by 
measuring the temperature drop at the interface and dividing it by the heat 
flux under steady conditions. The value of thermal contact resistance depends 
on the surface roughness and the material properties as well as the tem- 
perature and pressure at the interface and the type of fluid trapped at the 
interface. The situation becomes more complex when plates are fastened by 
bolts, screws, or rivets since the interface pressure in this case is nonuniform. 
The thermal contact resistance in that case also depends on the plate thick- 
ness, the bolt radius, and the size of the contact zone. Thermal contact 
resistance is observed to decrease with decreasing surface roughnessand 
increasing interface pressure, as expected. Most experimentally 
determined values of the thermal contact resistance fall between 0.000005 
and O.OOQS m 2 ■ °CAV (the corresponding range of thermal contact conduc- 
tance is 2Q00 to 200,000 W/m 2 • °C). 

When we analyze heat transfer rfr a medium consisting of two or more lay- 
ers, the first thing we need to know is whether the thermal contact resistance 
is significant or not. We can answer this question by comparing the magni- 
tudes 'of thq thermal resistances of the layers with typical values of thermal 
contact resistance. For example, the thermal resistance of a 1-cm-thick layer 
of an insulating material per unit surface area is 


insulation 


L ... 0.01 m 

k 0.04 W/m • °C 


= 0.25 m 2 * °CAV 


whereas for a 1-cm-thick layer of copper, it is 


_ L _ 0,01 m 

copper “ k ” 386 W/m • °C 


= 0.000026 m 2 - °CAV 


Comparing the values above with typical values of thermal contact resistance, 
we conclude that thermal contact resistance is significant and can even domi- 
nate the heat transfer for good heat conductors such as metals, but can be 


disregarded for poor heat conductors such as insulations. This is not surpris- 
ing since insulating materials consist mostly of air space just like the inter- 
face itself. 

The thermal contact resistance can be minimized by applying a thermally 
conducting liquid called a thermal grease such as silicon oil on the surfaces 
before they are pressed against each other. This is commonly done when at- 
taching electronic components such as power transistors to heat sinks. The 
thermal contact resistance can also be reduced by replacing the air at the in- 
terface by a better conducting gas such as helium or hydrogen, as shown in 
Table 3-1. 

Another way to minimize the contact resistance is to insert a soft metallic 
foil such as tin, silver, copper, nickel, or aluminum between the two surfaces. 
Experimental studies show that the thermal contact resistance can be reduced 
by a factor of up to 7 by a metallic foil at the interface. For maximum effec- 
tiveness, the foils must be very thin. The effect of metallic coatings on thermal 
contact conductance is shown in Fig. 3-16 for various metal surfaces. 

There is considerable uncertainty in the contact conductance data reported 
in the literature, and care should be exercised when using them. In Table 3-2 
some experimental results are given for the contact conductance between sim- 
ilar and dissimilar metal surfaces for use in preliminary design calculations. 
Note that the thermal contact conductance is highest (and thus the contact re- 
sistance is lowest) for soft metals with smooth surfaces at high pressure. 


EXAMPLE 3-4 Equivalent Thickness for Contact Resistance ^ 

The thermal contact conductance at the interface of two 1-cm-thick aluminum 
plates is measured to be 11,000 W/m 2 • K. Determine the thickness of the alu- 
minum plate whose thermal resistance is equal to the thermal resistance of the 
interface between the plates (Fig. 3-17). 

SOLUTION - The thickness of the aluminum plate whose thermal resistance 
is equal to the thermal contact resistance is to be determined. 

Properties The thermal conductivity of aluminum at room temperature is 
k - 237 W/m • K (Table A-3). 

Analysis Noting that thermal contact resistance is the inverse of thermal con- 
tact conductance, the thermal contact resistance is 



1 

11,000 W/m 2 • K 


0.909 X 10 4 in 2 • K/W 


For a unit surface area, the thermal resistance of a flat plate is defined as 



where L is the thickness of the plate and k is the thermal conductivity. 
Setting R = R c , the equivalent thickness is determined from the relation above 
to be 

L = kR c ~ (237 W/m • K)(0.909 X 10 4 m 2 • K/W) - 0.02 15 m - 2.15 cm 


5 


TABLE 3-2 . . ^ : : 

Thermai contact conductance of some metal surfaces in air (from various sources) 


Material 

Surface 

condition 

Roughness, fim 

Temperature, °C 

Pressure, 

MPa 

ho 

W/m 2 ■ °C 

Identical Metal Pairs 






416 Stainless steel 

Ground 

2.54 

90-200 

0.17-2.5 

3800 

304 Stainless steel 

Ground 

1.14 

20 

4-7 

1900 

Aluminum 

Ground 

2.54 

150 

1. 2-2.5 

-i 7UU 

11 400 

Copper 

Ground 

1.27 ‘ 

20 

1.2-20 

143,000 

Copper 

Milled 

3.81 

20 

1-5 

55 500 

Copper (vacuum) 

Milled 

0.25 

30 

0.17-7 

11,400 

Pissimilar Metal Pairs 






Stainless steel- 




10 

2900 

Aluminum 


20-30 

20 

20 

3600 

Stainless steel- 




10 

16,400 

Aluminum 


1. 0-2.0 

20 

20 

20,800 

Steel Ct-30- 




10 

50,000 

Aluminum 

Ground 

1. 4-2.0 

20 

15-35 

59,000 

Steel Ct-30- 




10 

4800 

Aluminum 

Milled 

4. 5-7. 2 

20 

30 

8300 





5 

42,000 

Aluminum-Copper 

Ground 

1.17-1.4 

20 

15 

56,000 

Aluminum-Copper 

Milled 

4.4-4.5 

20 

10 

20-35 

12,000 

22,000 


Discussion Note that the interface between the two plates offers as much re- 
sistance^ heat transfer as a 2.15-cm-thick aluminum plate. It is interesting 
that the; thermal contact resistance in this case is greater than the sum of the 
thermal resistances of both plates. 



EXAMPLE 3-5 Contact Resistance of Transistors 

Four identical power transistors with aluminum casing are attached on one side 
of a 1-cm-thick 20-cm x 20-cm square copper plate (k = 386 W/rn - *c) 
by screws that exert an average pressure of 6 MPa (Fig. 3-18). The base area i. 
of each transistor is 8 cm 2 , and each transistor is placed at the center of a 
10-cm x 10-cm quarter section of the plate. The interface roughness is estimated 
to be about 1.5 ^m. All transistors are covered by a thick Plexiglas layer, which is 
a poor conductor of heat, and thus all the heat generated at the junction of the 
transistor must be dissipated to the ambient at 20°C through the back surface of 
the copper plate. The combined convection/radiation heat transfer coefficient at 
the back surface can be taken to be 25 W/m 2 • °C. If the case temperature of the 
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Plate 

- ^aluminum ; : : 2 
1 cm 




FIGURE 3-17 

Schematic for Example 3-4. 
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FIGURE 3—1 8 

Schematic for Example 3-5. 
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transistor is not to exceed 7 OX, determine the maximum power each transistor" 
can dissipate safely, and the temperature jump at the case-piate interface. 


SOLUTION Four identical power transistors are attached on a copper plate. I 
For a maximum case temperature of 70X, the maximum power dissipation and 1 
the temperature jump at the interface are to be determined. | 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer can be ap- 8 
proximated as being one-dimensional, although it is recognized that heat con- I 
duction in some parts of the plate will be two-dimensional since the plate area 
is much larger than the base area of the transistor. But the large thermal con- 
ductivity of copper will minimize this effect. 3 All the heat generated at the 
junction is dissipated through the back surface of the plate since the transis- 
tors are covered by a thick Plexiglas layer. 4 Thermal conductivities are con- 
stant. 

Properties The thermal conductivity of copper is given to be k = 386 W/m ■ X. 
The contact conductance is obtained from Table 3-2 to be h c - 
42,000 W/m 2 ■ °C, which corresponds to copper-aluminum interface for the 
case of 1.17—1.4 /im roughness and 5 MPa pressure, which is sufficiently 
close to what we have. 

Analysis The contact area between the case and the plate is given to be 
8 cm 2 , and the plate area for each transistor is 100 cm 2 . The thermal resis- 
tance network of this problem consists of three resistances in series (interface, 

plate, and convection), which are determined to be 


R . 


1 


1 


interface 


h c A c (42,000 W/m 2 • °C)(8 X 10“ 4 m 2 ) 


= 0 030°C/W 


p — JrL = 
opiate f J 


0.01 m 


— =- = 0.0026XYW 
kA (386 W/m • °C)(0.01 m 2 ) 


p — - 

^conv 


i 


i 


— A tV> 


KA (25 W/m 2 * °C)(0.01 m 2 ) 


4.0 C/W 


The total thermal resistance is then 


HU. = w. + JW + = 0030 + 0.0026 + 4.0 = 4.0326"C/W 


Note that the thermal resistance of a copper plate is very small and can be 
ignored altogether. Then the rate of heat transfer is determined to be 



AT 


(70 - 20)°C 
4.0326X7 W 


12.4 W 


m 


Therefore, the power transistor should not be operated at power levels greater I 
than 12.4 W if the case temperature is not to exceed 7 0°C. . ■ 1 

The temperature jump at the interface is determined from I 


AW. = (12.4 W)(0.030°C/W) = 0.37°C 


which is not very large. Therefore, even if we eliminate the thermal contact re- 
sistance at the interface completely, we lower the operating temperature of the 
transistor in this case by less than 0.4X. 



3-3 * GENERALIZED THERMAL RESISTANCE 
NETWORKS 

The thermal resistance concept or the electrical analogy can also be used to 
solve steady heat transfer problems that involve parallel layers or combined 
series-parallel arrangements. Although such problems are often two- or even 
three-dimensional, approximate solutions can be obtained by assuming one- 
dimensional heat transfer and using the thermal resistance network. 

Consider the composite wall shown in Fig. 3-19, which consists of two 
parallel layers. The thermal resistance network, which consists of two parallel 
resistances, can be represented as shown in the figure. Noting that the total 
heat transfer is the sum of the heat transfers through each layer, we have 


Q = Qi + Q2 = 



= (r, - r 2 ; 


j_ 

*1 



Utilizing electrical analogy, we get 


i 

Q 


Ti~T 2 

R\\A: 


( 3 - 29 ) 


( 3 - 30 ) 


where 


Insulation 



R 2 

G=2j + e 2 

FIGURE 3-19 

Thermal resistance 
network for two parallel layers. 


Rmri Ri R 2 10,11 Ri+Ri 


( 3 - 31 ) 


since the resistances are in parallel. 

Now consider the combined series-parallel arrangement shown in Fig. 
3-20. The total rate of heat transfer through this composite system can again 
be expressed as 


A 


where 


- T, - T. 

Q = - 


R 


tOtt! 




\ 


^toul — ^12 — ' 


conv 


Rl^2 

R\ + R2 


■hR 2 +R 


co av 


and 


R, = 




R, = 


L 2 

k 2 A 2 


Ri = 


k 3 A 2 


R 


conv 


hA, 


( 3 - 32 ) 


( 3 - 33 ) 


( 3 - 34 ) 


Insulation 



L l ~L 1 



Once the individual thermal resistances are evaluated, the total resistance and 
the total rate of heat transfer can easily be determined from the relations 
above. 

The result obtained is somewhat approximate, since the surfaces of the third 
layer are probably not isothermal, and heat transfer between the first two lay- 
ers is likely to occur. 

Two assumptions commonly used in solving complex multidimensional 
heat transfer problems by treating them as one-dimensional (say f in the 
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-VWVW- 


1 


Q r 
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R, 


h-W/AV VAWi 


R, 


R 


conv 


FIGURE 3-20 

Thermal resistance network for 
combined series-parallel arrangement* 



x-direction) using the thermal resistance network are (1) any plane wall nor- 
mal to the x-axis is isothermal (i.e., to assume the temperature to vary in the 
x-direction only) and (2) any plane parallel to the x-axis is adiabatic (i.e., to 
assume heat transfer to occur in the x-direction only). These two assumptions 
result in different resistance networks, and thus different (but usually close) 
values for the total thermal resistance and thus heat transfer. The actual result 
lies between these two values. In geometries in which heat transfer occurs pre- 
dominantly in one direction, either approach gives satisfactory results. 





FIGURE 3-21 

Schematic for Example 3-6. 


EXAMPLE 3-6 Heat Loss through a Composite Waif 

A 3-m-high and 5-m-wide wall consists of long 16-cm x 22-cm cross section 
horizontal bricks ( k = 0.72 W/m • °C) separated by 3-cm-tHick plaster layers 
(k = 0.22 W/m • °C). There are also 2-cm-thick plaster layers on each side of 
the brick and a 3-cm-thick rigid foam (k = 0.026 W/m ■ °C) on the inner side 
of the wall, as shown in Fig. 3-21. The indoor and the outdoor temperatures 
are 20°C and -10°C, respectively, and the convection heat transfer coeffi- 
cients on the inner and the outer sides are hi = 10 W/m 2 - °C and h 2 = 
25 W/m 2 ■ °C, respectively. Assuming one-dimensiona! heat transfer and disre- 
garding radiation, determine the rate of heat transfer through the wall. 


SOLUTION The composition of a composite wall is given. The rate of heat 
transfer through the wall is to be determined. 

Assumptions 1 Heat transfer is steady since there is no indication of change 
with time. 2 Heat transfer can be approximated as being one-dimensional since 
it is predominantly in the x-direction. 3 Thermal conductivities are constant. 
4 Heat transfer by radiation is negligible. 

Properties The thermal conductivities are given to be k = 0.72 W/m * °C 
for bricks, k = 0.22 W/m • °C for plaster layers, and k = 0.026 W/m • °C for 
the rigid foam. 

Analysis There is a pattern in the construction of this wall that repeats itself 
every 25-cm distance in the vertical direction. There is no variation in the hor- 
izontal direction. Therefore, we consider a 1-m-deep and 0.25-m-high portion 
of the wall, since it is representative of the entire wail. 

Assuming any cross section of the wall normal to the x-direction to be 
isothermal , the thermal resistance network for the representative section of 
the wall becomes as shown in Fig. 3-21. The individual resistances are eval- 
uated as: 


d = 1 . = _ 1 = n 40°07W 

conv - 1 hi A (10 W/m 2 ■ °C)(0.25 X 1 m 2 ) 


□ L _ ■■ 0.03 m ___ __ a go°c 7 \y 

foam ~ kA (0.026 W/m • °C)(0.25 Xlm 2 ) 

P=J? - = Il = _ 0-02 m 

6 p!ait ^ s,de kA (0.22 W/m ■ °C)(0.25 X 1 m 2 ) 


= = L = 0-16 m 

5 *&*«-*** kA (0.22 W/m - °C)(0.015 X 1 m 2 ) 

= 48.48°C/W 


L_ 


X 


: LviV Alj ft ifryj; W.VW VI 


Ri J^brick 


L 


0.16 m 


M (0.72 W/m ■ °C)(0.22 X 1 m 2 ) 

1 


= i.o raw 


p _o = — 1 — — -— = o.i 6 °c/w 

R 0 - «coav. 2 hiA (25 w/m 2 . °C)(0.25 X 1 m 2 ) 


8 


The three resistances tf 3( ft,, and ft in the middle are parallel, and their equiv- 
alent resistance is determined from ; . , 


1 = J_ + J_ + X 

n I n l Ifl 


1 +v4t+.iAx= 1.03 W/°C 


kZ-Rs R* R s 4848 101 48 - 48 


which gives 


ftaa = 0.97°C/W 


Now atl the resistances are in series, and the total resistance is 


ft*,, ” ft + ft + ft »• ft™. ' ft + ft 

= 0.40 + 4.62 + 0.36 + 0.97 + 0.36 + 0.16 
■■■ - 6.87°C7W 

Then the steady rate of heat transfer through the wall becomes 


A _ T * 1 ^” 2 = 1?^ ■ - — — = 4 37 w (per 0.25 m 2 surface area) 


R 


total 


6.87 C/W 


or 4.37/0.25 = 17.5 W per m 2 area. The total area of the wall is A = 3 m x 
5 m = 15 m 2 . Then the rate of heat transfer through the entire wail becomes 

' 4, a! - (17.5 W/m 2 )(15 m 2 ) - 263 W 

?. , ' - 

Of course, this result is approximate, since we assumed the temperature within 

the wall to vary in one direction only and ignored any temperature change (and 
thus heat transfer) in the other two directions, : ^ ■ 

Discussion In the above solution, we assumed the temperature at any cross 
section of the wall normal to the direction to be isothermal. We could also 
solve this problem by going to the other extreme and assuming the surfaces par- 
allel to the x-direction to be adiabatic. The thermal resistance network in this 
case will be as shown in Fig. 3-22. By following the approach outlined above, 
the total thermal resistance in this case is determined to be ft^i = 6.97°C/W, 
which is very close to the value 6.85°C/W obtained before. Thus either 
approach gives roughly the same result in this case. This example demon- 
strates that either approach can be used in practice to obtain satisfactory 
results. 
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FIGURE 3-22 

Alternative thermal resistance 
network for Example 3-6 for the 
case of surfaces parallel to the 
primary direction of heat 
transfer being adiabatic. 



FIGURE 3-23 

Heat is lost from a hot-water pipe to 
the air outside in the radial direction, 
and thus heat transfer from a long 
pipe is one-dimensional. 



FIGURE 3-24 

A long cylindrical pipe (or spherical 
shell) with specified inner and outer 
surface temperatures 7\ and T 2 . 


3-4 - HEAT CONDUCTION IN 

CYLINDERS AND SPHERES 

Consider steady heat conduction through a hot-water pipe. Heat is continu- 
ously lost to the outdoors through the wall of the pipe, and we intuitively feel 
that heat transfer through the pipe is in the normal direction to the pipe surface 
and no significant heat transfer takes place in the pipe in other directions 
(Fig. 3-23). The wall of the pipe, whose thickness is rather small, separates 
two fluids at different temperatures, and thus the temperature gradient in the 
radial direction is relatively large. Further, if the fluid temperatures inside 
and outside the pipe remain constant, then heat transfer through the pipe is 
steady. Thus heat transfer through the pipe can be modeled as steady and one - 
dimensional. The temperature of the pipe in this case depends on one direction 
only (the radial r-direction) and can be expressed as T = T(r). The tem- 
perature is independent of the azimuthal angle or the axial distance. This situ- 
ation is approximated in practice in long cylindrical pipes and spherical 
containers. : 

In steady operation, there is no change in the temperature of the pipe with 
time at any point. Therefore, the rate of heat transfer into the pipe must be 
equal to the rate of heat transfer out of it. In other words, heat transfer through 
the pipe must be constant, Q coadj cyl ‘ = constant. 

Consider a long cylindrical layer (such as a circular pipe) of inner radius r u 
outer radius r 2 , length L, and average thermal conductivity k (Fig. 3-24). The 
two surfaces of the cylindrical layer are maintained at constant temperatures 
7) and T 2 . There is no heat generation in the layer and the thermal conductiv- 
ity is constant. For one-dimensional heat conduction through the cylindrical 
layer, we have T(r). Then Fourier’s law of heat conduction for heat transfer 
through the cylindrical layer can be expressed as 

dT 

Gc«d. cyi = -kA~^ (W) (3-35) 

where A = 2rrrL is the heat transfer area at location r. Note that A depends on 
r, and thus it varies in the direction of heat transfer. Separating the variables 
in the above equation and integrating from r= r x , where T{r x ) — T u to r= r 2 , 
where T(r 2 ) = T 2 , gives 


Q 


cofid, cyl 


dr = - 


kdT 


r=r, 


'T~T, 


Substituting A = 2irrL and performing the integrations give 


T x - T 2 

Qcaai, cyl ~ { n( / j 


(W) 


* 

since £2cond. cyi = constant. This equation can be rearranged as 


Q, 


T, - Ti 


concL cyl 


R 


cy] 


(W) 


(3-38) 


(3-37) 


(3-38) 


where 


ln(r,/ri) _ ln(Outer radiusrinner radius) 
2irLk 2 tt X Length X Tliermal conductivity 


(3-39) 


is the thermal resistance of the cylindrical layer against heat conduction, or 
simply the conduction resistance of the cylinder layer. 

\Ve can repeat the analysis for a spherical layer by taking A — 4i tj 2 and per- 
forming the integrations in Eq. 3-36. The result can be expressed as 


Q 


cond, sph 


T x — T 2 


(3-40) 


where 


R =J1ZSl 

sph 4wr x r 2 k 


Outer radius — Inner radius 

47r(Outer radius)(Inner radius)(ThermaI conductivity) 


(3-41) 


is the thermal resistance of the spherical layer against heat conduction, or sim- 
ply the conduction resistance of the spherical layer. 

Now consider steady one-dimensional heat transfer through a cylindrical or 
spherical layer that is exposed to convection on both sides to fluids at tempera- 
tures T„i and T al with heat transfer coefficients h x and h 2 , respectively, as 
shown in Fig. 3-25. The thermal resistance network in this case consists of one 
conduction and two convection resistances in series, just like the one for the 
plane wall, and the rate of heat transfer under steady conditions can be ex- 
pressed as 



T ml ~ T. 


*2 


R 


total 


(3-42) 


where • 





✓ 

’ ^conv, ] i ^c-?\ T tkor.\, ? 

1 ln(r 2 /r ]) 1 

(2rrr x L)hi 2irLk + (27rr 2 t)/i 2 


(3-43) 



The thermal resistance network 
for a cylindrical (or spherical) 
shell subjected to convection from 
both the inn er and the outer sides. 


for a cylindrical layer, and 


R** ~ R 


coav, 1 

l 


+ R sph + R 


cOov, 2 


r 2 ~ r x 

+ ~ T + 


(4irr 1 2 )/i ! 47rr l r 2 £ (4irr£)h 2 


(3-44) 


/ 

for a spherical layer. Note that A in the convection resistance relation 
Room ~ 1/hA is the surface area at which convection occurs. It is equal to 
A = 2rrrL for a cylindrical surface and A = Am 2 for a spherical surface of 
radius r. Also note that the thermal resistances are in series, and thus the total 
thermal resistance is determined by simply adding the individual resistances, 
just like the electrical resistances connected in series. 





Multilayered Cylinders and Spheres 

Steady heat transfer through multilayered cylindrical or spherical shells can be 
handled just like multilayered plane walls discussed earlier by simply add- 
ing an additional resistance in series for each additional layer. For example, the 
steady heat transfer rate through the three-layered composite cylinder of length 
L shown in Fig. 3-26 with convection on both sides can be expressed as 


x __ [ T^2 


( 3 - 45 ) 


where /? tolal is the total thermal resistance, expressed as 

^total Rc<mv,l F Vl F ^ i. - F ^cy],3 F t’cc-nv. 2 

1 ln(r 2 /rj) ln(r 3 fr 2 ) ln(r 4 /r 3 ) 1 

M, 2irLk l 2irLk 2 2 -ttL^ h 2 A 4 


( 3 - 46 ) 


where A x = 2 'irr l L and A 4 = 2tt r 4 L Equation 3-46 can also be used for a 
three-layered spherical shell by replacing the thermal resistances of cylindri- 
cal layers by the corresponding spherical ones. Again, note from the thermal 
resistance network that the resistances are in series, and thus the total thermal 
resistance is simply the arithmetic sum of the individual thermal resistances in 
the path of heat flow. 

Once Q is known, we can determine any intermediate temperature 7} by ap- 
plying the relation Q - (7) - 7})/7? totalj f across any layer or layers such that 
Tj is a known temperature at location i and /i t(JtaI ^ is the total thermal resis- 
tance between locations i and j (Fig. 3-27). For example, once Q has been cal- 
culated, the interface temperature T 2 between the first and second cylindrical 
layers can be determined from 



FIGURE 3-26 

The thermal resistance network for heat transfer through a three-layered composite cylinder 
subjected to convection on both sides. 
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We could also calculate J 2 from 

- _ K ~~ K2 _ K K2 (3-48) 

Q ~ R 2 + R 3 + Rcwi, 2 ln(r 3 /r a ) ln(r 4 /r 3 ) 1 

2ttL^ 2 + 2ttUc 3 h 0 (2trr 4 L) 

Although both relations give the same result, we prefer the first one since it in- 
volves fewer terms and thus less work. 

The thermal resistance concept can also be used for other geometries , pro- 
vided that the proper conduction resistances and the proper surface areas in 
convection resistances are used. 
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EXAMPLE 3-7 


Heat Transfer to a Spherical Container 


A 3-m internal diameter spherical tank made of 2-cm-thick stainless stee! 
(/r = 15 W/m ■ °C) is used to store iced water at F„ 1 = 0°C, The tank is located 
in a room whose temperature is I„ 2 = 22°C. The walls of the room are also at 
22°C. The outer surface of the tank is black and heat transfer between the 
outer surface of the tank and the surroundings is by natural convection and ra- 
diation. The convection heat transfer coefficients at the inner and the outer 
surfaces of the tank are th = SO W/m 2 - °C and h 2 = 10 W/m 2 -TO, respec- 
tively. Determine (a) the rate of heat transfer to the iced water in the lank and 
(b) the amount of ice at 0°C that melts during a 24-h period. 


I SOLUTION A spherical container filled with iced water is subjected to con- 
vection and radiation heat transfer at its outer surface. The rate of heat trans- 
fer and the amount of ice that melts per day are to be determined. ; ; 
Assumptions 1 Heat transfer is steady since the specified thermal conditions 
at the boundaries do not change with time. 2 Heat transfer is one-dimensional 
since there is thermal symmetry ajpout the midpoint. 3 Thermal conductivity is 
constant 

Properties The thermal conductivity of steel is given to be k = 15 W/m • e C. 
Tho'heat of fusion of water at atmospheric pressure is h if - 333.7 kJ/kg. The 
outer surface of the tank is black and thus its emissivity is e = 1. : ^ 
Analysis ia) The thermal resistance network for this problem is given in 
Fig. 3-28. Noting that the inner diameter of the tank is Dy = 3 m and the outer 
diameter is D 2 = 3.04 m, the inner and the outer surface areas of the tank are 


A} itD] 2i(3 in) 2 ~ 28.3 m 2 
A 2 = ttD\ = 7r(3.04 m) 2 = 29.0 m 2 

Also, the radiation heat transfer coefficient is given by 

h nd = E<T{T 2 2 +rt 2 KT 2 + T^ : 

But we do not know the outer surface temperature T 2 of the tank, and thus we 
cannot calculate h fad . Therefore, we need to assume a T 2 value now and check 


FIGURE 3-27 

The ratio tsT/R across any layer is 
equal to Q, which remains constant in 
one-dimensional steady conduction. 



K 

FIGURE 3-28 

Schematic for Example 3-7. 


T^'r-vt* 



the accuracy of this assumption later. We will repeat the calculations if neces- 
sary using a revised value for T 2 . 

We note that T 2 must be between 0°C and 22°C, but it must be closer 
to 0°C, since the heat transfer coefficient inside the tank is much larger. Taking 
T 2 = 5°C = 278 K, the radiation heat transfer coefficient is determined. to be 

d = (0(5.67 X ICT® W/m 2 • K 4 )[(295 K) 2 + (278 K) 2 ][(295 + 278) K] 

= 5.34 W/m 2 ■ K = 5.34 W/m 2 • °C 

Then the individual thermal resistances become 


‘ = idr ; = (80 W/m 2 ■ °C)(28.3 m s ) = W 


r 2 - 


(1.52 — 1.50) m 


5plKre 4 t Tkr x r 2 4i r (15 W/m • °C)(1.52 m)(1.50 m) 

= 0.000047°C/W 

- 2 = d = (10 W/m 2 ■ °C)(29.0 m 2 ) = 


AndA 2 (5.34 W/m 2 * °C)(29.0 m 2 ) 


- 0.00646°C/W 


The two parallel resistances R 0 and ff ra(j can be replaced by an equivalent resis-' 


tance R^ uU determined from 


>equi¥ 


^ 1 . 1 _ l l 

K R„d 0.00345 0.00646 


= 444.7 W/°C 


which gives 


tfequiv = 0.00225°C/W 


Nov/ ail the resistances are in series, and the total resistance is 
/? total = R, + R l + R^ v = 0.000442 4 0.000047 + 0.00225 = 0.00274°C/W 
Then the steady rate of heat transfer to the iced water becomes 


T m2 ~T vl ( 22 ~ 0)°C 
0.00274°C/W 


= 8029 W (or Q = 8.029 kJ/s) 


To check the validity of our original assumption, we now determine the outer 
surface temperature from 


T&2 ~ 

/?eqqiv 


~ 1*2 QRe qniv 

= 22°C - (8029 W) (0. 00225 i ’C/ W) = 4°C 


which is sufficiently close to the 5°C assumed in the determination of the ra- 
diation heat transfer coefficient. Therefore, there is no need to repeat the cal- 
culations using 4°C for T 2 . 




(b) The total amount of heat transfer during a 24-h period is 

• . . . • . 

Q = Q At = (8.029 kj/s)(24 X 3600 s) = 693,700 kJ 

■ 

' 

Noting that it takes 333.7 kJ of energy to melt 1 kg of ice at 0°C, the amount 
of ice that will melt during a 24-h period is 


m 


ice 


Q 693,700 kJ 
h if ~ 333.7 kJ/kg 


= 2079 kg 


Therefore, about 2 metric tons of ice will melt in the tank every day. 


Discussion An easier way to deal with combined convection and radiation at a 
surface when the surrounding medium and surfaces are at the same tempera- 
ture is to add the radiation and convection heat transfer coefficients and to 
treat the result as the convection heat transfer coefficient. That is, to take h ~ 
10 + 5.34 = 15.34 W/m 2 • °C in this case. This way, we can ignore radiation 

I since its contribution is accounted for in the convection heat transfer coeffi- 
cient. The convection resistance of the outer surface in this case would be 


R 


1 


1 


combined 


^combined ^2 (15.34 W/m 2 * °C)(29.0 m 2 ) 


= 0.00225°C/W 


which is identical to the value obtained for equivalent resistance for the par- 
allel convection and the radiation resistances. ; 


EXAMPLE 3-8 Heat Loss through an Insulated Steam Pipe 

Steam at.T^j = 320°C flows in a cast iron pipe (/r = 80 W/m * °C) whose inner 
and outer diameters are = 5 cm>and D 2 = 5.5 cm, respectively. The pipe is 
covered-with 3-cm-thick glass wool insulation with 'k= 0.05 W/m • 0 C. Heat is 
lost to the surroundings at T v2 = 5°C by natural convection and radiation, with 
a combined heat transfer coefficient of h 2 - 18 W/m 2 * °C. Taking the heat 
transfer coefficient inside the pipe to be hi = 60 W/m 2 • °C, determine the rate 
of heat loss from the steam per unit length of the pipe. Also determine the 
temperature drops across the pipe shell and the insulation. 

SOLUTION A steam pipe covered with glass wool insulation is subjected to 
convection on its surfaces. The rate of heat transfer per unit length and the 
temperature drops across the pipe and the insulation are to be determined. 
Assumptions 1 Heat transfer is steady since there is no indication of any 
change with time. 2 Heat transfer is one-dimensional since there is thermal 
symmetry about the centerline and no variation in the axial direction. 3 Ther- 
mal conductivities are constant. 4 The thermal contact resistance at the inter- 
face is negligible. 

Properties The thermal conductivities are given to be k =80 W/m * °C for cast 
iron and k = 0.05 W/m • °C for glass wool insulation. 
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FIGURE 3-29 

Schematic for Example 3-8. 


Analysis The thermal resistance network for this problem involves four resis- 
tances in series and is given in Fig. 3-29. Taking t=lm, the areas of the 
surfaces exposed to convection are determined to be 

Aj = 2 ttt x L ~ 2-tt ( 0.025 m)(l m) = 0.157 m 2 
A 3 = 2irr 3 L = 2tt( 0.0575 m)(l m) = 0.361 m 2 

Then the individual thermal resistances become 


R s = R 


1 


1 


R] 


“ nv ’ 1 h { Ai (60 W/m 2 • °C)(0. 1 57 m 2 ) 
In(r 2 /r]) ln(2.75/2.5) 


= 0.106°CAV 


ff, = R, 


2irk { L 2tt( 80 W/m - °C)(1 m) 
ln(r 3 // 2 ) ln(5.75/2.75) 


insulation 


2'irk 1 L 2tt( 0.05 W/m * °C)(1 m) 

1 1 


= 0.0002°C/W 


= 2.35°C/W 


R ° Sconv - 2 h 2 A 3 (18 W/m 2 ■ °C)(0.361 m 2 ) 


= 0.154 C/W 


Noting that all resistances are in series, the total resistance is determined to be 
Rnx = R, + R l + R 2 + R 0 = 0.106 + 0.0002 + 2.35 + 0.154 = 2.6TOW 
Then the steady rate of heat loss from the steam becomes 


Q = 


ool 


R 


total 


7T 2 (320 - 5)°C 

2.61°C/W 


= 121 W (per m pipe length) 


The heat loss for a given pipe length can be determined by multiplying the 
above quantity by the pipe length L. 

The temperature drops across the pipe and the insulation are determined 
from Eq. 3-17 to be 

A r pi£K = QR V ^ = (121 W)(0.0002°C/W) = 0.02°C 

= <2* !«»,*«, = (121 W)(2.35°C/W) •“ 284°C : - 

That is, the temperatures between the inner and the outer surfaces of the pipe 
differ by 0.02°C, whereas the temperatures between the inner and the outer 
surfaces of the insulation differ by 284°C. 

Discussion Note that the thermal resistance of the pipe is too small relative to 
the other resistances and can be neglected without causing any significant 
error. Also note that the temperature drop across the pipe is practically zero, 
and thus the pipe can be assumed to be isothermal. The resistance to heat flow 
in insulated pipes is primarily due to insulation. 


3-5 * CRITICAL RADIUS OF INSULATION 

We know that adding more insulation to a wall or to the attic always decreases 
heat transfer. The thicker the insulation, the lower the heat transfer rate. This 
is expected, since the heat transfer area A is constant, and adding insulation 
always increases the thermal resistance of the wall without increasing the 
convection resistance. 

Adding insulation to a cylindrical pipe or a spherical shell, however, is a dif- 
ferent matter. The additional insulation increases the conduction resistance of 


the insulation layer but decreases the convection resistance of the surface be- 
cause of the increase in the outer surface area for convection. The heat trans- 
fer from the pipe may increase or decrease, depending on which effect 
dominates. 

Consider a cylindrical pipe of outer radius r L whose outer surface tempera- 
ture Ti is maintained constant (Fig. 3-30). The pipe is now insulated with a 
material whose thermal conductivity is k and outer radius is r 2 . Heat is lost 
from the pipe to the surrounding medium at temperature r«, with a convection 
heat transfer coefficient h. The rate of heat transfer from the insulated pipe to 
the surrounding air can be expressed as (Fig. 3-3 1) 


• T x -T m _ Tj — TV 

U + flconv lnfa/fi) 1 

2irLk h(2irr 2 L) 


{3-49) 


The variation of Q with the outer radius of the insulation r 2 is plotted in 
Fig. 3-31. The value of r 2 at which Q reaches a maximum is determined from 
the requirement that dQ/dr 2 — 0 (zero slope). Performing the differentiation 
and solving for r 2 yields the critical radius of insulation for a cylindrical 
body to be 


i. c> lii. cor 


k 

h 


(m) 


(3-50) 


Note that the critical radius of insulation depends on the thermal conductivity 
of the insulation k and the external convection heat transfer coefficient h. 
The rate of heat transfer from the cylinder increases with the addition of insu- 
lation for r 2 < r„, reaches a ma xim um when r 2 — r at and starts to decrease for 
r 2 > r ct . Thus, insulating the pipe may actually increase the rate of heat trans- 
fer from the pipe instead of decreasing it when r 2 < r cr . 

The important question to answer at this point is whether we need to be con- 
cerned about the critical radius of insulation when insulating hot-water pipes 
or even hot-water tanks. Should we always check and make sure that the outer 
radius of insulation sufficiently exceeds the critical radius before we install 
any insulation? Probably not, as explained here. 

The value of the critical radius r cr is the largest when k is large and h is 
smalP. Noting that the lowest value of h encountered in practice is about 
5 W/m 2 • °C for the case of natural convection of gases, and that the thermal 
conductivity of common insulating materials is about 0.05 W/m 2 • °C, the 
largest value of the critical radius we are likely to encounter is 


f"cr, majc 


*tnax f insulation 
^min 


0,05 W/m ■ Q C 
5 W/m 2 * °C 


= 0,01 m “ 1 cm 


This value would be even smaller when the radiation effects are considered. 
The critical radius would be much less in forced convection, often less than 
1 mm, because of much larger h values associated with forced convection. 
Therefore, we can insulate hot-water or steam pipes freely without worrying 
about the possibility of increasing the heat transfer by insulating the pipes. 

The radius of electric wires may be smaller than the critical radius. There- 
fore, the plastic electrical insulation may actually enhance the heat transfer 
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FIGURE 3-30 

An insulated cylindrical pipe 
exposed to convection from the outer 
surface and the thermal resistance 
network associated with it. 
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FIGURE 3-32 

Schematic for Example 3-9. 


from electric wires and thus keep their steady operating temperatures at lower 
and thus safer levels. 

The discussions above can be repeated for a sphere, and it can be shown in 
a similar manner that the critical radius of insulation for a spherical shell is 


= 2k 

* cr, sphere ^ 


t-' 


(3-51) 


where k is the thermal conductivity of the insulation and h is the convection 
heat transfer coefficient on the outer surface. 


EXAMPLE 3-9 Heat Loss from an Insulated Electric Wire 

A 3-mm-diameter and 5-m-iong electric wire is tightly \yrapped with a 2-mtri- 
thtck plastic cover whose thermal conductivity is k = 0.15 W/m • C C. Electrical 
measurements indicate that a current of 10 A passes through the wire and 
there is a voltage drop of 8 V along the wire. If the insulated wire is exposed to 
a medium at = 30°C with a heat transfer coefficient of h = 12 W/m 2 • °C, 
determine the temperature at the interface of the wire and the plastic cover in 
steady operation. Also determine whether doubling the thickness of the plastic 
cover will increase or decrease this interface temperature. 

SOLUTION An electric wire is tightly wrapped with a plastic cover. The inter- 
face temperature and the effect of doubling the thickness of the plastic cover 
on the interface temperature are to be determined. 

Assumptions 1 Heat transfer is steady since there is no indication of any 
change with time. 2 Heat transfer is one-dimensional since there is thermal 
symmetry about the centerline and no variation. in the axial direction. 3 Ther- 
mal conductivities are constant. 4 The thermal contact resistance at the inter- 
face is negligible. 5 Heat transfer coefficient incorporates the radiation effects, 

. if any: r.T.; -v.' ■. 

Properties The thermal conductivity of plastic is given to be k 

0.15 W/m • °C. ■T : T 'v 

Analysis Heat is generated in the wire and its temperature rises as a result of 
resistance heating. We assume heat is generated uniformly throughout the wire 
and is transferred to the surrounding medium in the radial direction. In steady 
operation, the rate of heat transfer becomes equal to the heat generated within 
the wire, which is determined to be \ ■ 

Q -= W e - V/ - (8 V)(10 A) = 80 W 

The thermal resistance network for this problem involves a conduction resis- 
tance for the plastic cover and a convection resistance for the outer surface in 
series, as shown in Fig. 3—32. The values of these two resistances are 


Ao = 


R 


(2t rr 2 )L = 2tt( 0.0035 m)(5 m) = 0.110 m 2 
1 I 


COflV 




M 2 (12 W/m 2 • °C)(0.110 m 2 ) 
ln(r 2 /ri) ln(3.5/1.5) 


= 0 76°C/W 


pi^dc 2-rrkL 2tt( 0.15 W/m - °C)(5 m) 


= 0.18°C/W 


i; 




0 



and therefore 

/ftoUi = Aplastic + = 0.76 + 0.18 = 0.94°C/ W 

Then the interface temperature can be determined from 
• ? ', • T x 

Q ~ ^ ^ ^ Tj ~ T& d" Q.R total 

t0U ' = 30°C + (80 W)(0.94°C/ W) = 105°C 

Note that we did not involve the electrical wire directly in the thermal resis- 
tance network, since the wire involves heat generation. 

To answer the second part of the question, we need to know the critical 
radius of insulation of the plastic cover. It is determined from Eq. 3-50 to be 



k; 


0.15 W/m • °C 
12 W/m 2 - °C 


= 0.0125 m 


12.5 mm 


which is larger than the radius of the plastic cover. Therefore, increasing the 
thickness of the plastic cover will enhance heat transfer until the outer radius 
of the cover reaches 12.5 mm. As a result, the rate of heat transfer Q will in- 
crease when the interface temperature 7\ is held constant, or Ti will decrease . 
when Q is held constant, which is the case here. 

Discussion it can be shown by repeating the calculations above for a 4-mm- 
thick plastic cover that the interface temperature drops to 90.6°C when the 
thickness of the plastic cover is doubled. It can also be shown in a similar 
manner that the interface reaches a minimum temperature of 83°C when the 
outer radius of the plastic cover equals the critical radius. ■/, 


3-6 - HEAT TRANSFER FROM FINNED SURFACES 

f - 

The rate qf heat transfer from a surface at a temperature T s to the surrounding 
medium at T x is given by Newtoifs law of cooling as 

Qconv = hA S (T - T„) 

V 

p. \ 

where A s is the heat transfer surface area and h is the convection heat transfer 
coefficient. When the temperatures T s and T, x are fixed by design considera- 
tions, as is often the case, there are two ways to increase the rate of heat trans- 
fer: to increase the convection heat transfer coefficient h or to increase the 
surface area A y Increasing h may require the installation of a pump or fan, or 
replacing the existing one with a larger one, but this approach may or may not 
be practical. Besides, it may not be adequate. The alternative is to increase the 
surface area by attaching to the surface extended surfaces called fins made of 
highly conductive materials such as aluminum. Finned surfaces are manu- 
factured by extruding, welding, or wrapping a thin metal sheet on a surface. 
Fins enhance heat transfer from a surface by exposing a larger surface area to 
convection and radiation. 

Finned surfaces are commonly used in practice to enhance heat transfer, 
and they often increase the rate of heat transfer from a surface severalfold. 
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FIGURE 3-33 

The thin plate fins of a car radiator 
greatly increase the rate of heat transfer 
to the air. (© Yunus £engel, photo by 
James Kleiser.) 



FIGURE 3-34 

Some innovative fin designs. 



FIGURE 3-35 

Volume element of a fin at location x 
having a length of Ax, cross-sectional 
area of A c , and perimeter of p. 



The car radiator shown in Fig. 3-33 is an example of a finned surface. The 
closely packed thin metal sheets attached to the hot-water tubes increase 
the surface area for convection and thus the rate of convection heat transfer 
from the tubes to the air many times. There are a variety of innovative fin de- 
signs available in the market, and they seem to be limited only by imagination 
(Fig. 3-34). 

In the analysis of fins, we consider steady operation with ho heat generation 
in the fin, and we assume the thermal conductivity k of the material to remain 
constant. We also assume the convection heat transfer coefficient h to be con- 
stant and uniform over the entire surface of the fin for convenience in the 
analysis. We recognize that the convection heat transfer coefficient h, in gen- 
eral, varies along the fin as well as its circumference, and its value at a point 
is a strong function of xhe fluid motion at that point. The value of h is usually 
much lower at the fin base than it is at the fin tip because the fluid is sur- 
rounded by solid surfaces near the base, which seriously disrupt its motion to 
the point of “suffocating” it, while the fluid near the fin tip has little contact 
with a solid surface and thus encounters little resistance to flow. Therefore, 
adding too many fins on a surface may actually decrease the overall heat 
transfer when the decrease in h offsets any gain resulting from the increase in 
the surface area. 


Fin Equation 

Consider a volume element of a fin at location x having a length of Ax, 
cross-sectional area of A c , and a perimeter of p t as shown in Fig. 3-35. Under 
steady conditions, the energy balance on this volume element can be 
expressed as 


Rate of heat 
conduction into 
^the element at x 


Rate of heat 
conduction from the 
^ element at x + Ax 


Rate of heat 
+ ! convection from 
the element 




or ■ 


Gcond, x Qc oodr x + Ax 


Q 


COTV 


where 



Qcom = Wp Ax)(X - jy 
Substituting and dividing by Ax, we obtain 

4 » 

Q cood, z + Ai Q cond. z 


Ax 

Taking the limit as Ax 0 gives 

•f 

dQ cond 
dx 


+ hp(T -TJ = 0 


+ hp(T -TJ = 0 


From Fourier’s law of heat conduction we have 

Qcood = 


( 3 - 52 ) 


(3-53) 


( 3 - 54 ) 


where A c is the cross-sectional area of the fin at location x. Substitution of this 
relation into Eq. 3-53 gives the differential equation governing heat transfer 
in fins, ■ 


£ [kA c g J - hp(T — T*) = 0 (3-55) 

In general, the cross-sectional area A c and the perimeter p of a fin vary with x, 
which makes this differential equation difficult to solve. In the special case of 
constant cross section and constant thermal conductivity, the differential equa- 
tion 3-55 reduces to 


where 


| 




d 2 e 

dx 2 


m 2 e = 0 



(3-56) 


( 3 - 57 ) 


and 8 . — T ~ T a is the temperature excess. At the fin base we have 
B b =f b - 

Equation 3-56 is a linear, homogeneous, second-order differential equation 
with constant coefficients. A fundamental theory of differential equations 
states that such an equation has two linearly independent solution functions, 
and its general solution is the linear combination of those two solution func- 
tions. A careful examination of the differential equation reveals that subtract- 
ing a constant multiple of the solution function 6 from its second derivative 
yields zero* Thus we conclude that the function 8 and its second derivative 
must be constant multiples of each other. The only functions whose deriva- 
tives are constant multiples of the functions themselves are the exponential 
functions (or a linear combination of exponential functions such as sine and 
cosine hyperbolic functions). Therefore, the solution functions of the dif- 
ferential equation above are the exponential functions or e™ or constant 
multiples of them. This can be verified by direct substitution. For example, 
the second derivative of e~ rra is m 2 e^ mx , and its substitution into Eq. 3-56 
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" Specified 
temperature 



(а) Specified temperature 

(б) Negligible heat loss 

(c) Convection 

(d) Convection and radiation 

FIGURE 3-36 

Boundary conditions at the 
fin base and the fin tip. 



(p = n D, A c = ]tD 2 /4 for a cylindrical fin) 

FIGURE 3-37 

A long circular fin of uniform cross 
section and the variation of 
temperature along it. 


yields zero. Therefore, the general solution of the differential equation 
Eq. 3-56 is 


0(jr) = Cje™ + C 2 e~™ (3-58) 

where C l and C 2 are arbitrary constants whose values are to be determined 
from the boundary conditions at the base and at the tip of the fin. Note that we 
need only two conditions to determine C 1 and C 2 uniquely. 

The temperature of the plate to which the fins are attached is normally 
known in advance. Therefore, at the fin base we have a specified temperature 
boundary condition, expressed as 

Boundary condition at fin base: 0(0) = 6 b = T b — (3-59) 

At the fin tip we have several possibilities, including specified temperature, 
negligible heat loss (idealized as an adiabatic tip), convection, and combined 
convection and radiation (Fig. 3-36). Next, we consider each case separately. 

1 infinitely Long Fin (7 fjnUp = TJ 

For a sufficiently long fin of uniform cross section {A c — constant), the tem- 
perature of the fin at the fin tip approaches the environment temperature T x 
and thus 6 approaches zero. That is. 

Boundary condition at fin tip: 6(L) = T(L) — T* = 0 as L — > 00 

This condition is satisfied by the function e ~ mx , but not by the other prospec- 
tive solution function e?* since it tends to infinity as x gets larger. Therefore, 
the general solution in this case will consist of a constant multiple of e~ nvc . The 
value of the constant multiple is determined from the requirement that at the 
fin base where * = 0 the value of 0 is 9 b . Noting that — e° ~ 1 , the proper 
value of the constant is 6 bt and the solution function we are looking for is 6(x) 
= 8 b e~ mx . This function satisfies the differential equation as well as the re- 
quirements that the solution reduce to 6 b at the fin base an d appro ach zero at 
the fin tip for large x Noting that 6 = T — T x and m = x/hpikA c , the varia- 
tion of temperature along the fin in this case can be expressed as 

Very tong fin: = e'"* - (3-60) 

Note that the temperature along the fin in this case decreases exponentially 
from T b to T at as shown in Fig. 3-37. The steady rate of heat transfer from the 
entire fin can be determined from Fourier’s law of heat conduction 

- VhpkA c (T b - Tx) (3-81 ) 

where p is the perimeter, A c is the cross-sectional area of the fin, and x is the 
distance from the fin base. Alternatively, the rate of heat transfer from the fin 
could also be determined by considering heat transfer from a differential 
volume element of the fin and integrating it over the entire surface of the fin: 


Very long fin: 


A _ dT 

(ftoagfin Kf\ c 


t 


f 


JAr*. 


JA ^ 


Qfm ~ 


h{T{x) - TJ dA^ = 


hd{x) dA na 


( 3 - 62 ) 



CHAPTER 3 


The two approaches described are equivalent and give the same result since, 
under steady conditions, the heat transfer from the exposed surfaces of the fin 
is equal to the heat transfer to the fin at the base (Fig. 3-38). 

2 Negligible Heat Lo§s from the Fin Tip 
(Adiabatic fin tip, Q f j ntip = 0) 

Fins are not likely to be so long that their temperature approaches the sur- 
rounding temperature at the tip. A more realistic situation is for heat transfer 
from the fin tip to be negligible since the heat transfer from the fin is propor- 
tional to its surface area, and the surface area of the fin tip is usually a negli- 
gible fraction of the total fin area. Then the fin tip can be assumed to be 
adiabatic, and the condition at the fin tip can be expressed as 



Under steady conditions, heat transfer 
from the exposed surfaces of the 
fin is equal to heat conduction 
to the fin at the base. 


Boundary condition at Jin tip: 


d& 

dx 


= 0 

x = L 


(3-63) 


The condition at the fin base remains the same as expressed in Eq. 3-59. The 
application of these two conditions on the general solution (Eq. 3-58) yields, 
after some manipulations, this relation for the temperature distribution; 


Adiabatic fin tip: 


T(x) — = cosh m(L — x) 

T b — T a cosh mL 


(3-84) 


The rate of heat transfer from the fin can be determined again from Fourier’s 
law of heat conduction; 


Adiabatic fin tip: 


Q 


adiabatic tip 


... dr 


x = 0 


— VhpkA c (T b — Tfi} tanh mL 


(3-65) 


Note that 5 the heat transfer relations for the very long fin and the fin with 
negligible heat loss at the tip differ by the factor tanh mL, which approaches 1 

as L becomes very large. 

L> 

S 

3 Convection (or Combined Convection and Radiation) 
ffomfin Tip 

The fin tips, in practice, are exposed to the surroundings, and thus the proper 
boundary condition for the fin tip is convection that also includes the effects 
of radiation. The fin equation can still be solved in this case using the convec- 
tion at the fin tip as the second boundary condition, but the analysis becomes 
more involved, and it results in rather lengthy expressions for the temperature 
distribution and the heat transfer. Yet, in general, the fin tip area is a small 
fraction of the total fin surface area, and thus the complexities involved can 
hardly justify the improvement in accuracy. 

A practical way of accounting for the heat loss from the fin tip is to replace 
the fin length L in the relation for the insulated tip case by a corrected length 
defined as (Fig. 3-39) 


Corrected fin length: 


L C = L + 



(3-66) 





(n) Actual fin with 
convection at the tip 


2fin 




Insulated 



( b ) Equivalent fin with insulated tip 


FIGURE 3-39 

Corrected fin length L c is defined such 
that heat transfer from a fin of length 
L c with insulated tip is equal to heat 
transfer from the actual fin of length L 
with convection at the fin tip. 



(a) Surface without fins 



( b ) Surface with a fin 

A rm = 2xwxL + wxt 
= 2 xwxL 

FIGURE 3-40 

Fins enhance heat transfer from 
a surface by enhancing surface area. 



: 56°c 

! (b) Actual 

FIGURE 3-41 
Ideal and actual 

temperature distribution along a fin. 

i 
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where A c is the cross-sectional area and p is the perimeter of the fin at the tip. 
Multiplying the relation, above by the perimeter gives A co „ ected = A fin(]ateral) + 
A dp , which indicates that the fin area determined using the corrected length is 
equivalent to the sum of the lateral fin area plus the fin tip area. 

The corrected length approximation gives very good results when the vari- 
ation of temperature near the fin tip is small (which is the case when mh > 1) 
and the heat transfer coefficient at the fin tip is about the same as that at the 
lateral surface of the fin. Therefore, fins subjected to convection at their tips 
can be treated as fins with insulated tips by replacing the actual fin length by 
the corrected length in Eqs. 3-64 and 3-65. 

Using the proper relations for A c and p, the corrected lengths for rectangu- 
lar and cylindrical fins are easily determined to be 


i — / 4- L 

rectanguhf fin 2, 


and 


D 


T = /■ J- 

*-*c t cylindrical fin ^ ^ 4 


where t is the thickness of the rectangular fins and D is the diameter of the 
cylindrical fins. 

Fin Efficiency 

Consider the surface of a plane wall at temperature T b exposed to a medium at 
temperature T a . Heat is lost from the surface to the surrounding medium by 
convection with a heat transfer coefficient of h. Disregarding radiation or 
accounting for its contribution in the convection coefficient h, heat transfer 
from a surface area A s is expressed as Q = hA s (T s — T a ). 

Now let us consider a fin of constant cross-sectional area A c = A b and length 
L that is attached to the surface with a perfect contact (Fig. 3-40). This time 
heat is transfered from the surface to the fin by conduction and from the fin to 
the surrounding medium by convection with the same heat transfer coefficient 
h. The temperature of the fin is T b at the fin base and gradually decreases to- 
ward the fin tip. Convection from the fin surface causes the temperature at any 
cross section to drop somewhat from the midsection toward the outer surfaces. 
However, the cross-sectional area of the fins is usually very small, and thus 
the temperature at any cross section can be considered to be uniform. Also, the 
fin tip can be assumed for convenience and simplicity to be adiabatic by using 
the corrected length for the fin instead of the actual length. 

In the limiting case of zero thermal resistance or infinite thermal conductiv- 
ity (jt — > o o) i the temperature of the fin is uniform at the base value of T b . The 
heat transfer from the fin is maximum in this case and can be expressed as 


Q 


fin. nm 


— frAfin (Tb TT 


(3-87) 


In reality, however, the temperature of the fin drops along the fin, and thus 
the heat transfer from the fin is less because of the decreasing temperature dif- 
ference T(x) - toward the fin tip, as shown in Fig. 3-41. To account for the 
effect of this decrease in temperature on heat transfer, we define a fin effi- 
ciency as 


Vfm = 


Q 


Fin 


Qfm t 


max 


Actual heat transfer rate from the fin 
Ideal heat transfer rate from the fin 
if the entire fin were at base temperature 


(3-68) 


l 



Straight rectangular fins 

m = V2h/kt 

L c = L + tl 2 
Ain ~ 2 WL C 

Straight triangular fins 


m = vWkt 

Ain = 2wVl 2 "+ (f/2) 2 

Straight parabolic fins 

m = V2hfki 

A rm = wL[C l + (Ut)\n(t/L+ C x )] 
C x = Vl + it !L) 2 


Circular fins of rectangular profile 

m= V2 h/kt 
r 2c = r 2 + t /2 

Arm = 27r(r| c — /f) 

Pin fins of rectangular profile 


m = VAhfkD 
L c = L+ Df 4 
Ain ~ “rrPX-c 

“S > . 

b h 

* 

I 

/ - 
£ 

Pin fins triangular profile ^ 

m = y Ah/ kD 
aJ= ^Vl 2 + (D/2) 1 

Pin fins of parabolic profile 
m= Vlh/kD 

An = |^[CaC 4 - j^SnaDCJL + C3)] 

= 1 +-2(D/0 2 
C 4 = Vl + (D/Lf 

Pin fins of parabolic profile 
(blunt tip) 


m = vAh/kD 
ttD* 


Ain 


96 L 2 


[16 (L/D) 2 + If 2 - ij 


%n 


tan h ml, 
mL 




1 l x {2mL) 


mL l 0 {2mL) 




1 + V(2 mL) 2 + 1 


Vnn = (k 


K 1 {mr 1 )l l (mr 2c ) - l l (mr 1 )K l {mr 2c ) 


l 0 (mri)Ki(mr 2i ) + K 0 {mr 1 )i 1 (mr 2c ) 
2rjm 


C 2 - 2 2 

ric ~ r i 


% 


in 


tanhml c 

mL 


Vftn 


2 l 2 {2mi) 
mL l x {2mL) 


%n 


1 + V(2ml/3) 2 + 1 


%n 


3 / i (4m/./3) 


2 mL ! 0 (4mL!3) 






in 


TABL E 3-4 ^ .. . . "• 


Modified Bessel functions of the first 
and second kinds* 


X 

e~*l q(x) 

e~ x lfix) 


e’Kfix) 

0.0 

1.0000 

0.0000 

■ — — 

— 

0.2 

0.8269 

0.0823 

2.1408 

5.8334 

0.4 

0.6974 

0.1368 

1.6627 

3.2587 

0.6 

0.5993 

0.1722 

1.4167 

2.3739 

0.8 

0.5241 

0.1945 

1.2582 

1.9179 

1.0 

0.4658 

0*2079 

1*1445 

1.6362 

1.2 

0.4198 

0.2153 

1.0575 

1.4429 

1.4 

0.3831 

0.2185 

0.9881 

1.3011 

1.6 

0.3533 

0.2190 

0.9309 

1.1919 

1.8 

0.3289 

0.2177 

0.8828 

1.1048 

2.0 

0.3085 

0.2153 

0.8416 

1.0335 

2.2 

0.2913 

0.2121 

0.8057 

0.9738 

2.4 

0.2766 

0.2085 

0.7740 

0.9229 

2.6 

0.2639 

0,2047 

0.7459 

0.8790 

2.8 

0.2528 

0.2007 

0.7206 

0.8405 

3.0 

0.2430 

0.1968 

0.6978 

0.8066 

3.2 

0.2343 

0.1930 

0.6770 

0.7763 

3.4 

0.2264 

0.1892 

0.6580 

0.7491 

3.6 

0,2193 

0.1856 

0.6405 

0.7245 

3.8 

0.2129 

0.1821 

0.6243 

0.7021 

4.0 

0.2070 

0.1788 

0.6093 

0.6816 

4.2 

0.2016 

0.1755 

0.5953 

0.6627 

4.4 

0.1966 

0.1725 

0.5823 

0.6454 

4.6 

0.1919 

0.1695 

0.5701 

0.6292 

4.8 

0.1876 

0.1667 

0.5586 

0*6143 

5.0 

0,1835 

0.1640 

0.5478 

0.6003 

5.2 

0.1797 

0.1614 

0.5376 

0.5872 

5.4 

0.1762 

0.1589 

0.5280 

0.5749 

5.6 

0.1728 

0.1565 

0.5188 

0.5634 

5.8 

0.1697 

0.1542 

0.5101 

0.5525 

6.0 

0.1667 

0.1521 

0.5019 

0.5422 

6.5 

0.1598 

0.1469 

0.4828 

0.5187 

7.0 

0.1537 

0.1423 

0.4658 

0.4981 

7.5 

0.1483 

0.1380 

0.4505 

0.4797 

8.0 

0.1434 

0.1341 

0.4366 

0.4631 

8.5 

0,1390 

0,1305 

0.4239 

0.4482 

9.0 

0.1350 

0.1272 

0.4123 

0.4346 

9.5 

0.1313 

0.1241 

0.4016 

0.4222 

10.0 

0.1278 

0.1213 

0.3916 

0.4108 


* Evaluated from EES using the mathematical 
functions Besseljtx) and Bessel_K(x) 


or 


Grin = IJfin GfiD , mu = (Tb ~ T x ) ( 3 - 69 ) 

where A fm is the total surface area of the fin. This relation enables us to deter- 
mine the heat transfer from a fm when its efficiency is known. For the cases 
of constant cross section of very long fins and fins with adiabatic tips, the fin 
efficiency can be expressed as 


^7 lone fin 


G 


fin 


G 


fin, ma\ 


VhpkA f (T b - TP) 1 & 
Mr. Oi - 7U Lfi hp 


1 

hp mL 


( 3 - 70 ) 


and 


Vziiaiaiic rip 


G 


flQ 


G 


fin, max 


\/hpkA c (T b — Tfi) tanh ah _ tanh mL 
M f in (T b - Tfi “ mL 


( 3 - 71 ) 


since A fin = pL for fins with constant cross section. Equation 3-7 1 can also be 
used for fins subjected to convection provided that the fin length L is replaced 
by the corrected length L c . 

Fin efficiency relations are developed for fins of various profiles, listed in 
Table 3-3on page 165. The mathematical functions 1 and K that appear in 
some of these relations are the modified Bessel functions, and their values are 
given in Table 3-4. Efficiencies are plotted in Fig. 3M2 for fins on a plain 
surface and in Fig. 3-43 for circular fins of constant thickness. For most fins 
of constant thickness encountered in practice, the fin thickness t is too small 
relative to the fin length L, and thus the fm tip area is negligible. 

Note that fins with triangular and parabolic profiles contain less material 
and are more efficient than the ones with rectangular profiles, and thus are 
more suitable for applications requiring minimum weight such as space 
applications. 

An important consideration in the design of finned surfaces is the selection 
of the proper fin length L. Normally the longer the fm, the larger the heat 
transfer area and thus the higher the rate of heat transfer from the fin. But also 
the larger the fin, the bigger the mass, the higher the price, and the larger the 
fluid friction. Therefore, increasing the length of the fin beyond a certain 
value cannot be justified unless the added benefits outweigh the added 
cost. Also, the fin efficiency decreases with increasing fm length because of 
the decrease in fin temperature with length. Fin lengths that cause the fm effi- 
ciency to drop below 60 percent usually cannot be justified economically and 
should be avoided. The efficiency of most fins used in practice is above 
90 percent. 


Fin Effectiveness 

Fins are used to enhance heat transfer, and the use of fins on a surface cannot 
be recommended unless the enhancement in heat transfer justifies the added 
cost and complexity associated with the fins. In fact, there is no assurance that 
adding fins on a surface will enhance heat transfer. The performance of the 
fins is judged on the basis of the enhancement in heat transfer relative to the 
















Here, A b is the cross-sectional area of the fm at the base and Q a0 fin represents 
the rate of heat transfer from this area if no fins are attached to the surface. 
An effectiveness of e rm = 1 indicates that the addition of fins to the surface 
does not affect heat transfer at all. That is, heat conducted to the fin through 
the base area A b is equal to the heat transferred from the same area A b to the 
surrounding medium. An effectiveness of e^n < 1 indicates that the fin actu- 
ally acts as insulation, slowing down the heat transfer from the surface. This 
situation can occur when fins made of low thermal conductivity materials are 
used. An effectiveness of e rm > 1 indicates that fins are enhancing heat trans- 
fer from the surface, as they should. However, the use of fins cannot be justi- 
fied unless s fin is sufficiently larger than 1. Finned surfaces are designed on 
the basis of maximizing effectiveness for a specified cost or minimizing cost 
for a desired effectiveness. 

Note that both the fin efficiency and fin effectiveness are related to the per- 
formance of the fin, but they are different quantities. However, they are 

related to each other by 

Qm _ - %^ n ( T r y x) = din „ (3_73) 

£fm ” 6 }lA b (T b - r*) hA b (T b - Tfi A b ,n 

Therefore, the fm effectiveness can be determined easily when the fin effi- 
ciency is known, or vice versa. 

The rate of heat transfer from a sufficiently long fm of uniform cross section 
under steady conditions is given by Eq. 3-61. Substituting this relation into 
Eq. 3-72, the effectiveness of such a long fin is determined to be 

e r „ Vyfac (r, - r.) _ [ip (3 _ 74) 

eionafin X hA b (T b ~ Tfi V hA c 

do fin 

since A c = A b in this case. We can draw several important conclusions from 
the fm effectiveness relation above for consideration in the design and selec- 
tion of the fins: 

* The thermal conductivity k of the fin material should be as high as 
possible. Thus it is no coincidence that fins are made from metals, with 
copper, aluminum, and iron being the most common ones. Perhaps the 
most widely used fins are made of aluminum because of its low cost and 
weight and its resistance to corrosion. 

* The ratio of the perimeter to the cross-sectional area of the fm plA c 
should be as high as possible. This criterion is satisfied by thin plate fins 

and slender pin fins. 

* The use of fins is most effective in applications involving a low convection 
heat transfer coefficient. Thus, the use of fins is more easily justified 
when the medium is a gas instead of a liquid and the heat transfer is by 
natural convection instead of by forced convection. Therefore, it is no 
coincidence that in liquid-to-gas heat exchangers such as the car radiator, 
fins are placed on the gas side. 

When determining the rate of heat transfer from a finned surface, we must 
consider the unfinned portion of the surface as well as the fins. Therefore, the 
rate of heat transfer for a surface containing n fins can be expressed as 


i 






2 total, fin Gunfin F Gfin 

= ilA ^ ( T b - 7„) + 7/ fm M rm cr, - r„) 

“ dunlin + “ T») (3-75) 

We can also define an overall effectiveness for a finned surface as the ratio 
of the total heat transfer from the finned surface to the heat transfer from the 
same surface if there were no fins, 


^fin, overall 


Q 


total, fin 


Q 


total, no fin 


^ (dun fin + ~ ft) 

M no fm (T b ~ ij) 


( 3 - 76 ) 


where A no fin is the area of the surface when there are no fins, is the total sur- 
face area of all the fins on the surface, and A unfin is the area of the unfmned por- 
tion of the surface (Fig. 3 — 45)* Note that the overall fin effectiveness depends 
on the fin density (number of fins per unit length) as well as the effectiveness of 
the individual fins. The overall effectiveness is a better measure of the perfor- 
mance of a finned surface than the effectiveness of the individual fins. 


Proper Length of a Fin 

An important step in the design of a fin is the determination of the appropriate 
length of the fin once the fin material and the fin cross section are specified. 
You may be tempted to think that the longer the fin, the larger the surface area 
and thus the higher the rate of heat transfer. Therefore, for maximum heat 
transfer, the fin should be infinitely long. However, the temperature drops 
along the fin exponentially and reaches the environment temperature at some 
length. The part of the fin beyond this length does not contribute to heat trans- 
fer since it is at the temperature of the environment, as shown in Fig. 3-46. 
Therefore, designing such an “extra long” fin is out of the question since it 
results in material waste, excessive weight, and increased size and thus in- 
creasedcost with no benefit in return (in fact, such a long fin will hurt perfor- 
mance spide it will suppress fluid motion and thus reduce the convection heat 
transfer coefficient). Fins that are so long that the temperature approaches the 
environment temperature cannorfbe recommended either since the little in- 
crease in heat transfer at the tip region cannot justify the disproportionate 
increase in the weight and cost. 

Tp get a v sense of the proper length of a fin, we compare heat transfer from 
a fin of finite length to heat transfer from an infinitely long fin under the same 
conditions. The ratio of these two heat transfers is 


Heat transfer 
ratio: 


Qn n __ V hpkA c (T b - Tf) tanh mL 

^ — /■ ■ - — = tanh mL 

G Jong fin VhpkA c (T b ~ Tf) 


( 3 - 77 ) 




”.o fm WXH 

= x(fxw) 

A fin = 2xZ.xu> + /xii/ 

= 2 xLxw (one fin) 

FIGURE 3-45 

Various surface areas associated with a 
rectangular surface with three fins. 



FIGURE 3-46 
Because of the gradual temperature 
drop along the fin, the region 
near the fm tip makes little or 
no contribution to heat transfer. 


Using a hand calculator, the values of tanh mL are evaluated for some values 
of mL and the results are given in Table 3—5. We observe from the table that 
heat transfer from a fin increases with mL almost linearly at first, but the curve 
reaches a plateau later and reaches a value for the infinitely long fin at about 
mL — 5. Therefore, a fin whose length is L = f/u can be considered to be an 
infinitely long fin. We also observe that reducing the fin length by half in that 
case (from mL — 5 to mL = 2.5) causes a drop of just 1 percent in heat trans- 


The variation of heat transfer from 
a fin relative to that from an 
infinitely long fin 


mL .® Un = tanh mL 

Qloag fin 


0.1 

0.100 

0.2 

0.197 

0.5 

0.462 

1.0 

0.762 

1.5 

0.905 

2.0 

0.964 

2.5 

0.987 

3.0 

0.995 

4.0 

0.999 

5.0 

1.000 


fer. We certainly would not hesitate sacrificing 1 percent in heat transfer per- 
formance in return for 50 percent reduction in the size and possibly the cost of 
the fin. In practice, a fin length that corresponds to about mL — 1 will transfer 
76.2 percent of the heat that can be transferred by an infinitely long fm, and 
thus it should offer a good compromise between heat transfer performance 
and the fin size. 


i: TABLE 3-6 



Combined natural convection and radiation thermal resistance of various 
heat sinks used in the cooling of electronic devices between the heat sink and 
the surroundings. All fins are made of aluminum 6063T-5, are black anodized, 


■ . - - 

HS 5030 ^ 

R = 0.9°C/W (vertical) 
R= 1.2°C/W (horizontal) 

i .. .jl *1 

Dimensions: 76 mm x 105 mm x 44 mm 
Surface area: 677 cm 2 



R = 5°C/W 

Dimensions: 76 mm x 38 mm x 24 mm 
Surface area: 387 cm 2 



R = 1.4°C/W (vertical) 

R = 1.8°C/W (horizontal) 

Dimensions: 76 mm x 92 mm x 26 mm 
Surface area: 968 cm 2 



R = 1.8°C/W (vertical) 

R = 2. :WW (horizontal) 

Dimensions: 76 mm x 127 mm x 91 mm 
Surface area: 677 cm 2 



R= 1.1 0 C/W (vertical) 

R = 1.3°C/W (horizontal) 

Dimensions: 76 mm x 102 mm x 25 mm 
Surface area: 929 cm 2 


HS 7030 




R = 2.9°C/W (vertical) 

R = 3.1°C/W (horizontal) 

Dimensions: 76 mm x 97 mm x 19 mm 
Surface area: 290 cm 2 


A common approximation used in the analysis of fins is to assume the fin 
temperature to vary in one direction only (along the fin length) and the tem- 
perature variation along other directions is negligible. Perhaps you are won- 
dering if this one-dimensional approximation is a reasonable one. This is 
certainly the case for fins made of thin metal sheets such as the fms on a car 
radiator, but we wouldn’t be so sure for fins made of thick materials. Studies 
have shown that the error involved in one-dimensional fin analysis is negligi- 
ble (less than about 1 percent) when 


where 8 is the characteristic thickness of the fin, which is taken to be the plate 
thickness t for rectangular fins and the diameter D-for cylindrical ones. 

Specially designed finned surfaces called heat sinks, which are commonly 
used in the cooling of electronic equipment, involve one-of-a-kind complex 
geometries, as shown in Table 3-6. The heat transfer performance of heat 
sinks is usually expressed in terms of their thermal resistances R in °CAV, 
which is- defined as 


Gfio = - M nn Tjf in (T b - T a ) (3-78) 

A small value of thermal resistance indicates a small temperature drop across 
the heat sink, and thus a high fin efficiency. 


EXAMPLE 3-10 Maximum Power Dissipation of a Transistor 

| Power-transistors that are commonly used in electronic devices consume large 
amount*; of electric power. The failure rate of electronic components increases 
almost exponentially with operating temperature. As a rule of thumb, the fail- 
ure rate^'of electronic components is halved for each 10°C reduction in the 
junctio ^operating temperature. Therefore, the operating temperature of eiecr 
tronic components is kept below a safe level to minimize the risk of failure. 

fjjhe sensitive electronic circuitry of a power transistor at the junction is pro- 
tected by^its case, which is a rigid meta! enclosure. Heat transfer characteris- 
tics of a power transistor are usually specified by the manufacturer in terms of 
the case-to-ambient thermal resistance, which accounts for both the natural 
convection and radiation heat transfers! 

The case-to-ambient thermal resistance of a power transistor that has a max- 
imum power rating of 10 W is given to be 20°C/W. If the case temperature of 
the transistor is not to exceed 85°C, determine the power at which this tran- 
sistor can be operated safely in an environment at 25°G. 


SOLUTION The maximum power rating of a transistor; whose case temperature, 
is not to exceed 85°C is to be determined. : 

Assumptions 1 Steady operating conditions exist. 2 The transistor case is iso- 
thermal at 85°C. . . . v*. ; 

Properties The case-to-ambient thermal resistance is given to be 20°C/W. 



FIGURE 3-47 

Schematic for Example 3-10. 



FIGURE 3-48 

Schematic for Example 3-12, 


Analysis The power transistor and the thermal resistance network associated 
with it are shown in Fig. 3-47. We notice from the thermal resistance network 
that there is a single resistance of 20°C/W between the case at T c = 85°C and 
the ambient at T„ = 25°C, and thus the rate of heat transfer is 

Wat\ t c -t„ (85 — 25)°c _ 

y - 1 I ~o , - 20 °c/w 

Therefore, this power transistor should not be operated at power levels above 
3 W if its case temperature is not to exceed 85°C. 


Discussion This transistor can be used at higher power levels by attaching it to fl 
a heat sink (which lowers the thermal resistance by increasing the heat transfer | 
surface area, as discussed in the next example) or by using a fan (which lowers 1 
the thermal resistance by increasing the convection heat transfer coefficient). 1 


EXAMPLE 3-11 Selecting a Heat Sink for a Transistor 

A 60-W power transistor is to be cooled by attaching it to one of the commer- 
cially available heat sinks shown in Table 3-6. Select a heat sink that will al- 
low the case temperature of the transistor not to exceed 90°C in the ambient 
air at 30°C. 


SOLUTION A commercially available heat sink from Table 3-6 is to be se- 
lected to keep the case temperature of a transistor below 90°C. 

Assumptions 1 Steady operating conditions exist. 2 The transistor case is iso- 
thermal at 90°C. 3 The contact resistance between the transistor and the heat 


sink is negligible. 

Analysis The rate of heat transfer from a 60-W transistor at full power is 
Q = 60 W. The thermal resistance between the transistor attached to the heat 
sink and the ambient air for the specified temperature difference is determined 
to be 



AT 

R 


> R 


AT 

* 

Q 


(90 - 30)°C 
60 W 


1.0 b C/W 


Therefore, the thermal resistance of the heat sink should be below 1.0°C/W. 
An examination of Table 3-6 reveals that the HS 5030, whose thermal resis- 
tance is 0.9°C/W in the vertical position, is the only heat sink that will meet 


this requirement. 



EXAMPLE 3-12 Effect of Fins on Heat Transfer from Steam Pipes 

Steam in a heating system flows through tubes whose outer diameter is 
D l = 3 cm and whose waits are maintained at a temperature of 120°C. Circular 
aluminum alloy fins {k = 180 W/m • °C) of outer diameter D 2 = 6 cm and con- 
stant thickness t = 2 mm are attached to the tube, as shown in Fig. 3-48. The- 
space between the fins is 3 mm, and thus there are 200 fins per meter length 
of the tube. Heat is transferred to the surrounding air at T» = 25°C, with a 
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combined heat transfer coefficient of h = 60 W/m 2 * °C. Determine the increase 
in heat transfer from the tube per meter of its length as a result of adding fins. 

SOLUTION Circular aluminum alloy fins are to be attached to the tubes of a 
heating system. The increase in heat transfer from the tubes per unit length as 
a result of adding fins is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The heat transfer coeffi- 
cient is uniform over the entire fin surfaces. 3 Thermal conductivity is con- 
stant. 4 Heat transfer by radiation is negligible. 

Properties The thermal conductivity of the fins is' given to be 
* = 180 W/m -°C. 

Analysis In the case of no fins, heat transfer from the tube per meter of its 
length is determined from Newton’s law of cooling to be 

A Mna = irD l L = tt( 0.03 m)(l m) - 0.0942 m 2 * 

Qua lii ” Mno ^®) 

= (60 W/m 2 • °C)(0.0942 m 2 )(120 - • 25)°C 
= 537 W 


The efficiency of the circular fins attached to a circular tube is plotted in 
Fig. 3-43. Noting that L = |{D 2 “ £>i) = £(0.06 - 0.03) = 0.015 m in this 
case, we have . _ . : ; - ; v : . ■ 

r 2c = r 2 + til = 0.03 + 0.002/2 = 0.031 m 
L c = L + 1/2 = 0.015 + 0.002/2 = 0.016 m 
A p -L ( t = (0.016 in)(0.002 m) = 3.20 X 10~> m 2 


n 


0.031m : 
0.015 m 


x 


.3/2 


A 

hi 


= (0.016 m) M X 


60 W/m 


(180 W/m' 1 • °C)(3.20 X 10 5 in' 1 ) 




= 0.207^ = 0.96 


■ * i ' 

// 

I' A fm - 2ir{r\ c ■■ r\ ) = 2ir[(0.03 1 m) 2 - (0.015 m) 2 J 

I = 0.004624 m 2 - V 

j ’ • 

* ■ . 

jt <2fin.- m.-x (Tfi .T®) 

'\ = 0.96(60 W/m 2 • °C)(0.004624 m 2 )(120 - 25) C C 

=25.3 W A': 1 

Heat transfer from the unfinned portion of the tube is 

ttD x S = tt( 0.03 m)(0.003 m) = 0.000283 m 2 
hA lm f, n (T h — TJ) 

(60 W/m 2 * °C)(0.000283 m 2 )(120 - 25)°C 
1.6 W 

Noting that there are 200 fins and thus 200 interfin spacings per meter length 
of the tube, the total heat transfer from the finned tube becomes . ; 


^unfln 

2unfm 


i 



_ ... .. . J4_ 

STEflOY HEAT CONDUCTION 


f 



I 

! 

» 

E 

i 

j 

i 


i 


► 


to'= »(4 n + = 200(25.3 + 1.6) W = 5380 W 


Therefore, the increase in heat transfer from the tube per meter of its length as 
a result of the addition of fins is 


Q 


iccteasa 


iLal. fm r: Gnofm = 5380 - 537 = 4843 W ; (per m tube length) 


Discussion The overall effectiveness of the finned tube is 

Q iota, fm 5380 VV ; 


Eftn, overall 


Q total. 


norm 


537 W 


= 10.0 


That is, the rate of heat transfer from the steam tube increases by a factor of 10 
as a result of adding fins. This explains the widespread use of finned surfaces. 


3-7 * HEAT TRANSFER IN 

COMMON CONFIGURATIONS 

So far, we have considered heat transfer in simple geometries such as large 
plane walls, long cylinders, and spheres. This is because heat transfer in such 
geometries can be approximated as one-dimensional, and simple analytical 
solutions can be obtained easily. But many problems encountered in practice 
are two- or three-dimensional and involve rather complicated geometries for 
which no simple solutions are available. 

An important class of heat transfer problems for which simple solutions are 
obtained encompasses those involving two surfaces maintained at constant 
temperatures T } and T 2 . The steady rate of heat transfer between these two sur- 
faces is expressed as 

Q = Sk(T t - T.J (3-79) 

where S is the conduction shape factor, which has the dimension of length, 
and k is the thermal conductivity of the medium between the surfaces. The 
conduction shape factor depends on the geometry of the system only. 

Conduction shape factors have been determined for a number of configura- 
tions encountered in practice and are given in Table 3-7 for some common 
cases. More comprehensive tables are available in the literature. Once the 
value of the shape factor is known for a specific geometry, the total steady 
heat transfer rate can be determined from the equation above using the speci- 
fied two constant temperatures of the two surfaces and the thermal conductiv- 
ity of the medium between them. Note that conduction shape factors are 
applicable only when heat transfer between the two surfaces is by conduction. 
Therefore, they cannot be used when the medium between the surfaces is a 
liquid or gas, which involves natural or forced convection currents. 

A comparison of Eqs. 3^1 and 3-79 reveals that the conduction shape factor 
S is related to the thermal resistance R by R = 1 fkS or S = 1 IkR. Thus, these two 
quantities are the inverse of each other when the thermal conductivity of the 
medium is unity. The use of the conduction shape factors is illustrated with Ex- 
amples 3-13 and 3-14. 


b 


TABLE 


3-7 


Conduction shape factors S for several configurations for use in Q = kS(Ti — T 2 ) to determine the steady rate of heat 
transfer through a medium of thermal conductivity k between the surfaces at temperatures 7\ and T 2 
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EXAMPLE 3-13 Heat Loss from Buried Steam Pipes 

A 30-m-long, 10-cm-diameter hot-water pipe of a district heating system is 
buried in the soii 50 cm below the ground surface, as shown in Fig. 3-49. The 
outer surface temperature of the pipe is 80°C. Taking the surface temperature 
of the earth to be 10X and the thermal conductivity of the soil at that location 
to be 0,9 W/m • °C, determine the rate of heat loss from the pipe. 


L 


r, = io°c 


* = 0.5 m 

' • " -I - = s d°c 

• >/• • • : . {■ = 30 m ; • *1 


U 


SOLUTION The hot-water pipe of a district heating system is buried jn the 
soil. The rate of heat loss from the pipe is to be determined.- 
Assumptions 1 Steady operating conditions exist. 2 Heat transfer is two- 
dimensional (no change in the axial direction). 3 Thermal conductivity of the 
soil is constant. 

Properties The thermal conductivity of the soil is given to be k = 0.9 W/m * °C. 
Analysis The shape factor for this configuration is given in Table 3-7 to be 


I? 

S 




2t tL 
ln(4 z!D) 


f 

if 


since z > 1,50, where z is the distance of the pipe from the ground surface, 
and D is the diameter of the pipe. Substituting, 

2tt X (30 m) 

S '’l„(4X0.5/0.1)" 62 ' 9n: 

Then the steady rate of heat transfer from the pipe becomes - 

Q = Sk(T t T 2 ) (62.9 m)(0.9 W/m • °C)(80 - 10)°C - 3963 W 




>E 

% 

i 


Discussion Note that this heat is conducted from the pipe surface to the sur- 
face of the earth through the soil and then transferred to the atmosphere by 
convection and radiation. 


£ 


| EXAMPLE 3-14 Heat Transfer between Hot- and Cold-Water Pipes 

| Ajf-m-Iopg section of hot- and cold-water pipes run parallel to each other in a 
I thick concrete layer, as shown in Fig., 3-50. The diameters of both pipes are 
| 5 cm, and the distance between the centerline of the pipes is 30 cm. The sur- 
| face temperatures of the hot and cold pipes are 7 OX and 15X, respectively. 
I Taking the thermal conductivity of the concrete to be k = 0.75 W/m • X, de- 
| termine the rate of heat transfer between the pipes. 



SOLUTION Hot- and cold-water pipes run parallel to each other in a thick 
concrete layer. The rate of heat transfer between the pipes is to be determined. 
Assumptions 1 Steady operating conditions exist. 2 Heat transfer is two- 
dimensional (no change in the axial direction), 3 Thermal conductivity of the ... 
concrete is constant. 

Properties The thermal conductivity of concrete is given to be 
k - 0.75 W/m • X. 


FIGURE 3-49 
Schematic for Example 3-13. 



Analysis The shape factor for this configuration is given in Table 3 7 to be 


S = 


cosh 1 


2-rrL 

■ 4z 2 D 2 \ 
2D,D 2 ) 


where z is the distance between the centerlines of the pipes and L is their 
length. Substituting, 


S = 


'll t x (5m) 


f a w rt n'l 




6.34 m 




Then the steady rate of heat transfer between the pipes becomes 

Q = Sk(T { - T 2 ) - (6.34 m)(0*75 W/m * °C)(70 - 15°)C = 262 W 

Discussion We can reduce this heat loss by placing the hot- and cold-water 
pipes further away from each other. 



It is well known that insulation reduces heat transfer and saves energy and 
money. Decisions on the right amount of insulation are based on a heat trans- 
fer analysis, followed by an economic analysis to determine the “monetary 
value” of energy loss. This is illustrated with Example 3—15. 


EXAMPLE 3-/5 Cost of Heat Loss through Walls in Winter 

Consider an electrically heated house whose walls are 3 m high and have an 
lvalue of insulation of 2.3 (i.e., a thickness-to-thermal conductivity ratio of 
Uk = 2.3 m 2 • °C/W). Two of the walls of the house are 12 m long and the 
others are 9 m long. The house is maintained at 25°C at all times, while 
the temperature of the outdoors varies. Determine the amount of heat tost 
through the wails of the house on a certain day during which the average tern- 
perature of the outdoors is 7°C. Also, determine the cost of this heat loss to the 
home owner if the unit cost of electricity is $0.075/kWh. For combined con- 
vection and radiation heat transfer coefficients, use the ASHRAE (American 
Society of Heating, Refrigeration, and Air Conditioning Engineers) recom- 
mended values of h f = 8.29 W/m 2 • °C for the inner surface of the walls and 
h 0 = 34.0 W/m 2 • °C for the outer surface of the walls under 24 km/h wind 

conditions in winter. 

SOLUTION An electrically heated house with R-2.3 insulation is considered. 
The amount of heat lost through the walls and its cost are to be determined. 
Assumptions 1 The indoor and outdoor air temperatures have remained at the 
given values for the entire day so that heat transfer through the walls is steady. 
2 Heat transfer through the walls is one-dimensional since any significant 
temperature gradients in this case exists in the direction from the indoors 
to the outdoors. 3 The radiation effects are accounted for in the heat transfer 
coefficients. 




R = 1 IU is the overall unit thermal resistance (the 12-value). Walls and 
roofs of buildings consist of various layers of materials, and the structure 
and operating conditions of the walls and the roofs may differ significantly 
from one building to another. Therefore, it is not practical to list the 
f?- values (or U-factors) of different kinds of walls or roofs under different 
conditions. Instead, the overall lvalue is determined from the thermal 
resistances of the individual components using the thermal resistance net- 
work. The overall thermal resistance of a structure can be determined most 
accurately in a lab by actually assembling the unit and testing it as a whole, 
but this approach is usually very time consuming and expensive. The ana- 
lytical approach described here is fast and straightforward, and the results 
are usually in good agreement with the experimental values. 

The unit thermal resistance of a plane layer of thickness L and thermal 
conductivity k can be determined from R = Uk. The thermal conductivity 
and other properties of common building materials are given in the appen- 
dix. The unit thermal resistances of various components used in building 

s tinctures are listed in Table 3^8 for convenience. 

Heat transfer through a wall or roof section is also affected by the con- 
vection and radiation heat transfer coefficients at the exposed surfaces. The 
effects of convection and radiation on the inner and outer surfaces of walls 
and roofs are usually combined into the combined convection and radiation 
heat transfer coefficients (also called surface conductances ) h t and h oi 


Unit thermal resistance (the R-value) of common components used in buildings 


R-value 


Component 

m 2 ■ °C/W ft 2 • 

h • °F/Btu 

Outside surface (winter) 

0.030 

0.17 

Outside surface (summer) 

0.044 

0.25 

Inside surface, still air 

0.12 

0.68 

Plane air space, vertical, ordinary surfaces (e eff = 

0.82): 

13 mm (i in) 

0.16 

0.90 

20 mm (| in) 

0.17 

0,94 

40 mm (1.5 in) 

0,16 

0.90 

90 mm (3.5 in) 

0.16 

0.91 

Insulation, 25 mm (1 in): 



Glass fiber 

0.70 

4.00 

Mineral fiber batt 

0.66 

3.73 

Urethane rigid foam 

0.98 

5.56 

Stucco, 25 mm (1 in) 

0.037 

0.21 

Face brick, 100 mm (4 in) 

0.075 

0.43 

Common brick, 100 mm (4 in) 0.12 

0.79 

Steel siding 

0.00 

0.00 

Slag, 13 mm (l in) 

0.067 

0.38 

Wood, 25 mm (1 in) 

0.22 

1.25 

Wood stud, nominal 2 in x 4 in 


(3.5 in or 90 mm wide) 

0.63 

3.58 


ff-value 

Component m 2 - °C/W ft* • h • °F/Btu 

Wood stud, nominal 2 in x 6 in 
(5.5 in or 140 mm wide) 0.98 5.56 

Clay tile, 100 mm (4 in) 0.18 1.01 

Acoustic tile 0-32 1.79 

Asphalt shingle roofing 0.077 0.44 

Building paper 0.011 0.06 

Concrete block, 100 mm (4 in): 

Lightweight 0.27 1.51 

Heavyweight 0.13 0.71 

Plaster or gypsum board, 

13 mm (I in) 0.079 0.45 

Wood fiberboard, 13 mm (g in) 0.23 1.31 

Plywood, 13 mm (1 in) 0.11 0.62 

Concrete, 200 mm (8 in): 

Lightweight 1-17 6.67 

Heavyweight 0.12 0.67 

Cement mortar, 13 mm (| in) 0.018 0.10 

Wood bevel lapped siding, 

13 mm x 200 mm 

(f in x 8 in) 0.14 0.81 


respectively, whose values are given in Table 3—9 for ordinary surfaces 
(s = 0.9) and reflective surfaces (s = 0.2 or 0.05). Note that surfaces hav- 
ing a low emittance also have a low surface conductance due to the reduc- 
tion in radiation heat transfer. The values in the table are based on a surface 
temperature of 21°C and a surface-air temperature difference of 5.5°C. 
Also, the equivalent surface temperature of the environment is assumed to 
be equal to the ambient air temperature. Despite the convenience it offers, 
this assumption is not quite accurate because of the additional radiation 
heat loss from the surface to the clear sky. The effect of sky radiation can 
be accounted for approximately by taking the outside temperature to be the 
average of the outdoor air and sky temperatures. 

The inner surface heat transfer coefficient /z f remains fairly constant 
throughout the year, but the value of h 0 varies considerably because of its 
dependence on the orientation and wind speed, which can vary from less 
than 1 km/h in calm weather to over 40 km/h during storms. The 1 com- 
monly used values of h- ( and h a for peak load calculations are 


; TABLE 3-9 ^ .. . ' ' : 1 

Combined convection and radiation 
heat transfer coefficients at window, 
wail, or roof surfaces (from ASHRAE 
Handbook of Fundamentals, 

Chap. 22, Table 1). 


Direc- 
tion of 

Posi- Heat 

tion Fiow 


h, W/m 2 ■ °C* 

Surface 
Emittance, e 

0.90 0.20 0.05 


Still air (both indoors and outdoors) 
Horiz. UpT 9.26 5.17 4.32 

Horiz. Down l 6.13 2.10 1.25 

45° slope UpT 9.09 5.00 4.15 

45° slope Down l 7.50 3.41 2.56 

Vertical Horiz. 8.29 4.20 3.35 


hi = 8.29 W/m 2 ■ °C 


K 


34.0 W/m 2 • °C 
' 22.7 W/m 2 ■ °C 


(winter and summer) 

(winter) 

(summer) 


which correspond to design wind conditions of 24 km/h for winter and 
12 km/h for summer. The corresponding surface thermal resistances (R- val- 
ues) are determined from Rj = l/7z f and R 0 = llh 0 . The surface conductance 
values under still air conditions can be used for interior surfaces as well as 
exterior surfaces in calm weather. 

Building components often involve trapped air spaces between various 
layers. Thermal resistances of such air spaces depend on the thickness of 
the layer, the temperature difference across the layer, the mean air temper- 
ature, thd emissivity of each surface, the orientation of the air layer, and the 
direction of heat transfer. The emissivities of surfaces commonly encoun- 
tered in t|uildmgs are given in Table 3—10. The effective emissivity of a 
plane-parallel air space is given by 




'V 


1 

^-effective 



^2 


- 1 


(3-81) 


where E! and e 2 are the emissivities of the surfaces of the air space. Table 
3-10 also lists the effective emissivities of air spaces for the cases where 
(1) the emissivity of one surface of the air space is s while the emissivity of 
the other surface is 0.9 (a building material) and (2) the emissivity of both 
surfaces is e. Note that the effective emissivity of an air space between 
building materials is 0.82/0.03 = 27 times that of an air space between sur- 
faces covered with aluminum foil. For specified surface temperatures, ra- 
diation heat transfer through an air space is proportional to effective 
emissivity, and thus the rate of radiation heat transfer in the ordinary sur- 
face case is 27 times that of the reflective surface case. 

Table 3-1 1 lists the thermal resistances of 20-mm-, 40-mm-,.and 90-mm- 
thick air spaces under various conditions. The thermal resistance values in 


Moving air (any positron, any direction) 
Winter condition 
(winds at 

24 km/h) 34.0 — — 

Summer condition 
(winds at 

12 km/h) 22.7 — — 


^Surface resistance can be obtained from R = llh. 


TABLE 3-11 

Unit thermal resistances (lvalues) of well 
Table 2) 

(a) SI units (in m 2 • °C/W) 


-sealed plane air spaces (from ASHRAE Handbook of Fundamentals, Chap, 22 


Position Direction 
of Air of Heat 

Space Flow 


Horizontal Up T 


45° slope Up T 


Vertical Horizontal 


45° slope Down -L 


Horizontal Down 4- 
(b) English units (in 


Position Direction 
of Air of Heat 

Space Flow 


Horizontal Up T 


Mean Temp. 

Temp., Diff., 

°C °C 

32.2 5.6 

10.0 16.7 

10.0 5.6 

— 17.8 11.1 

32.2 5.6 

10.0 16.7 

10.0 5.6 

-17.8 11.1 

32.2 5.6 

10.0 16.7 

10.0 5.6 

-17.8 11.1 

32.2 5.6 

10.0 16.7 

10.0 5.6 

-17.8 11.1 

32.2 5.6 

10.0 16.7 

10.0 5.6 

-17.8 11.1 

ft 2 - °F/Btu) 


Mean 

Temp., 

°F 


Temp. 

Diff., 

°F 


45° slope Up T 


Vertical Horizontal 


45 a slope Down -l 


20-mm Air Space 

Effective 
Emissivity, s eff 


40-mm Air Space 

Effective 
Emissivity, s eff 


90-mm Air Space 

Effective 
Emissivity, s eff 


0.03 0.05 0.5 0.82 0.03 0.05 0.5 0.82 0.03 0.05 0.5 0.82 


0.41 

0.30 

0.40 

0.32 

0.52 

0.35 

0.51 

0.37 

0.62 

0.51 

0.65 

0.55 

0.62 

0.60 

0.67 

0.66 

0.62 

0.66 

0.68 

0.74 


0.39 

0.29 

0.39 

0.32 

0.49 

0.34 

0.48 

0.36 

0.57 

0.49 

0.61 

0.53 

0.58 

0.57 

0.63 

0.63 

0.58 

0.62 

0.63 

0.70 


0.18 

0.17 

0.20 

0.20 

0.20 

0.19 

0.23 

0.23 

0.21 

0.23 

0.25 

0.28 

0.21 

0.24 

0.26 

0.30 

0.21 

0.25 

0.26 

0.32 


0.13 

0.14 

0.15 

0.16 

0.14 

0.14 

0.17 

0.18 

0.15 

0.17 

0.18 

0.21 

0.15 

0.17 

0.18 

0.22 

0.15 

0.18 

0.18 

0.23 


0.45 

0.33 

0.44 

0.35 

0.51 

0.38 

0.51 

0.40 

0.70 

0.45 

0.67 

0.49 

0.89 

0.63 

0.90 

0.68 

1.07 

1.10 

1.16 

1.24 


0.42 

0.32 

0.42 

0.34 

0.48 

0.36 

0.48 

0.39 

0.64 

0.43 

0.62 

0.47 

0.80 

0.59 

0.82 

0.64 

0.94 

0.99 

1,04 

1.13 


0.19 

0,18 

0.21 

0.22 

0.20 

0.20 

0.23 

0.24 

0.22 

0.22 

0.26 

0.26 

0.24 

0.25 

0.28 

0.31 

0.25 

0.30 

0.30 

0.39 


0.14 

0.14 

0.16 

0.17 

0.14 

0.15 

0.17 

0.18 

0.15 

0.16 

0.18 

0.20 

0.16 

0.18 

0.19 

0.22 

0.17 

0.20 

0.20 

0.26 


0.50 

0.27 

0.49 

0.40 

0.56 

0.40 

0,55 

0.43 

0.65 

0.47 

0.64 

0.51 

0.85 

0.62 

0.83 

0.67 

1.77 

1,69 

1.96 

1.92 


0.47 

0.35 

0.47 

0.38 

0.52 

0.38 

0.52 

0.41 

0.60 

0.45 

0.60 

0.49 

0.76 

0.58 

0.77 

0.64 

1.44 

1.44 

1.63 

1.68 


0,20 

0.19 

0.23 

0.23 

0.21 

0.20 

0.24 

0.24 

0.22 

0.22 

0.25 

0.27 

0.24 

0.25 

0.28 

0,31 

0.28 

0.33 

0.34 

0.43 


0.14 

0.15 

0.16 

0.18 

0.14 

0.15 

0.17 

0.19 

0.15 

0.16 

0.18 

0.20 

0.16 

0.18 

0.19 

0.22 

0.18 

0.21 

0.22 

0.29 


0.75-ln Air Space 

Effective 
Emissivity, e e{f 


1.5-in Air Space 

Effective 
Emissivity, e eff 


3.5-in Air Space 

Effective 
Emissivity, e eff 


0.03 0.05 0.5 0.82 0.03 0.05 0.5 0.82 0,03 0.05 0.5 0.82 


2.34 

1.71 

2.30 

1.83 

2.96 

1.99 

2.90 

2.13 

3.50 

2.91 
3.70 

3.14 


2,22 

1.66 

2,21 

1.79 

2.78 

1.92 

2.75 

2.07 

3.24 

2.77 

3.46 

3.02 


1.04 

0.99 

1.16 

1.16 

1.15 

1.08 

1.29 
1,28 

1.22 

1.30 
1.43 
1.58 


0.75 

0.77 

0.87 

0.93 

0.81 

0.82 

0.94 

1.00 

0.84 

0,94 

1.01 

1.18 


2.55 

1.87 
2.50 
2.01 

2.92 

2.14 

2.88 
2.30 

3.99 

2.58 

3.79 

2.76 


2.41 

1.81 

2.40 

1.95 

2.73 
2.06 

2.74 
2.23 

3.66 
2.46 
3.55 

2.66 


1.08 

1.04 

1.21 

1.23 

1.14 

1.12 

1,29 

1.34 

1.27 

1.23 

1.45 

1,48 


0.77 

0.80 

0.89 

0.97 

0.80 

0.84 

0.94 

1.04 

0.87 

0.90 

1.02 

1.12 


Horizontal Down -l 


2.84 

2.09 

2.80 

2.25 

3.18 

2.26 
3.12 
2.42 

3.69 

2.67 

3.63 

2.88 

4.81 
3.51 
4.74 

3.81 

10.07 

9.60 

11.15 

10.90 


2.66 

2.01 

2.66 

2.18 

2.96 

2.17 
2.95 

2.35 

3.40 
2.55 

3.40 
2.78 

4.33 

3.30 

4.36 
3.63 

8.19 

8.17 
9.27 
9.52 


1.13 

1.10 

1.28 

1.32 

1.18 

1.15 

1.34 

1.38 

1.24 

1.25 
1.42 
1.51 
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the table are applicable to air spaces of uniform thickness bounded by 
plane, smooth, parallel surfaces with no air leakage. Thermal resistances 
for other temperatures, emissivities, and air spaces can be obtained by in- 
terpolation and moderate extrapolation. Note that the presence of a low- 
emissivity surface reduces radiation heat transfer across an air space and 
thus significantly increases the thermal resistance. The thermal effective- 
ness of a low-emissivity surface will decline, however, if the condition of 
the surface changes as a result of some effects such as condensation, sur- 
face oxidation, and dust accumulation. 

The R-value of a wall or roof structure that involves layers of uniform 
thickness is determined easily by simply adding up the unit thermal 
resistances of the layers that are in series. But when a structure involves 
components such as wood studs and metal connectors, then the ther- 
mal resistance network involves parallel connections and possible two- 
dimensional effects. The overall R-value in this case can be determined by 
assuming (1) parallel heat flow paths through areas of different construc- 
tion or (2) isothermal planes normal to the direction of heat transfer. The 
first approach usually overpredicts the overall thermal resistance, whereas 
the second approach usually underpredicts it. The parallel heat flow path 
approach is more suitable for wood frame walls and roofs, whereas the 
isothermal planes approach is more suitable for masonry or metal frame 
walls. 

The thermal contact resistance between different components of building 
structures ranges between 0.01 and 0.1 m 2 • °C/W, which is negligible in 
most cases. However, it may be significant for metal building components 
such as steel framing members. 

The construction of wood frame flat ceilings typically involve 5-cm X 
15-cm joists on 400-mm or 600-mm centers. The fraction of framing is 
usually taken to be 0.10 for joists on 400-mm centers and 0.07 for joists on 
600-mqi penters. 

*; f m S 

Mosf buildings have a combination of a ceiling and a roof with an attic 
space in-between, and the determination of the W-value of the roof-attic- 
ceiling combination depends on y whether the attic is vented or not. For ad- 
equately ventilated attics, the attic air temperature is practically the same as 
the^outdoor air temperature, and thus heat transfer through the roof is gov- 
erned by, the R - value of the ceiling only. However, heat is also transferred 
between the roof and the ceiling by radiation, and it needs to be considered 
(Fig. 3-52). The major function of the roof in this case is to serve as a ra- 
diation shield by blocking off solar radiation. Effectively ventilating the at- 
tic in summer should not lead one to believe that heat gain to the building 
through the attic is greatly reduced. This is because most of the heat trans- 
fer through the attic is by radiation. 

Radiation heat transfer between the ceiling and the roof can be mini- 
mized by covering at least one side of the attic (the roof or the ceiling side) 
by a reflective material, called radiant barrier, such as aluminum foil or 
aluminum-coated paper. Tests on houses with R- 3.3 attic floor insulation 
have shown that radiant barriers can reduce summer ceiling heat gains by 
16 to 42 percent compared to an attic with the same insulation level and no 


TABLE 3-10 

Emissivities s of various surfaces 
and the effective emissivity of air 
spaces (from A5HRAE Handbook 
of Fundamentals, Chap. 22, 

Table 3). 

Effective 
Emissivity of 
Air Space 

= s £} = e 
Surface e e 2 = 0.9 s 2 = s 

Aluminum foif, 


bright 0.05* 

Aluminum 

0.05 

0.03 

sheet 0,12 

Aluminum-coated 
paper, 

0.12 

0.06 

polished 0.20 
Steei, galvanized, 

0.20 

O.ll 

bright 0.25 

Aluminum 

0.24 

0.15 

paint 0.50 0.47 

Building materials: 

Wood, paper, 
masonry, nonmetallic 

0.35 

paints 0.90 

0.82 

0.82 

Ordinary glass 0.84 

0.77 

0.72 


^Surface emissivity of aluminum foil 
increases to 0.30 with barely visible 
condensation, and to 0.70 with clearly 
visible condensation. 



FIGURE 3-52 
Ventilation paths for a naturally 
ventilated attic and the appropriate 
size of the flow areas around the 
radiant barrier for proper air 
circulation (from DOE/CE-0335P, 
U.S. Dept, of Energy). 
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(a) Under the roof deck 

FIGURE 3-53 

Three possible locations for an attic radiant barrier (from DOE/CE-0335P, U.S. Dept, of Energy). 


Joist ^ Insulation 

(c) On top of attic floor insulation 



FIGURE 3-54 

Thermal resistance network for a 
pitched roof-attic-ceiling combination 
for the case of an unvented attic. 


radiant barrier. Considering that the ceiling heat gain represents about 15 to 
25 percent of the total cooling load of a house, radiant barriers will reduce 
the air conditioning costs by 2 to 10 percent. Radiant barriers also reduce 
the heat loss in winter through the ceiling, but tests have shown that the 
percentage reduction in heat losses is less. As a result, the percentage 
reduction in heating costs will be less than the reduction in the air- 
conditioning costs. Also, the values given are for new and undusted radiant 
barrier installations, and percentages will be lower for aged or dusty radi- 
ant barriers. . 

Some possible locations for attic radiant barriers are given in Figure 3-53. 

In whole house tests on houses with ft-19 attic floor insulation, radiant 
barriers have reduced the ceiling heat gain by an average of 35 percent when 
the radiant barrier is installed on the attic floor, and by 24 percent when it is 
attached to the bottom of roof rafters. Test cell tests also demonstrated that 
the best location for radiant barriers is the attic floor, provided that the attic 
is not used as a storage area and is kept clean. 

For unvented attics, any heat transfer must occur through (1) the ceiling, 
(2) the attic space, and (3) the roof (Fig. 3—54). Therefore, the overall 
R- value of the roof-ceiling combination with an unvented attic depends on 
the combined effects of the R-value of the ceiling and the R-value of the 
roof as well as the thermal resistance of the attic space. The attic space can 
be treated as an air layer in the analysis. But a more practical way of 
accounting for its effect is to consider surface resistances on the roof and 
ceiling surfaces facing each other. In this case, the R -values of the ceiling 
and the roof are first determined separately (by using convection resis- 
tances for the still-air case for the attic surfaces). Then it can be shown that 
the overall -value of the ceiling-roof combination per unit area of the 

ceiling can be expressed as 

R = / W + (^) l 3 - 82 ’ 
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where A ceiling and are the ceiling and roof areas, respectively. The area 
ratio is equal to 1 for flat roofs and is less than 1 for pitched roofs. For a 45° 
pitched roof, the area ratio is ^ceiiing/^roof = 1/V5 = 0.707. Note that the 
pitched roof has a greater area for heat transfer than the flat ceiling, and the 
area ratio accounts for the reduction in the unit R -value of the roof when 
expressed per unit area of the ceiling. Also, the direction of heat flow is up 
in winter (heat loss through the roof) and down in summer (heat gain 
through the roof). 

The fi-value of a structure determined by analysis assumes that the 
materials used and the quality of workmanship meet the standards. Poor 
workmanship and substandard materials used during construction may re- 
sult in R- values that deviate from predicted values. Therefore, some engi- 
neers use a safety factor in their designs based_ on experience in critical 
applications. 


EXAMPLE 3-16 The fl-Value of a Wood Frame Wall 

Determine the overall unit thermal resistance (the R-v alue) and the overall heat 
transfer coefficient (the (/-factor) of a wood frame wall that is built around 
38-mm x 90-mm (2x4 nominal) wood studs with a center-to-center distance 
of 400 mm. The 90-mm-wide cavity between the studs is filled with glass fiber 
insulation. The inside is finished with 13-mm gypsum wailboard and the out- 
side with 13-mm wood fiberboard and 13-mm X 200-mm wood bevel lapped 
siding. The insulated cavity constitutes 75 percent of the heat transmission 
area while the studs, plates, and sills constitute 21 percent. The headers con- 
stitute 4 percent of the area, and they can be treated as studs, 

Also, determine the rate of heat loss through the wails of a house whose 
perinrretp'rAs 50 m and wall height is 2.5 m in Las Vegas, Nevada, whose win- 
ter design temperature is — 2°C. Take the indoor design temperature to be 
22°C anjf assume 20 percent of the wall area is occupied by glazing. 

■ J 

SOLUTION The ff-value and the (/-factor of a wood frame wall as well as the 
rate. of heat loss through such a wall in Las Vegas are to be determined. ■ > ; : 
Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
wail i§ one-dimensional. 3 Thermal properties of the wall and the heat transfer 
coefficients are constant. 

Properties The F-vaiues of different materials are given in Table 3-8. 
Analysis The schematic of the wall as well as the different elements used in 
its construction are shown here. Heat transfer through the insulation and 
through the studs meets different resistances, and thus we need to analyze the 
thermal resistance for each path separately. Once the unit thermal resistances 
and the (/-factors for the insulation and stud sections are available, the overall 
average thermal resistance for the entire wall can be determined from 

^overall — - FF over2 |[ 


where 


^overall (t7 X Arealinstilation "h (U X Arc a)$tud 





b- • t 


1 

!• 

> 

1 
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and the value of the area fraction f« , is 0.75 for the insulation section and 
3 25 for the stud section since the headers that constitute a small part of the 
wall are to be treated as studs. Using the available /7-values from Table 3^8 
and calculating others, the total /7-values for each section can be determined 

in a systematic manner in the table below. 

fl-value, m 2 ■ °C/W 


Schematic 



Construction 


Between 

Studs 


At 

Studs 


1. Outside surface, 

24 km/h wind 

2. Wood bevel lapped 
siding 

3. Wood fiberboard 
sheeting, 13 mm 

4a. Glass fiber 

insulation, 90 mm 

4b. Wood stud, 

’ 38 mm x 90 mm 

5. Gypsum waliboard, 

13 mm 

6. Inside surface, still air 


0.030 

0.030 

0.14 

o.i4 

0.23 

0.23 

2.45 

— 

— 

0.63 

0.079 

0.12 

0.079 

0.12 

3.05 

0.328 

0.75 

1.23 

0.813 

0.25 


Total unit thermal resistance of each section, R 

(in m 2 • °C/W) . 

The U-f actor of each section, U = UR, in W/m * C 

Area fraction of each section, / area _ 

Overall ^factor: U~ SUi = 0.75 X 0.328 + 0.25 x 0.813 

- 0.449 W/m ? - °C 

Overall unit thermal resistance: R=1IU= 2.23 m 2 • C/W 

We conclude that the overall unit thermal resistance of the wall, is 
2.23 m 2 * °C/W, and this value accounts for the effects of the studs and head- 
ers. It corresponds to an //-value of 2.23 x 5.68 = 12.7 (or nearly R-IS) in 
English units. Note that if there were no wood studs and headers m the wall, 
the overall thermal resistance would be 3.05 m 2 • °C/W, which is 37 percent 
greater than 2.23 m 2 * °C/W. Therefore, the wood studs and headers m this 
case serve as thermal bridges in wood frame walls, and their effect must be 

considered in the thermal analysis of buildings. . . .. . 0 R _ 

The perimeter of the building is 50 m and the height of the wails is 2.5 m. 
Noting that glazing constitutes 20 percent of the walls, the total wall area is 

, - 0.80(Perimeter)(Height) = 0.80(50 m)(2.5 m) = 100 m 2 

Then the rate of heat loss through the walls under design conditions becomes 

Qrti = {UA)rtiiT t -Ta 

= (0.449 W/m 2 - °C)(100 m a )[22 - (-2)°C] 

= 1078 W 

Discussion Note that a 1-kW resistance heater in this house will make up al- 
most all the heat lost through the walls, except through the doors and windows, 
when the outdoor air temperature drops to -2°C. 






1 EXAMPLE 3-17 The ff-Value of a Wall with Rigid Foam 

| The 13-mm-thick wood fiberboard sheathing of the wood stud wall discussed 
I in the previous example is replaced by a 25-mm-thick rigid foam insulation. 
| Determine the percent increase in the /f-value of the wall as a result. 


SOLUTION The overall /?-va lue of the existing wall was determined in Exam- 
ple 3-16 to be 2.23 m I 2 • °C/W. Noting that the /?-values of the fiberboard and 
the foam insulation are 0.23 m 2 • °C/W and 0.98 m 2 • °C/W, respectively, and 
the added and removed thermal resistances are in series, the.overan fl-value of 
the wall after modification becomes 


^new ^old ^removed "F -^added 

= 2.23 - 0.23 + 0.98 ;■ 
= 2.98 m 2 * °CAV * 


| This represents an increase of {2.98 - 2.23)/2.23 = 0.34 or 34 percent in 
j the ff-value of the wall. This example demonstrated how to evaluate the new 
I /?-value of a structure when some structural members are added or removed. 


| EXAMPLE 3-18 The R - Value of a Masonry Wall 

I Determine the overall unit thermal resistance (the fl-value) and the overall heat 
| transfer coefficient (the {/-factor) of a masonry cavity wall that is built around 
| 150-mm thick concrete blocks made of lightweight aggregate with 3 cores filled 
S with perlite {R = 0.74 m 2 * °C/W). The outsiders finished with 100-mm face 
1 brick with 13 mm cement mortar between the bricks and concrete blocks. The 
| inside.fjhi.sh consists of 13 mm gypsum wal [board separated from the concrete 
I block by 20-mm-thick (nominal) vertical furring (R = 0.74 m 2 - °C/W) whose 
1 center-tc^center distance is 400 mm. Both sides of the 20-mm-thick air space 
1 betweeifthe concrete block and the gypsum board are coated with reflective atu- 
! minum/foil (e = 0.05) so that the effective emissivity of the air space is 0.03. 
S For a mean temperature of lO^C and a temperature difference of 16.7°C, the 
| /f-ifalue of the air space is 0.51 m 2 - °C/W. The reflective air space constitutes 
| 80 perceht of the heat transmission area, while the vertical furring constitutes 
| 20 percent. 

I SOLUTION The /?-va lue and the {/-factor of a masonry cavity wall are to be 
determined. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
wall is one-dimensional. 3 Thermal properties of the wall and the heat transfer 
coefficients are constant. 

Properties The /?-v alues of different materials are given in Table 3-8. 

Analysis The schematic of the wall as well as the different elements used in 
its construction are shown below. Following the approach described here and 
using the available /?-v alues from Table 3-8, the overall ff-value of the waif is 
determined in the following table. ; / 


Schematic 


fl-value, 
C/W 


m 


2 . « 


Between At 




Construction 

Furring 

1. 

Outside surface, 



24 km/h wind 

0.030 

2. 

Face brick, 



100 mm 

0.075 

3. 

Cement mortar, 



13 mm 

0.018 

4. 

Concrete block, 



150 mm 

0.74 

5a. 

Reflective air 



space, 20 mm 

0.51 

7 5b. 

Nominal 1x3 



vertical furring 


6. 

Gypsum wallboard, 

r 


13 mm 

0.079 

7. 

Inside surface, 



still air 

0.12 


0.17 


Total unit thermal resistance of each J;gg q 
The U-factor of each section, U= HR, in W/m 6 Q 8Q „ 20 

Area fraction of each section, 4rea ...... yriair 

Overall U-factor: U= = 0.80 X 0.636 + 0.20 X 0.812 

= 0.671 W/m 2 ■ °C R= l/U= 149 m 2 - "C/W 

Overall unit thermal resistance: R 


Therefore, the overall unit thermal resistance of the wall is 1.49 m ■ C/W an 
the overall U-factor is 0.671 W/m 2 • °C. These values account for the effects of 

the vertical furring. 


EXAMPLE 3-19 The R-Value of a Pitched Roof 

Determine the overall unit thermal resistance (the fl-value) and the overall heat 

transfer coefficient (the U-factor) of a 45" pitched roof built around ^nominal g 
2-in x 4-in wood studs with a center-to-center distance of 400 mm. The 
90-mm-wide air space between the studs does not have any re ® ? 2 °c 
and thus its effective emlssivity is 0.84. For a mean temperature of 32.2 0 
and a temperature difference of 16.7"C, the R-value of the air space s 
0 1 5 m 2 • "C/W. The lower part of the roof Is finished with 13 mm gypsum wa 
board and the upper part with 16 mm plywood, building paper, and asphalt 
shhrgle roofing. Z air space constitutes 76 percent of the heat transmrss.on 
area, while the studs and headers constitute 25 percent. 

SOLUTION The fl-value and the U-factor of a 45° pitched roof are to be 

ZmX* 1 Steady operating conditions exist. 2 Heat transfe, r through the 

roof is P one-dimensionat. 3 Thermal properties of the roof and the heat transfer 

coefficients are constant. 


£ - 
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properties The ^-values of different materials are given in Table 3-8. 
Analysis The schematic of the pitched roof as well as the different elements 
used in its construction are shown below. Following the approach described 
above and using the available tf-values from Table 3-8, the overall fl-value of 
the roof can be determined in the table here. 


Schematic 


//-value, 



I 2 3 4 5a 5b 6 7 



Construction 

m 2 - 

Between 

Studs 

°c/w 

At 

Studs 

1. 

Outside surface, 
24 km/h wind ' 

0.030 

0.030 

2. 

Asphalt shingle 
roofing 

0.077 

0.077 

3. 

Building paper 

0.011 

0.011 

4. 

Plywood deck, 16 mnn 

0.14 

0.14 

5a. 

Nonreflective air 
space, 90 mm 

0.15 


5b. 

Wood stud, 2 in x 4 in 

— 

0.63 

6. 

Gypsum waliboard, 13 mm 

0.079 

0.079 

7. 

Inside surface, 
45° slope, still air 

0.11 

0.11 


Total unit thermal resistance of each section, R 0.597 1.077 

The (/-factor of each section, (7= HR, in W/m 2 • °C 1.695 0.929 

Area fraction of each section, f mBa 0.75 0.25 

Overall (/-factor: U= 2 f m ,(/,= 0.75 X 1.675 + 0.25 X 0.929 

= 1.49 W/m 2 • °C 

Overall unit thermal resistance: R~ 1/U = 0.67 m 2 • 0 C/W 

Therefore, the overall unit thermal resistance of this pitched roof is 
0.67 m? • °C/W and the overall (/-factor is 1.49 W/m 2 - °C. Note that the wood 
studs'offer .much larger thermal resistance to heat flow than the air space be- 
tween the' studs. 

* r 
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One-dimensional heat transfer through a simple or composite 
body exposed to convection from both sides to mediums at 
temperatures and T xl can be expressed as 


Q = 


T. 


*1 


T. 


»2 


R 


total 


where is the total thermal resistance between the two 
mediums. For a plane wall exposed to convection on both 
sides, the total resistance is expressed as 


/'‘total _ Konv, l + /?wa!l + /? C onv,2 “ ^ 


h { A kA h 2 A 


This relation can be extended to plane walls that consist of two 
or more layers by adding an additional resistance for each ad- 
ditional layer. The elementary thermal resistance relations can 
be expressed as follows: 


Conduction resistance ( plane wall). 

Conduction resistance ( cylinder): 
Conduction resistance (sphere): 

Convection resistance: 


w _A 

“wail ~ * ■ 


R 


kA 

Info A) 
2i tUc 

5ph 4irrp 2 k 

R =-L 
conv hA 


cyl 
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Radiation resistance: R^s — ^ ^ 

where h c is the thermal contact conductance, R c is the thermal 
contact resistance, and the radiation heat transfer coefficient is 
defined as 

h^d = str(Tj + Tfffiff 4- ff 0 „) 

Once the rate of heat transfer is available, the temperature drop 
across any layer can be determined from 

A T= QR 


The thermal resistance concept can also be used to solve steady 
heat transfer problems involving parallel layers or combined 
series-parallel arrangements. 

Adding insulation to a cylindrical pipe or a spherical shell 
increases the rate of heat transfer if the outer radius of the in- 
sulation is less than the critical radius of insulation, defined as 

_ ^Sn$ 

J"cr ± cylinder ^ 

_ 2 kfo 
J"cj; sphere ^ 

The effectiveness of an insulation is often given in terms of 
its Revalue, the thermal resistance of the material per unit sur- 
face area, expressed as 

R-y alue = h (flat insulation) 

k 

where L is the thickness and k is the thermal conductivity of the 
material. 

Finned surfaces are commonly used in practice to enhance 
heat transfer. Fins enhance heat transfer from a surface by ex- 
posing a larger surface area to convection. The temperature 
distribution along the fin for very long fins and for fins with 
negligible heat transfer at the fin tip are given by 


Very long fin: 
Adiabatic fin tip: 


T(x) TU _ 

T(x) — Tc cosh m(L — x) 
T b — T* cosh mL 


where m = Vhp/kA c , p is the perimeter, and A c is the cross- 
sectional area of the fin. The rates of heat transfer for both 
cases are given to be 


Very long fin: 
Giong fin kA c 



= VhpkA c (T b - Tf) 
o 


Adiabatic fin tip: 


Q 


adiabatic dp 


dJ 

~kA cdx 


= VhpkA, iff - TJ) tanh mL 

j = 0 


Fins exposed to convection at their tips can be treated as fins 
with adiabatic tips by using the corrected length L c = L + AJp 
instead of the actual fin length. 

The temperature of a fin drops along the fin, and thus the 
heat transfer from the fin is less because of the decreasing tem- 
perature difference toward the fin tip. To account for the effect 
of this decrease in temperature on heat transfer, we define fin 
efficiency as 

4 

Qt\n Actual heat tran sfer rate from the fin 

7?fin ~ Qn mix ~ ^ eal * ieat trans ^ er rate fr° m Ihe fin if 
m, mix entire fin were at base temperature 

\ 

When the fin efficiency is available, the rate of heat transfer 
from a fin can be determined from 


Gfm — T/fin Gfin, mix 


The performance of the fins is judged on the basis of the en- 
hancement in heat transfer relative to the no-fin case and is ex- 
pressed in terms of the fin effectiveness defined as 

Heat transfer rate from 
Qfin firm the fin of base area A b 

£fin “ 7) “ ~~ )iA h iff -- T„) ~~ Heat transfer rate from 

&iio fin f i-» p i 

the surface of area A b 


Here, A b is the cross-sectional area of the fin at the base and 
<2 no fin represents the rate of heat transfer from this area if no 
fins are attached to the surface. The overall effectiveness for a 
finned surface is defined as the ratio of the total heat transfer 
from the finned surface to the heat transfer from the same sur- 
face if there were no fins, 

4 

Q total, fm ^O^tinfm ^ 

O', - T„) 

Fin efficiency and fm effectiveness are related to each other by 

^fin 

e Fm ~~ ^ Rfm 

Certain multidimensional heat transfer problems involve two 
surfaces maintained at constant temperatures ff and T 2 . The steady 
rate of heat transfer between these two surfaces is expressed as 

Q = Skiff ~ T 2 ) 

where S is the conduction shape factor that has the dimen- 
sion of length and k is the thermal conductivity of the medium 
between the surfaces. 
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Steady Heat Conduction in Plane Walls 

3-1C Consider one-dimensional heat conduction through 
a cylindrical rod of diameter D and length L. What is the 
heat transfer area of the rod if (a) the lateral surfaces of the rod 

are insulated and (b) the top and bottom surfaces of the rod are 
insulated? i 

3-2C Coi^ider heat conduction through a plane wall. Does 
the energy content of the wall change during steady heat con- 
duction? How about during transient conduction? Explain. 

3-3C y Consider heat conduction through a wall of thickness L 
and afea A. Under what conditions will the temperature distri- 
butions in the wall be a straight line? 

3-4C What does the thermal resistance of a medium 
represent? 

3-5C How is the combined heat transfer coefficient defined? 
What convenience does it offer in heat transfer calculations? 


Problems designated by a "C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon iU are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


3-6C Can we define the convection resistance per unit 

surface area as the inverse of the convection heat transfer 
coefficient? 

3-7C Why are the convection and the radiation resistances at 
a surface in parallel instead of being in series? 

3-8C Consider a surface of area A at which the convection 
and radiation heat transfer coefficients are /i eon¥ and h Kd , re- 
spectively. Explain how you would determine (a) the single 
equivalent heat transfer coefficient, and (b) the equivalent ther- 
mal resistance. Assume the medium and the surrounding sur- 
faces are at the same temperature. 

3-9 C How does the thermal resistance network associated 
with a single-layer plane wall differ from the one associated 
with a five-layer composite wall? 

3-10C Consider steady one-dimensional heat transfer 
through a multilayer medium. If the rate of heat transfer Q is 

known, explain how you would determine the temperature 
drop across each layer. 

3-11 C Consider steady one-dimensional heat transfer 
through a plane wall exposed to convection from both sides to 
environments at known temperatures T xl and T al with known 
heat transfer coefficients h, and h 2 . Once the rate of heat transfer 
Q has been evaluated, explain how you would determine the 
temperature of each surface. 



3-1 2C Someone comments that a microwave oven can be 
viewed as a conventional oven with zero convection resistance 
at the surface of the food. Is this an accurate statement? 

3- 13C Consider a window glass consisting of two 

4- mm-thick glass sheets pressed tightly against each other. 
Compare the heat transfer rate through this window with that 
of one consisting of a single 8-rum-thick glass sheet under 
identical conditions. 

3-14C Consider steady heat transfer through the wall of a 
room in winter. The convection heat transfer coefficient at the 
outer surface of the wall is three times that of the inner surface 
as a result of the winds. On which surface of the wall do you 
think the temperature will be closer to the surrounding air tem- 
perature? Explain. 

3-15C The bottom of a pan is made of a 4-mm-thick alu- 
minum layer. In order to increase the rate of heat transfer 
through the bottom of the pan, someone proposes a design for 
the bottom that consists of a 3 -mm- thick copper layer sand- 
wiched between two 2-mm-thick aluminum layers. Will the 
new design conduct heat better? Explain. Assume perfect con- 
tact between the layers. 



3-16C Consider two cold canned drinks, one wrapped in a 
blanket and the other placed on a table in the same room. 
Which drink will warm up faster? 

3-17 Consider a 3-m-high, 6-m-wide, and 0.3-m-thick brick 
wall whose thermal conductivity is k = 0,8 W/m • C . On a 
certain day, the temperatures of the inner and the outer surfaces 
of the wall are measured to be 14°C and 2°C, respectively. De- 
termine the rate of heat loss through the wall on that day. 

3- 18 A 1.0 m X 1.5 m double-pane window consists of two 

4- mm thick layers of glass (k = 0.78 W/m ■ K) that are the 
separated by a 5-mm air gap = 0.025 W/m • K). The heat 
flow through the air gap is assumed to be by condition. The in- 
side and outside air temperatures are 20°C and —20 C, respec- 
tively, and the inside and outside heat transfer coefficients are 
40 and 20 W/m 2 * K. Determine (a) the daily rate of heat loss 


through the window in steady operation and (b) the tempera- 
ture difference across the largest thermal resistence. 

3-19 Consider a 1.2-m-high and 2-m-wide glass window 
whose thickness is 6 mm and thermal conductivity is k = 
0.78 W/m ■ °C. Determine the steady rate of heat transfer 
through this glass window and the temperature of its inner sur- 
face for a day during which the room is maintained at 24°C 
while the temperature of the outdoors is -5°C. Take the con- 
vection heat transfer coefficients on the inner and outer sur- 
faces of the window to be /ij = 10 W/m 2 • °C and h 2 ~ 25 
W/m 2 • °C, and disregard any heat transfer by radiation. 


5-20 Consider a 1 .2-m-high and 2-m-wide double-pane win- 
dow consisting of two 3-mm-thick layers of glass (k — 
D.78 W/m • °C) separated by a 12-mm-wide stagnant air space 
(k = 0.026 W/m • °C). Determine the steady rate of heat trans- 
fer through this double-pane window and the temperature of its 
inner surface for a day during which the room is maintained 
at 24°C while the temperature of the outdoors is -5°C. Take 
the convection heat transfer coefficients on the inner and 
outer surfaces of the window to be hi — 10 W/m • C 
and h 2 = 25 W/m 2 ■ °C, and disregard any heat transfer by 







FIGURE P3-20 


3-21 Repeat Prob. 3-20, assuming the space between the 
two glass layers is evacuated. 


3-22 




Reconsider Prob. 3-20. Using EES (or other) 
'M software, plot the rate of heat transfer through the 
window as a function of the width of air space in the range of 
2 mm to 20 mm, assuming pure conduction through the air. 

Discuss the results. 



3-23 A cylindrical resistor element on a circuit board dissi- 
pates 0.15 W of power in an environment at 40°C. The resistor 
is 1 .2 cm long, and has a diameter of 0.3 cm. Assuming heat to 
be transferred uniformly from all surfaces, determine (a) the 
amount of heat this resistor dissipates during a 24-h period; 

(b) the heat flux on the surface of the resistor, in W/m 2 ; and 

(c) the surface temperature of the resistor for a combined con- 
vection and radiation heat transfer coefficient of 9 W/m 2 *. °C. 

3-24 Consider a power transistor that dissipates 0.2 W of ' 
power in an environment at 30°C. The transistor is 0.4 cm long 
and has a diameter of 0.5 cm. Assuming heat to be transferred 
uniformly from all surfaces, determine (a) the amount of heat 
this transistor dissipates during a 24-h period, in kWh; (b) the 
heat flux on the surface of the transistor, in W/m 2 ; and (c) the 
surface temperature of the transistor for a combined convection 
and radiation heat transfer coefficient of 18 W/m 2 • °C. 
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3-25 A i2-cm X 18-cm circuit board houses on its surface 
100 closelyjSpaced logic chips, each dissipating 0.06 W in an 
environment at 40°C. The heat transfer from the back surface 
of the board is negligible. If the heat transfer coefficient on the 
surface of the board is 10 W/m 2 • °C, determine (a) the heat 
flux op’ the surface of the circuit board, in W/m 2 ; (b) the surface 
temperature* of the chips; and (c) the thermal resistance 
between the surface of the circuit board and the cooling 
medium, in °CAV. 

3-26 Consider a person standing in a room at 20°C with an 
exposed surface area of 1 .7 m 2 . The deep body temperature of 
the human body is 37°C, and the thermal conductivity of the 
human tissue near the skin is about 0.3 W/m * °C. The body is 
losing heat at a rate of 150 W by natural convection and radia- 
tion to the surroundings. Taking the body temperature 0.5 cm 
beneath the skin to be 37°C, determine the skin temperature of 
the person. Answer: 35.5 e C 



3-27 Water is boiling in a 25-cm-diameter aluminum pan (k = 
237 W/m * °C) at 95°C. Heat is transferred steadily to the boil- 
ing water in the pan through its 0.5-cm-thick flat bottom at a 
rate of 800 W. If the inner surface temperature of the bottom of 
the pan is 108°C, determine (n) the boiling heat transfer coeffi- 
cient on the inner surface of the pan and (6) the outer surface 
temperature of the bottom of the pan. 

3-28 A wall is constructed of two layers of 2-cm-thick 
sheetrock (k = 0.17 W/m * °C), which is a plasterboard made 
of two layers of heavy paper separated by a layer of gypsum, 
placed 18 cm apart. The space between the sheetrocks is filled 
with fiberglass insulation ( k = 0.035 W/m ■ °C). Determine (o) 
the thermal resistance of the wall and ( b ) its /fvalue of insula- 
tion in SI units. 


Fiberglass 

insulation 



FIGURE P3-28 

3-29 The roof of a house consists of a 15-cm-thick concrete 
slab {k — 2 W/m ■ °C) that is 15 m wide and 20 m long. The 
convection heat transfer coefficients on the inner and outer sur- 
faces of the roof are 5 and 12 W/m 2 • °C, respectively. On a 
clear winter night, the ambient air is reported to be at 10°C, 
while the night sky temperature is 100 K. The house and the 
interior surfaces of the wall are maintained at a constant 
temperature of 20°C. The emissivity of both surfaces of the 
concrete roof is 0.9. Considering both radiation and convection 
heat transfers, determine the rate of heat transfer through the 
roof, and the inner surface temperature of the roof. 

If the house is heated by a furnace burning natural gas with 
an efficiency of 80 percent, and the price of natural gas is 
$ 1.20/therm (1 therm = 105,500 kJ of energy content), deter- 
mine the money lost through the roof that night during a 14-h 
period. 


■*» 
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3-30 A 2-m X 1.5-m section of wall of an industrial furnace 
burning natural gas is not insulated, and the temperature at the 
outer surface of this section is measured to be 80°C. The tem- 
perature of the furnace room is 30°C, and the combined con- 
vection and radiation heat transfer coefficient at the surface of 
the outer furnace is 10 W/m 2 • °C. It is proposed to insulate this 
section of the furnace wall with glass wool insulation 
(jfc = 0.038 W/m * °C) in order to reduce the heat loss by 90 per- 
cent. Assuming the outer surface temperature of the metal sec- 
tion still remains at about 80°C, determine the thickness of the 
insulation that needs to be used. 

The furnace operates continuously and has an efficiency of 
78 percent. The price of the natural gas is $1. 10/therm (1 therm = 
105,500 kJ of energy content). If the installation of the insula- 
tion will cost $250 for materials and labor, determine how long 
it will take for the insulation to pay for itself from the energy it 
saves. 


3-31 Repeat Prob. 3-30 for expanded perlite insulation 
assuming conductivity is k ~ 0.052 \Y/m * °C. 


3-32 


m 


Reconsider Prob. 3-30. Using EES (or other) 
software, investigate the effect of thermal con- 
ductivity on the required insulation thickness. Plot the thick- 
ness of insulation as a function of the thermal conductivity of 
the insulation in the range of 0.02 W/m • °C to 0.08 W/m ■ °C, 
and discuss the results. 


3-33 Consider a house whose walls are 4 m high and 12 m 
long. Two of the walls of the house have no windows, while 
each of the other two walls has four windows made of 0.6-cm- 
thick glass (jfc = 0.78 W/m ■ °C), 1.0 m X 1.5 m in size. The 
walls are certified to have an /?- value of 3.3 (i.e., an Uk value of 
3.3 m 2 • °C/W). Disregarding any direct radiation gain or loss 
through the windows and taking the heat transfer coefficients 
at the inner and outer surfaces of the house to be 11 and 
22 W/m 2 * °C, respectively, determine the ratio of the heat 
transfer through the walls with and without windows. 



3-34 Consider a house that has a 10-m X 20-m base and 
a 4-m-high wall. All four walls of the house have an R- value 
of 2.31 m 2 ■ °CAV. The two 10-m X 4-m walls have no 
windows. The third wall has five windows made of 0.5-cm- 
thick glass (jfc = 0.78 W/m • °C), 1.2 m X 1.8 m in size. The 
fourth wall has the same size and number of windows, but 
they are double-paned with a 1.5-cm-thick stagnant air space 
(jfc = 0.026 W/m - °C) enclosed between two 0.5-cm-thick 
glass layers. The thermostat in the house is set at 24°C and 
the average temperature outside at that location is 8°C 
during the seven-month-long heating season. Disregarding 
any direct radiation gain or loss through the windows and 
taking the heat transfer coefficients at the inner and outer 
surfaces of the house to be 7 and 18 W/m 2 • °C, respectively, 
determine the average rate of heat transfer through each 
wall. 

If the house is electrically heated and the price of electricity 
is $0.08/kWh, determine the amount of money this household 
will save per heating season by converting the single-pane 
windows to double-pane windows. 

3-35 The wall of a refrigerator is constructed of fiberglass 
insulation (jfc = 0.035 W/m • °C) sandwiched between two 
layers of 1-mm-thick sheet metal ( k = 15.1 W/m • °C). The re- 
frigerated space is maintained at 3°C, and the average heat 
transfer coefficients at the inner and outer surfaces of the wall 
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are 4 W/m 2 ■ °C and 9 W/m 2 • °C, respectively. The kitchen 
temperature averages 25°C. It is observed that condensation 
occurs on the outer surfaces of the refrigerator when the 
temperature of the outer surface drops to 20°C. Deter min e 
the minimum thickness of fiberglass insulation that needs to 
be used in the wall in order to avoid condensation on the outer 
surfaces. 


3-42 C Consider two surfaces pressed against each other. 
Now the air at the interface is evacuated. Will the thermal con- 
tact resistance at the interface increase or decrease as a result? 

3-43 C Explain how the thermal contact resistance can be 
minimized. 


3-36 


tev 


Reconsider Prob. 3-35. Using EES (or other) 
H software, investigate the effects of the thermal 
conductivities of the insulation material and the sheet metal on 
the thickness of the insulation. Let the thermal conductivity 
vary from 0.02 W/m • °C to 0.08 W/m ■ °C for insulation and 


10 W/m ■ °C to 400 W/m • °C for sheet metal. Plot the thickness 
of the insulation as the functions of the thermal conductivities 
of the insulation and the sheet metal, and discuss the results. 


3-37 Heat is to be conducted along a circuit board that has a 
copper layer on one side. The circuit board is 15 cm long and 
15 cm wide, and the thicknesses of the copper and epoxy lay- 
ers are 0.1 mm and 1.2 mm, respectively. Disregarding heat 
transfer from side surfaces, determine the percentages of heat 
conduction along the copper (k = 386 W/m ■ °C) and epoxy 
(k = 0.26 W/m ■ °C) layers. Also determine the effective ther- 
mal conductivity of the board. 


Answers: 0.8 percent, 99.2 percent, and 29.9 W/m • °C 


Thermal Contact Resistance 

3-38C 'What is thermal contact resistance? How is it related 
to thermal' contact conductance? 

f 

3-39 C Will the thermal contact resistance be greater for 
smooth or rough plain surfaces? 

3-4(TC A wall consists of two layers of insulation pressed 
against each other. Do we need to be concerned about the 
thermal contact resistance at the interface in a heat transfer 
analysis or can we just ignore it? 

3-41 C A plate consists of two thin metal layers pressed 
against each other. Do we need to be concerned about the 
thermal contact resistance at the interface in a heat transfer 
analysis or can we just ignore it? 


3-44 The thermal contact conductance at the interface of two 
1-cm-thick copper plates is measured to be 18,000 W/m 2 • °C. 
Determine the thickness of the copper plate whose thermal 
resistance is equal to the thermal resistance of the interface 
between the plates. 

3-45 Six identical power transistors with aluminum casing 
are attached on one side of a 1.2-cm-thick 20-cm X 30-cm 
copper plate (k = 386 W/m • °C) by screws that exert an aver- 
age pressure of 10 MPa. The base area of each transistor is 
9 cm 2 , and each transistor is placed at the center of a 10-cm X 
10-cm section of the plate. The interface roughness is estimated 
to be about 1.4 fim. All transistors are covered by a thick Plex- 
iglas layer, which is a poor conductor of heat, and thus all the 
heat generated at the junction of the transistor must be dissi- 
pated to the ambient at 23°C through the back surface of the 
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copper plate. The combined convection/radiation heat transfer 
coefficient at the back surface can be taken to be 30 W/m ■ ^C. 
If the case temperature of the transistor is not to exceed 75°C, 
determine the maximum power each transistor can dissipate 
safely, and the temperature jump at the case-plate interface. 

3-46 Two 5-cm-diameter, 15-cm-long aluminum bars 
(k = 176 W/m * °C) with ground surfaces are pressed against 
each other with a pressure of 20 atm. The bars are enclosed in 
an insulation sleeve and, thus, heat transfer from the lateral sur- 
faces is negligible. If the top and bottom surfaces of the two- 
bar system are maintained at temperatures of 150°C and 20°C, 
respectively, determine (n) the rate of heat transfer along the 
cylinders under steady conditions and (b) the temperature drop 
at the interface. Answers : (a) 142.4 W, (b) 6.4°C 

3-47 A 1-mm-thick copper plate (k = 386 W/m • °C) is 
sandwiched between two 5-mm-thick epoxy boards (k = 
0.26 W/m * °C) that are 15 cm X 20 cm in size. If the thermal 
contact conductance on both sides of the copper plate is estimated 
to be 6000 W/m * °C, determine the error involved in the total 
thermal resistance of the plate if the thermal contact conductances 
are ignored. 


Copper 



Generalized Thermal Resistance Networks 

3-48C When plotting the thermal resistance network associ- 
ated with a heat transfer problem, explain when two resistances 
are in series and when they are in parallel. 

3-49C The thermal resistance networks can also be used 
approximately for multidimensional problems. For what kind 
of multidimensional problems will the thermal resistance 
approach give adequate results? 

3-50 C What are the two approaches used in the develop- 
ment of the thermal resistance network for two-dimensional 
problems? 

3-51 A typical section of a building wall is shown in 
Fig. P3-51. This section extends in and out of the page and is 
repeated in the vertical direction. The wall support members 
are made of steel ( k = 50 W/m ■ K). The support members are 
8 cm (%) X 0.5 cm (L g ). The remainder of the inner wall space 


is filled with insulation (k = 0.03 W/m * K) and measures 8 cm 
(hi) X 60 cm (L s ). The inner wall is made of gypsum board 
(k = 0.5 W/m * K) that is I cm thick (r 12 ) and the outer wall is 
made of brick (k = 1 .0 W/m • K) that is 10 cm thick (/ 34 ). What 
is the average heat flux through this wall when T x = 20°C and 
T 4 = 35°C? 
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FIGURE P3-51 

3-52 A 4-m-high and 6-m-wide wall consists of a long 18-cm 
X 30-cm cross section of horizontal bricks (k = 0.72 W/m • °C) 
separated by 3-cm-thick plaster layers (k = 0.22 W/m • °C). 
There are also 2-cm-thick plaster layers on each side of the wall, 
and a 2-cm-thick rigid foam (k = 0.026 W/m ■ °C) on the inner 
side of the wall. The indoor and the outdoor temperatures are 
22°C and -4°C, and the convection heat transfer coefficients on 
the inner and the outer sides are h { = 10 W/m 2 • °C and 
fi 2 = 20 W/m 2 • °C, respectively. Assuming one-dimensional heat 




transfer and disregarding radiation, determine the rate of heat 
transfer through the wail. 


3-53 


la 


Reconsider Prob. 3-52. Using EES (or other) 
software, plot the rate of heat transfer through 
the wall as a function of the thickness of the rigid foam in the 
nm°e of 1 cm to 10 cm. Discuss the results. 


3-54 A 10-cm- thick wall is to be constructed with 2.5-m- 
long wood studs (k = 0.11 W/m ■ °C) that have a cross section 
of 10 cm X 10 cm. At some point the builder ran out of those 
studs and started using pairs of 2.5-m-long wood studs that 
have a cross section of 5 cm X 10 cm nailed to eachother 
instead. The manganese steel nails (k = 50 W/m - °C) are 
10 cm long and have a diameter of 0.4 cm. A total of 50 nails 
are used to connect the two studs, which are mounted to 
the wall such that the nails cross the wall. The temperature 
difference between the inner and outer surfaces of the wall is 
8°C. Assuming the thermal contact resistance between the 
two layers to be negligible, determine the rate of heat transfer 
(c) through a solid stud and (b) through a stud pair of 
equal length and width nailed to each other, (c) Also determine 
the effective conductivity of the nailed stud pair. 


3-55 A 12-m-long and 5-m-high wall is constructed of 
two layers of 1-cm-thick sheetrock ( k = 0.17 W/m ■ °C) 
spaced 16 cm by wood studs (k = 0.11 W/m ■ °C) whose cross 
section is 12 cm X 5 cm. The studs are placed vertically 60 cm 
apart, and the space between them is filled with fiberglass 
insulation ( k = 0.034 W/m • °C). The house is maintained 
at 20°C and the ambient temperature outside is — 9°C. Taking 
the heat transfer coefficients at the inner and outer surfaces of 
the house to be 8.3 and 34 W/m 2 ■ °C, respectively, determine (n) 
the thermal resistance of the wall considering a representative 
section of ft and (b) the rate of heat transfer through the wall. 


3-56 A ' 25-cm-thick, 9-m-long, and 3-m-high wall 

is to be constructed using 23-cm-lpng solid bricks (k = 
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0.70 W/m * °C) of cross section 18 cm X 18 cm, or identical 
size bricks with nine square air holes (k = 0.026 W/m - °C) that 
are 23 cm long and have a cross section of 4 cm X 4 cm. There 
is a 1-cm-thick plaster layer (k = 0.17 W/m ■ °C) between two 
adjacent bricks on all four sides and on both sides of the wall. 
The house is maintained at 27°C and the ambient temperature 
outside is 0°C. Taking the heat transfer coefficients at the inner 
and outer surfaces of the wall to be 9 and 23 W/m 2 - °C, respec- 
tively, determine the rate of heat transfer through the wall con- 
structed of (a) solid bricks and (b) bricks with air holes. 

3-57 Consider a 5-m-high, 8-m-Iong, and 0.22- m- thick wall 
whose representative cross section is as given in the figure. The 
thermal conductivities of various materials used, in W/m * °C, 
are k A = k F - 2, k B = 8, k c = 20, k D = 15, and k E = 35. The 
left and right surfaces of the wall are maintained at uniform 
temperatures of 300°Cand 100°C, respectively. Assuming heat 
transfer through the wall to be one-dimensional, determine 
(a) the rate of heat transfer through the wall; (b) the tem- 
perature at the point where the sections B, D, and E meet; and 
(c) the temperature drop across the section F. Disregard any 
contact resistances at the interfaces. 
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3-58 Repeat Prob. 3-57 assuming that the thermal contact 
resistance at the interfaces D-F and E-F is 0.00012 m 2 * °CAV. 

3-59 Clothing made of several thin layers of fabric with 
trapped air in between, often called ski clothing, is commonly 
used in cold climates because it is light, fashionable, and a very 
effective thermal insulator. So it is no surprise that such 
clothing has largely replaced thick and heavy old-fashioned 
coats. 

Consider a jacket made of five layers of 0.1-mm-thick syn- 
thetic fabric (k = 0.13 W/m ■ °C) with 1.5-mm-thick air space 
(k = 0.026 W/m • °C) between the layers. Assuming the inner 
surface temperature of the jacket to be 28°C and the surface 
area to be 1.25 m 2 , determine the rate of heat loss through the 
jacket when the temperature of the outdoors is 0°C and the heat 
transfer coefficient at the outer surface is 25 W/m 2 • °C. 


r 



What would your response be if the jacket is made of a sin- 
gle layer of 0.5-mm-thick synthetic fabric? What should be the 
thickness of a wool fabric (k = 0.035 W/m • °C) if the person is 
to achieve the same level of thermal comfort wearing a thick 
wool coat instead of a five-layer ski jacket? 



FIGURE P3-59 

3-60 Repeat Prob. 3-59 assuming the layers of the jacket are 
made of cotton fabric ( k = 0.06 W/m ■ °C). 

3-61 A 5-m-wide, 4-m-high t and 40-m-long kiln used to cure 
concrete pipes is made of 20-cm-thick concrete walls and ceil- 
ing (£ = 0.9 W/m - °C). The kiln is maintained at 40°C by in- 
jecting hot steam into it. The two ends of the kiln, 4 m X 5 m 
in size, are made of a 3-mm-thick sheet metal covered with 
2-cm-thick Styrofoam (* = 0.033 W/m - °C). The convection 
heat transfer coefficients on the inner and the outer surfaces of 
the kiln are 3000 W/m 2 * °C and 25 W/m 2 ■ °C, respectively. 
Disregarding any heat loss through the floor, determine the rate 
of heat loss from the kiln when the ambient air is at -4°C. 


T = -4°C 

i out H ^ 
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FIGURE P3-61 

Reconsider Prob. 3-61. Using EES (or other) 

software, investigate the effects of the thickness 

of the wall and the convection heat transfer coefficient on the 
outer surface of the rate of heat loss from the kiln. Let the 
thickness vary from 10 cm to 30 cm and the convection heat 
transfer coefficient from 5 W/m 2 * °C to 50 W/m 2 • °C. Plot the 
rate of heat transfer as functions of wall thickness and the con- 
vection heat transfer coefficient, and discuss the results. 






3-63 Consider a 15-cm X 20-cm epoxy glass laminate (k = 
0.17 W/m • °C) whose thickness is 0.13 cm. In order to reduce 
the thermal resistance across its thickness, cylindrical copper 
fillings (k = 386 W/m - °C) of 0.05 cm diameter are to be 
planted throughout the board, with a center-to-center distance of 
0.15 cm. Determine the new value of the thermal resistance of 
the epoxy board for heat conduction across its thickness as a 
result of this modification. Ansv/en 0.00128 °C/W 


0*05 cm 



0,15 cm 
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Copper filling Epoxy board 

FIGURE P3-63 


Heat Conduction in Cylinders and Spheres 

3_64C What is an infinitely long cylinder? When is it proper 
to treat an actual cylinder as being infinitely long, and when 
is it not? 

3-65C Consider a short cylinder whose top and bottom sur- 
faces are insulated. The cylinder is initially at a uniform tem- 
perature Tj and is subjected to convection from its side surface 
to a medium at temperature T m with a heat transfer coefficient 
of h. Is the heat transfer in this short cylinder one- or two- 
dimensional? Explain. 

3-66C Can the thermal resistance concept be used for a solid 
cylinder or sphere in steady operation? Explain. 

3-67 Chilled water enters a thin-shelled 5-cm-diameter, 150-m- 
long pipe at 7°C at a rate of 0.98 kg/s and leaves at 8 C. The 
pipe is exposed to ambient air at 30°C with a heat transfer co- 
efficient of 9 W/m 2 * °C. If the pipe is to be insulated with glass 
wool insulation (k = 0.05 W/m * °C) in order to decrease the 
temperature rise of water to 0.25°C, determine the required 
thickness of the insulation. 

3- 68 Superheated steam at an average temperature 200°C is 
transported through a steel pipe (k = 50 W/m • K, D a — 8.0 cm, 
Di = 6.0 cm, and L = 20.0 m). The pipe is insulated with a 

4- cm thick layer of gypsum plaster (k = 0.5 W/m ■ K). The in- 
sulated pipe is placed horizontally inside a warehouse where 
the average air temperature is 10°C. The steam and the air heat 


I 

I 


transfer coefficients are estimated to be 800 and 200 W/m 2 * K, 
respectively. Calculate (a) the daily rate of heat transfer from 
the superheated steam, and ( b ) the temperature on the outside 
surface of the gypsum plaster insulation. 

3_69 An 8-m-intemal-diameter spherical tank made of 
1 . 5 -cm-tliick stainless steel (k = 15 W/m • °C) is used to store 
iced water at 0°C. The tank is located in a room whose tempera- 
ture is 25°C. The walls of the room are also at 25°C. The outer 
surface of the tank is black (emissivity s = 1), and heat transfer 
between the outer surface of the tank and the surroundings is by 
natural convection and radiation. The convection heat transfer 
coefficients at the inner and the outer surfaces of the tank are 
80 W/m 2 • °C and 10 W/m 2 ■ °C, respectively. Determine (a) the 
rate of heat transfer to the iced water in the tank and (b) the 
amount of ice at 0°C that melts during a 24-h period. Therheat of 
fusion of water at atmospheric pressure is hy = 333.7 kj/kg. 



3-70 Steam at 320°C flows in a stainless steel pipe 
(k ~ 15 W/m • °C) whose inner and outer diameters are 5 cm 
and 5.5 crh; respectively. The pipe is covered with 3-cm- thick 
glass wool'ipsulation (k = 0.038 W/m ■ °C). Heat is lost to the 
surroundings at 5°C by natural convection and radiation, with 
a combined' natural convection and radiation heat transfer co- 
efficient of 15 W/m 2 • °C. Taking the heat transfer coefficient 
inside the pipe to be 80 W/m 2 • °C, determine the rate of heat 
loss ffom they steam per unit length of the pipe. Also determine 
the temperature drops across the pipe shell and the insulation. 


3-71 
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Reconsider Prob. 3-70. Using EES (or other) 
software, investigate the effect of the thickness of 
the insulation on the rate of heat loss from the steam and the 
temperature drop across the insulation layer. Let the insulation 
thickness vary from 1 cm to 10 cm. Plot the rate of heat loss 


and the temperature drop as a function of insulation thickness, 
and discuss the results. 


3-72 A 50-m-long section of a steam pipe whose outer 

kgjy diameter is 10 cm passes through an open space 
at 1 5°C. The average temperature of the outer surface of the 
pipe is measured to be 150°C. If the combined heat transfer co- 
efficient on the outer surface of the pipe is 20 W/m 2 • °C, de- 
termine (a) the rate of heat loss from the steam pipe; (b) the 


annual cost of this energy lost if steam is generated in a natural 
gas furnace that has an efficiency of 75 percent and the price of 
natural gas is $0.52/therm (I therm - 105,500 kJ); and (c) the 
thickness of fiberglass insulation (k = 0.035 W/m • °C) needed 
in order to save 90 percent of the heat lost. Assume the pipe 
temperature to remain constant at 150°C. 



3-73 Consider a 2-m-high electric hot-water heater that has a 
diameter of 40 cm and maintains the hot water at 55 °C. The 
tank is located in a small room whose average temperature is 
27°C, and the heat transfer coefficients on the inner and outer 
surfaces of the heater are 50 and 12 W/m 2 • °C, respectively. 
The tank is placed in another 46-cm-diameter sheet metal tank 
of negligible thickness, and the space between the two tanks is 
filled with foam insulation (k = 0.03 W/m • °C). The thermal 
resistances of the water tank and the outer thin sheet metal 
shell are very small and can be neglected. The price of elec- 
tricity is $0.08/kWh, and the home owner pays $280 a year for 
water heating. Determine the fraction of the hot-water energy 
cost of this household that is due to the heat loss from the tank. 



Hot-water tank insulation kits consisting of 3-cra-thick fiber- 
glass insulation ( k = 0.035 W/m - °C) large enough to wrap the 
entire tank are available in the market for about $30. If such an 
insulation is installed on this water tank by the home owner 
himself, how long will it take for this additional insulation to 
pay for itself? Answers : 17.5 percent, 1 .5 years 


3-74 Reconsider Prob. 3-73. Using EES (or other) soft- 

ies! ware, plot the fraction of energy cost of hot water 
due to the heat loss from the tank as a function of the hot-water 
temperature in the range of 40°C to 90°C. Discuss the results. 


3-77 Hot water at an average temperature of 70°C is flowing 
through a 15-m section of a cast iron pipe (k = 52 W/m • °C) 
whose inner and outer diameters are 4 cm and 4.6 cm, 
respectively. The outer surface of the pipe, whose emissivity is 
0.7, is exposed to the cold air at 10°C in the basement, with a 
heat transfer coefficient of 15 W/m 2 • °C. The heat transfer co- 
efficient at the inner surface of the pipe is 120 W/m 2 ■ °C. Tak- 
ing the walls of the basement to be at 10°C also, determine the 
rate of heat loss from the hot water. Also, determine the aver- 
age velocity of the water in the pipe if the temperature of the 
water drops by 3°C as it passes through the basement. 


3-75 Consider a cold aluminum canned drink that is initially 
at a uniform temperature of 4°C. The can is 12.5 cm high and 
has a diameter of 6 cm. If the combined convection/radiation 
heat transfer coefficient between the can and the surrounding 
air at 25°C is 10 W/m 2 • °C, determine how long it will take for 
the average temperature of the drink to rise to 15 C. 

In an effort to slow down the warming of the cold drink, a 
person puts the can in a perfectly fitting 1 -cm -thick cylindrical 
rubber insulator ( k = 0.13 W/m ■ °C). Now how. long will it 
take for the average temperature of the drink to rise to 15 C? 
Assume the top of the can is not covered. 



3-78 Repeat Prob. 3-77 for a pipe made of copper {k = 386 
W/m • °C) instead of cast iron. 

3-79 Steam exiting the turbine of a steam power plant at 
40°C is to be condensed in a large condenser by cooling water 
flowing through copper pipes {k = 386 W/m ■ °C) of inner di- 
ameter 1.0 cm and outer diameter 1.5 cm at an average 
temperature of 20°C. The heat of vaporization of water at 
40°C is 2407 kJ/kg. The heat transfer coefficients are 
8500 W/m 2 ■ °C on the steam side and 200 W/m 2 • °C on the 
water side. Determine the length of the tube required to con- 
dense steam at a rate of 55 kg/h. Answer: 298 m 


Steam, 40°C 
55 kg/h 



3-76 Repeat Prob. 3-75, assuming a thermal contact FIGURE P3-79 

resistance of 0.00008 m 2 • °C/W between the can and the 

insuladon. 3_80 Repeat Prob. 3-79, assuming that a 0.25-cm-thick layer 

of mineral deposit (k = 0.87 W/m • °C) has formed on the in- 
ner surface of the pipe. 


3— SI 



| Reconsider Prob, 3-79. Using EES (or other) 
1 software, investigate the effects of the thermal 


conductivity of the pipe material and the outer diameter of the 
pipe on the length of the tube required. Let the thermal con- 
ductivity vary from 10 W/m - °C to 500 W/m * °C and the outer 
diameter from 1.2 cm to 2.4 cm. Plot the length of the tube as 
functions of pipe conductivity and the outer pipe diameter, and 
discuss the results. 


3-82 The boiling temperature of nitrogen at atmospheric 
pressure at sea level (1 atm pressure) is — 196°C. Therefore, ni- 
trogen is commonly used in low-temperature scientific studies 
since the temperature of liquid nitrogen in a tank open to the 
atmosphere will remain constant at — 196°C until it Is depleted. 
Any heat transfer to the tank will result in the evaporation of 
some liquid nitrogen, which has a heat of vaporization of 
19S U/kg and a density of 810 kg/m 3 at 1 atm. 

Consider a 3-m-diameter spherical tank that is initially filled 
with liquid nitrogen at 1 atm and — 196°C. The tank is exposed 
to ambient air at 15°C, with a combined convection and radia- 
tion heat transfer coefficient of 35 W/m 2 ■ °C. The temperature 
of the thin-shelled spherical tank is observed to be almost the 
same as the temperature of the nitrogen inside. Determine 
the rate of evaporation of the liquid nitrogen in the tank as a 
result of the heat transfer from the ambient air if the tank is 
(a) not insulated, (b) insulated with 5-cm-thick fiberglass insu- 
lation (k = 0.035 W/m • °C), and (c) insulated with 2-cm-thick 
superinsulation which has an effective thermal conductivity of 
0.00005 W/m * °C. 


N 2 vapor 



3-83 Repeat Prob. 3—82 for liquid oxygen, which has a boil- 
ing temperature of — 183°C, a heat of vaporization of 
213 kJ/kg, and a density of 1140 kg/m 3 at 1 atm pressure. 

Critical Radius of Insulation 

3-84C What is the critical radius of insulation? How is it 
defined for a cylindrical layer? 

3-85C A pipe is insulated such that the outer radius of the 
insulation is less than the critical radius. Now the insulation is 


taken off. Will the rate of heat transfer from the pipe-increase 
or decrease for the same pipe surface temperature? 

3-86C A pipe is insulated to reduce the heat loss from it. 
However, measurements indicate that the rate of heat loss 
has increased instead of decreasing. Can the measurements 
be right? 


3-87 C Consider a pipe at a constant temperature whose ra- 
'dius is greater than the critical radius of insulation. Someone 
claims that the rate of heat loss from the pipe has increased 
when some insulation is added to the pipe. Is this claim valid? 

3-88C Consider an insulated pipe exposed to the atmo- 
sphere. Will the critical radius of insulation be greater on calm 
days or on windy days? Why? 


3-89 A 2.2-mm-diameter and 10-m-long electric wire is 
tightly wrapped with a 1-mm-thick plastic cover whose thermal 
conductivity is k = 0.15 W/m ■ °C. Electrical measurements in- 
dicate that a current of 13 A passes through the wire and there 
is a voltage drop of 8 V along the wire. If the insulated wire is 
exposed to a medium at T« = 30°C with a heat transfer coeffi- 
cient of h = 24 W/m 2 • °C, determine the temperature at the 
interface of the wire and the plastic cover in steady operation. 
Also determine if doubling the thickness of the plastic cover 
will increase or decrease this interface temperature. 


Electrical 
wire . 


Tg, = 30°C 
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3-90 A 5-mm-diameter spherical ball at 50°C is covered by a 
1-mm-thick plastic insulation ( k = 0.13 W/m ■ °C). The ball is 
exposed to a medium at 15°C, with a combined convection and 
radiation heat transfer coefficient of 20 W/m 2 ■ °C. Determine if 
the plastic insulation on the ball will help or hurt heat transfer 
from the ball. 


Plastic 
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Reconsider Prob. 3-90, Using EES (or other) 
software, plot the rate of heat transfer from the 
ball as a function of the plastic insulation thickness in the range 
of 0.5 mm to 20 mm. Discuss the results. 

Heat Transfer from Finned Surfaces 

3-92C What is the reason for the widespread use of fins on 
surfaces? 

3-93 C What is the difference between the fin effectiveness 
and the fin efficiency? 

3-94C The fins attached to a surface are determined to have 
an effectiveness of 0.9. Do you think the rate of heat transfer 
from the surface has increased or decreased as a result of the 
addition of these fins? 

3-95C Explain how the fins enhance heat transfer from a 
surface. Also, explain how the addition of fins may actually 
decrease heat transfer from a surface. 

3 _ 96 C How does the overall effectiveness of a finned sur- 
face differ from the effectiveness of a single fin? 

3-97 C Hot water is to be cooled as it flows through the tubes 
exposed to atmospheric air. Fins are to be attached in order to 
enhance heat transfer. Would you recommend attaching the 
fins inside or outside the tubes? Why? 

3-98C Hot air is to be cooled as it is forced to flow through 
the tubes exposed to atmospheric air. Fins are to be added in 
order to enhance heat transfer. Would you recommend attach- 
ing the fins inside or outside the tubes? Why? When would you 
recommend attaching fins both inside and outside the tubes? 

3-99C Consider two finned surfaces that are identical except 
that the fins on the first surface are formed by casting or extru- 
sion, whereas they are attached to the second surface afterwards 
by welding or tight fitting. For which case do you think the fins 
will provide greater enhancement in heat transfer? Explain. 

3-100 C The heat transfer surface area of a fin is equal to the 
sum of alt surfaces of the fin exposed to the surrounding 
medium, including the surface area of the fin tip. Under what 
conditions can we neglect heat transfer from the fin tip? 

3-101 C Does the (o) efficiency and (b) effectiveness of a fin 
increase or decrease as the fin length is increased? 

3-102C Two pin fins are identical, except that the diameter 
of one of them is twice the diameter of the other. For which 
fin is the (a) fin effectiveness and (b) fin efficiency higher? 

Explain. 

3-103C Two plate fins of constant rectangular cross section 
are identical, except that the thickness of one of them is twice 
the thickness of the other. For which fin is the (a) fin effective- 
ness and ( b ) fin efficiency higher? Explain. 

3-104C Two finned surfaces are identical, except that the 
convection heat transfer coefficient of one of them is twice that 
of the other. For which finned surface is the (a) fin effective- 
ness and (b) fin efficiency higher? Explain. 


3-105 Obtain a relation for the fin efficiency for a fin of con- 
stant cross-sectional area A c , perimeter p, length L, and thermal 
conductivity k exposed to convection to a medium at T m with a 
heat transfer coefficient h. Assume the fins are sufficiently long 
so that the temperature of the fin at the tip is nearly T&. Take 
the temperature of the fin at the base to be T), and neglect heat 
transfer from the fin tips. Simplify the relation for (a) a circu- 
lar fin of diameter D and (b) rectangular fins of thickness t. 



FIGURE P3-105 

3-106 The case-to-ambient thermal resistance of a power 
transistor that has a maximum power rating of 15 W is given to 
be 25°CAV. If the case temperature of the transistor is not to ex- 
ceed 80°C, determine the power at which this transistor can be 
operated safely in an environment at 40°C. 

3-107 A 4-mm-diameter and 10-cm-long aluminum fin 
{k = 237 W/m ■ °C) is attached to a surface. If the heat transfer 
coefficient is 12 W/m 2 * °C, determine the percent error in the 
rate of heat transfer from the fin when the infinitely long fin as- 
sumption is used instead of the adiabatic fin tip assumption. 



L = 10cm 
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3-108 Consider a very long rectangular fin attached to a flat 
surface such that the temperature at the end of the fin is essen- 
tially that of the surrounding air, i.e. 20°C. Its width is 5.0 cm; 
thickness is 1 .0 mm; thermal conductivity is 200 W/m • K; and 
base temperature is 40°C. The heat transfer coefficient is 
20 W/m 2 • K. Estimate the fin temperature at a distance 
of 5.0 cm from the base and the rate of heat loss from the 

entire fin. 

3-109 Circular cooling fins of diameter D = 1 mm and 
length L = 25.4 mm, made of copper (k = 400 W/m ■ K), are 
used to enhance heat transfer from a surface that is maintained 
at temperature T sl = 132°C. Each rod has one end attached to 
this surface (x = 0), while the opposite end (x — L) is joined to 
a second surface, which is maintained at T sZ = 0°C. The an 
flowing between the surfaces and the rods is also at 7L = 0 C, 
and the convection coefficient is h = 100 W/m 2 ■ K. For fin 


3-91 





with prescribed tip temperature, the temperature distribution 
and the rate of heat transfer are given by 


e_ 

8 b 


8 l / 6 b sinh(/ttT) + sinh[/n(L - ,r)] 
sinh(/n6) 


and Q = 9 by jhpkA c 


cosh(wL) 

sirth(/«L) 


(a) Express the function 6(x) = T( x) - along a fin, and 
calculate the temperature at x = Lf 2. 

(b) Determine the rate of heat transferred from the hot sur- 
face through each fin and the fin effectiveness. Is the use 
of fins justified? Why? 

(c) What is the total rate of heat transfer from a 10-cm by 
10-cm section of the wall, which has 625 uniformly dis- 
tributed fins? Assume the same convection coefficient 
for the fin and for the unfinned wall surface. 
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thickness 1 mm are attached to the tube. The space between the 
fins is 3 mm, and thus there are 250 fins per meter length of the 
tube. Heat is transferred to the surrounding air at T x = 25°C 
with a heat transfer coefficient of 40 W/m 2 • °C. Determine the 
increase in heat transfer from the tube per meter of its length as 
a result of adding fins. Answer; 2639 W 


2.5 cm 
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3-113 Consider a stainless steel spoon (k = 15.1 W/m - °C) 
partially immersed in boiling water at 95 °C in a kitchen at 
25°C. The handle of the spoon has a cross section of 0.2 cm X 
1.3 cm, and extends 18 cm in the air from the free surface of 
the water. If the heat transfer coefficient at the exposed sur- 
faces of the spoon handle is 1 7 W/m 2 • °C, determine the tem- 
perature difference across the exposed surface of the spoon 
handle. State your assumptions. Answer: 69.8°C 


3-110 A 40-W power transistor is to be cooled by attaching 
it to one of the commercially available heat sinks shown in 
Table 3-6. Select a heat sink that will allow the case temperature 
of the transistor not to exceed 90°C in the ambient air at 20°C. 
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3-111 A25-W power transistor is to be cooled by attaching it to 
one of the commercially available heat sinks shown in Table 3-6. 
Select a heat sink that will allow the case temperature of the tran- 
sistor not to exceed 55°C in the ambient air at 1 8°C. 

3-112 Steam in a heating system flows through tubes whose 
outer diameter is 5 cm and whose walls are maintained at 
a temperature of 180°C. Circular aluminum alloy 2024-T6 
fins (k — 186 W/m ■ °C) of outer diameter 6 cm and constant 


Spoon 
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3-114 Repeat Prob. 3—113 for a silver spoon ( k = 
429 W/m • °C). 

3-115 Reconsider Prob. 3-113. Using EES (or other) 
IS3 software, investigate the effects of the thermal 
conductivity of the spoon material and the length of its exten- 
sion in the air on the temperature difference across the exposed 
surface of the spoon handle. Let the thermal conductivity vary 
from 10 W/m * °C to 500 W/m • °C and the length from 10 cm 
to 30 cm. Plot the temperature difference as the functions of 
thermal conductivity and length, and discuss the results. 


3-116 A 0.3-cm-tbick, 12-cm-high, and 18-cm-long circuit 
board houses 80 closely spaced logic chips on one side, each dis- 
sipating 0.04 W. The board is impregnated with copper fillings 
and has an effective thermal conductivity of 30 W/m • °C. All 
the heat generated in the chips is conducted across the circuit 
board and is dissipated from the back side of the board 
to a medium at 40°C, with a heat transfer coefficient of 
40 W/m 2 ■ °C. (a) Determine the temperatures on the two sides 
of the circuit board. ( b ) Now a 0.2-cm- thick, 12-cm-high, and 
18-cm-long aluminum plate (k = 237 W/m * °C) with 864 

2- cm-long aluminum pin fins of diameter 0.25 cm is attached 
to the back side of the circuit board with a 0.02-cm-thick epoxy 
adhesive (k = 1.8 W/m ■ °C). Determine the new temperatures 
on the two sides of the circuit board. 

3- 117 Repeat Prob. 3-1 1 6 using a copper plate with copper 
fins (k = 386 W/m ■ °C) instead of aluminum ones. 

3-118 A hot surface at 100°C is to be cooled by attach- 
ing 3-cm-long, 0.25-cm-diameter aluminum pin fins 
(k = 237 W/m ■ °C) to it, with a center-to- center distance 
of 0.6 cm. The temperature of the surrounding medium is 
30°C, and the heat transfer coefficient on the surfaces is 
35 W/m 2 * °C. Determine the rate of heat transfer from the sur- 
face for a 1-m X 1-m section of the plate. Also determine the 
overall effectiveness of the fins. 



180 W/m 2 - °C. The outer surface of the pipe is exposed to 
an ambient at 12°C, with a heat transfer coefficient of 
25 W/m 2 • °C. (a) Disregarding the flanges, determine the av- 
erage outer surface temperature of the pipe. ( b ) Using this tem- 
perature for the base of the flange and treating the flanges as 
the fins, determine the fin efficiency and the rate of heat trans- 
fer from the flanges, (c) What length of pipe is the flange sec- 
tion equivalent to for heat transfer purposes? 


T . = 12°C 

air 



Steam 

200°C 


FIGURE P3-121 


Heat Transfer in Common Configurations 

3-122C What is a conduction shape factor? How is it related 
to the thermal resistance? 

3-123C What is the value of conduction shape factors in 
engineering? 

3-124 A 20-m-long and 8-cm-diameter hot-water pipe of a 
district heating system is buried in the soil 80 cm below the 
ground surface. The outer surface temperature of the pipe is 
60°C. Taking the surface temperature of the earth to be 5°C 
and the thermal conductivity of the soil at that location to be 
0.9 W/m • °C, determine the rate of heat loss from the pipe. 


3-119 Repeat Prob. 3-118 using copper fins ( k = 386 
W/m • °C) instead of aluminum ones. 

3-120 fff^l Reconsider Prob. 3-118. Using EES (or other) 
fed! software, investigate the effect of the center-to- 
center distance of the fins on the rate of heat transfer from the 
surface and the overall effectiveness of the fins. Let the center- 
to-center distance vary from 0.4 cm to 2.0 cm. Plot the rate of 
heat transfer and the overall effectiveness as a function of the 
center-to-center distance, and discuss the results. 

3-121 Two 3-m-long and 0.4-cm-thick cast iron (k = 
52 W/m * °C) steam pipes of outer diameter 10 cm are con- 
nected to each other through two 1-cm-thick flanges of outer 
diameter 20 cm. The steam flows inside the pipe at an aver- 
age temperature of 200°C with a heat transfer coefficient of 



FIGURE P3-124 


3-125 



Reconsider Prob. 3-124. Using EES (or other) 
software, plot the rate of heat loss from the pipe 


as a function of the burial depth in the range of 20 cm to 2.0 m. 


Discuss the results. 


3-126 Hot- and cold-water pipes 8 m long run parallel to each 
other in a thick concrete layer. The diameters of both pipes are 
5 cm, and die distance between the centerlines of the pipes is 
40 cm. The surface temperatures of the hot and cold pipes are 
60°C and 15°C, respectively. Taking the thermal conductivity of 
the concrete to be k = 0.75 W/m • °C, determine the rate of heat 
transfer between the pipes. Answer: 306 V/ 


3-127 




Reconsider Prob. 3-126. Using EES (or other) 
software, plot the rate of heat transfer between 
the pipes as a function of the distance between the centerlines 
of the pipes in the range of 10 cm to 1.0 m. Discuss the results. 


3-128 A row of 1 -m-long and 2.5-cm-diameter used uranium 
fuel rods that are still radioactive are buried in the ground par- 
allel to each other with a center-to-center distance of 20 cm at 
a depth 4.5 m from the ground surface at a location where 
the thermal conductivity of the soil is 1.1 W/m • °C. If the sur- 
face temperature of the rods and the ground are 175°C and 
15°C, respectively, determine the rate of heat transfer from the 
fuel rods to the atmosphere through the soil. 



3-129 Hot water at an average temperature of 53°C and an 
average velocity of 0.4 m/s is flowing through a 5-m section 
of a thin-_walled hot-water pipe that has an outer diameter of 
2.5 cm. The .'pipe passes through the center of a 14-cm-thick 
wall filled \yith fiberglass insulation (k — 0.035 W/m - °C). If 
the surfaces of the wall are at 18°C, determine (a) the rate of 
heat transfer from the pipe to the air in the rooms and (b) the 
temperature drop of the hot water as it flows through this 
5-m-lcshg section of the wall. Answers: 19.6 W, 0.02 4°C 
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3-130 Hot water at an average temperature of 80°C and an av- 
erage velocity of 1 .5 m/s is flowing through a 25-m section of a 
pipe that has an outer diameter of 5 cm. The pipe extends 2 m in 


the ambient air above the ground, dips into the ground (, k = 
1.5 W/m - °C) vertically for 3 m, and continues horizontally at 
this depth for 20 m more before it enters the next building. The 
first section of the pipe is exposed to the ambient air at 8°C, with 
a heat transfer coefficient of 22 W/m 2 • °C. If the surface of the 
ground is covered with snow at 0°C, determine ( a ) the total rate 
of heat loss from the hot water and (b) the temperature drop of 
the hot water as it flows through this 25-m-long section of the 
pipe. 


Hot water pipe 



FIGURE P3-130 

3-131 Consider a house with a flat roof whose outer dimen- 
sions are 12 m X 12 m. The outer walls of the house are 6 m 
high. The walls and the roof of the house are made of 20-cm- 
thick concrete ( k — 0.75 W/m • °C). The temperatures of the 
inner and outer surfaces of the house are 15°C and 3°C, 
respectively. Accounting for the effects of the edges of adjoin- 
ing surfaces, determine the rate of heat loss from the house 
through its walls and the roof. What is the error involved in ig- 
noring the effects of the edges and comers and treating the 
roof as a 12 m X 12 m surface and the walls as 6 m X 12 m 
surfaces for simplicity? 

3-132 Consider a 25-m-long thick-walled concrete duct (k = 
0.75 W/m ■ °C) of square cross section. The outer dimensions 
of the duct are 20 cm X 20 cm, and the thickness of the duct 
wall is 2 cm. If the inner and outer surfaces of the duct are 
at 100°C and 30°C, respectively, determine the rate of heat 
transfer through the walls of the duct. Answer: 47.1 kW 



FIGURE P3-132 


3-133 A 3-m-diameter spherical tank containing some radio- 
active material is buried in the ground (k = 1.4 W/m • °C). The 
distance between the top surface of the tank and the ground 
surface is 4 m. If the surface temperatures of the tank and the 
ground are 140°C and 1 5°C, respectively, determine the rate of 
heat transfer from the tank. 


STEADY HEAT CONDUCTION 




3-134 


Reconsider Prob. 3-133. Using EES (or other) 
software, plot the rate of heat transfer from the 
tank as a function of the tank diameter in the range of 0.5 m to 
5.0 m. Discuss the results. 


3-135 Hot water at an average temperature of 85°C passes 
through a row of eight parallel pipes that are 4 m long and have 
an outer diameter of 3 cm, located vertically in the middle of a 
concrete wall (k = 0.75 W/m • °C) that is 4 m high, 8 m long, 
and 15 cm thick. If the surfaces of the concrete walls are 
exposed to a medium at 32°C, with a heat transfer coefficient 
of 12 W/m 2 • °C, determine the rate of heat loss from the hot 
water and the surface temperature of the wall. 


Special Topics: 

Heat Transfer through the Walls and Roofs 

3-136C What is the ff-value of a wall? How does it differ 
from the unit thermal resistance of the wall? How is it related 
to the 17-factor? 

3-137C What is effective emissivity for a plane-parallel air 
space? How is it determined? How is radiation heat transfer 
through the air space determined when the effective emissivity 
is known? 


140-mm-wide cavity between the studs is Filled with mineral 
fiber batt insulation. The inside is finished with 13-mm gypsum 
waltboard and the outside with 13-mm wood fiberboard and 
13-mm X 200-mm wood bevel lapped siding. The insulated 
cavity constitutes 80 percent of the heat transmission area, 
while the studs, headers, plates, and sills constitute 20 percent. 

Answers: 3.213 m 2 • °C/W, 0.311 W/m 3 • °C 

3-142 The 13-mm-thick wood fiberboard sheathing of the 
wood stud wall in Prob. 3-141 is replaced by a 25-mm- thick 
rigid foam insulation. Determine the percent increase in the 
R -value of the wall as a result. 



3-138C The unit thermal resistances (R-values) of both 
40- mm and 90-mm vertical air spaces are given in Table 3-9 
to be 0.22 m 2 ■ CAV, which implies that more than doubling 
the thickness of air space in a wall has no effect on heat 
transfer through the wall. Do you think this is a typing error? 
Explain. 

3-139 C What is a radiant barrier? What kind of materials are 
suitable for use as radiant barriers? Is it worthwhile to use 
radiant barriers in the attics of homes? 

3-140C Consider a house whose attic space is ventilated 
effectively so that the air temperature in the attic is the same as 
the ambient air temperature at all times. Will the roof still have 
any effect on heat transfer through the ceiling? Explain. 

3-141 Determine the summer /{-value and the (/-factor of a 
wood frame wall that is built around 38-mm X 140-mm 
wood studs with a center- to-center distance of 400 mm. The 


FIGURE P3-141 

3-143 Consider a flat ceiling that is built around 38-mm X 
90-mm wood studs with a center-to-center distance of 400 mm. 
The lower part of the ceiling is finished with 13-mm gypsum 
wallboard, while the upper part consists of a wood subfloor 
(R = 0.166 m 2 ■ °CAV), a 13-mm plywood, a layer of felt (R = 
0.011 m 2 • °C/W), and linoleum (R = 0.009 m 2 • °C/W). Both 
sides of the ceiling are exposed to still air. The air space 
constitutes 82 percent of the heat transmission area, while the 
studs and headers constitute 18 percent. Determine the winter 
/{-value and the (/-factor of the ceiling assuming the 90-mm- 
wide air space between the studs (a) does not have any reflec- 
tive surface, ( b ) has a reflective surface with e = 0.05 on one 
side, and (c) has reflective surfaces with e = 0.05 on both 
sides. Assume a mean temperature of 10°C and a temperature 
difference of 5.6°C for the air space. 




FIGURE P3“143 


3-144 Determine the winter tf-value and the U - factor of a 
masonry cavity wall that consists of 100-mm common bricks, 
a 90-mm air space, 100-mm concrete blocks made of light- 
weight aggregate, 20-mm air space, and 13-mm gypsum wall- 
board separated from the concrete block by 20-mm-thick (1-in X 
3rin nominal) vertical furring whose center-to-center distance 
is 400 mm. Neither side of the two air spaces is coated with 
any reflective films. When determining the l?-value of the air 
spaces, the temperature difference across them can be taken to 
be 16.7°C with a mean air temperature of 10°C. The air space 
constitutes 84 percent of the heat transmission area, while the 
vertical furring and similar structures constitute 16 percent. 

Answers: 1.02 m 2 * °C/W, 0.978 W/m £ - X 



\ 2 
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FIGURE P3-144 

3-145 Repeat Prob. 3-144 assuming one side of both air 
spaces is coated with a reflective film of e = 0.05. 

3-146 Determine the winter S-value and the {/-factor of a 
masonry wall that consists of the following layers: 100-mm face 


bricks, 100-mm common bricks, 25-mm urethane rigid foam in- 
sulation, and 13-mm gypsum waliboard. 

Answers: 1.404 m 2 • °C/W, 0.712 W/m 2 • X 

3-147 The overall heat transfer coefficient (the [/-value) of a 
wall under winter design conditions is U = 1.40 W/m 2 • °C. 
Determine the [/-value of the wall under summer design 
conditions. 

3-148 The overall heat transfer coefficient (the [/-value) of a 
wall under winter design conditions is U = 2.25 W/m 2 • °C. 
■ Now a layer of 100-mm face brick is added to the outside, 
leaving a 20-mm air space between the wall and the bricks. De- 
termine the new [/-value of the wall. Also, determine the rate 
of heat transfer through a 3-m-high, 7-m-long section of the 
wall after modification when the indoor and outdoor tempera- 
tures are 22°C and -25°C, respectively. 



brick 
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3-149 Determine the summer and winter /?- values, in 
m 2 ■ °CAV, of a masonry wall that consists of 100-mm face 
bricks, 13-mm of cement mortar, 100-mm lightweight concrete 
block, 40-mm air space, and 20-mm plasterboard. 

Answers: 0.S09 and 0.795 m 2 - °C/W 

3-150 The overall heat transfer coefficient of a wall is 
determined to be U = 0.425 W/m 2 * °C under the conditions 
of still air inside and winds of 12 km/h outside. What will the 
[/-factor be when the wind velocity outside is doubled? 
Answer; 0.428 W/m 2 • °C 

3-151 Two homes are identical, except that the walls of one 
house consist of 200-mm lightweight concrete blocks, 20-mm 
air space, and 20-mm plasterboard, while the walls of the other 
house involve the standard R- 2.4 m 2 ■ °C/W frame wall con- 
struction. Which house do you think is more energy efficient? 

3-152 Determine the R-value of a ceiling that consists of a 
layer of 19-mm acoustical tiles whose top surface is covered 


with a highly reflective aluminum foil for winter conditions. 
Assume still air below and above the tiles. 


Highly 



FIGURE P3-152 
Review Problems 

3-153 Steam is produced in the copper tubes ( k = 
386 W/m * °C) of a heat exchanger at a temperature of 120°C 
by another fluid condensing on the outside surfaces of the 
tubes at 175°C. The inner and outer diameters of the tube are 
2,5 cm and 3.3 cm, respectively. When the heat exchanger was 
new, the rate of heat transfer per meter length of the tube was 
2 X 10 4 W. Determine the rate of heat transfer per meter length 
of the tube when a 0.25 mm-thick layer of limestone (k — 
2.9 W/m * °C) has formed on the inner surface of the tube after 
extended use. 

3-154 Repeat Prob. 3-153, assuming that a 0.25 -mm-thick 
limestone layer has formed on both the inner and outer surfaces 
of the tube, 

3-155 A 1.2-m-diameter and 6-m-long cylindrical propane 
tank is initially filled with liquid propane whose density is 
58 1 kg/m 3 . The tank is exposed to the ambient air at 30°C, with 
a heat transfer coefficient of 25 W/m 2 ■ °C. Now a crack devel- 
ops at the top of the tank and the pressure inside drops to 1 atm 
while the temperature drops to —42°C, which is the boiling 
temperature of propane at 1 atm. The heat of vaporization of 
propane at 1 atm is 425 kJ/kg. The propane is slowly vaporized 
as a result of the heat transfer from the ambient air into the 
tank, and the propane vapor escapes the tank at — 42°C through 
the crack. Assuming the propane tank to be at about the same 


Propane 

vapor 



temperature as the propane inside at all times, determine how 
long It will take for the propane tank to empty if the tank is 
(a) not insulated and (b) insulated with 5-cm-thick glass wool 
insulation (* = 0.038 W/m ■ °C). 

3-156 Hot water is flowing at an average velocity of 1.5 m/s 
through a cast iron pipe ( k = 52 W/m • °C) whose inner and 
outer diameters are 3 cm and 3.5 cm, respectively. The pipe 
passes through a 15-m-long section of a basement whose 
temperature is 15°C. If the temperature of the water drops 
from 7G°C to 67°C as it passes through the basement and the 
heat transfer coefficient on the inner surface of the pipe is 
400 W/m 2 • °C, determine the combined convection and ra- 
diation heat transfer coefficient at the outer surface of the 
pipe. Answer: 272.5 W/m 2 • °C 

3-157 Newly formed concrete pipes are usually cured first 
overnight by steam in a curing kiln maintained at a temperature 
of 45°C before the pipes are cured for several days outside. The 
heat and moisture to the kiln is provided by steam flowing In a 
pipe whose outer diameter is 12 cm. During a plant inspection, 
it was noticed that the pipe passes through a 10-m section that is 
completely exposed to the ambient air before it reaches the kiln. 
The temperature measurements indicate that the average tem- 
perature of the outer surface of the steam pipe is 82°C when the 
ambient temperature is 8°C. The combined convection and ra- 
diation heat transfer coefficient at the outer surface of the pipe 
is estimated to be 35 W/m 2 ■ °C. Determine the amount of heat 
lost from the steam during a 10-h curing process that night. 

Steam is supplied by a gas-fired steam generator that has 
an efficiency of 85 percent, and the plant pays $1.20/therm of 
natural gas (1 therm = 105,500 kJ). If the pipe is insulated and 
90 percent of the heat loss is saved as a result, determine the 
amount of money this facility will save a year as a result of 
insulating the steam pipes. Assume that the concrete pipes are 
cured 110 nights a year. State your assumptions. 

T* = 8 °C 



3-158 Consider an 18-cm X 18-cm multilayer circuit board 
dissipating 27 W of heat. The board consists of four layers 
of 0.2-mm-thick copper (k = 386 W/m • °C) and three layers of 
1.5-mm- thick epoxy glass (k = 0.26 W/m • °C) sandwiched 
together, as shown in the figure. The circuit board is attached to 
a heat sink from both ends, and the temperature of the board at 
those ends is 35°C. Heat is considered to be uniformly generated 
in the epoxy layers of the board at a rate of 0.5 W per 1-cm X 


FIGURE P3-155 



18-cm epoxy laminate strip (or 1.5 Wper 1-cm X 18-cm strip of 
the board). Considering only a portion of the board because of 
symmetry, determine the magnitude and location of the maxi- 
mum temperature that occurs in the board. Assume heat transfer 
from the top and bottom faces of the board to be negligible. 


Copper 



— 18 cm 
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3-159 The plumbing system of a house involves a 0.5-m sec- 
tion of a plastic pipe (k = 0.16 W/m - °C) of inner diameter 
2 cm and outer diameter 2.4 cm exposed to the ambient air. 
During a cold and windy night, the ambient air temperature re- 
mains at about -5°C for a period of 14 h. The combined con- 
vection and radiation heat transfer coefficient on the outer 
surface of the pipe is estimated to be 40 W/m 2 • °C, and the heat 
of fusion of water is 333.7 kJ/kg. Assuming the pipe to contain 
stationary water initially at 0°C, determine if the water in that 
section of the pipe will completely freeze that night. 


Exposed 





3-160 Repeat Prob. 3-159 for the case of a heat transfer co- 
efficient of 10 W/m 2 • °C on the outer surface as a result of 
putting a fence around the pipe that blocks the wind. 


3 161 An ice chest whose outer dimensions are 30 cm X 
40 cm X 50 cm is made of 3-cm-thick Styrofoam (k = 
0.033 W/m • °C). Initially, the chest is filled with 50 kg of ice 
at 0 C, and the inner surface temperature of the ice chest can be 
taken to be 0°C at all times. The heat of fusion of ice at 0°C is 
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333.7 kJ/kg, and the heat transfer coefficient between the outer 
surface oHhe ice chest and surrounding air at 28°C i s 
18 W/m 2 ■ °C. Disregarding any heat transfer from the 40-cm 
X 50-cm base of the ice chest, determine how long it will take 
for the ice in the chest to melt completely. 
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FIGURE P3-161 

3-162 A 4-m-high and 6-m-long wall is constructed of two 
large 2-cm-thick steel plates (* = 15 W/m * °C) separated by 
1-cm-thick and 20-cm-wide steel bars placed 99 cm apart. The 
remaining space between the steel plates is filled with fiberglass 
insulation (k = 0.035 W/m * °C). If the temperature difference 
between the inner and the outer surfaces of the walls is 22°C, de- 
termine the rate of heat transfer through the wall. Can we ignore 
the steel bars between the plates in heat transfer analysis since 
they occupy only 1 percent of the heat transfer surface area? 


Steel plates 



3 163 A 0,2-cm- thick, lG-cirt-high, and 15-cm-long circuit 
board houses electronic components on one side that dissipate a 
total of 15 W of heat uniformly. The board is impregnated with 
conducting metal fillings and has an effective thermal conductiv- 
ity of 12 W/m • C. All the heat generated in the components is 
conducted across the circuit board and is dissipated from the back 





side of the board to a medium at 37°C, with a heat transfer coeffi- 
cient of 45 W/m 2 - °C. (a) Determine the surface temperatures on 
the two sides of the circuit board, (b) Now a 0.1-cm-thick, 10-cm- 
high, and 15-cm-long aluminum plate (k = 237 W/m * °C) with 20 
0.2-cm-thick, 2-cm-long, and 15-cm-wide aluminum fins of rec- 
tangular profile are attached to the back side of the circuit board 
with a 0.03-cm-thiek epoxy adhesive (k ~ 1.8 W/m ■ °C). Deter- 
mine the new temperatures on the two sides of the circuit board. 


Electronic 

components 
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3-164 Repeat Prob. 3-163 using a copper plate with copper 
fins (k = 386 W/m • °C) instead of aluminum ones. 

3-165 A row of 10 parallel pipes that are 5 m long and have 
an outer diameter of 6 cm are used to transport steam at 145 C 
through the concrete floor ( k = 0.75 W/m * °C) of a 10-m X 
5-m room that is maintained at 20°C. The combined convection 
and radiation heat transfer coefficient at the floor is 
12 W/m 2 • °C. If the surface temperature of the concrete floor is 
not to exceed 35°C, determine how deep the steam pipes 
should be buried below the surface of the concrete floor. 



3-166 Consider two identical people each generating 60 W 
of metabolic heat steadily while doing sedentary work, and 
dissipating it by convection and perspiration. The first per- 
son is wearing clothes made of 1 -mm-thick leather 


(* = 0.159 W/m * °C) that covers half of the body while the 
second one is wearing clothes made of 1-mm-thick synthetic 
fabric (k =0.13 W/m • °C) that covers the body com- 
pletely. The ambient air is at 30°C, the heat transfer coeffi- 
cient at the outer surface is 15 W/m 2 • °C, and the inner 
surface temperature of the clothes can be taken to be 32°C. 
Treating the body of each person as a 25-cm-diameter, 
l.7-m-long cylinder, determine the fractions of heat lost from 
each person by perspiration. 

3-167 A 6-m-wide, 2.8-m-high wall is constructed of one 
layer of common brick (k = 0.72 W/m - °C) of thickness 
20 cm, one inside layer of light-weight plaster 
(, fc = 0.36 W/m * °C) of thickness 1 cm, and one outside 
layer of cement based covering ( k = 1.40 W/m ■ C) of thick- 
ness 2 cm. The inner surface of the wall is maintained at 23°C 
while the outer surface is exposed to outdoors at 8°C with a 
combined convection and radiation heat transfer coefficient of 
17 W/m 2 ■ °C. Determine the rate of heat transfer through the 
wall and temperature drops across the plaster, brick, covering, 
and surface-ambient air. 

3-168 Reconsider Prob. 3-167. It is desired to insulate the 
wall in order to decrease the heat loss by 85 percent. For the 
same inner surface temperature, determine the thickness of in- 
sulation and the outer surface temperature if the wall is insu- 
lated with (a) polyurethane foam ( k — 0.025 W/m * C) and 
(6) glass fiber (k = 0.036 W/m • °C). 

3-169 Cold conditioned air at 12°C is flowing inside a 
1.5-cm-thick square aluminum (k = 237 W/m • °C) duct of 
inner cross section 22 cm X 22 cm at a mass flow rate of 
0.8 kg/s. The duct is exposed to air at 33°C with a combined 
convection-radiation heat transfer coefficient of 13 W/m 2 * °C. 
The convection heat transfer coefficient at the inner surface is 
75 W/m 2 * °C. If the air temperature in the duct should not 
increase by more than 1°C determine the maximum length of 
the duct. 

3_p70 When analyzing heat transfer through windows, it 
is important to consider the frame as well as the glass area. 
Consider a 2-m-wide, 1.5-m-high wood-framed window with 
85 percent of the area covered by 3-mm-thick single-pane glass 
(k = 0.7 W/m • °C). The frame is 5 cm thick, and is made of 
pine wood (j t = 0.12 W/m ■ °C). The heat transfer coefficient is 
7 W/m 2 ■ °C inside and 13 W/m 2 * °C outside. The room is 
maintained at 24°C, and the outdoor temperature is 40°C. 
Determine the percent error involved in heat transfer when the 
window is assumed to consist of glass only. 

3-171 Steam at 235°C is flowing inside a steel pipe 
{k - 61 W/m * °C) whose inner and outer diameters are 10 cm 
and 12 cm, respectively, in an environment at 20°C. The heat 
transfer coefficients inside and outside the pipe are 105 W/m 2 • °C 
and 14 W/m 2 ■ °C, respectively. Determine (a) the thickness of 
the insulation ( k = 0.038 W/m ■ °C) needed to reduce the heat 
loss by 95 percent and (b) the thickness of the insulation 



needed to reduce the exposed surface temperature of insulated 
pipe to 40°C for safety reasons. 

3-172 When the transportation of natural gas in a pipeline is 
not feasible for economic or other reasons, it is first liquefied 
at about — 160°C, and then transported in specially insulated 
tanks placed in marine ships. Consider a 4 -m- diameter spher- 
ical tank that is filled with liquefied natural gas (LNG) at 
-160°C. The tank is exposed to ambient air at 24°C with a 
heat transfer coefficient of 22 W/m 2 • °C. The tank is thin 
shelled and its temperature can be taken to be the same as the 
LNG temperature. The tank is insulated with 5-cm-thick super 
insulation that has an effective thermal conductivity of 
0.00008 W/m * °C. Taking the density and the specific heat of 
LNG to be 425 kg/m 3 and 3.475 kJ/kg * °C, respectively, esti- 
mate how long it will take for the LNG temperature to* rise to 
-150°C. 

3-173 A 15 -cm X 20-cm hot surface at 85°C is to be cooled 
by attaching 4-cm-long aluminum (k = 237 W/m • °C) fins of 

2- nun X 2-inm square cross section. The temperature of sur- 
rounding medium is 25°C and the heat transfer coefficient on 
the surfaces can be taken to be 20 W/m 2 ■ °C. If it is desired to 
triple the rate of heat transfer from the bare hot surface, deter- 
mine the number of fins that needs to be attached. 

3- 174 Reconsider Prob. 3-173. Using EES (or other) 

software, plot the number of fins as a function of 
the increase in the heat loss by fins relative to no fin case (i.e., 
overall effectiveness of the fins) in the range of 1.5 to 5. 
Discuss the results. Is it realistic to assume the heat transfer 
coefficient to remain constant? 

3-175 A 1 ,4-m-diameter spherical steel tank filled with iced 
water at 0°C is buried underground at a location where the ther- 
mal conductivity of the soil is k = 0.55 W/m • °C. The distance 
between the. tank center and the ground surface is 2.4 m. For 
ground surface temperature of 1 8°C, determine the rate of heat 
transfer to.the iced water in the tank, fvhat would your answer 
be if the soil temperature were 18°C and the ground surface 
were msulated? 

3-176 A 0.6-m-diameter, 1.9-m-iong cylindrical tank con- 
taining liquefied natural gas (LNG) at - 160°C is placed at the 
center of a 1.9-m-long 1.4-m X 1.4-m square solid bar made of 
an insulating material with k = 0.0002 W/m • °C. If the outer 
surface temperature of the bar is 12°C, determine the rate of 
heat transfer to the tank. Also, determine the LNG temperature 
after one month. Take the density and the specific heat of LNG 
to be 425 kg/m 3 and 3.475 kJ/kg ■ °C, respectively. 

3-177 A typical section of a building wall is shown in 
Fig. P3-177. This section extends in and out of the page and is 
repeated in the vertical direction. The wall support members 
are made of steel (k = 50 W/m ■ K). The support members are 
8 cm (%) X 0.5 cm (L g ). The remainder of the inner wall space 
is filled with insulation (k = 0.03 W/m - K) and measures 8 cm 
(f 2 3) x 60 cm {L b ). The inner wall is made of gypsum board 


{k = 0.5 W/m • K) that is 1 cm thick (f 12 ) and the outer wall is 
made of brick (* = 1.0 W/m - K) that is 10 cm thick (f^). What 
is the temperature on the interior brick surface, 3, when 
7, = 20 °C and T 4 = 35°C? 
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FIGURE P3-177 

3-178 A total of 10 rectangular aluminum fins ( k ~ 
203 W/m * K) are placed on the outside flat surface of an elec- 
tronic device. Each fin is 100 mm wide, 20 mm high and 4 mm 
thick. The fins are located parallel to each other at a center-to- 
center distance of 8 mm. The temperature at the outside surface 
of the electronic device is 60°C. The air is at 20°C, and the heat 
transfer coefficient is 100 W/m 2 * K. Determine (n) the rate of 
heat loss from the electronic device to the surrounding air and 
(b) the fin effectiveness. 

3-179 One wall of a refrigerated warehouse is 10.0-m-high 
and 5.0-m-wide. The wail is made of three layers: 1.0-cm-thick 
aluminum (k = 200 W/m ■ K), 8.0-cm-thlck fibreglass 
(k = 0.038 W/m * K), and 3.0-cm thick gypsum board 
(k = 0.48 W/m • K). The warehouse inside and outside tem- 
peratures are — 10°C and 20°C, respectively, and the average 
value of both inside and outside heat transfer coefficients is 
40 W/m 2 - K. 

(a) Calculate the rate of heat transfer across the warehouse 
wall in steady operation. 

(b) Suppose that 400 metal bolts (k = 43 W/m * K), each 
2.0 cm in diameter and 12.0 cm long, are used to fasten 
(i.e. hold together) the three wall layers. Calculate the 
rate of heat transfer for the “bolted” wall. 

(c) What is the percent change in the rate of heat transfer 
across the wall due to metal bolts? 

3-180 An agitated vessel is used for heating 500 kg/min of 
an aqueous solution at 15°C by saturated steam condensing in 
the jacket outside the vessel. The vessel can hold 6200 kg of 
the aqueous solution. It is fabricated from 15-mm-thick sheet 
of 1.0 percent carbon steel (k = 43 W/m ■ K), and it provides a 
heat transfer area of 12.0 m 2 . The heat transfer coefficient due 
to agitation is 5.5 kW/m 2 ■ K, while the steam condensation at 



115°C in the jacket gives a heat transfer coefficient of 
10.0 kW/m 2 * K. All properties of the aqueous solution are 
comparable to those of pure water. Calculate the temperature of 
the outlet stream in steady operation. 

3-181 A 10-cm long bar with a square cross-section, as 
shown in Fig. P3-181, consists of a 1-cm thick copper layer 
(fc = 400 W/m • K) and a 1-cm thick epoxy composite layer 
(jt = 0.4 W/m - K). Calculate the rate of heat transfer under a 
thermal driving force of 50°C, when the direction of steady one- 
dimensional heat transfer is (a) from front to back (i.e. along its 
length), (b) from left to right, and (c) from top to bottom. 



3-182 A spherical vessel, 3.0 m in diameter (and negligible 
wall thickness), is used for storing a fluid at a temperature of 
0°C. The vessel is covered with a 5.0-cm-thick layer of an in- 
sulation (Jk - 0.20 W/m ■ K). The surrounding air is at 22°C. 
The inside and outside heat transfer coefficients are 40 and 
10 W/m 2 * K, respectively. Calculate (a) all thermal resistances, 
in K/W, (b) the steady rate of heat transfer, and (c) the temper- 
ature difference across the insulation layer. 

3-183 Air in a room is maintained at 7^ = 15°C by a 
heated wall, which is 2 m wide, 3 m high, and 5 cm thick- and 
is made of material with l = 2W/m-K. The necessary heating 
power is Q = 5 kW: The back of the wall is insulated. Two 
methods are considered to achieve heating: (n) a thin film 
heater at the back of the wall (surface heating), and (b) uniform 
volumetric heating within the wall at a rate of Cg Sn (W/m ). The 
convection coefficient between the wall and the air is 

h = 30 W/m 2 * K. 

( a ) plot qualitatively the variation of temperature T and heat 
flux q s (W/m 2 ) across the wall in each case. 

(b) Determine for each case the temperature at the surface 

of the wall, T s . 

(c) Determine for each case the temperature at the back of 
the wall, T b . 

Fundamentals of Engineering (FE) Exam Problems 

3-184 A 2.5-m-high, 4-m-wide, and 20-cm-thick wall of a 
house has a thermal resistance of 0.0125°C/W. The thermal 
conductivity of the wall is 


(a) 0.72 W/m ■ °C (/>) 1.1 W/m • °C (c) 1.6 W/m • °C 

(d) 16 W/m - °C (e) 32 W/m ■ °C 


Surface 

Heating 

5kW 



Volume 

Heating 

5k\V 



3-185 Consider two walls, A and B, with the same surface ar- 
eas and the same temperature drops across their thicknesses. 
The ratio of thermal conductivities is k A /k g = 4 and the ratio of 
the wall thicknesses is L A tL B = 2. The ratio of heat transfer 

rates through the walls Q A /Q g is 

(a) 0.5 (b) 1 (c) 2 {d)4 (e) 8 

3-186 Heat is lost at a rate of 275 W per m 2 area of a 15-cm- 
thick wall with a thermal conductivity of k = 1.1 W/m ■ °C. 
The temperature drop across the wall is 

(a) 37.5°C (b) 27.5°C (c) 16.0°C (ri) 8.0°C 

(e) 4.0°C 

3-187 Consider a wall that consists of two layers, A and B, 
with the following values: k A = 0.8 W/m • °C, L A = 8 cm, 
k s = 0.2 W/m • °C, l B = 5 cm. If the temperature drop across 

the wall is 18°C, the rate of heat transfer through the wall per 
unit area of the wall is 

(a) 180 W/m 2 (b) 153 W/m 2 (c) 89.6 W/m 2 
(d) 72.0 W/m 2 (e) 51.4 W/m 2 

3-188 A plane furnace surface at 150°C covered with 1-cm- 
thick insulation is exposed to air at 30°C, and the combined 
heat transfer coefficient is 25 W/m 2 • °C. The thermal conduc- 
tivity of insulation is 0.04 W/m • °C. The rate of heat loss from 
the surface per unit surface area is 
(a) 35 W CEO 414 W (c) 300 W 

(d) 480 W (e) 128 W 

3- 189 A room at 20°C air temperature is loosing heat to the 
outdoor air at 0°C at a rate of 1000 W through a 2.5-m-high and 

4- m-long wall. Now the wall is insulated with 2-cm thick insu- 
lation with a conductivity of 0.02 W/m * °C. Determine the rate 


of heat loss from the room through this wall after insulation. 
Assume the heat transfer coefficients on the inner and outer 
surface of the wall, the room air temperature, and the outdoor air 
temperature to remain unchanged. Also, disregard radiation. 

(a) 20 W (b) 561 W (c) 388 W 

(d) 167 W (e) 200 W 

3_190 Consider a l:5-m-high and 2-m-wide triple pane win- 
dow. The thickness of each glass layer (k = 0.80 W/m - °C) is 
0.5 cm, and the thickness of each air space (k = 0.025 W/m • °C) 
is 1 cm. If the inner and outer surface temperatures of the win- 
dow are 10°C and 0°C, respectively, the rate of heat loss 
through the window is 

(a) 75 W (b) 12 W (c) 46 W 

(d) 25 W 0) 37 W 

3-191 Consider a furnace wall made of sheet metal at an av- 
erage temperature of 800°C exposed to air at 40°C. The com- 
bined heat transfer coefficient is 200 W/m 2 * °C inside the 
furnace, and 80 W/m 2 * °C outside. If the thermal resistance of 
the furnace wall is negligible, the rate of heat loss from the fur- 
nace per unit surface area is 

(a) 48.0 kW/m 2 (b) 213 kW/m 2 (c) 91.2 kW/m 2 

CO 151 kW/m 2 (e) 43.4 kW/m 2 

3-192 Consider a jacket made of 5 layers of 0.1-mm-thick 
cotton fabric ( k = 0.060 W/m * °C) with a total of 4 layers of 
1-mm-thick air space (k ~ 0.026 W/m * °C) in between. As- 
suming the inner surface temperature of the jacket is 25°C and 
the surface area normal to the direction of heat transfer is 
1 . 1 m 2 , determine the rate of heat loss through the jacket when 
the temperature of the outdoors is 0°C and the heat transfer 
coefficient on the outer surface is 1 8 W/m 2 ■ °C. 

(a) 6 W , (b) 115 W (c) 126 W 

(d) 287“ W’.. 0) 170 W 

; 5 . 

3-193 Consider two metal plates pressed against each other. 
Other things being equal, which of the measures below will 
cause the thermal contact resistance to increase? 

(a) Cleaning the surfaces to make them shinier. 

(b) Pressing the plates against each other with a greater force. 

(c) „ Filling the gab with a conducting fluid. 

(i d) Using softer metals. 

(d) Coating the contact surfaces with a thin layer of soft 
metal such as tin. 

3-194 A 10-m-Iong 5-cm-outer-radius cylindrical steam pipe 
is covered with 3-cm thick cylindrical insulation with a thermal 
conductivity of 0.05 W/m • °C. If the rate of heat loss from the 
pipe is 1000 W, the temperature drop across the insulation is 
(a) 163°C (b) 600°C (c) 48°C 

(d) 79 a C (e) 150°C 

3-195 Steam at 200°C flows in a cast iron pipe (k = 
80 W/m ■ °C) whose inner and outer diameters are D l = 0.20 m 
and D z = 0.22 m, respectively. The pipe is covered with 2-cm- 
thick glass wool insulation (k = 0.05 W/m • °C). The heat trans- 
fer coefficient at the inner surface is 75 W/m 2 ■ °C. If the 


temperature at the interface of the iron pipe and the insulation is 
194°C, the temperature at the outer surface of the insulation is 
(a) 32 °C (b) 45 °C (c) 51 °C 

C d) 75 °C (e) 100 °C 

3-196 A 6-m-diameter spherical tank is filled with liquid 
oxygen at — 184°C. The tank is thin-shelled and its temperature 
can be taken to be the same as the oxygen temperature. The 
tank is insulated with 5-cm-thick super insulation that has an 
effective thermal conductivity of 0.00015 W/m • °C. The tank 
.is exposed to ambient air at 15°C with a heat transfer 
coefficient of 14 W/m 2 - °C. The rate of heat transfer to the 
tank is 

(a) 1 1 W (b) 29 W (c) 57 W 

(d) 68 W (e) 315,000 W 

3-197 A 6-m-diameter spherical tank is filled with liquid 
oxygen (p = 1141 kg/m 3 , c p = 1.71 kJ/kg • °C) at — 184°C. It is 
observed that the temperature of oxygen increases to — 183°C 
in a 144-hour period. The average rate of heat transfer to the 
tank is 

(a) 249 W ( b ) 426 W (c) 570 W 

(d) 1640 W (e) 2207 W 

3-198 A hot plane surface at 100°C is exposed to air at 25°C 
with a combined heat transfer coefficient of 20 W/m 2 * °C. The 
heat loss from the surface is to be reduced by half by covering 
it with sufficient insulation with a thermal conductivity of 
0.10 W/m • °C. Assuming the heat transfer coefficient to re- 
main constant, the required thickness of insulation is 
(a) 0.1cm (b) 0.5 cm (c) 1.0 cm 

{d) 2.0 cm (e) 5 cm 

3-199 Consider a 4.5-m-long, 3.0-m-high, and 0.22-m-thick 
wall made of concrete ( k = 1.1 W/m * °C). The design 
temperatures of the indoor and outdoor air are 24°C and 3°C, 
respectively, and the heat transfer coefficients on the inner 
and outer surfaces are 10 and 20 W/m 2 • °C. If a polyurethane 
foam insulation ( k = 0.03 W/m • °C) is to be placed on the 
inner surface of the wall to increase the inner surface 
temperature of the wall to 22°C, the required thickness of the 
insulation is 

(a) 3.3 cm (b) 3.0 cm (c) 2.7 cm 

(d) 2.4 cm (e) 2.1 cm 

3-200 Steam at 200°C flows in a cast iron pipe (k — 80 W/m ■ 
°C) whose inner and outer diameters are Di — 0.20 m and 
D 2 = 0.22 m. The pipe is exposed to room air at 25°C. The heat 
transfer coefficients at the inner and outer surfaces of the pipe 
are 75 and 20 W/m 2 * °C, respectively. The pipe is to be cov- 
ered with glass wool insulation (& = 0.05 W/m - °C) to de- 
crease the heat loss from the stream by 90 percent. The 
required thickness of the insulation is 
(a) 1.1cm (b) 3.4 cm (c) 5.2 cm 

(i d) 7.9 cm (e) 14.4 cm 

3-201 A 50-cm-diameter spherical tank is filled with iced 
water at OtC. The tank is thin-shelled and its temperature can 



exposed to ambient air at 20°C with a heat transfer coefficient 
of 12 W/m 2 • °C. The tank is to be covered with glass wool 
insulation {k = 0.05 W/m * °C) to decrease the heat gain to 
the iced water by 90 percent. The required thickness of the 
insulation is 

(a) 4.6 cm {b} 6.7 cm (c) 8.3 cm 

(d) 25.0 cm (e) 29.6 cm 

3-202 Heat is generated steadily in a 3-cm-diameter spheri- 
cal ball. The ball is exposed to ambient air at 26°C with a heat 
transfer coefficient of 7.5 W/m 2 ■ °C. The ball is to be covered 
with a material of thermal conductivity 0.15 W/m • °C. The 
thickness of the covering material that will maximize heat gen- 
eration within the ball while maintaining ball surface tempera- 
ture constant is 

(n) 0.5 cm ( b ) 1.0 cm (c) 1.5 cm 

( d) 2.0 cm (e) 2,5 cm 

3-203 A 1-cm-diameter, 30-cm-long fin made of aluminum 
(k - 237 W/m * °C) is attached to a surface at 80°C. The 
surface is exposed to ambient air at 22°C with a heat transfer 
coefficient of II W/m 2 * °C. If the fin can be assumed to be 
very long, the rate of heat transfer from the fin is 

(a) 2.2 W (b) 3.0 W (c) 3.7 W 

(J) 4.0 W (e) 4.7 W 

3-204 A 1-cm-diameter, 30-cm-long fin made of aluminum 
( k = 237 W/m • °C) is attached to a surface at 80°C. The sur- 
face is exposed to ambient air at 22°C with a heat transfer co- 
efficient of 11 W/m 2 * °C. If the fin can be assumed to be very 
long, its efficiency is 

(a) 0.60 (b) 0.67 (c) 0.72 

(d) 0.77 (e) 0.88 

3-205 A hot surface at 80°C in air at 20°C is to be cooled by 
attaching 10-cm-long and 1-cm-diameter cylindrical fins. The 
combined heat transfer coefficient is 30 W/m 2 * °C, and heat 
transfer from the fin tip is negligible. If the fin efficiency is 
0.75, the rate of heat loss from 100 fins is 
(a) 325 W (b) 707 W (c) 566 W 

(d) 424 W (e) 754 W 

3-206 A cylindrical pin fin of diameter 1 cm and length 5 cm 
with negligible heat loss from the tip has an effectiveness of 
15. If the fin base temperature is 280°C, the environment tem- 
perature is 20°C, and the heat transfer coefficient is 85 W/m 2 • 
°C, the rate of heat loss from this fin is 
(a) 2 W (b) 188 W (c) 26 W 

(d) 521 W (e) 547 W 

3-207 A cylindrical pin fin of diameter 0.6 cm and length of 
3 cm with negligible heat loss from the tip has an efficiency of 
0.7. The effectiveness of this fin is 
(a) 0.3 (b) 0.7 (c) 2 (d) 8 (e) 14 

3-208 A 3-cm-long, 2-mm X 2-mm rectangular cross-section 
aluminum fin {k = 237 W/m * °C) is attached to a surface. If 



the fin efficiency is 65 percent, the effectiveness of this single 
fin is 

(a) 39 (b) 30 (c) 24 (d) 18 0)7 

3-209 Aluminum square pin fins (k = 237 W/m * °C) of 
3-cm-Iong, 2 mm X 2 mm cross-section with a total number of 
150 are attached to an 8-cm-long, 6-cm-wide surface. If the fin 
efficiency is 65 percent, the overall fin effectiveness for the 
surface is 

(o) 1.03 (b) 2.30 0) 5.75 (d) 8.38 0)12.6 

3-2X0 Two finned surfaces with long fins are identical, 
except that the convection heat transfer coefficient for the first 
finned surface is twice that of the second one. What statement 
below is accurate for the efficiency and effectiveness of the 
first finned surface relative to the second one? 

(a) Higher efficiency and higher effectiveness 
(i b ) Higher efficiency but lower effectiveness 
0) Lower efficiency but higher effectiveness 
(d) Lower efficiency and lower effectiveness 
0) Equal efficiency and equal effectiveness 

3-211 A 20-cm-diameter hot sphere at I20°C is buried in the 
ground with a thermal conductivity of 1.2 W/m • °C. The dis- 
tance between the center of the sphere and the ground surface 
is 0.8 m and the ground surface temperature is 15°C. The rate 
of heat loss from the sphere is 
(o) 169 W (b) 20 W (c) 217 W 

{d) 312 W (e) 1.8 W 

3-212 A 25-cm-diameter, 2.4-m-long vertical cylinder con- 
taining ice at 0°C is buried right under the ground. The cylinder 
is thin-shelled and is made of a high thermal conductivity ma- 
terial. The surface temperature and the thermal conductivity of 
the ground are 18°C and 0.85 W/m * °C respectively. The rate 
of heat transfer to the cylinder is 
(a) 37.2 W (b) 63.2 W (c) 158 W 

(d) 480 W (e) 1210 W 

3-213 Hot water ( c p = 4.179 kl/kg • K) flows through a 
200-m-long PVC (k = 0.092 W/m ■ K) pipe whose inner 
diameter is 2 cm and outer diameter is 2.5 cm at a rate of 
1 kg/s, entering at 40°C. If the entire interior surface of this 
pipe is maintained at 35°C and the entire exterior surface at 
20°C, the outlet temperature of water is 
(a) 39°C (b) 38°C (e) 37°C 

(d) 36°C (e) 35°C 

3-214 Heat transfer rate through the wall of a circular tube 
with convection acting on the outer surface is given per unit of 
its length by 

•_ 2^£(T f -r o ) 
q In (r 0 /r f ) [ 1 

k rjx 

where / refers to the innertube surface and o the outer tube sur- 
face. Increasing r 0 will reduce the heat transfer as long as 



(a) r g < k/h (b) r a = k/h 

(c) r 0 > k/h (d) r a > 2k /h 

(e) Increasing r a will always reduce the heat transfer. 


3-215 The walls of a food storage facility are made of a 
2 -cm-thick layer of wood (k = 0.1 W/m - K) in contact with a 
5 -cm-thick layer of polyurethane foam ( k = 0.03 \V/m * K). If 
the temperature of the surface of the wood is -10°C and the 
temperature of the surface of the polyurethane foam is 20°C, 
the temperature of the surface where the two layers are in 
contact is 

(a) — 7°C (b) -2°C (c) 3°C 

id) 8°C (e) U°C 


3-216 A typical section of a building wall is shown in 
Fig. P3-2 1 6. This section extends in and out of the page and is 
repeated in the vertical direction. The correct thermal resis- 


tance circuit for this wall is 


(a) Rt3a 



0) ^23 A 
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3-217 The 700 m 2 ceiling of a building has a thermal resis- 
tance of 0.2 m 2 ■ KAV. The rate at which heat is lost through 
this ceiling on a cold winter day when the ambient temperature 
is — 10°C and the interior is at 20°C is 
(a) 56 MW (b) 72 MW (c) 87 MW 
(d) 105 MW (e) 118 MW 


3-218 A 1-m-inner-diameter liquid-oxygen storage tank at a 
hospital keeps the liquid oxygen at 90 K. The tank consists of 
a 0.5-cm-thick aluminum (k = 170 W/m - K) shell whose 
exterior is covered with a 10-cm- thick layer of insulation 
(k = 0.02 W/m ■ K). The insulation is exposed to the ambient 
air at 20°C and the heat transfer coefficient on the exterior side 


of the insulation is 5 W/m 2 ■ K. The rate at which the liquid 
oxygen gains heat is 

(a) 141 W ( b ) 176 W ( C ) 181 W 

(d) 201 W (e) 221 W 

3-219 A 1-m-inner-diameter liquid-oxygen storage tank at a 
hospital keeps the liquid oxygen at 90 K. The tank consists of 
a 0.5-cm-thick aluminum (k =170 W/m ■ K) shell whose exte- 
rior is covered with a 10-cm- thick layer of insulation (k ~ 
0.02 W/m - K). The insulation is exposed to the ambient air at 
20°C and the heat transfer coefficient on the exterior side of the 
insulation is 5 W/m 2 * K, The temperature of the exterior sur- 
face of the insulation is 

(a) 13°C ( b ) 9°C (c) 2°C 

id) — 3°C (e) — 12°C 

3-220 The fin efficiency is defined as the ratio of the actual 
heat transfer from the fin to 

id) The heat transfer from the same fin with an adiabatic tip 

(b) The heat transfer from an equivalent fin which is infi- 
nitely long 

(c) The heat transfer from the same fin if the temperature 
along the entire length of the fin is the same as the base 
temperature 

(d) The heat transfer through the base area of the same fin 

(e) None of the above 

3-221 Computer memory chips are mounted on a finned 
metallic mount to protect them from overheating. A 152 MB 
memory chip dissipates 5 W of heat to air at 25°C. If the tem- 
perature of this chip is to not exceed 50°C, the overall heat 
transfer coefficient-area product of the finned metal mount 
must be at least 

(a) 0.2 W/°C ( b) 0.3 W/°C (c) 0.4 W/°C 

id) 0.5 W/°C (e) 0.6 W/°C 

3-222 In the United States, building insulation is specified 
by the R-value (thermal resistance in h • ft 2 * °F/Btu units). A 
home owner decides to save on the cost of heating the home by 
adding additional insulation in the attic. If the total R-value is 
increased from 15 to 25, the home owner can expect the heat 
loss through the ceiling to be reduced by 
(a) 25% ib) 40% (c) 50% id) 60% (e) 75 % 

3-223 Coffee houses frequently serve coffee in a paper cup 
that has a corrugated paper jacket surrounding the cup like that 
shown here. This corrugated jacket: 

(i a ) Serves to keep the coffee hot. 
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(fc) Increases the coffee-to-surrounding thermal resistance. 

(c) Lowers the temperature where the hand clasps the cup. 

(d) All of the above. 

(e) None of the above. 

3-224 A triangular shaped fin on a motorcycle engine is 
0.5-cm thick at its base and 3-cm long (normal distance 
between the base and the tip of the triangle), and is made of 
aluminum (k = 150 W/m * K). This fin is exposed to air with a 
convective heat transfer coefficient of 30 W/m 2 ■ K acting on 
its surfaces. The efficiency of the fin is 50 percent. If the fin 
base temperature is 130°C and the air temperature is 25 C, the 
heat transfer from this fin per unit width is 

(a) 32 W/m (b) 47 W/m (c) 68 W/m 

(d) 82 W/m (e) 95 W/m 

3-225 A plane brick wall (k = 0.7 W/m • K) is 10 cm thick. 
The thermal resistance of this wall per unit of wall area is 
(a) 0. 143 m 2 • KAV (b) 0.250 m 2 * KAV 

(c) 0.327 m 2 - KAV (d) 0.448 m 2 • KAV 

(e) 0.524 m 2 • KAV 

3-226 The equivalent thermal resistance for the thermal cir- 
cuit shown here is 
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Design and Essay Problems 

3-227 The temperature in deep space is close to absolute 
zero, which presents thermal challenges for the astronauts who 
do space walks. Propose a design for the clothing of the astro- 
nauts that will be most suitable for the thermal environment in 
space. Defend the selections in your design. 


3-228 In the design of electronic components, it is very de- 
sirable to attach the electronic circuitry to a substrate material 
that is a very good thermal conductor but also a very effective 
electrical insulator. If the high cost is not a major concern, what 
material would you propose for the substrate? 

3-229 Using cylindrical samples of the same material, devise 
an experiment to determine the thermal contact resistance. 
Cylindrical samples are available at any length, and the thermal 
conductivity of the material is known. 

3-230 Find out about the wall construction of the cabins of 
large commercial airplanes, the range of ambient conditions 
under which they operate, typical heat transfer coefficients on 
the inner and outer surfaces of the wall, and the heat genera- 
tion rates inside. Determine the size of the heating and air- 
conditioning system that will be able to maintain the cabin 
at 20°C at all times for an airplane capable of carrying 
400 people. 

3-231 Repeat Prob. 3-230 for a submarine with a crew of 60 
people. 

3-232 A house with 200-m 2 floor space is to be heated with 
geothermal water flowing through pipes laid in the ground 
under the floor. The walls of the house are 4 m high, and there 
are 10 single-paned windows in the house that are 1.2 m wide 
and 1.8 m high. The house has R- 3.3 (in m 2 ■ a CAV) insulation 
in the walls and R- 5.3 on the ceiling. The floor temperature is 
not to exceed 40°C. Hot geothermal water is available at 90°C, 
and the inner and outer diameter of the pipes to be used are 2.4 
cm and 3.0 cm. Design such a heating system for this house in 
your area. 

3-233 Using a timer (or watch) and a thermometer, conduct 
this experiment to determine the rate of heat gain of your 
refrigerator. First, make sure that the door of the refrigerator 
is not opened for at least a few hours to make sure that steady 
operating conditions are established. Start the timer when the 
refrigerator stops running and measure the time A f, it stays off 
before it kicks in. Then measure the time A t 2 it stays on. Not- 
ing that the heat removed during A t 2 is equal to the heat gain of 
the refrigerator during At, + A t 7 and using the power con- 
sumed by the refrigerator when it is running, determine the av- 
erage rate of heat gain for your refrigerator, in watts. Take the 
COP (coefficient of performance) of your refrigerator to be 1.3 
if it is not available. 

Now, clean the condenser coils of the refrigerator and re- 
move any obstacles on the way of airflow through the coils. By 
replacing these measurements, determine the improvement in 
the COP of the refrigerator. 



he temperature of a body, in general, varies with time as well 
| as position. In rectangular coordinates, this variation is expressed as 
1 T(x, y, z, t), where (x, y, z) indicate variation in the x~, y-, and ^-directions, 
and t indicates variation with time. In the preceding chapter, we considered 
heat conduction under steady conditions, for which the temperature of a body 
at any point does not change with time. This certainly simplified the analysis, 
especially when the temperature varied in one direction only, and we were able 
to obtain analytical solutions. In this chapter, we consider the variation of tem- 
perature with time as well as position in one- and multidimensional systems. 

We start this chapter with the analysis of lumped systems in which the tem- 
perature of a body varies with time but remains uniform throughout at any 
time. Then we consider the variation of temperature with time as well as po- 
sition for one-dimensional heat conduction problems such as those associated 
with a large plane wall, a long cylinder, a sphere, and a semi-infinite medium 
using transient temperature charts and analytical solutions. Finally, we con- 
sider transient heat conduction in multidimensional systems by utilizing the 
product solution. 

i 

OBJECTIVES 

i 

When you finish studying this chapter, yofi should be able to: 

m Assess when the spatial variation of temperature is negligible, and temperature varies 
yearly uniformly with time, making the simplified lumped system analysis applicable, 

m ■' Obta$ analytical solutions for transient one-dimensional conduction problems in 
rectangular, cylindrical, and spherical geometries using the method of separation of vari- 
ables, and understand why a one-term solution is usually a reasonable approximation, 

m Solve the transient conduction problem in large mediums using the similarity variable, 
and predict the variation of temperature with time and distance from the exposed 
surface, and 

m Construct solutions for multi-dimensional transient conduction problems using the 
product solution approach. 




(a) Copper ball 



FIGURE 4-1 

A small copper ball can be modeled 
as a lumped system, but a roast 
beef cannot. 
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4-1 “ LUMPED SYSTEM ANALYSIS 

In heat transfer analysis, some bodies are observed to behave like a “lump” 
whose interior temperature remains essentially uniform at all times during a 
heat transfer process. The temperature of such bodies can be taken to be a 
function of time only, T(t). Heat transfer analysis that utilizes this idealization 
is known as lumped system analysis, which provides great simplification 
in certain classes of heat transfer problems without much sacrifice from 
accuracy. 

Consider a small hot copper bail coming out of an oven (Fig. 4-1). Mea- 
surements indicate that the temperature of the copper ball changes with time, 
but it does not change much with position at any given time. Thus the tem- 
perature of the ball remains nearly uniform at all times, and we can talk about 
the temperature of the ball with no reference to a specific location. 

Now let us go to the other extreme and consider a large roast in an oven. If 
you have done any roasting, you must have noticed that the temperature dis- 
tribution within the roast is not even close to being uniform. You can easily 
verify this by taking the roast out before it is completely done and cutting it in 
half. You will see that the outer parts of the roast are well done while the cen- 
ter part is barely warm. Thus, lumped system analysis is not applicable in this 
case. Before presenting a criterion about applicability of lumped system 
analysis, we develop the formulation associated with it. 

Consider a body of arbitrary shape of mass m, volume V, surface area A s , 
density p, and specific heat c p initially at a uniform temperature 7) (Fig. 4-2). 
At time t — 0, the body is placed into a medium at temperature T m and heat 
transfer takes place between the body and its environment, with a heat trans- 
fer coefficient h. For the sake of discussion, we assume that T a > T h but the 
analysis is equally valid for the opposite case. We assume lumped system 
analysis to be applicable, so that the temperature remains uniform within the 
body at all times and changes with time only, T = T(t). 

During a differential time interval dt, the temperature of the body rises by a 
differential amount dT. An energy balance of the solid for the time interval dt 
can be expressed as 


Heat transfer into the body 
during dt 


^The increase in the^ 




energy of the body 
during dt 


I 


or 

hA s (T« - T)dt = mc p dT (4-1) 

Noting that m = p\J and dT = d(T - T*) since = constant, Eq. 4-1 can be 
rearranged as 


d{T - T„) hA s 

T~T„ P Vc p dt 


( 4 - 2 ) 


Integrating from t - 0, at which T = T [t to any time t, at which T ~ T(t), gives 

1 m - c hA, 

in r,-r„ pbb/ 


( 4 - 3 ) 


Taking the exponential of both sides and rearranging, we obtain 

Tt-T x 


(4-4) 


where 


b = 


hA r 

pVc p 


(1/s) 


(4-5) 


is a positive quantity whose dimension is (time)” 1 . The reciprocal of b has 
time unit (usually s), and is called the time constant. Equation 4-4 is plotted 
in Fig. 4-3 for different values of b. There are two observations that can be 
made from this figure and the relation above: 

1. Equation 4—4 enables us to determine the temperature T(f) of a body at 
time /, or alternatively, the time t required for the temperature to reach 
a specified value T(t). 

2, The temperature of a body approaches the ambient temperature T„ 
exponentially. The temperature of the body changes rapidly at the 
beginning, but rather slowly later on. A large value of b indicates that 
the body approaches the environment temperature in a short time. 

The larger the value of the exponent b, the higher the rate of decay in 
temperature. Note that b is proportional to the surface area, but inversely 
proportional to the mass and the specific heat of the body. This is not 
surprising since it takes longer to heat or cool a larger mass, especially 
when it has a large specific heat. 

Once the temperature T{t) at time t is available from Eq. 4-4, the rate of con- 
vection heat transfer between the body and its environment at that time can be 
determined from Newton’s law of cooling as 

/ <■ Q(t) - hA&m - TJ (W) (4-6) 

*.r 

The total* amount of heat transfer between the body and the surrounding 
medium fiver the time interval t — 0 to t is simply the change in the energy 
content of the body: 

4 

'' Q = mc p [T{f)-n (kJ) (4-7) 

The amount of heat transfer reaches its upper limit when the body reaches the 
surrounding temperature T„. Therefore, the maximum heat transfer between 
the body and its surroundings is (Fig. 4—4) 

= mc p {T x - Tj) (kJ) (4-8) 

We could also obtain this equation by substituting the T(t ) relation from 
Eq. 4—4 into the < 2(0 relation in Eq. 4—6 and integrating it from t — 0 to t — > co 


Criteria for Lumped System Analysis 

The lumped system analysis certainly provides great convenience in heat 
transfer analysis, and naturally we would like to know when it is appropriate 
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FIGURE 4-3 

The temperature of a lumped 
system approaches the environment 
temperature as time gets larger. 



Q = Qmi*. = mc p - TJ 


FIGURE 4-4 

Heat transfer to or from a body 
reaches its maximum value 
when the body reaches 
the environment temperature. 
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to use it. The first step in establishing a criterion for the applicability of the 
lumped system analysis is to define a characteristic length as 


and a Biot number Bi as 


hL c 

It can also be expressed as (Fig. 4-5) 

h AT Convection at the surface of the body 
~ k/L c AT ~ Conduction within the body 


( 4 - 9 ) 


FIGURE 4-5 

The Biot number can be viewed as the 
ratio of the convection at the surface 
to conduction within the body. 


L c Ik Conduction resi stance within the body 

~Uh ~ Convection resistance at the surface of the body 


When a solid body is being heated by the hotter fluid surrounding it (such as 
a potato being baked in an oven), heat is first converted to the body and 
subsequently conducted within the body. The Biot number is the ratio of the 
internal resistance of a body to heat conduction to its external resistance to 
heat convection . Therefore, a small Biot number represents small resistance 
to heat conduction, and thus small temperature gradients within the body. . 

Lumped system analysis assumes a uniform temperature distribution 
throughout the body, which is the case only when the thermal resistance of the 
body to heat conduction (the conduction resistance) is zero. Thus, lumped 
system analysis is exact when Bi - 0 and approximate when Bi > 0. Of 
course, the smaller the Bi number, the more accurate the lumped system 
analysis. Then the question we must answer is, How much accuracy are we 
willing to sacrifice for the convenience of the lumped system analysis? 

Before answering this question, we should mention that a 15 percent 
uncertainty in the convection heat transfer coefficient h in most cases is con- 
sidered “normal” and “expected.” Assuming h to be constant and uniform is 
also an approximation of questionable validity, especially for irregular geome- 
tries. Therefore, in the absence of sufficient experimental data for the specific 
geometry under consideration, we cannot claim our results to be better than 
±15 percent, even when Bi = 0. This being the case, introducing another 
source of uncertainty in the problem will not have much effect on the overall 
uncertainty, provided that it is minor. It is generally accepted that lumped 
system analysis is applicable if 


Bi < 0.1 

When this criterion is satisfied, the temperatures within the body relative to 
the surroundings (i.e., T — Tf) remain within 5 percent of each other even for 
well-rounded geometries such as a spherical ball. Thus, when Bi < 0.1, the 
variation of temperature with location within the body is slight and can rea- 
sonably be approximated as being uniform. 



The first step in the application of lumped system analysis is the calculation 
of the Biot number, and the assessment of the applicability of this approach. 
One may still wish to use lumped system analysis even when the criterion 
Bi < 0.1 is not satisfied, if high accuracy is not a major concern. 

Note that the Biot number is the ratio of the convection at the surface to con- 
duction within the body, and this number should be as small as possible for 
lumped system analysis to be applicable. Therefore, small bodies with high 
thermal conductivity are good candidates for lumped system analysis, es- 
pecially when they are in a medium that is a poor conductor of heat (such as 
air or another gas) and motionless. Thus, the hot small copper ball placed in 
quiescent air, discussed earlier, is most likely to satisfy the criterion for 
lumped system analysis (Fig. 4-6). 

Some Remarks on Heat Transfer in Lumped Systems 

To understand the heat transfer mechanism during the heating or cooling of a 
solid by the fluid surrounding it, and the criterion for lumped system analysis, 
consider this analogy (Fig. 4-7). People from the mainland are to go by boat 
to an island whose entire shore is a harbor, and from the harbor to their desti- 
nations on the island by bus. The overcrowding of people at the harbor de- 
pends on the boat traffic to the island and the ground transportation system on 
the island. If there is an excellent ground transportation system with plenty of 
buses, there will be no overcrowding at the harbor, especially when the boat 
traffic is light. But when the opposite is true, there will be a huge overcrowd- 
ing at the harbor, creating a large difference between the populations at the 
harbor and inland. The chance of overcrowding is much lower in a small 
island with plenty of fast buses. 

In heat transfer, a poor ground transportation system corresponds to poor 
heat conduction in a body, and overcrowding at the harbor to the accumulation 
of thermal energy and the subsequent rise in temperature near the surface of 
the body Relative to its inner parts. Lumped system analysis is obviously not 
applicablewhen there is overcrowding at the surface. Of course, we have dis- 
regarded padiation in this analogy and thus the air traffic to the island. Like 
passengers at the harbor, heat changes vehicles at the surface from convection 
to conduction. Noting that a surface has zero thickness and thus cannot store 
any energy, heat reaching the surface of a body by convection must continue 
its jdhmey within the body by conduction. 

Consider heat transfer from a hot body to its cooler surroundings. Heat is 
transferred from the body to the surrounding fluid as a result of a temperature 
difference. But this energy comes from the region near the surface, and thus 
the temperature of the body near the surface will drop. This creates a temper- 
ature gradient between the inner and outer regions of the body and initiates 
heat transfer by conduction from the interior of the body toward the outer 
surface. 

When the convection heat transfer coefficient h and thus the rate of convec- 
tion from the body are high, the temperature of the body near the surface 
drops quickly (Fig. 4-8). This creates a larger temperature difference between 
the inner and outer regions unless the body is able to transfer heat from the in- 
ner to the outer regions just as fast. Thus, the magnitude of the maximum tem- 
perature difference within the body depends strongly on the ability of a body 
to conduct heat toward its surface relative to the ability of the surrounding 



FIGURE 4-6 

Small bodies with high thermal 
conductivities and low convection 
coefficients are most likely 
to satisfy the criterion for 
lumped system analysis. 



h = 2000 W/m 2 *°C 

FIGURE 4-8 


When the convection coefficient h is 
high and k is low, large temperature 
differences occur between the inner 
and outer regions of a large solid. 
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medium to convect heat away from the surface. The Biot number is a measure 
of the relative magnitudes of these two competing effects. 

Recall that heat conduction in a specified direction n per unit surface area is 
expressed as q = -k dTIdn, where dT/dn is the temperature gradient and k is 
the thermal conductivity of the solid. Thus, the temperature distribution in the 
body will be uniform only when its thermal conductivity is infinite, and no 
such material is known to exist. Therefore, temperature gradients and thus 
temperature differences must exist within the body, no matter how small, in 
order for heat conduction to take place. Of course, the temperature gradient 
and the thermal conductivity are inversely proportional for a given heat flux. 
Therefore, the larger the thermal conductivity, the smaller the temperature 

gradient. 


Thermocouple 

wire 



T(t) 

FIGURE 4-9 

Schematic for Example 4—1. 


EXAMPLE 4~1 


Temperature Measurement by Thermocouples 


The temperature of a gas stream is to be measured by a thermocouple whose j 
junction can be approximated as a 1- mm-diameter sphere, as shown in | 
Fig. 4-9. The properties of the junction are k = 35 W/m - °C ,p~ 8500 kg/m 3 , § 
and c p = 320 J/kg - X, and the convection heat transfer coefficient between 
the junction and the gas is ft = 210 W/m 2 • X. Determine how long it wilt take 
for the thermocouple to read 99 percent of the initial temperature difference. 


SOLUTION The temperature of a gas stream is to be measured by a thermo- 
couple. The time it takes to register 99 percent of the initial AT is to be 
determined. 

Assumptions 1 The junction is. spherical in shape with a diameter of 
D = 0.001 m. 2 The thermal properties of the junction and the heat transfer 
coefficient are constant. 3 Radiation effects are negligible. 

Properties The properties of the junction are given in the problem statement. 
Analysis The characteristic length of the junction is . 

L y~ = ^ D - =\ D = 1(0.001 m) = 1.67 X 10~ 4 m 
A s ttD 2 6 6 


Then the Biot number becomes 


Ki "!'* PlOWtf :: C)(1.67X m ' n.) „„„ . ,,, 


Therefore, lumped system analysis is applicable, and the error involved in this 
approximation Is negligible. 

In order to read 99 percent of the initial temperature difference T t — T. 
between the junction and the gas, we must have 


T( 0 - T» 

r,-r„ 


= 0.01 



For example, when T/= OX and 7*. = 100X, a thermocouple is considered to 
have read 99 percent of this applied temperature difference when its reading 
indicates T(t) = 99X. 
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The value of the exponent b is 


b = 


h 


210 W/m 2 • °C 


hA s 

P c p \J pc p L c (8500 kg/m 3 ) (320 J/kg • °C)(1.67 X 10“ 4 m) 


= 0.462 s 


-1 


We now substitute these values into Eq. 4-4 and obtain 


T t -T„ 


> 0.01 = e-cwra*-* 


which yields 


t— 10s 

Therefore, we must wait at least 10 s for the temperature of the thermocouple 
junction to approach within 99 percent of the initial junction-gas temperature 
difference. 

Discussion Note that conduction through the wires and radiation exchange 
with the surrounding surfaces affect the result, and should be considered in a 
more refined analysis. 


ly. 



m 


EXAMPLE 4-2 Predicting the Time of Death 

A person is found dead at 5 pm in a room whose temperature is 20°C. The tem- 
perature of the body is measured to be 25°C when found, and the- heat trans- 
fer coefficient is estimated to be h = 8 W/m 2 • °C. Modeling the body as a 
30-cm-diameter, 1.70-m-Iong cylinder, estimate the time of death of that per- 
son (Fig.. 4-10). 

i V ; ■ 

t i.:- 

S0LUT10N A body is found while still warm. The time of death is to be 
estimated. * 

Assumptions 1 The body can be modeled as a 30-cm-diameter, 1.70-m-long 
cylinder. 2 The thermal properties of the body and the heat transfer coefficient 
are^constpnt. 3 The radiation effects are negligible. 4 The person was healthy!!} 
when he or she died with a body temperature of 37°C. 

Properties The average human body is 72 percent water by mass, and thus we 
can assume the body to have the properties of water at the average tempera- 
ture of (37 + 25)/2 = 31°C; k = 0.617 W/m • °C, p = 996 kg/m 3 , and c p = 
4178 J/kg - °C (Table A-9). 

Analysis The characteristic length of the body is 




irr; L 


77(0.15 m) 2 (1.7m) 


2irr 0 h + 27rr 2 2 tt ( 0. 1 5 m)(l .7 m) + 2 tt( 0. 1 5 m) 2 


= 0.0689 m 


Then the Biot number becomes 


*4 (8 W/m 2 • °C) (0.06 8 9 m) 

Bi = -r- = s n rrzrr r, ^ = 0.89 > 0.1 



Schematic for Example 4—2. 


k 


0.617 W/m • °C 


Therefore, lumped system analysis is not applicable. However, we can still use 
it to get a “rough” estimate of the time of death. The exponent b in this case is 

hA s h 8 W/m 2 • °C : 7 

b ~ pc p \J~ pc p L c ~ (996 kg/m 3 )(4178 J/kg • °C)(0.0689 m) 7 

= 2.79 X l(r 5 s 1 


We now substitute these values into Eq. 4-4, 


T(t) __ _ hl ^ 25 20 = x io _J s" ! v 

7,-77 > 37 — 20 


which yields 


t -■ 43,860 s 12.2 h 

Therefore, as a rough estimate, the person died about 12 h before the body 
was found, and thus the time of death is 5 am. 

Discussion This example demonstrates how to obtain "ball park" values using 
a simple analysis. A similar analysis is used in practice by incorporating con- 
stants to account for deviation from lumped system analysis. 



4-2 ■ TRANSIENT HEAT CONDUCTION IN LARGE 
PLANE WALLS, LONG CYLINDERS, AND 
SPHERES WITH SPATIAL EFFECTS 

In Section 4-1, we considered bodies in which the variation of temperature 
within the body is negligible; that is, bodies that remain nearly isothermal dur- 
ing a process. Relatively small bodies of highly conductive materials approxi- 
mate this behavior. In general, however, the temperature within a body changes 
from point to point as well as with time. In this section, we consider the varia- 
tion of temperature with time and position in one-dimensional problems such as 
those associated with a large plane wall, a long cylinder, and a sphere. 

Consider a plane wall of thickness 2 L, a long cylinder of radius r c , and 
a sphere of radius r 0 initially at a uniform temperature T h as shown in 
Fig. 4-11. At time / = 0, each geometry is placed in a large medium that is at 
a constant temperature 77 and kept in that medium for / > 0. Heat transfer 
takes place between these bodies and their environments by convection with 
a uniform and constant heat transfer coefficient ft. Note that all three cases 
possess geometric and thermal symmetry; the plane wall is symmetric about 
its center plane (* = 0), the cylinder is symmetric about its centerline (r = 0), 
and the sphere is symmetric about its center point (r = 0). We neglect radia- 
tion heat transfer between these bodies and their surrounding surfaces, or in- 
corporate the radiation effect into the convection heat transfer coefficient h. 

The variation of the temperature profile with time in the plane wall is 
illustrated in Fig. 4-12. When the wall is first exposed to the surrounding 
medium at 77 < T, at / = 0, the entire wall is at its initial temperature T f . But 
the wall temperature at and near the surfaces starts to drop as a result of heat 
transfer from the wall to the surrounding medium. This creates a temperature 
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Initially/: 


T* 
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(a) A large plane wall 


7 



{b) A long cylinder 


225 


CHAPTER 4 


T 

± CO 



(c) A sphere 


FIGURE 4-11 
Schematic of the simple 
geometries in which heat 
transfer is one-dimensional. 


gradient in the wall and initiates heat conduction from the inner parts of the 
wall toward its outer surfaces. Note that the temperature at the center of the 
wall remains at 7} until t = t 2 , and that the temperature profile within the wall 
remains symmetric at all times about the center plane. The temperature profile 
gets flatter and flatter as time passes as a result of heat transfer, and eventually 
becomes uniform at T — T a , That is, the wall reaches thermal equilibrium 
with its surroundings. At that point, heat transfer stops since there is no longer 
a temperature difference. S imi lar discussions can be given for the long cylin- 
der or sphere. 

Nondimensionalized One-Dimensional Transient 
Conduction Problem 

The formulation of heat conduction problems for the determination of the 
one-dimensional transient temperature distribution in a plane wall, a cylinder, 
or a spheferie suits in a partial differential equation whose solution typically 
involves irifmite series and transcendental equations, which are inconvenient 
to use. But the analytical solution provides valuable insight to the physical 
problem, and thus it is important to go through the steps involved. Below we 
demonstrate the solution procedure for the case of plane wall. 

Consider a plane wall of thickness 2 L initially at a uniform temperature of 
7], as shown in Fig. 4-11 a. At time t ~ 0, the wall is imm ersed in a fluid at 
temperature T„ and is subjected to convection heat transfer from both sides 
with a convection coefficient of h. The height and the width of the wall are 
large relative to its thickness, and thus heat conduction in the wall can be ap- 
proximated to be one-dimensional. Also, there is thermal symmetry about the 
midplane passing through x ~ 0, and thus the temperature distribution must be 
symmetrical about the midplane. Therefore, the value of temperature at any 
—x value in —L < x < 0 at any time t must be equal to the value at +x in 
0 ^ x ^ L at the same time. This means we can formulate and solve the heat 
conduction problem in the positive half domain 0 < x < L, and then apply the 
solution to the other half. 

Under the conditions of constant thermophysical properties, no heat gener- 
ation, thermal symmetry about the midplane, uniform initial temperature, and 
constant convection coefficient, the one-dimensional transient heat conduc- 



FIGURE 4-12 

Transient temperature profiles in a 
plane wall exposed to convection 
from its surfaces for 7} > T x . 
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tion problem in the half-domain 0 < x ^ L of the plain wall can be expressed 
as (see Chapter 2) 


Differential equation: 

Boundaiy conditions: 
Initial condition: 


d 2 T _ 1 dT 
S.x 2 ot dt 


dT(0, t) 
d.x 


and 


T(x, 0) = Ti 


(4-103) 


k ° T(L ’ = h [T(L, f) - Tf[ (4-1 06) 

dx 


(4-10 c) 


where the property a = kJpc p is the thermal diffusivity of the material. ^ 

We now attempt to nondimensionalize the problem by defining a dimen- 
sionless space variable X = x/L and dimensionless temperature 9(x, f) — 
t) - - TJ. These are convenient choices since both X and 6 vary 

between 0 and L However, there is no clear guidance for the proper form of 
the dimensionless time variable and the hlk ratio, so we will let the analysis 
indicate them. We note that 

50 50 i?£ = _jL_E and 

dX 3 (x/L) Ti - T n dx ’ dX 2 Ti - dx dt Ti ~ T* dt 


Substituting into Eqs. 4-lQa and 4-10 b and rearranging give 


d 7 6 
dX 1 


I? 30 
a dt 


, - kL m « 

and ~lx — T 9(1,0 


(4-11) 


(a) Original heat conduction problem: 


3*T. = .l dT 
dx 1 ^ sr 


, Ux, 0) = T 


dx , ; ; . ax .. .. 

r = 'F(x,L, 72 ' 




(fc) Nondiincnsionalizcd problem: 

0 K 0)=1 , 

3X a 


ax 


ax 




FIGURE 4-13 

Nondimen sionalizati on reduces the 
number of independent variables in 
one-dimensional transient conduction 
problems from 8 to 3, offering great 
convenience in the presentation of 
results. 


Therefore, the proper form of the dimensionless time is r = all Iff , which is 
called the Fourier number Fo, and we recognize Bi = kJhL as the Biot num- 
ber defined in Section 4-1. Then the formulation of the one-dimensional 
transient heat conduction problem in a plane wall can be expressed in 
nondimensional form as 


Dimensionless differential equation: 
Dimensionless BC's: 


d 7 0 ... 30 
dX 2 3r 


30(0, r) 
dX 


= 0 


and 


30(1, t) 

ex 


Dimensionless initial condition: 0(X, 0) — 1 


(4-12s) 


— Bi0(l, t) 

(4-126) 
(4-1 2c) 


where 


0(X, r) = 


TQc, t ) ~ T, 
T„~T t 


X = - 
X L 


Bi = 


hL 


at 

r = -, = F ° 


Dimensionless temperature 

Dimensionless distance from the center 
Dimensionless heat transfer coefficient (Biot number) 

Dimensionless time (Fourier number) 


The heat conduction equation in cylindrical or spherical coordinates can be 
nondimensionalized in a similar way. Note that nondimensionalization 


reduces the number of independent variables and parameters from 8 to 3 — 
from a; L, t, k, a, h, T b and r„ toX, Bi, and Fo (Fig. 4-13). That is, 


6 =KX, Bi, Fo) 


( 4 - 13 ) 


This makes it very practical to conduct parametric studies and to present 
results in graphical form. Recall that in the case of lumped system analysis, 
we had 8 = /(Bi, Fo) with no space variable. 

Exact Solution of One-Dimensional Transient Conduction 
Problem* 

The non-dimensionalized partial differential equation given in Eqs. 4—12 to- 
gether with its boundary and initial conditions can be solved using several an- 
alytical and numerical techniques, including the Laplace or other transform 
methods, the method of separation of variables, the finite difference method, 
and the finite-element method. Here we use the method of separation of vari- 
ables developed by J. Fourier in 1 820s and is based on expanding an arbitrary 
function (including a constant) in terms of Fourier series. The method is ap- 
plied by assuming the dependent variable to be a product of a number of func- 
tions, each being a function of a single independent variable. This reduces the 
partial differential equation to a system of ordinary differential equations, 
each being a function of a single independent variable. In the case of transient 
conduction in a plain wall, for example, the dependent variable is the solution 
function 8{X, r), which is expressed as 6(X, r) = F(X)G(t), and the applica- 
tion of the method results in two ordinary differential equation, one in X and 
the other in t. 

The method is applicable if (1) the geometry is simple and finite (such as a 
rectangular block, a cylinder, or a sphere) so that the boundary surfaces can be 
described by simple mathematical functions, and (2) the differential equation 
and the boundary and initial conditions in their most simplified form are lin- 
ear (no terips that involve products of the dependent variable or its deriva- 
tives) and ihvolve only one nonhomogeneous term (a term without the 
dependent priable or its derivatives). If the formulation involves a number of 
nonhomogeneous terms, the problem can be split up into an equal number of 
simpler problems each involving only one nonhomogeneous term, and then 
combining the solutions by superposition. 

Not? we demonstrate the use of the method of separation of variables by ap- 
plying it. to the one-dimensional transient heat conduction problem given in 
Eqs. 4-12. First, we express the dimensionless temperature function 8(X, r) as 
a product of a function of X only and a function of r only as 


6(X, T ) = F(X)G(t) 


( 4 - 14 ) 


Substituting Eq. 4-14 into Eq. 4— 12a and dividing by the product FG gives 

1 SF 1 dG 


Observe that all the terms that depend on X are on the left-hand side of the 
equation and all the terms that depend on r are on the right-hand side. That is, 




*This section can be skipped if desired without a loss of continuity. 
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the terms that are function of different variables are separated (and thus the 
name separation of variables). The left-hand side of this equation is a function 
of X only and the right-hand side is a function of only r. Considering that both 
X and t can be varied independently, the equality in Eq. 4—15 can hold for any 
value of X and t only if Eq. 4-15 is equal to a constant. Further, it must be a 
negative constant that we will indicate by - A 2 since a positive constant will 
cause the function G(r) to increase indefinitely with time (to be infinite), 
which is unphysical, and a value of zero for the constant means no time de- 
pendence, which is again inconsistent with the physical problem. Setting 
Eq. 4-15 equal to —A 2 gives 


^ + = 0 and ~ + A 2 G — 0 (4-16) 

dX 2 dr 


whose general solutions are 

F = CiCOs(AX) + C 2 sin(AX) and G = C 3 fT AV (4-17) 


and 

e = FG - C,e“ AlT [C,cos(AX) + C 2 sin(AX)] - fT^AcosCAX) + £ sin (AX)] 

(4-18) 

where A = C X C 3 and B = C 2 C 3 are arbitrary constants. Note that we need to 
determine only A and B to obtain the solution of the problem. 

Applying the boundary conditions in Eq. 4-12b gives 

= o _> -e” AV (AAsinO + SAcosO) = 0->£ = 0-><? = A^" A ’ r cos(AX) 
dX 

d^ 1 ’ T . ) _ = — Bi0(1,t) -vUT'^AsinA = -BiA<f a * t cosA -> AtanA = Bi 

dX 

But tangent is a periodic function with a period of tf, and the equation 
AtanA = Bi has the root A t between 0 and 7 r, the root A 2 between rr and 2 rr, 
the root A„ between (n-\)ir and mr, etc. To recognize that the transcendental 
equation A tan A — Bi has an infinite number of roots, it is expressed as 

A„tanA„ = Bi (4-19) 

Eq. 4-19 is called the characteristic equation or eigenfunction, and its roots 
are called the characteristic values or eigenvalues. The characteristic equa- 
tion is implicit in this case, and thus the characteristic values need to be deter- 
mined numerically. Then it follows that there are an infinite number of 
solutions of the form Ae~ x ^ cos (AX), and the solution of this linear heat con- 
duction problem is a linear combination of them, 

oo 

0= cos(A„X) (4-20) 

n= 1 

The constants A n are determined from the initial condition, Eq. 4-1 2c, 

oo 

fl(X,0)=l 1 = 2 A/°s(A„)0 (4-21) 

rt=l 


1 



This is a Fourier series expansion that expresses a constant in terms of an in- 
finite series of cosine functions. Now we multiply both sides of Eq. 4-21 by 
cos(A m X), and integrate from X = 0 to X = 1. The right-hand side involves an 
infinite number of integrals of the form / 0 *cos(A m X) cos(A n Z)riv. It can be 
shown that all of these integrals vanish except when n = m, and the coeffi- 
cient A n becomes 


r 1 


fl 


cos {X n X)dX = A n 


J o 


cos 3 (A „X)dx -> A n — 


dsinA,, 

2A n + sin (2A„) 


(4-22) 


This completes the analysis for the solution of one-dimensional transient 
heat conduction problem in a plane wall. Solutions in other geometries such 
as a long cylinder and a sphere can be determined using the same approach. 
The results for all three geometries are su mm arized in Table 4-1. The solution 
for the plane wall is also applicable for a plane wall of thickness L whose left 
surface at x = 0 is insulated and the right surface at .r = L is subjected to con- 
vection since this is precisely the mathematical problem we solved. 

The analytical solutions of transient conduction problems typically involve 
infinite series, and thus the evaluation of an infinite number of terms to deter- 
mine the temperature at a specified location and time. This may look intimi- 
dating at first, but there is no need to worry. As demonstrated in Fig. 4-14, the 
terms in the summation decline rapidly as n and thus A„ increases because of 
the exponential decay function e~ xl “ r . This is especially the case when the di- 
mensionless time r is large. Therefore, the evaluation of the first few terms of 
the infinite series (in this case just the first term) is usually adequate to deter- 
mine the dimensionless temperature 0. 


0»-A a e ^ cos(A„ X) 


4 sin A„ 


ForBi 

?K + sin(2A a ) 
A„ l:m A„- Bi 

-5.X- 1 , ami t 0.2: 


. n 

A, : 

K ' ; 

o n 

•'.•• I 

; 1,313$. 

1,2402 : 

0,22321 

r:-.2--; 

4.0336 

“0,3442 

0.00835 

3 \ 

6.9096 . 

0.1588 

0.00001 


■ 9.8928 7 

0.876 7 

0.00000 


FIGURE 4-14 

The term in the series solution of 
transient conduction problems decline 
rapidly as n and thus A„ increases 
because of the exponential decay 
function with the exponent -A„r. 


Approximate Analytical and Graphical Solutions 

The analytical solution obtained above for one-dimensional transient heat 
conduction in a plane wall involves infinite series and implicit equations, 
which ane difficult to evaluate. Therefore, there is clear motivation to simplify 

•* ' 



SCfmmary^of the solutions for one-dimensional transient conduction in a plane wall of 
thickness 2L, a cylinder of radius r 0 and a sphere of radius r 0 subjected to convention from 
ail surfaces.* 


Geometry 
Plane wall 

Cylinder 


Sphere 




Solution 

4 sin A„ 

e Xn cos (a„x iL) 


n =i2A„ + sin(2A„) 

- 2 A (An) 

0 = 2 A„ 4 (A„) + J\ (A^ e' A " T J 0 (A,//^ 


n=l 

» 


e = y 4(sin An - A n cos A„) e ~fc sm(X„x/L) 

jTuvJ 


2An - sin(2An) 


A n x/L 


A„'s are the roots of 
A„tan A„ = Bi 




A (An) _ 
UK) 


I - A„ cot = Bi 


*Here 8 = (7- 7,7(7, - 7) is the dimensionless temperature, Bi = hL/kor hr 0 !k\s the Biot number, Fo = t = at/ L 2 
or ar/r 0 is the Fourier number, and J 0 and are the Bessel functions of the first kind whose values are given in 
Table 4-3, 


the analytical solutions and to present the solutions in tabular or graphical 
form using simple relations. 

The dimensionless quantities defined above for a plane wall can also be 
used for a cylinder or sphere by replacing the space variable x by r and the 
half-thickness L by the outer radius r 0 . Note that the characteristic length in 
the definition of the Biot number is taken to be the half thickness L for the 
plane wall, and the radius r 0 for the long cylinder and sphere instead of WA 
used in lumped system analysis. 

We mentioned earlier that the terms in the series solutions in Table 4-1 con- 
verge rapidly with increasing time, and for r > 0.2, keeping the first term and 
neglecting all the remaining terms in the series results in an error under 2 per- 
cent. We are usually interested in the solution for times with r > 0.2, and thus 
it is very convenient to express the solution using this one-term approxima- 
tion, given as 


Plane wall: 

Cylinder: 

Sphere: 


6 


wall ” 


9 C y] 


Ux, t) - r. 
T { - T x 

T(r, Q - r, 
T,-T* 

T(r, t ) - 7, 
T t -T„ 


= A t e A ' r cos(A, xlL), 


= A t e A ' T Jffr/rf 

. A| «-aI, sin(A , Wr.) 

1 Ap7r 0 


r > 0.2 
r > 0.2 
r > 0.2 


{4-23} 

(4-24} 

(4-25) 


where the constants A x and A! are functions of the Bi number only, and their 
values are listed in Table 4-2 against the Bi number for all three geometries. 
The function J 0 is the zeroth-order Bessel function of the first kind, whose 
value can be determined from Table 4—3. Noting that cos (0) = Jq(0) ~ 1 and 
the limit of (sin x)/x is also 1, these relations simplify to the next ones at the 
center of a plane wall, cylinder, or sphere: 


Center of plane wall (x = 0): 
Center of cylinder (r = 0): 
Center of sphere (r = 0): 


6 


T n - T 


0 T wall 


r 0 


f\ — 

^0. cyl t 1 — 


7, 




Ti 

T 0 


T. 

7, 


sph 


T f -T, 


A,e~^ T 


= A,e~^ T 


= A x e-^ 


{4-26} 

(4-27) 

(4-28} 


Comparing the two sets of equations above, we notice that the dimensionless 
temperatures anywhere in a plane wall, cylinder, and sphere are related to the 
center temperature by 


Aft-all 
BO. wall 



^cyl __ f A if 

&0, cjl X j 


and 


^sph sin(A!r/r 0 ) 

6*0, 5p h A,r/r 0 


{4-29} 


which shows that time dependence of dimensionless temperature within a 
given geometry is the same throughout. That is, if the dimensionless center 
temperature 6 0 drops by 20 percent at a specified time, so does the dimen- 
sionless temperature 6 0 anywhere else in the medium at the same time. 

Once the Bi number is known, these relations can be used to determine the 
temperature anywhere in the medium. The determination of the constants A\ 



TABLE 4-2 



TABLE 4-3 


Coefficients used in the one-term approximate solution of transient one- 
dimensional heat conduction in plane waits, cylinders, and spheres (Bi = hUk 
for a plane wall of thickness 21, and Bi = hrjk for a cylinder or sphere of 
radius r 0 ) 


Plane Wall 


Cylinder 


Sphere 


Bi 


A 

^1 

A ‘ 

A, 

A 

0.01 

0.0998 

1.0017 

0.1412 

1.0025 

0.1730 

1.0030 

0.02 

0.1410 

1.0033 

0.1995 

1.0050 

0.2445 

1.0060 

0.04 

0.1987 

1.0066 

0.2814 

1.0099 

0.3450 

1.0120 

0.06 

0.2425 

1.0098 

0.3438 

1.0148 

0.4217 

1.0179 

0.08 

0.2791 

1.0130 

0.3960 

1.0197 

0.4860 

1.0239 

0.1 

0.3111 

1.0161 

0.4417 

1.0246 

0.5423 

1.0298 

0.2 

0.4328 

1.0311 

0.6170 

1.0483 

0.7593 

1.0592 

0.3 

0.5218 

1.0450 

0.7465 

1.0712 

0.9208 

1.0880 

0.4 ' 

0.5932 

1.0580 

0.8516 

1.0931 

1.0528 

1.1164 

0.5 

0.6533 

1.0701 

0.9408 

1.1143 

1.1656 

1.1441 

0.6 

0.7051 

1.0814 

1.0184 

1.1345 

1.2644 

1.1713 

0.7' 

0.7506 

1.0918 

1.0873 

1.1539 

1.3525 

1.1978 

0.8 

0.7910 

1.1016 

1.1490 

1.1724 

1.4320 

1.2236 

0.9 

0.8274 

1.1107 

1.2048 

1.1902 

1.5044 

1.2488 

1.0 

0.8603 

1.1191 

1.2558 

1.2071 

1.5708 

1.2732 

2.0 

1.0769 

1.1785 

1.5995 

1.3384 

2.0288 

1.4793 

3.0 

1.1925 

1.2102 

1.7887 

1.4191 

2.2889 

1.6227 

4.0 

1.2646 

1.2287 

1.9081 

1.4698 

2.4556 

1.7202 

5.0 

1.3138 

1.2403 

1.9898 

1.5029 

2.5704 

1.7870 

6.0 

1.3496 

1.2479 

2.0490 

1.5253 

2.6537 

1.8338 

7.0 

1.3766 

1.2532 

2.0937 

1.5411 

2.7165 

1.8673 

8.0 

1.3978 

1.2570 

2.1286 

1.5526 

2.7654 

1.8920 

9.0 

1.4149 

1.2598 

2.1566 

1.5611 

2.8044 

1.9106 

10.0, Ei. ... 

.1.4289 

1.2620 

2.1795 

1.5677 

2.8363 

1.9249 

20.0 7 7 

1.4961 

1.2699 

2.2880 

1.5919 

2.9857 

1.9781 

30.0 

1.5202 

1.2717 

2.3261 

1.5973 

3.0372 

1.9898 

40.0 J 

i 

1.5325 

1.2723 

, 2.3455 

1.5993 

3.0632 

1.9942 

50.0 7 

1.5400 

1.2727 

2,3572 

1.6002 

3.0788 

1.9962 

100.0 

1.5552 

1.2731 

2.3809 

1.6015 

3.1102 

1.9990 

v _ „ 

1.5708 

1.2732 

2.4048 

1.6021 

3.1416 

2.0000 


The zeroth- and first-order Bessel 
functions of the first kind 


V 

Join) 

Mv) 

0.0 

1.0000 

0.0000 

0.1 

0.9975 

0.0499 

0.2 

0.9900 

0.0995 

0.3 

0.9776 

0.1483 

0.4 

0.9604 

0.1960 

0.5 

0.9385 

0.2423 

0.6 

0.9120 

0.2867 

0.7 

0.8812 

0.3290 

0.8 

0.8463 

0.3688 

0.9 

0.8075 

0.4059 

1.0 

0.7652 

0.4400 

1.1 

0.7196 

0.4709 

1.2 

0.6711 

0.4983 

1.3 

0.6201 

0.5220 

1.4 

0.5669 

0.5419 

1.5 

0.5118 

0.5579 

1.6 

0.4554 

0.5699 

1.7 

0.3980 

0.5778 

1.8 

0.3400 

0.5815 

1.9 

0.2818 

0.5812 

2.0 

0.2239 

0.5767 

2.1 

0.1666 

0.5683 

2.2 

0.1104 

0.5560 

2.3 

0.0555 

0.5399 

2.4 

0.0025 

0.5202 

2.6 

-0.0968 

-0.4708 

2.8 

-0.1850 

-0.4097 

3.0 

-0.2601 

-0.3391 

3.2 

-0.3202 

-0.2613 


and Aj usually requires interpolation. For those who prefer reading charts to 
interpolating, these relations are plotted and the one-term approximation so- 
lutions are presented in graphical form, known as the transient temperature 
charts. Note that the charts are sometimes difficult to read, and they are sub- 
ject to reading errors. Therefore, the relations above should be preferred to the 
charts. 

The transient temperature charts in Figs. 4-15, 4-16, and 4-17 for a large 
plane wall, long cylinder, and sphere were presented by M. P. Heisler in 1947 
and are called Heisler charts. They were supplemented in 1961 with transient 
heat transfer charts by H. Grober. There are three charts associated with each 
geometry: the first chart is to determine the temperature T 0 at the center of the 
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Bi hL 


(b) Temperature distribution (from M. P. Heisler, (c) Heat transfer (from H. GrOber el a!.) 

'‘Temperature Charts for Induction and Constant 

Temperature Heating ” Trans, ASME 69 , 1947* 

pp, 227-36. Reprinted by permission of ASME 

International.) 


Transient temperature and heat transfer charts for a plane wall of thickness 21 initially at a uniform temperature T, 
subjected to convection from both sides to an environment at temperature T„ with a convection coefficient of h. 
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(a) Centerline temperature (from M. P. Heisler, ‘Temperature Charts for Induction and 
Constant Temperature Heating,” Trans. ASME 69, 1947, pp, 227-36, Reprinted by permission 
of ASME International.) 
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Cylinder 




(b) Temperature distribution (from M, P. Heisler, (c) Heat transfer (from H. Grdber et al.) 

'Temperature Charts for Induction and Constant 
Temperature Heating,” Trans. ASME 69 t 1947, 
pp. 227-36. Reprinted by permission of ASME 
Internationa].) 

FIGURE 4-16 

Transient temperature and heat transfer charts for a long cylinder of radius r 0 initially at a uniform temperature 
subjected to convection from all sides to an environment at temperature T m with a convection coefficient of h. 
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«,) Midpoint temperature (from M. P. Heisler, ‘Temperature Charts for Induction and 
Co nstantTe mperature Heating,” Trans. ASM E 69, 1947, pp. 227-36. Repnnted by permission 

of ASME International.) 
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(b) Temperature distribution (from M. P. Heisler, 
‘Temperature Charts for Induction and Constant 
Temperature Heating,” Trans. ASME 69, 1947, 

FIGURE 4-17 


(c) Heat transfer (from H. Grober et al.) 


Transient temperature and heat transfer charts for a sphere of radius r 0 initially at a uniform temperature T, subjected to 
convection from all sides to an environment at temperature 7. with a convection coefficient of h. 




geometry at a given time t. The second chart is to determine the temperature 
at other locations at the same time in terms of T 0 . The third chart is to deter- 
mine the total amount of heat transfer up to the time i. These plots are valid 
for t > 0.2. 

Note that the case 1/Bi = k/hL = 0 corresponds to h -4 which corre- 
sponds to the case of specified surface temperature T a . That is, the case in 
which the surfaces of the body are suddenly brought to the temperature T& 
at / = 0 and kept at T a at all times can be handled by setting h to infinity 
(Fig. 4-18). 

The temperature of the body changes from the initial temperature 7) to the 
temperature of the surroundings T„ at the end of the transient heat conduction 
process. Thus, the maximum amount of heat that a body can gain (or lose if 
7} > Tfi) is simply the change in the energy content of the body. That is, 

= mc p {T* - T,) = pVcfT-j. - T,) ' (kJ) (4-30) 

where m is the mass, 1/ is the volume, p is the density, and c p is the specific 
heat of the body. Thus, Q nmx represents the amount of heat transfer for 
The amount of heat transfer Q at a finite time / is obviously less than this max- 
imum, and it can be expressed as the sum of the internal energy changes 
throughout the entire geometry as 


Q = 


pc p [T(xj) - T,W 
Jv 


(4-31) 


where T(x, t) is the temperature distribution in the medium at time t. Assum- 
ing constant properties, the ratio of Q/Q max becomes 




S v pc p [T(x,t) - T&dV 
pcfiT . - 77)1/ 



VJv 


- B)d\/ 


(4-32) 


Using the appropriate nondimensional temperature relations based on the one- 
term approximation for the plane wall, cylinder, and sphere, and performing 
the indicated integrations, we obtain the following relations for the fraction of 


heat transfer in those geometries: 


Plane wall: 

.y h 

Cylinder: 

Sphere: 


Q 


a 


= i~e 


sin A, 


*nax/waH 

Q 


,C?rn;a-x, 


= 1- 20 


w Aj 


cyl 
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Q t 1 ^G r sph 


0 T cyi Ai 

sin A| — cos 


tTilX, 


sph 




(4-33) 


(4-34) 


(4-35) 


These Q/Q m3Jk ratio relations based on the one-term approximation are also 
plotted in Figures 4- 15 c, 4-1 6c, and 4— 17c, against the variables Bi and 
h 2 at/k 2 for the large plane wall, long cylinder, and sphere, respectively. Note 
that once the fraction of heat transfer Q/Q max has been determined from these 
charts or equations for the given t, the actual amount of heat transfer by that 
time can be evaluated by multiplying this fraction by Q msx . Anegative sign for 
Q m3X indicates that the body is rejecting heat (Fig. 4-19). 

The use of the Heisler/Grober charts and the one-term solutions already 
discussed is limited to the conditions specified at the beginning of this section: 



(e) Finite convection coefficient 



(£>) Infinite convection coefficient 

FIGURE 4-18 

The specified surface 
temperature corresponds to the case 
of convection to an environment at 
T„ with a convection coefficient h 

that is infinite. 



(a) Maximum heat transfer ( t — * °°) 



j 

(Grober chart) 


(i>) Actual heat transfer for time t 

FIGURE 4-19 

The fraction of total heat transfer 
Q!Q m ^ up to a specified time t is 
determined using the Grober charts. 



Fourier number: x — = ctKHju, - to:t ■ 

L 

FIGURE 4-20 

Fourier number at time t can be 
viewed as the ratio of the rate of heat 
conducted to the rate of heat stored 
at that time. 


the body is initially at a uniform temperature, the temperature of the medium 
surrounding the body and the convection heat transfer coefficient are constant 
and uniform , and there is no heat generation in the body. 

We discussed the physical significance of the Biot number earlier and indi- 
cated that it is a measure of the relative magnitudes of the two heat transfer 
mechanisms: convection at the surface and conduction through the solid. 
A small value of Bi indicates that the inner resistance of the body to heat con- 
duction is small relative to the resistance to convection between the surface 
and the fluid. As a result, the temperature distribution within the solid be- 
comes fairly uniform, and lumped system analysis becomes applicable. Recall 
that when Bi < 0.1, the error in assuming the temperature within the body to 

be uniform is negligible. 

To understand the physical significance of the Fourier number t, we express 
it as (Fig. 4—20) 


The rate at which heat is conducted 
at kL 2 (1/L) A T _ across L of a body of volume L 3 

T " ff “ pc j}j t AT” The rate at which heat is stored 
p in a body of volume L 3 

Therefore, the Fourier number is a measure of heat conducted through a body 
relative to heat stored. Thus, a large value of the Fourier number indicates 

faster propagation of heat through a body. 

Perhaps you are wondering about what constitutes an infinitely large plate 
or an infinitely long cylinder. After all, nothing in this world is infinite. A plate 
whose thickness is small relative to the other dimensions can be modeled as 
an infinitely large plate, except very near the outer edges. But the edge effects 
on large bodies are usually negligible, and thus a large plane wall such as the 
wall of a house can be modeled as an infinitely large wall for heat transfer pur- 
poses. Similarly, a long cylinder whose diameter is small relative to its length 
can be analyzed as an infinitely long cylinder. The use of the transient tem- 
perature charts and the one-term solutions is illustrated in Examples 4—3, 4—4, 

and 4-5. 


EXAMPLE 4-3 Boiling Eggs 

An ordinary egg can be approximated as a 5-cnri-diameter sphere (Fig. 4—21). 
The egg is initially at a uniform temperature of 5°C and is dropped into boil- 
ing water at 95°C. Taking the convection heat transfer coefficient to be 
h = 1200 W/m 2 • °C, determine how long it will take for the center of the egg 

to reach 70°C. ■ . :-. f 

SOLUTION An egg is cooked in boiling water. The cooking time of the egg is 
to be determined. 

Assumptions 1 The egg is spherical in shape with a radius of r 0 - 2.5 cm. 
2 Heat conduction in the egg is one-dimensional because of thermal symmetry 
about the midpoint. 3 The thermal properties of the egg and the heat transfer 
coefficient are constant. 4 The Fourier number is r > 0.2 so that the one-term 
approximate solutions are applicable. ... 







Properties The water content of eggs is about 74 percent, and thus the ther- 
mal conductivity and diffusivity of eggs can be approximated by those of water 
at the average temperature of (5 + 70)/2 = 37.5°C; k = 0.627 W/m - °C and 
a = k/pc p = 0.151 x 10~ 6 m 2 /s (Table A-9), 

Analysis The temperature within the egg varies with radial distance as well as 
time, and the temperature at a specified location at a given time can be deter- 
mined from the Heisler charts or the one-term solutions. Here we use the latter 
to demonstrate their use. The Biot number for this problem is 


hr 0 (1200 W/m 2 • °C)(0.025 m) 
k ~ 0.627 W/m - °C 


47.8 


which is much greater than 0.1, and thus the lumped system analysis is not 
applicable. The coefficients Ai and Ai for a sphere corresponding to this Bi are, 
from Table 4-2, 


A! -3.0754, A, = 1.9958 

Substituting these and other values into Eq. 4-28 and solving for r gives 
y°J^ E =A 1 e~ A ? T > 1.9958e" (i0754)V - — > r = 0.209 


which is greater than 0.2, and thus the one-term solution is applicable with an 
error of less than 2 percent. Then the cooking time is determined from the de- 
finition of the Fourier number to be 


. (0.209X0.025 m) 2 „„ . 

! “ 0.151 X 10 6 m ? /s S( ’ S ' l ' U """ 

Therefore, it will take about 15 min for the center of the egg to be heated from 
5°C to 70°C. 

Oiscussiop Note that the Biot number in lumped system analysis was defined 
differeoily.as Bi = hl c lk = hirJ3)!k, However, either definition can be used in 
determijiifig the applicability of the lumped system analysis unless Bi = 0.1. 


'r 
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3-1 

1 EXAMPLE 4-4 Heating of Brass Plates in an Oven 

I In a production facility, large brass plates of 4-cm thickness that are initially at 
I a unifdrm temperature of 20°C are heated by passing them through an oven 
I that is maintained at 500°C (Fig. 4-22). The plates remain in the oven for a 
I period of 7 min. Taking the combined convection and radiation heat transfer 
I coefficient to be h = 120 W/m 2 • °C, determine the surface temperature of the 
1 plates when they come out of the oven. 


SOLUTION Large brass plates are heated in an oven. The surface temperature 
of the plates leaving the oven is to be determined. 

Assumptions t Heat conduction in the plate is one-dimensional since the 
plate is large relative to its thickness and there is thermal symmetry about the 
center plane. 2 The thermal properties of the plate and the heat transfer coef- 
ficient are constant. 3 The Fourier number is r > 0.2 so that the one-term ap- 
proximate solutions are applicable. 



Schematic for Example 4—3. 


i- 


7T = 500°C 
h = 120 W/m 2 -°C 



Schematic for Example 4—4. 


Properties The properties of brass at room temperature are k = 1 10 W/m • °C, 
p = 8530 kg/m 3 , c„ = 380 J/kg • “C, and a = 33.9 x IQ~* m 2 /s (Table A-3). 
More accurate results are obtained by using properties at average temperature. 
Analysis The temperature at a specified location at a given time can be de- 
termined from the Heisler charts or one-term solutions. Here we use the charts 
to demonstrate their use. Noting that the half-thickness of the plate is L - 
0.02 m, from Fig- 4-1 5 we have 


1 10 W/m • °C 


Bi hL (120 W/m 2 • °C)(0.02 m) 
at (33.9 X 10" 6 m 2 /s)(7 X 60 s) 

J} = “ (0.02 m) 2 


= 45.8 


-r =^5 


= 35.6 




T 0 -T o 
T ; ~ T, 


= 0.46 


Also, 


= A = 45.8 
Bi hL 

* = ^=1 
L L 


t~ r c 


= 0.99 


0 


Therefore, 


T~ r B _T-T a o Tp-T, 
T t - To- r„ T ; - r. 


= 0.46 X 0.99 = 6.455 


and 


T=T X 


+ 0.455(T f - 7U) = 500 + 0.455(20 - 500) = 282°C 


Therefore, the surface temperature of the plates will be 282°C when they leave 
the oven. 

Discussion We notice that the Biot number in this case is Bi = 1/45.8 - 0.022, 
which is much less than 0.1. Therefore, we expect the lumped system analysis 
to be applicable. This is also evident from (7 - 7*)/(7 0 - TJ - 0.99, which 
indicates that the temperatures at the center and the surface of the plate rela- 
tive to the surrounding temperature are within 1 percent of each other. Noting 
that the error involved in reading the Heisler charts is typically a few percent, 
the lumped system analysis in this case may yield just as accurate results with 

(css effort* 

The heat transfer surface area of the plate is 2 A, where A is the face area of 
the plate (the plate transfers heat through both of its surfaces), and the volume 
of the plate is V = (2L)A, where L is the half-thickness of the plate. The expo- 
nent b used in the lumped system analysis is 


b = 


M, h(2A) _ h 


pc p V pc p (2 LA) pc p L 
120 W/m 2 • °C 


(8530 kg/m 3 ) (3 80 J/kg * °C)(0.02 m) 


= 0.00185 s 


m 


m 
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— Anr\ 




I rt f 7 A til 


T{t)~ T„ _ ht ^ Tjt) 500 = (0 -001 85 s’ ’X420 s) 

T r ~% 20- 500 


BCffH , WiAJ rjfttyi 


t f y.?. rw I=j.<a <: r. ^ -| =; ^7^.' ^r»^: I f J ■> ^ ■ ^1 l!<4..^f> i m >3 M ^ 


jt 


It yields 


T(f) — 279°C 

which is practically identical to the result obtained above using the Heisler 
charts. Therefore, we can use lumped system analysis with confidence when 
the Biot number is sufficiently small. 


S 

I EXAMPLE 4-5 Cooling of a Long 

| Stainless Steel Cylindrical Shaft 

£j 

i: A long 20-cm-diameter cylindrical shaft made of stainless steel 304 comes out 
| of an oven at a uniform temperature of 600°C (Fig. 4-23). The shaft is then al- 
| lowed to cool slowly in an environment chamber at 200°C with an average heat 
| transfer coefficient of h = 80 W/m 2 * °C. Determine the temperature at the 
| center of the shaft 45 min after the start of the cooling process. Also, deter- 
tj mine the heat transfer per unit length of the shaft during this time period. 


m 


M 




U 




SOLUTION A long cylindrical shaft is allowed to cool slowly. The center tem- 
perature and the heat transfer per unit length are to be determined. 
Assumptions 1 Heat conduction in the shaft is one-dimensional since it is 
long and it has thermal symmetry about the centerline. 2 The thermal proper- 
ties of the shaft and the heat transfer coefficient are constant. 3 The Fourier 
number is r > 0.2 so that the one-term approximate solutions are applicable. 
Properties The properties of stainless steel 304 at room temperature 
are k = 14.9 W/m * °C, p = 7900 kg/m 3 , c p = All j/kg ■ °G, and 
a = 3.95 x 10 -6 m 2 /s (Table A-3). More accurate results can be obtained by 
using properties at average temperature. 

Analysis^ The temperature within the shaft may vary with the radial distance r 
as well ^\time, and the temperature at a specified location at a given time can 
be determined from the Heisler charts. Noting that the radius of the shaft is 


0.1|fi, from Fig. 4-16 we have 




14.9 W/m • 


= 1.86 




Bi hr 0 (80 W/m 2 • °C)(0.1 m) 

± at _ (3.95 X 10" 6 m 2 /s)(45 X 60 s) 


Tn 


CO 




(0.1 m) ; 


= 1.07 


X - X 


= 0.40 


co 


and 


T q = T^ + 0,4(7} - T v ) = 200 + 0.4(600 - 200) = 360°C 

Therefore, the center temperature of the shaft drops from 600°C to 360°C in 
45 min. 

To determine the actual heat transfer, we first need to calculate the maxi- 
mum heat that can be transferred from the cylinder, which is the sensible 
energy of the cylinder relative to its environment. Taking L = 1 m, 


m = p\J= pTrr 2 L = (7900 kg/mV(0. 1 m) 2 ( 1 m) = 248.2 kg 
Qrn^ - mc p (T K - X) = (248.2 kg)(0.477 kJ/kg • °C)(600 - 200)°C 
= 47,350 kJ 


r* = 200° c 

h =80 W/m 2 ‘°C 


i vc - Stainless steel : r v ,; 
shaft r 


x r ' 



FIGURE 4-23 
Schematic for Example 4-5. 
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FIGURE 4-24 

Schematic of a semi-infinite body. 




The dimensionless heal transfer ratio is determined from Fig. 4-16c for a long 
cylinder to be 


Bi = 
h 2 at 


1 


1 


1/Bi 1.86 


= 0.537 




Q 


= BFt - (0.537) 2 (1.07) = 0.309 


Q 


= 0.62 


max 


Therefore, 


q = 0.62G ra „ = 0.62 X (47,350 kJ) = 29,360 kj 


which is the total heat transfer from the shaft during the first 45 min of 

the cooling. _ . . 

Alternative solution We could also solve this problem using the one-term 

solution relation instead of the transient charts. First we find the Biot number 


55 


Bi = f = 


hr 0 (80 W/m 2 • °C)(0.1 m) 


14.9 W/m • °C 


0.537 


The coefficients A : and A for a cylinder corresponding to this Bi are deter- 
mined from Table 4-2 to be 

A! -0.970, A! = 1.122 

Substituting these values into Eq. 4-27 gives 

T 0 -T. 


6n = 


Ti-T 


m = Ae -$r = 1.122^»-VJ0Ai.o7) = 0 .41 


and thus 


r 0 = + o.4i(r f - r„) - 200 + 0.41(600 - 200) - 364°c ■ 

The value of Jfa) for A, - 0.970 is determined from Table 4-3 to be 
3.430. Then the fractional heat transfer is determined from Eq. 4-34 to be 


Q 


2-=1-2»o^ 

A 1 


roax 


1 - 2 X 0,4. HI = 0.636 


and thus 

Q - O.6360 I(l „ • 0.636 X (47,350 kJ) - 30,120 kj 

Discussion The slight difference between the two results is due to the reading 
error of the charts. 


4-3 3 TRANSIENT HEAT CONDUCTION 
IN SEMI-INFINITE SOLIDS 

A semi-infinite solid is an idealized body that has a single plane surface and 
extends to infinity in all directions, as shown in Figure 4-24. This idealized 
body is used to indicate that the temperature change in the part of the body m 


’b 1 T 



which we are interested (the region close to the surface) is due to the thermal 
conditions on a single surface. The earth, for example, can be considered to be 
a semi -infinite medium in determining the variation of temperature near its 
surface. Also, a thick wall can be modeled as a semi-infinite medium if all we 
are interested in is the variation of temperature in the region near one of the 
surfaces, and the other surface is too far to have any impact on the region of 
interest during the time of observation. The temperature in the core region of 
the wall remains unchanged in this case. 

For short periods of time, most bodies can be modeled as semi-infinite 
solids since heat does not have sufficient time to penetrate deep into the body, 
and the thickness of the body does not enter into the heat transfer analysis. A 
steel piece of any shape, for example, can be treated as a semi -infinite solid 
when it is quenched rapidly to harden its surface. A body whose surface is 
heated by a laser pulse can be treated the same way. 

Consider a semi-infinite solid with constant thermophysical properties, 
no internal heat generation, uniform thermal conditions on its exposed 
surface, and initially a uniform temperature of 7} throughout. Heat transfer 
in this case occurs only in the direction normal to the surface (the x direction), 
and thus it is one-dimensional. Differential equations are independent of the 
boundary or initial conditions, and thus Eq. 4— 10a for one-dimensional 
transient conduction in Cartesian coordinates applies. The depth of the solid 
is large ( x — > «>) compared to the depth that heat can penetrate, and these 
phenomena can be expressed mathematically as a boundary condition as T(x — » 

0 = T, 

Heat conduction in a semi-infinite solid is governed by the thermal condi- 
tions imposed on the exposed surface, and thus the solution depends strongly 
on the boundary condition at x — 0. Below we present a detailed analytical 
solution for the case of constant temperature T s on the surface, and give the 
results for other more complicated boundary conditions. When the surface 
temperature is changed to T s at / = 0 and held constant at that value at all 
times, tile formulation of the problem can be expressed as 

. 1 . d 2 T 1 dT 

Differential equation: ✓ ~z = (4-37a) 

*■ djr a dt 


CHAPTER 4 



Boundary conditions: T(0,t) — T s and T(x -> co, t) — T t (4-37 b) 

Initial condition: T(x, 0) = 7) (4-37 c) 

The separation of variables technique does not work in this case since the 
medium is infinite. But another clever approach that converts the partial differ- 
ential equation into an ordinary differential equation by combining the two inde- 
pendent variables x and t into a single variable 17, called the similarity variable, 
works well. For transient conduction in a semi-infinite medium, it is defined as 

x 

Similarity variable: 17 = — y=. (4-38) 

V4 at 

Assuming T = T(r}) (to be verified) and using the chain rule, all derivatives in 
the heat conduction equation can be transformed into the new variable, as 
shown in Fig. 4—25. Noting that 77 = 0 at x — 0 and 17 — » as x — > co (and also 
at t = 0) and substituting into Eqs. 4—37 give, after simplification, 


d 2 T : 1 oif '■ \' ; x : 

— r ^ and - v =? — == ■ .. 

^ ; V4at 

: dr drdq x dr : xf 

dt ; dy i 0t ?.tV^t dr l ■ [ 
dr_dr0y 1 - dr, •: 

; dx { dy Ox \(;\ai dy ' 

0 2 r_ d l'dT\ 3y 1 d 2 T ' 

■■■: Ox 2 dy \dxj Ox 4at dy 2 

FIGURE 4-25 
Transformation of variables in the 
derivatives of the heat conduction 
equation by the use of chain rule. 


( 4 - 393 ) 



7(0) = T s and T(i) “) = T s (4-396) 

Note that the second boundary condition and the initial condition result in the 
same boundary condition. Both the transformed equation and the boundary 
conditions depend on 17 only and are independent of x and t. Therefore, trans- 
formation is successful, and tj is indeed a similarity variable. 

To solve the 2nd order ordinary differential equation in Eqs. 4-39, we de- 
fine a new variable w as w — dT/ch], This reduces Eq. 4— 39a into a first order 
differential equation than can be solved by separating variables. 


— — — — 27jw' -> - 277/17 -» Inw = — rf + C 0 -> w = C x e * 

dr] w 


where C } = In C 0 . Back substituting w = dT/drj and integrating again. 




T = C, 


e^du + C 2 




( 4 - 40 ) 


where u is a dummy integration variable. The boundary condition at 17 = 0 
gives C 2 = T s , and the one for 77 — > <*> gives 




7) = C, 


, v .r „ „ 2(7) - T,) 

e ^ du + C 2 = + T, -> C t ~ - r~ 


(4-41) 


Substituting the C x and C 2 expressions into Eq. 4-40 and rearranging, the vari- 
ation of temperature becomes 


T_ 

T, 



e ^ du = erf(?j) = 1 — erfc ( 77 ) 


( 4 - 42 ) 



FIGURE 4-26 

Error function is a standard 
mathematical function, just like the 
sinus and tangent functions, whose 
value varies between 0 and 1 . 


where the mathematical functions 


erf(i?) = 



(n 


e 



'o 


and 


erfc(7j) = 1 




( 4 - 43 ) 


are called the error function and the complementary error function, re- 
spectively, of argument 17 (Fig. 4-26). Despite its simple appearance, the inte- 
gral in the definition of the error function cannot be performed analytically. 
Therefore, the function erfcfp) is evaluated numerically for different values of 
r/, and the results are listed in Table 4-4. 

Knowing the temperature distribution, the heat flux at the surface can be de- 
termined from the Fourier’s law to be 


q s = -k 


dT 

d.X 


j=0 


dTdjq 

dr) dx 


7]~0 



k(T s - Tj) 



(444) 


TABLE 4-4 


1 he complementary error function 


V 

erfc (7}) 

V 

erfc (77) 

V 

erfc (77) 

17 

erfc (77} 

V 

erfc (p) 

V 

erfc (17} 

0.00 

1.00000 

. 0.38 

0.5910 

0.76 

0.2825 

1.14 

0.1069 

1.52 

0.03159 

1.90 

0.00721 

0.02 

0.9774 

0.40 

0.5716 

0.78 

0.2700 

1.16 

0.10090 

1.54 

0.02941 

1.92 

0.00662 

0.04 

0.9549 

0.42 

0.5525 

0.80 

0.2579 

1.18 

0.09516 

1.56 

0.02737 

1.94 

0.00608 

0.06 

0.9324 

0.44 

0.5338 

0.82 

0.2462 

1.20 

0.08969 

1.58 

0.02545 

1.96 

0.00557 

0,08 

0.9099 

0.46 

0.5153 

0.84 

0.2349 

1.22 

0.08447 

1.60 

0.02365 

1.98 

0.00511 

0.10 

0.8875 

0.48 

0.4973 

0.86 

0.2239 

1.24 

0.07950 

1.62 

0.02196 

2.00 

0.00468 

0.12 

0.8652 

0.50 

0.4795 

0.88 

0.2133 

1,26 

0.07476 

1.64 

0.02038 

2.10 

0.00298 

0.14 

0.8431 

0.52 

0.4621 

6.90 

0.2031 

1.28 

0.07027 

1.66 

0.01890 

2.20 

0.00186 

0.16 

0.8210 

0.54 

0.4451 

0.92 

0.1932 

1.30 

0.06599 

1.68 

0.01751 

2.30 

0.00114 

0.18 

0.7991 | 

0.56 

0.4284 

0.94 

0.1837 

1.32 

0.06194 

1.70 

0.01612 

2.40 

0.00069 

0.20 

0.7773 i 

0.58 

0.4121 

0.96 

a 1746 

1.34 

0.05809 

1.72 

0.01500 

2.50 

0.00041 

0.22 

0.7557 

0.60 

0.3961 

0.98 

0.1658 

1.36 

0.05444 

1.74 

0.01387 

2.60 

0.00024 

0.24 

.0.7343 

0.62 

0.3806 

1.00 

0.1573 

1.38 

0.05098 

1.76 

0.01281 

2.70 

0.00013 

0.26 

0.7131 

0.64 

0.3654 

1.02 

0.1492 

1.40 

0.04772 

1.78 

0.01183 

2.80 

0.00008 

0.28 

0.6921 

0.66 

0.3506 

1.04 

0.1413 

1.42 

0.04462 

1.80 

0.01091 ! 

2.90 

0.00004 

0.30 

0.6714 

0.68 

0.3362 

1.06 

0.1339 

1.44 

0.04170 

1.82 

0.01006 : 

3.00 

0.00002 

0.32 

0.6509 

0.70 

0.3222 

1.08 

0.1267 

1.46 

0.03895 

1.84 

0.00926 

3.20 

0.00001 

0.34 

0.6306 

0.72 

0.3086 

1.10 

0.1198 

1.48 

0.03635 

1.86 

0.00853 

3.40 

0.00000 

0.36 

0.6107 

0.74 

0.2953 

1.12 

0.1132 

1.50 

0.03390 

1.88 

0.00784 

3.60 

0.00000 


The solutions in Eqs. 4-42 and 4-44 correspond to the case when the tem- 
perature of the exposed surface of the medium is suddenly raised (or lowered) 
to T s at t ~ 0 and is maintained at that value at all times. The specified surface 
tempera tute case is closely approximated in practice when condensation or 
boiling takes place on the surface. Using a similar approach or the Laplace 
tr an sfomf' technique, analytical solutions can be obtained for other boundary 
conditions on the surface, with the following results. 


f 

Cas£ 1: Specified Surface Temperature, T s — constant (Fig. 4-27). 


T(.t, Q - T t 
7) -7} 


= erfc 



and 



KT S T,) 
VVaf 


( 445 ) 


Case 2: Specified Surface Heat Flux, ks — constant. 



r ( \ 
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( 4 - 46 ) 



FIGURE 4-27 


Dimensionless temperature 
distribution for transient conduction 
in a semi-infinite solid whose 
surface is maintained at a constant 

temperature T s . 


Case 3: Convection on the Surface, &(/) = h{T„ - T(0, i)]. 


t ( x , o - r. 


= erfc 


l , x 


V 


2 Vat 


\ 


hx h 2 at 

»Pl T + -rr 




erfc 


x h\fat 

H — 
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I 


iVat 


J 


( 4 - 47 ) 


Case 4: Energy Pulse at Surface, e s = constant. 

Energy in the amount of e s per unit surface area (in J/m 2 ) is supplied to the semi- 
infinite body instantaneously at time t = 0 (by a laser pulse, for example), and 
the entire energy is assumed to enter the body, with no heat loss from the 
surface. 


e s ( £ \ 

T(x, t)~Ti = — y^exp (4-48) 

k\fmTa V W 

Note that Cases 1 and 3 are closely related. In Case 1, the surface x = 0 is 
brought to a temperature T s at time t = 0, and kept at that value at all times. In 
Case 3, the surface is exposed to convection by a fluid at a constant tempera- 
ture T„ with a heat transfer coefficient h. 

The solutions for all four cases are plotted in Fig. 4-28 for a representative case 
using a large cast iron block initially at 0°C throughout. In Case 1 , the surface 
temperature remains constant at the specified value of T s , and temperature in- 
creases gradually within the medium as heat penetrates deeper into the solid. 
Note that during initial periods only a thin slice near the surface is affected by 
heat transfer. Also, the temperature gradient at the surface and thus the rate of 
heat transfer into the solid decreases with time. In Case 2, heat is continually sup- 
plied to the solid, and thus the temperature within the solid, including the surface, 
increases with time. This is also the case with convection (Case 3), except that 
the surrounding fluid temperature T„ is the highest temperature that the solid 
body can rise to. In Case 4, the surface is subjected to an instant burst of heat sup- 
ply at time t = 0, such as heating by a laser pulse, and then the surface is covered 
with insulation. The result is an instant rise in surface temperature, followed by a 
temperature drop as heat is conducted deeper into the solid. Note that the tem- 
perature profile is always normal to the surface at all times.(Why?) 

The variation of temperature with position and time in a semi-infinite solid 
subjected to convection heat transfer is plotted in Fig. 4-29 for the nondimen- 
sionalized temperature against the dimensionless similarity variable 
7 ] = x/v4at for various values of the parameter hW at! k. Although the 
graphical solution given in Fig. 4-29 is simply a plot of the exact analytical 
solution, it is subject to reading errors, and thus is of limited accuracy com- 
pared to the analytical solution. Also, the values on the vertical axis of 
Fig. 4-29 correspond to x = 0, and thus represent the surface temperature. 
The curve hVai/k = 00 corresponds to h -4 «, which corresponds to the case 
of specified temperature T„ at the surface at x = 0. That is, the case in which 
the surface of the semi-infinite body is suddenly brought to temperature at 
t = 0 and kept at 7U at all times can be handled by setting h to infinity. For a 
finite heat transfer coefficient h, the surface temperature approaches the fluid 
temperature T„ as the time t approaches infinity. 


r 
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(a) Specified surface temperature, T s = constant. 



(b) Specified surface heat flux, constant 




(d) Energy pulse at the surface, ej = constant 


FIGURE 4-28 

Variations of temperature with position and time in a large cast iron block (a = 2.3 1 X 10" 5 m 2 /s, 
k = 80.2 W/m °C) initially at 0 °C under different thermal conditions on the surface. 


Contact of Two Semi-infinite Solids 

When two large bodies A and B, initially at uniform temperatures T A i and 
T bj are brought into contact, they instantly achieve temperature equality at the 
contact surface (temperature equality is achieved over the entire surface if the 
contact resistance is negligible). If the two bodies are of the same material 
with constant properties, thermal symmetry requires the contact surface 
temperature to be the arithmetic average, T s = (T A i + T B J)f 2 and to remain 
constant at that value at all times. 


jt 
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FIGURE 4-29 


Variation of temperature with position and time in a semi-infinite solid initially at temperature 7} subjected to 
convection to an environment at T„ with a convection heat transfer coefficient of h (plotted using EES). 


If the bodies are of different materials, they still achieve a temperature 
equality, but the surface temperature T s in this case will be different than the 
arithmetic average. Noting that both bodies can be treated as semi -infinite 
solids with the same specified surface temperature, the energy balance on the 
contact surface gives, from Eq. 4-45, 


ksA ~ Qi.B —■ > 


\AraV 


k B (T s - T bj ) 
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FIGURE 4-30 

Contact of two semi-infinite solids of 
different initial temperatures. 


Then T s is determined to be (Fig. 4—30) 

V (kpc p ) A T Ai + V (kpc p ) B T B[ 

T s = 7 = / ( 4 - 49 ) 

V (kpc p ) A + V (kpc p ) B 

Therefore, the interface temperature of two bodies brought into contact is 
dominated by the body with the larger kpc p . This also explains why a metal at 
room temperature feels colder than wood at the same temperature. At room 
temperature, the V kpc p value is 24 kJ/m 2 • °C for aluminum, 0.38 kJ/m 2 * °C 
for wood, and 1.1 kJ/m 2 ■ °C for the human flesh. Using Eq. 4-49, if can be 
shown that when a person with a skin temperature of 35°C touches an alu- 
minum block and then a wood block both at 15°C, the contact surface temper- 
ature will be 15.9°C in the case of aluminum and 30°C in the case of wood. 


4* 
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EXAMPLE 4-6 Minimum Burial Depth of Water Pipes 

to Avoid Freezing 

In areas where the air temperature remains below 0°C for prolonged periods of 
time, the freezing of water in underground pipes is a major concern. Fortu- 
nately, the soil remains relatively warm during those periods, and it takes 
weeks for the subfreezing temperatures to reach the water mains in the ground. 
Thus, the soil effectively serves as an insulation to protect the water from sub- 
freezing temperatures in winter. 

The ground at a particular location is covered with snow pack at ~10°C for 
a continuous period of three months, and the average soil properties at that lo- 
cation are k = 0.4 W/m ■ °C and « = 0.15 x 10 ~ 6 m 2 /s (Fig. 4-31). Assum- 
ing an initial uniform temperature of 15°C for the ground, determine the 
minimum burial depth to prevent the water pipes from freezing. 


SOLUTION The water pipes are buried in the ground to prevent freezing. The 
minimum burial depth at a particular location is to be determined. 
Assumptions 1 The temperature in the soil is affected by the thermal condi- 
tions at one surface only, and thus the soil can be considered to be a semi- 
infinite medium. 2 The thermal properties of the soil are constant. 

Properties The properties of the soil are as given in the problem statement. 
Analysis The temperature of the soil surrounding the pipes will be 0°C after 
three months in the case of minimum burial depth. Therefore, from Fig. 4-29, 
we have 



T(x, Q - T t 

r*-T f 


{since A — > «) ) 


0-15 
-10 - 15 


> 


= 0.6 J 



= 0.36 


We note that 

p.- 

i 5 t = (90 days)(24 h/day)(3600 s/h) = 7.78 X 10 s s 

fi 3 ' 

and thus? 

-v -• 27/ Vo* = 2 X 0.36 V(0.15 X 10“ 6 m 2 /s)(7.78 X 10 6 s) =? 0.78 m 

Therefore, the water pipes must be buried to a depth of at least 78 cm to avoid 
freezing Under the specified harsh winter conditions. 

t 

ALTERNATIVE SOLUTION The solution of this problem could also be deter- 
mined from Eq. 4-45: 


nx,t)-T t 

T, r T t 


— erfc 


x 


\fatt 


0-15 

-10-15 


— erfc 


x 




= 0.60 


The argument that corresponds to this value of the complementary error func- 
tion is determined from Table 4-4 to be 77 = 0.37. Therefore, 

x = 277 Vat = 2 X 0.37 Vco.15 X 10~ s m 2 /s)(7.78 X 10 6 s) = 0.80 m 

Again, the slight difference is due to the reading error of the chart. 
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FIGURE 4-31 


Schematic for Example 4-6. 



FIGURE 4-32 

Schematic for Example 4-7. 



FIGURE 4-33 

Variation of temperature within 
the wood and aluminum blocks at 
t = 20 min. 


EXAMPLE 4-7 Surface Temperature Rise of Heated Blocks 

A thick black-painted wood block at 20°C is subjected to constant solar heat 
flux of 1250 W/m 2 (Fig. 4-32). Determine the exposed surface temperature of 
the block after 20 minutes. What would your answer be if the block were made 
of aluminum? 


SOLUTION A wood block is subjected to solar heat flux. The surface temper- 
ature of the block is to be determined, and to be compared to the value for an 

aluminum block. _ 

Assumptions 1 All incident solar radiation is absorbed by the block. 2 Heat 
loss from the block is disregarded (and thus the result obtained is the maxi- 
mum temperature). 3 The block is sufficiently thick to be treated as a semi- 
infinite solid, and the properties of the block are constant. 

Properties Thermal conductivity and diffusivity values at room temperature 
are k = 1.26 W/m • K and a = 1.1 x 10~ 5 m 2 /s for wood, and k = 237 W/m * K 
and a = 9.71 x 10 r> m ? /s for aluminum. 

Analysis This is a transient conduction problem in a semi-infinite medium 
subjected to constant surface heat flux, and the surface temperature can be 

expressed from Eq. 4-46 as 


<ls 


T s = 7X0, 0 = 7) + - 


4 at 

'IT 


Substituting the given values, the surface temperatures for both the wood and 

aluminum blocks are determined to be 


1250 W/m 2 

- 20 c + 1>26W/in . o C 

1250 W/m 2 

T s, ai = 20°C + 23? w/m . ° c 


r 4(l.l X 10~ 5 m 2 /s)(20 X 60s) = 


7T 


^4(9.71 X !CT 5 m 2 /s)(2Q X 60s) = ^ 


it 




Note that thermal energy supplied to the wood accumulates near the surface 1 
because of the low conductivity and diffusivity of wood, causing the surface | 
temperature to rise to high values. Metals, on the other hand, conduct the heat | 
they receive to inner parts of the block because of their high conductivity and | 
diffusivity, resulting in minimal temperature rise at the surface. In reality, both | 
temperatures will be lower because of heat losses. B 

Discussion The temperature profiles for both the wood and aluminum blocks at I 
t = 20 min are evaluated and plotted in Fig. 4-33 using EES. At a depth of | 
x = o 41 m the temperature in both blocks is 20.6 t ’C. At a depth of 0.5 m, the | 
temperatures become 20.1°C for wood and 20.4°C for aluminum block, which I 
confirms that heat penetrates faster and further in metals compared to nonmetals, g 


4-4 8 TRANSIENT HEAT CONDUCTION IN 
MULTIDIMENSIONAL SYSTEMS 

The transient temperature charts and analytical solutions presented earlier can 
be used to determine the temperature distribution and heat transfer in one- 
dimensional heat conduction problems associated with a large plane wall, a 


* 


long cylinder, a sphere, and a semi-infinite medium. Using a superposition ap- 
proach called the product solution, these charts and solutions can also be 
used to construct solutions for the two-dimensional transient heat conduction 
problems encountered in geometries such as a short cylinder, a long rectangu- 
lar bar, or a semi-infinite cylinder or plate, and even three-dimensional prob- 
lems associated with geometries such as a rectangular prism or a semi-infinite 
rectangular bar, provided that all surfaces of the solid are subjected to con- 
vection to the same fluid at temperature T a , with the same heat transfer coef- 
ficient h, and the body involves no heat generation (Fig. 4—34). The solution 
in such multidimensional geometries can be expressed as the product of the 
solutions for the one-dimensional geometries whose intersection is the multi- 
dimensional geometry. 

Consider a short cylinder of height a and radius r 0 initially at a uniform 
temperature 7}. There is no heat generation in the- cylinder. At time t — 0, the 
cylinder is subjected to convection from all surfaces to a medium at temper- 
ature T m with a heat transfer coefficient h. The temperature within the cylin- 
der will change with x as well as r and time t since heat transfer occurs from 
the top and bottom of the cylinder as well as its side surfaces. That is, T = T(r, 
.v, /) and thus this is a two-dimensional transient heat conduction problem. 
When the properties are assumed to be constant, it can be shown that the 
solution of this two-dimensional problem can be expressed as 


( T(r,x, t) - T-r. 

\ . 


shon 

cylinder 


T(x, o - r, 

r,-r« 


plane 

wall 


Ur, t) - n 
T t -T a 


infinite 

cylinder 
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That is, the solution for the two-dimensional short cylinder of height a and 
radius r Q is equal to the product of the nondimensionalized solutions for the 
one-dimensional plane wall of thickness a and the long cylinder, of radius r a , 
which are the two geometries whose intersection is the short cylinder, as 
shown in Fig. 4-35. We generalize this as follows: the solution for a multi- 
dimensional geometry is the product of the solutions of the one-dimensional 
geometr\ei whose intersection is the multidimensional body. 

For convenience, the one-dimensional solutions are denoted by 

i „ , ' ( T(x, f) — Tf\ 

UwaiiU, 0—1 r — r / p,!me 

\ 1 i 1 ® / wall 



0cyl(r, 0 = 


T(r, t ) - n 


infinite 

cylinder 


0 = 


t( X , t) - n 
T t -n 


solid 
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For example, the solution for a long solid bar whose cross section is an a X b 
rectangle is the intersection of the two infinite plane walls of thicknesses 
a and b, as shown in Fig. 4-36, and thus the transient temperature distribution 
for this rectangular bar can be expressed as 
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( b ) Short cylinder (two-dimensional) 

FIGURE 4-34 
The temperature in a short 
cylinder exposed to convection from 
all surfaces varies in both the radial 
and axial directions, and thus heat 
is transferred in both directions. 



FIGURE 4-35 

A short cylinder of radius r 0 and 
height a is the intersection of a long 
cylinder of radius r 0 and a plane wall 

of thickness a. 
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The proper forms of the product solutions for some other geometries are given 
in Table 4-5. It is important to note that the ,r-coordinate is measured from the 
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TAB LE 4-5 . •: . : — ------- - - — ; --- ‘ ' “ ' . ' ; , 

Multidimensional solutions expressed as products of one-dimensional solutions for bodies that are initially at a 
uniform temperature T, and exposed to convection from all surfaces to a medium at 7. 
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surface in a seini-infmite solid, and from th&'midplane in a plane wall. The ra- 
dial distance r is always measured from the centerline. 

Note that the solution of a two-dimensional problem involves the product of 
two one-dimensional solutions, whereas the solution of a three-dimensional 
problem involves the product of three one-dimensional solutions. 

A modified form of the product solution can also be used to determine 
the total transient heat transfer to or from a multidimensional geometry by 
using the one-dimensional values, as shown by L. S. Langston in 1982. The 
transient heat transfer for a two-dimensional geometry formed by the inter- 
section of two one-dimensional geometries 1 and 2 is 
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FIGURE 4—36 
A long solid bar of rectangular 
profile a X b is the intersection 
of two plane walls of 
thicknesses a and b. 


Transient heat transfer for a three-dimensional body formed by the inter- 
section of three one-dimensional bodies 1, 2, and 3 is given by 
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The use of the product solution in transient two- and three-dimensional heat 
conduction problems is illustrated in the following examples. 
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EXAMPt&dfS Cooling of a Short Brass Cylinder 

A short yass cylinder of diameter D= 10 cm and height H = 12 cm is initially 
at a uniform temperature 7} = 1£0°C. The cylinder is now placed in atmo- 
spheric lir at 25°C, where heat transfer takes place by convection, with a heat 
transfer coefficient of h = 60 W/m 2 v°C. Calculate the temperature at (a) the 
eerier of the cylinder and (b) the center of the top surface of the cylinder 
15 min after the start of the cooling. 

SOLUTION A short cylinder is allowed to cool in atmospheric air. The temper- 
atures at the centers of the cylinder and the top surface are to be determined, 
Assumptions 1 Heat conduction in the short cylinder is two-dimensionaj, and 
thus the temperature varies in both the axial x- and the radial r-directions. 
2 The thermal properties of the cylinder and the heat transfer coefficient are 
constant. 3 The Fourier number is r > 0.2 so that the one-term approximate 
solutions are applicable. 

Properties The properties of brass at room temperature are k = 1 10 W/m * °C 
and a = 33.9 x 10 -6 m 2 /s (Table A-3). More accurate results can be obtained 
by using properties at average temperature. 

Analysis (a) This short cylinder can physically be formed by the intersection 
of a long cylinder of radius r 0 = 5 cm and a plane wall of thickness ZL = 12 cm. 
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T x = 25°C 
h =60 W/m 2 ‘"C 



FIGURE 4-37 
Schematic for Example 4-8. 
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as shown in Fig. 4-37. The dimensionless temperature at the center of the 
olane wall is determined from Fig. 4-1 5a to be 


at _ (3.39 X 10" 5 m 2 /s)(90Q s) = g 4g 
T “ i} ~~ (0.06 in) 2 

X = JL = 1 10 W/m • °C = 30 ; 6 

Bi hL (60 W/m 2 • °C) (0.06 m) 


^wa]l(0» 0 


7(0,f)-X 

7,-7„ 


Similarly, at the center of the cylinder, we have 


at (3.39 X 10" 5 m 2 /s)(900 s) 
T = ^ = (0.05 mf 

1 k UP W/m • °C 

Bi hr 0 (60 W/m 2 - °C)(0.05 m) 


= 12.2 


= 36.7 


MO, ') = 


T(0, t) - X 
T t -T„ 


Therefore, 


7(0, 0 ,f)-T 0 
7;-7 M 


short 

cylinder 


- M(o, i)xM 0 >') = a8x0 ' 5 


and 

7(0, 0, t) = T„ + 0.4(7 ; - 7=) = 25 + 0.4(120 - 25) = 63°C 

This is the temperature at the center of the short cylinder, which is also the 
center of both the long cylinder and the plate. 

(5) The center of the top surface of the cylinder is still at the center of the long 
cylinder (r = 0), but at the outer surface of the plane wall (x - L). Therefore 
we first need to find the surface temperature of the wall. Noting that x - 

= 0.06 m, 


x _ 0.06 m _ 1 
L ~~ 0.06 m 

1 k 1 10 W/m • °C 

Bi hL (60 W/m 2 ■ °C)(0.06 m) 


= 30.6 


7(L, f) - T a 
ro-r„ 


= 0.98 


Then 

7(70^7 
0wall(7 t}~~ t T„ 


fT{L, Q = a9g x 08 = o.784 

\ Tq — T 9 J\Ti T&J 


Therefore, 


= UMW». 0 = 0.784 X 0.5 = 0.392 


rp rrt I $bOft 

it Xffl / 1‘t'Tini 


and 

TiL, 0. 0 = r„ + 0.392(r, - T,) = 25 + 0.392(120 - 25) = 62.2“C 
which is the temperature at the center of the top surface of the cylinder. 


r 


I EXAMPLE 4~9 Heat Transfer from a Short Cylinder ^ 

I Determine the total heat transfer from the short brass cylinder (p - - 8530 
I Kg/m 3 , c p - 0.380 kJ/kg • °C) discussed in Example 4-8. 

I SOLUTION We first determine the maximum heat that can be transferred 
I from the cylinder, which is the sensible energy content of the cylinder relative 
I to its environment: 

I m = pl/= par 3 II - - (8530 kg/m 3 );r(0.05 m) ? (0.l2 m). - 8.04 kg 
I ~ mc P (Tj - r„) = (8.04 kg)(0.380 kJ/kg - °C)(J20 - 25)°C - 290.2 kJ 

I Then we determine the dimensionless heat transfer ratios for both geometries. 
I For the plane wall, it is determined from Fig. 4-1 5c to be ■ 


Bi = Si = 3^6 = 00327 


h 2 at 


- BiV = (0.0327} 2 (8.48) = 0.0091 


-2_V. -0.23 

^ J plarje ; 


Similarly, for the cylinder, we have 


Bi = 
h 2 at 


1/Bi 36.7 


0.0272 


pr = Bi 2 r = (0.0272) 2 (12.2) = 0.0090 


e /infinite 
cylinder 


= 0.47 


Then the heat transfer ratio for the short cylinder is, from Eq. 4-53, 


QmaxJsh ott cy] MW, \Q max/2L \QmaxJ \ 

= 0.23 + 0.47(1 - 0.23) =. 0.592 




Therefore, the total heat transfer from the cylinder during the first 15 min of 
cooling is 

/ Q = 0.5920^ = 0.592 X (290.2 kJ) = 172 kJ 


EXAMPLE 4-10 Cooling of a Long Cylinder by Water 

63 A semi-infinite aluminum cylinder of diameter D - 20 cm is initially at a uni- 
form temperature 7} = 200°C. The cylinder is now placed in water at 15°C 
where heat transfer takes place by convection, with a heat transfer coefficient 
of h = 120 W/m 2 * °C. Determine the temperature at the center of the cylinder 
15 cm from the end surface 5 min after the start of the cooling. :: 

SOLUTION A semi-infinite aluminum cylinder Is cooled by water. The tem- 
perature at the center of the cylinder 15 cm from the end surface is to be 
determined. 

Assumptions 1 Heat conduction in the semi-infinite cylinder |s two- 
dimensional, and thus the temperature varies in both the axial and the radial 



FIGURE 4-38 

Schematic for Example 4-10. 


r-directions. 2 The thermal properties of the cylinder and the heat transfer co- 
efficient are constant. 3 The Fourier number is r > 0.2 so that the one-term 
approximate solutions are applicable. 

Properties The properties of aluminum at room temperature are k = 
237 W/m - °C and a = 9.71 x 10“ 6 m 2 /s (Table A-3). More accurate results 
can be obtained by using properties at average temperature. 

Analysis This semi- infinite cylinder can physically be formed by the inter- 
section of an infinite cylinder of radius r 0 = 10 cm and a semi-infinite me- 
dium, as shown in Fig. 4-38. 

We solve this problem using the one-term solution relation for the cylinder 
and the analytic solution for the semi-infinite medium. First we consider the 
infinitely long cylinder and evaluate the Biot number: 

hr 0 (120 W/m 2 • °C)(0.1 m) _ „ 

Bi= T = 237 W/m • "C 005 


The coefficients and A x for a cylinder corresponding to this Bi are deter- 
mined from Table 4-2 to be A^ = 0.3126 and A\ — 1.0124. The Fourier num- 
ber in this case is 

_ at _ (9.71 X 10~ 5 m 2 /s)(5 X 60 s) _ ^ p „ 

T r 2 ( 0.1 m ) 2 

and thus the one-term approximation is applicable. Substituting these values 
into Eq. 4-27 gives 

0o = M°> 0 = Aie-* r = 1.0l2Ae-WKto.*» = 0.762 
The solution for the semi-infinite solid can be determined from 


1 “ 0 = erfc 


2 Vat. 


,hx . h 2 at 
exp f t + “FT 


erfc 


. x 


.iVat 
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h\/at 


First we determine the various quantities in parentheses: 
x 0.15 m ___ 


V 


2 Vat 2 V(9.71 X 10“ 5 m 2 /s)(5 X 60 s) 


— 0.44 


hVrt _ (120 W/m 2 - °C)V(9.71 X 10^m 2 /s)(300 s) = 00g6 
k 237 W/m - °C _ 

hx (120 W/m 2 - °C)(0.15 m) 

T : 

h 2 at 


237 W/m • °C 
'hs/at '^ 2 


0.0759 


2 v k ( = (0.086) 2 = 0.0074 

Substituting and evaluating the complementary error functions from Table 4-4, 

r)=l- erfc (0.44) + exp (0.0759 + 0.0074) erfc (0.44 + 0.086) 

= 1 - 0.5338 + exp (0.0833) X 0.457 
= 0.963 


m 
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Now we apply the product solution to get 


(T (x, o,o-r» 

l r ( -r. j 


^mi-infinite = ^mi-infC^ 0# cy ](0>0 = 0.963 X 0.762 = 0.734 

cylinder 



t 


B 



and 


T(x, 0, t) = T^ + 0.734 (7) - TJ) - 15 + 0.734(200 - 15) = 151°C 


which is the temperature at the center of the cylinder 15 cm from the exposed 
bottom surface. 



! | EXAMPLE 4-1 1 Refrigerating Steaks while Avoiding Frostbite 

1 In a meat processing plant, 3-cm-thick steaks initially at 25°C are to be cooled 
in the racks of a large refrigerator that is maintained at -15°C (Fig. 4-39). The 
steaks are placed close to each other, so that heat transfer from the 3-cm-thick 
edges is negligible. The entire steak is to be cooled below 8°C, but its temper- 
ature is not to drop below 2°C at any point during refrigeration to avoid “frost- 
bite." The convection heat transfer coefficient and thus the rate of heat transfer 
from the steak can be controlled by varying the speed of a circulating fan inside. 
t Determine the heat transfer coefficient h that will enable us to meet both tem- 
perature constraints while keeping the refrigeration time to a minimum. The steak 
can be treated as a homogeneous layer having the properties p = 1200 kgfm 3 , 
c p — 4.10 kJ/kg • °C, k = 0.45 W/m * °C, and a = 9.03 x 10 8 m 2 /s. ; 



FIGURE 4-39 

Schematic for Example 4—1 1 , 


SOLUTION Steaks are to be cooled in a refrigerator maintained at 2°C. The 
heat transfer coefficient that allows cooling the steaks below 8°C while avoid- 
ing frostbite is to be determined. 

Assumptions 1 Heat conduction through the steaks is one-dimensiona! since 
the stehks form a large layer relative to their thickness and there is thermal 
symmet^r about the center plane. 2 The thermal properties of the steaks and 
the hea| transfer coefficient are constant. 3 The Fourier number is r > 0.2 so 
that the one-term approximate solutions are applicable. 

Properties The properties of the steaks are as given in the problem statement. 
Agifysis^ The lowest temperature In the steak occurs at the surfaces and 
the highest temperature at the center at a given time, since the. inner part is 
the last place to be cooled. In the limiting case, the surface temperature at 
x = L = 1.5 cm from the center will be 2°C, while the midplane temperature 
is 8°C in an environment at -15°C. Then, from Fig. 4-156, we obtain 


x _ 1.5 cm 

L 1,5 cm 
T(L,t)-T„ 

T 0 - T„ 


1 


2“ (-15) 
8 -(-15) 


= 0.74 


1 

Bi 


— = — = 1.5 
hi : 


which gives 


1.5 L 


0.45 W/m ■ °C 
1.5(0.015 m) 


= 20 W/m 2 * °C 




Discussion The convection heat transfer coefficient should be kept below this 
value to satisfy the constraints on the temperature of the steak during refriger- 
ation. We can also meet the constraints by using a lower heat transfer coeffi- 
cient, but doing so would extend the refrigeration time unnecessarily. 

The restrictions that are inherent in the use of Heisler charts and the one- 
term solutions (or any other analytical solutions) can be lifted by using the 
numerical methods discussed in Chapter 5. 
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FIGURE 4-41 

The factors that affect the rate of 
growth of microorganisms. 


Refrigeration and Freezing of Foods 

Control of Microorganisms in Foods 

Microorganisms such as bacteria, yeasts, molds , and viruses are widely 
encountered in air, water, soil, living organisms, and unprocessed food 
items, and cause off-flavors and odors, slime production, changes in the 
texture and appearances, and the eventual spoilage of foods. Holding per- 
ishable foods at warm temperatures is the primary cause of spoilage, and 
the prevention of food spoilage and the premature degradation of quality 
due to microorganisms is the largest application area of refrigeration. The 
first step in controlling microorganisms is to understand what they are and 
the factors that affect their transmission, growth, and destruction. 

Of the various kinds of microorganisms, bacteria are the prime cause for 
the spoilage of foods, especially moist foods. Dry and acidic foods create 
an undesirable environment for the growth of bacteria, but not for the 
growth of yeasts and molds. Molds are also encountered on moist surfaces, 
cheese, and spoiled foods. Specific vimses are encountered in certain ani- 
mals and humans, and poor sanitation practices such as keeping processed 
foods in the same area as the uncooked ones and being careless about hand- 
washing can cause the contamination of food products. 

When contamination occurs, the microorganisms start to adapt to the 
new environmental conditions. This initial slow or no-growth period is 
called the lag phase, and the shelf life of a food item is directly propor- 
tional to the length of this phase (Fig. 4—40). The adaptation period is fol- 
lowed by an exponential growth period during which the population of 
microorganisms can double two or more times every hour under favorable 
conditions unless drastic sanitation measures are taken. The depletion of 
nutrients and the accumulation of toxins slow down the growth and start 
the death period. '■ 

The rate of growth of microorganisms in a food item depends on the 
characteristics of the food itself such as the chemical structure, pH level, 
presence of inhibitors and competing microorganisms, and water activity as 
well as the environmental conditions such as the temperature and relative 
humidity of the environment and the air motion (Fig. 4-41). 




*This section can be skipped without a loss of continuity. 


Microorganisms need food to grow and multiply, and their nutritional 
needs are readily provided by the carbohydrates, proteins, minerals, and 
vitamins in a food. Different types of microorganisms have different nu- 
tritional needs, and the types of nutrients in a food determine the types of 
microorganisms that may dwell on them. The preservatives added to the 
food may also inhibit the growth of certain microorganisms. Different 
kinds of microorganisms that exist compete for the same food supply, and 
thus the composition of microorganisms in a food at any time depends on 
the initial make-up of the microorganisms. 

All living organisms need water to grow, and microorganis ms cannot 
grow in foods that are not sufficiently moist. Microbiological growth in 
refrigerated foods such as fresh fruits, vegetables, and meats starts at the 
exposed surfaces where contamination is most likely to occur. Fresh meat 
in a package left in a room will spoil quickly, as you may have noticed. 
A meat carcass hung in a controlled environment, on the other hand, will 
age healthily as a result of dehydration on the outer surface, which inhibits 
microbiological growth there and protects the carcass. 

Microorganism growth in a food item is governed by the combined ef- 
fects of the characteristics of the food and the environmental factors. We 
cannot do much about the characteristics of the food, but we certainly can 
alter the environmental conditions to more desirable levels through heat- 
ing, cooling , ventilating, humidification, dehumidification, and control of 
the oxygen levels. The growth rate of microorganisms in foods is a strong 
function of temperature, and temperature control is the single most effec- 
tive mechanism for controlling the growth rate. 

Microorganisms grow best at “warm” temperatures, usually between 
20 and 60°C. The growth rate declines at high temperatures, and death 
occurs at still higher temperatures, usually above 70°C for most micro- 
organisms. Cooling is an effective and practical way of reducing the 
growth rate of microorganisms and thus extending the shelf life of perish- 
able fopcls, A temperature of 4°C or lower is considered to be a safe re- 
frigeration temperature. Sometimes a small increase in refrigeration 
temperature may cause a large'' increase in the growth rate, and thus a 
considerable decrease in shelf life of the food (Fig, 4—42). The growth 

rate of some microorganisms, for example, doubles for each 3°C rise in 
temperature. 

Another factor that affects microbiological growth and transmission is 
the relative humidity of the environment, which is a measure of the water 
content of the air. High humidity in cold rooms should be avoided since 
condensation that forms on the walls and ceiling creates the proper envi- 
ronment for mold growth and buildups. The drip of contaminated conden- 
sate onto food products in the room poses a potential health hazard. 

Different microorganisms react differently to the presence of oxygen in 
the environment. Some microorganisms such as molds require oxygen for 
growth, while some others cannot grow in the presence of oxygen. Some 
grow best in low-oxygen environments, while others grow in environments 
regardless of the amount of oxygen. Therefore, the growth of certain 
microorganisms can be controlled by controlling the amount of oxygen in 
the environment. For example, vacuum packaging inhibits the growth of 
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FIGURE 4-42 
The rate of growth of microorganisms 
in a food product increases 
exponentially with increasing 
environmental temperature. 
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FIGURE 4-43 

Freezing may stop the growth of 
microorganisms, but it may not 
necessarily kill them. 



FIGURE 4-^4 

Recommended refrigeration and 
freezing temperatures for 
most perishable foods. 


microorganisms that require oxygen. Also, the storage life of some fruits 
can be extended by reducing the oxygen level in the storage room. 

Microorganisms in food products can be controlled by (1) preventing 
contamination by following strict sanitation practices, (2) inhibiting growth 
by altering the environmental conditions, and (3) destroying the organisms 
by heat treatment or chemicals. The best way to minimize contamination 
in food processing areas is to use fine air filters in ventilation systems to 
capture the dust particles that transport the bacteria in the air. Of course, 
the filters must remain dry since microorganisms can grow in wet filters. 
Also, the ventilation system must maintain a positive pressure in the food 
processing areas to prevent any airborne contaminants from entering inside 
by infiltration. The elimination of condensation on the walls and the ceil- 
ing of the facility and the diversion of plumbing condensation drip pans of 
refrigerators to the drain system are two other preventive measures against 
contamination. Drip systems must be cleaned regularly to prevent micro- 
biological growth in them. Also, any contact between raw and cooked food 
products should be minimized, and cooked products must be stored m 
rooms with positive pressures. Frozen foods must be kept at ~-18°C or be- 
low, and utmost care should be exercised when food products are packaged 
after they are frozen to avoid contamination during packaging. 

The growth of microorganisms is best controlled by keeping the temper- 
ature and relative humidity of the environment in the desirable range. 
Keeping the relative humidity below 60 percent, for example, prevents the 
growth of all microorganisms on the surfaces. Microorganisms can be de- 
stroyed by heating the food product to high temperatures (usually above 
70°C), by treating them with chemicals, or by exposing them to ultraviolet 

light or solar radiation. ' . 

Distinction should be made between survival and growth of micro- 
organisms. A particular microorganism that may not grow at some low tem- 
perature may be able to survive at that temperature for a very long time 
(Fig. 4-43). Therefore, freezing is not an effective way of killing micro- 
organisms. In fact, some microorganism cultures are preserved by freezing 
them at very low temperatures. The rate of freezing is also an important 
consideration in the refrigeration of foods since some microorganisms 
adapt to low temperatures and grow at those temperatures when the cool- 
ing rate is very low. 

Refrigeration and Freezing of Foods 

The storage life of fresh perishable foods such as meats, fish, vegetables, 
and fruits can be extended by several days by storing them at temperatures 
just above freezing, usually between 1 and 4°C. The storage life of foods 
can be extended by several months by freezing and storing them at sub- 
freezing temperatures, usually between -18 and ~35°C, depending on the 

particular food (Fig. 4—44). . 

Refrigeration slows down the chemical and biological processes m foods, 

and the accompanying deterioration and loss of quality and nutrients. 
Sweet com, for example, may lose half of its initial sugar content in one 
day at 21°C, but only 5 percent of it at 0°C. Fresh asparagus may lose 
50 percent of its vitamin C content in one day at 20 C, but in 12 days 


at 0°C. Refrigeration also extends the shelf life of products. The first ap- 
pearance of unsightly yellowing of broccoli, for example, may be delayed 
by three or more days by refrigeration. 

Early attempts to freeze food items resulted in poor-quality products 
because of the large ice crystals that formed. It was determined that the rate 
of freezing has a major effect on the size of ice crystals and the quality, 
texture, and nutritional and sensory properties of many foods. During slow 
freezing, ice crystals can grow to a large size, whereas during fast fi-eezing 
a large number of ice crystals start forming at once and are much smaller in 
size. Large ice crystals are not desirable since they can puncture the walls 
of the cells, causing a degradation of texture and a loss of natural juices 
during thawing. A crust forms rapidly on the outer layer of the product and 
seals in the juices, aromatics, and flavoring agents. The product quality is 
also affected adversely by temperature fluctuations of the storage room. 

The ordinary refrigeration of foods involves cooling only without any 
phase change. The freezing of foods, on the other hand, involves three 
stages: cooling to the freezing point (removing the sensible heat), freezing 
(removing the latent heat), and fiirther cooling to the desired subfreezing 
temperature (removing the sensible heat of frozen food), as shown in 
Figure 4-45. 

Beef Products 

Meat carcasses in slaughterhouses should be cooled as fast as possible to a 
uniform temperature of about 1.7°C to reduce the growth rate of micro- 
organisms that may be present on carcass surfaces, and thus minimize 
spoilage. The right level of temperature, humidity, and air motion should be 
selected to prevent excessive shrinkage, toughening, and discoloration. 

The deep body temperature of an anim al is about 39°C, but this temper- 
ature tends to rise a couple of degrees in the midsections after slaughter as 
a result? Of the heat generated during the biological reactions that occur in 
the cells_. The temperature of the exposed surfaces, on the other hand, tends 
to drop/as a result of heat losses. The thickest part of the carcass is the 
round, jhd the center of the round is the last place to cool during chilling. 
Therefore, the cooling of the carcass can best be monitored by inserting a 
thamometer deep into the central part of the round. 

'About<70 percent of the beef carcass is water, and the carcass is cooled 
mostly by evaporative cooling as a result of moisture migration toward the 
surface where evaporation occurs. But this shrinking translates into a loss 
of salable mass that can amount to 2 percent of the total mass during an 
overnight chilling. To prevent excessive loss of mass, carcasses are usually 
washed or sprayed with water prior to cooling. With adequate care, spray 
chilling can eliminate carcass cooling sh rinka ge almost entirely. 

The average total mass of dressed beef, which is normally split into two 
sides, is about 300 kg, and the average specific heat of the carcass is about 
3.14 kJ/kg * °C (Table 4—6). The chilling wont must have a capacity equal 
to the daily kill of the slaughterhouse, which may be several hundred, 
A beef carcass is washed before it enters the chilling room and absorbs a 
large amount of water (about 3.6 kg) at its surface during the washing 
process. This does not represent a net mass gain, however, since it is lost by 
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FIGURE 4-45 
Typical freezing curve of a food item. 


? TABLE 4-6 


Thermal properties of beef 


Quantity 

Typical value 

Average density 

1070 kg/m 3 

Specific heat: 


Above freezing 

3.14 kJ/kg *°C 

8elow freezing 

1.70 kJ/kg - °C 

Freezing point 

-2.7°C 

Latent heat of fusion 

249 kJ/kg 

Thermal 

0.41 W/m ■ °C 

conductivity 

(at 6°C) 


40 


FIGURE 4-46 

Typical cooling curve of a beef carcass 
in the chilling and holding rooms at an 
average temperature of 0°C (from 
ASHRAE, Handbook: Refrigeration, 
Chap. 11, Fig. 2). 
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dripping or evaporation in the chilling room during cooling. Ideally, the 
carcass does not lose or gain any net weight as it is cooled in the chilling 
room However, it does lose about 0.5 percent of the total mass in the hold- 
ing room as it continues to cool. The actual product loss is determined by 
first weighing the dry carcass before washing and then weighing it again 

after if is cooled* 

The refrigerated air temperature in the chilling room of beef carcasses 
must be sufficiently high to avoid freezing and discoloration on the outer 
surfaces of the carcass. This means a long residence time for the massive 
beef carcasses in the chilling room to cool to the desired temperature. Beef 
carcasses are only partially cooled at the end of an overnight stay m the 
chilling room. The temperature of a beef carcass drops to 1.7 to 7°C at the 
surface and to about 15°C in mid parts of the round in 10 h. It takes another 
day or two in the holding room maintained at 1 to 2°C to complete chilling 
and temperature equalization. But hog carcasses are fully chilled during 
that period because of their smaller size. The air circulation in the holding 
room is kept at minimum levels to avoid excessive moisture loss and dis- 
coloration. The refrigeration load of the holding room is much smaller than 
that of the chilling room, and thus it requires a smaller refrigeration system. 

Beef carcasses intended for distant markets are shipped the day after 
slaughter in refrigerated trucks, where the rest of the cooling is done. This 
practice makes it possible to deliver fresh meat long distances in a timely 

manner. 

The variation in temperature of the beef carcass during cooling is given 
in Figure 4-46. Initially, the cooling process is dominated by sensible heat . 
transfer. Note that the average temperature of the carcass is reduced by 
about 28°C (from 36 to 8°C) in 20 h. The cooling rate of the carcass could 
be increased by lowering the refrigerated air temperature and increasing 
the air velocity, but such measures also increase the risk of surface freezing. 

Most meats are judged on their tenderness, and the preservation of ten- 
derness is an important consideration in the refrigeration and freezing of 
meats. Meat consists primarily of bundles of tiny muscle fibers bundled 
together inside long strings of connective tissues that hold it together. The 
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tenderness of a certain cut of beef depends on the location of the cut, the 
age, and the activity level of the animal. Cuts from the relatively inactive 
mid-backbone section of the animal such as short loins, sirloin, and prime 
ribs are more tender than the cuts from the active parts such as the legs and 
the neck (Fig. 4-47). The more active the animal, the more the connective 
tissue, and the tougher the meat. The meat of an older animal is more fla- 
vorful, however, and is preferred for stewing since the toughness of the 
meat does not pose a problem for moist-heat cooking such as boiling. The 
protein collagen, which is the main component of the connective tissue, 
softens and dissolves in hot and moist environments and gradually trans- 
forms into gelatin, and tenderizes the meat. 

The old saying “one should either cook an animal immediately after 
slaughter or wait at least two days” has a lot of truth in it. The biomechan- 
ical reactions in the muscle continue after the slaughter until the energy 
supplied to the muscle to do work diminishes. The muscle then stiffens and 
goes into rigor mortis. This process begins several hours after the animal is 
slaughtered and continues for 12 to 36 h until an enzymatic action sets in 
and tenderizes the connective tissue, as shown in Figure 4-48. It takes 
about seven days to complete tenderization naturally in storage facilities 
maintained at 2°C. Electrical stimulation also causes the meat to be tender. 
To avoid toughness, fresh meat should not be frozen before rigor mortis has 
passed. 

You have probably noticed that steaks are tender and rather tasty when 
they are hot but toughen as they cool. This is because the gelatin that 
formed during cooking thickens as it cools, and meat loses its tenderness. 
So it is no surprise that first-class restaurants serve their steak on hot thick 
plates that keep the steaks warm for a long time. Also, cooking softens the 
connective tissue but toughens the tender muscle fibers. Therefore, barbe- 
cuing on low heat for a long time results in a tough steak. 

Variety pleats intended for long-term storage must be frozen rapidly to 
reduce spoilage and preserve quality. Perhaps the first thought that comes 
to mind to freeze meat is to place the meat packages into th & freezer and 
wait. But the freezing time is too'' long in this case, especially for large 
boxes. For example, the core temperature of a 4-cm-deep box con tainin g 
32 kg of variety meat can be as high as 16°C 24 h after it is placed into a 
—30°C freezer. The freezing time of large boxes can be shortened consid- 
erably by adding some dry ice into it. 

A more effective method of freezing, called quick chilling, involves the 
use of lower air temperatures, -40 to ~30°C, with higher velocities of 
2.5 m/s to 5 m/s over the product (Fig. 4-49). The internal temperature 
should be lowered to — 4°C for products to be transferred to a storage 
freezer and to — 1 8°C for products to be shipped immediately. The rate of 
freezing depends on the package material and its insulating properties, the 
thickness of the largest box, the type of meat, and the capacity of the re- 
frigeration system. Note that the air temperature will rise excessively dur- 
ing initial stages of freezing and increase the freezing time if the capacity 
of the system is inadequate. A smaller refrigeration system will be adequate 
if dry ice is to be used in packages. Shrinkage during freezing varies from 
about 0.5 to 1 percent. 



Chuck Rib Short Sirloin 



FIGURE 4-47 

Various cuts of beef (from National 
Livestock and Meat Board). 



Time in days 

FIGURE 4-48 
Variation of tenderness of meat stored 
at 2°C with time after slaughter. 
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FIGURE 4-49 


The freezing time of meat can be 
reduced considerably by using low 
temperature air at high velocity. 


i 


f 


[ 


TABLE 4-7 ' f 

Storage life of frozen meat products 
at different storage temperatures 
(from ASHRAE Handbook: 
Refrigeration, Chap- 10, Table 7) 

Storage Life, Months 


Temperature 


Product 

-12°C 

— 18°C 

— 23°C 

Beef 

4-12 

6-18 

12-24 

Lamb 

3-8 

6-16 

12-18 

Veal 

3-4 

4-14 

8 

Pork 

2-6 

4-12 

8-15 

Chopped beef 

3-4 

4-6 

8 

Cooked foods 

2-3 

2-4 
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FIGURE 4-50 

A refrigerated truck dock for loading 
frozen items to a refrigerated truck. 


Although the average freezing point of lean meat can ‘ be !° be 
-2”C with a latent heat of 249 kJ/kg, it should be remembered that fteez- 
„„ occurs over a temperature range, with most freezing occumng between 
-1 and -4°C. Therefore, cooling the meat through this temperature range 

and removing the latent heat takes the most time durrng freeing 
Meat can be kept at an internal temperature of -2 to - 1 C for local use 
and storage for under a week. Meat must be frozen and stored at much 
lower temperatures for long-term storage. The lower the 
ture the longer the storage life of meat products, as shorn m Table d 7 
4e internal temperature of carcasses entering the coohng secdons 
varies from 38 to 41°C for hogs and from 37 to 39°C for lambs and calve . 

It takes about 15 h to cool the hogs and calves to the rec0 ^”“ ded J e ”' 

□erature of 3 to 4°C. The cooling-room temperature is maintained at 

0°C and the temperature difference between the “ d 

air is kept at about 6°C. Air is circulated at a rate of about 7 to 12 arr 

changes per hour, lamb carcasses are cooled to an mtemal temperature of 

1 to !°c! which takes about 12 to 14 h, and are held at that tem ^ re 
with 85 to 90 percent relative humidity until shipped or processed. The rec- 
ommended rate of air circulation is 50 to 60 air changes per hour during 

the first 4 to 6 h, which is reduced to 10 to 12 changes ^ 

Freezing does not seem to affect th c flavor of meat much, but it affects 
the quality in several ways. The rate and temperature of freezing may in- 
fluence color, tenderness, and drip. Rapid freezing increases tende ^ ess 
reduces the tissue damage and the amount of drip after thawing. S 
low freezing temperatures causes significant changes m 
pork experiences more undesirable changes dunng storage because of its 
it stXe, and thus its acceptable storage period is shorter than that of 

b usually have a refrigerated shipping dock | where 

the orders J assemb.ed and shipped out. Such docks save valuable : to - 

age space from being used for shipping purposes and divide : a 

cep table working environment for the employees. Packing plants that ship 

whole or half carcasses in bulk quantities may not need a shipping dock, a 

load-out door is often adequate for such cases 
A refrigerated shipping dock, as shown m Figure 4-50, reduces the re 
frigeration load of freezers or coolers and prevents temper^ure fluctua- 
tions in the storage area. It is often adequate to maintain the shipping docks 

at 4 to 7°C for the coolers and about 1 -5°C for the freezers. e ew p ° m 
of the dock air should be below the product temperature to avoid conden- 

sation on the surface of the products and loss of 

through the loading doors and other openings is proportional to the square 
of the temperature difference, and thus reduemg the temperature de- 
ference at the opening by half by keeping the ^ 

temperature reduces the rate of airflow into the dock and thus mto th 
freezer by 1 - V03 s 0.3, or 30 percent. Also, the air that flows m 
fte freezer is already cooled to about 1.5°C by the refngeratron unrt of he 
dock which represents about 50 percent of the cooling load of the in- 
coming air. Thus, the net effect of the refrigerated shipping dock is a 
rr= riii ft inn nf the infiltration load of the freezer by about 65 percent since 


1 — 0.7 X 0.5 ~ 0.65. The net gain is equal to the difference between the 
reduction of the infiltration load of the freezer and the refrigeration load of 
the shipping dock. Note that the dock refrigerators operate at much higher 
temperatures (1.5°C instead of about —23 0 C), and thus they consume 
much less power for the same amount of cooling. 


Poultry Products 

Poultry products can be preserved by ice-chilling to 1 to 2°C or deep chill- 
ing to about — 2°C for short-term storage, or by freezing them to — 1S°C or 
below for long-term storage. Poultry processing plants are completely 
automated, and the small size of the birds makes continuous conveyor line 
operation feasible. 

The birds are first electrically stunned before cutting to prevent strug- 
gling. Following a 90- to 120-s bleeding time, the birds are scalded by 
immersing them into a tank of warm water, usually at 51 to 55°C, for up 
to 120 s to loosen the feathers. Then the feathers are removed by feather- 
picking machines, and the eviscerated carcass is washed thoroughly before 
chilling. The internal temperature of the birds ranges from 24 to 35°C after 
washing, depending on the temperatures of the ambient air and the wash- 
ing water as well as the extent of washing. 

To control the microbial growth, the USDA regulations require that poul- 
try be chilled to 4°C or below in less than 4 h for carcasses of less than 
1.8 kg, in less than 6 h for carcasses of 1.8 to 3.6 kg. and in less than 8 h for 
carcasses more than 3.6 kg. Meeting these requirements today is not diffi- 
cult since the slow air chilling is largely replaced by the rapid immersion 
chilling in tanks of slush ice. Imm ersion chilling has the added benefit that 
it not only prevents dehydration, but it causes a net absorption of water and 
thus increases the mass of salable product. Cool air chilling of unpacked 
poultry can cause a moisture loss of 1 to 2 percent, while water immersion 
chilling can cause a moisture absorption of 4 to 15 percent (Fig. 4-51). 
Water sjiray chilling can cause a moisture absorption of up to 4 percent. 
Most Water absorbed is held between the flesh and the skin and the 

f* 

connective tissues in the skin. In immersion chilling, some soluble solids 
are lost from the carcass to the water, but the loss has no significant effect 
on rlavon 

Many slush ice tank chillers today are replaced by continuous flow-type 
immersion slush ice chillers. Continuous slush ice-chillers can reduce the 
internal temperature of poultry from 32 to 4°C in about 30 minutes at a rate 
up to 10, 000 birds per hour. Ice requirements depend on the inlet and exit 
temperatures of the carcass and the water, but 0.25 kg of ice per kg of car- 
cass is usually adequate. However, bacterial contamination such as salmo- 
nella remains a concern with this method, and it may be necessary to 
chloride the water to control contamination. 

Tenderness is an important consideration for poultry products just as it is 
for red meat, and preserving tenderness is an important consideration in the 
cooling and freezing of poultry. Birds cooked or frozen before passing 
through rigor mortis remain very tough. Natural tenderization begins soon 
after slaughter and is completed within 24 h when birds are held at 4°C. 


Air chilling 



FIGURE 4-51 

Air chilling causes dehydration and 
thus weight loss for poultry, whereas 
immersion chilling causes a weight 
gain as a result of water absorption. 


Storage life (days) 



FIGURE 4-52 

The storage life of fresh poultry 
decreases exponentially with 
increasing storage temperature. 



Air temperature, degrees Celsius 


Note: Freezing time is the time required for 
temperature to fall from 0 to — 4°C. The values 
are for 2.3 to 3.6 kg chickens with initial 
temperature of 0 to 2°C and with air velocity 
of 2.3 to 2.8 m/s. 

FIGURE 4-53 

The variation of freezing time of 
poultry with air temperature. 


Tenderization is rapid during the first three hours and slows down there- 
after Immersion in hot water and cutting into the muscle adversely affect 
tenderization. Increasing the scalding temperature or the scalding time has 
been observed to increase toughness, and decreasing the scalding time has 
been observed to increase tenderness. The beating action of mechanical 
feather-picking machines causes considerable toughening. Therefore, it is 
recommended that any cutting be done after tenderization. Cutting up the 
bird into pieces before natural tenderization is completed reduces tender- 
ness considerably. Therefore, it is recommended that any cutting be done 
after tenderization. Rapid chilling of poultry can also have :a toughening 
effect. It is found that the tenderization process can be speeded up consid- 
erably by a patented electrical stunning process. 

Poultry products are highly perishable , and thus they should be kept at 
the lowest possible temperature to maximize their shelf life Studie^have 
shown that the populations of certain bacteria double every 36 h at 2 C, 
14 h at 0°C, 7 h at 5°C, and less than 1 h at 25°C (Fig. 4-52). Studies have 
also shown that the total bacterial counts on birds held at 2°C for 14 days 
are equivalent to those held at 10°C for 5 days or 24°C for 1 day It has also 
been found that birds held at - 1°C had 8 days of additional shelf life over 

those held at 4°C. . 

The growth of microorganisms on the surfaces of the poultry causes the 

development of an off-odor and bacterial slime. The higher the initial 
amount of bacterial contamination, the faster the sliming occurs. Therefore 
good sanitation practices during processing such as cleaning the equipmen 
frequently and washing the carcasses are as important as the storage tem- 
perature in extending shelf life. 

Poultry must be frozen rapidly to ensure a light, pleasing appearance. 
Poultry that is frozen slowly appears dark and develops large ice crystals 
that damage the tissue. The ice crystals formed during rapid freezing are 
small. Delaying freezing of poultry causes the ice crystals to become larger. 
Rapid freezing can be accomplished by forced air at temperatures of 23 
to — 40°C and velocities of 1.5 to 5 m/s in air-blast tunnel freezers. Most 
poultry is frozen this way. Also, the packaged birds freeze much faster on 
open shelves than they do in boxes. If poultry packages must be frozen in 
boxes, then it is very desirable to leave the boxes open or to cut holes on 
the boxes in the direction of airflow during freezing. For best results, the 
blast tunnel should be fully loaded across its cross-section with even spac- 
ing between the products to assure uniform airflow around all sides of the 
packages. The freezing time of poultry as a function of refrigerated am tem- 
perature is given in Figure 4-53. Thermal properties of poultry are given m 

Table 4-8 

Other freezing methods for poultry include sandwiching between cold 
plates, immersion into a refrigerated liquid such as glycol or calcium chlo- 
ride brine, and cryogenic cooling with liquid mtrogen. Poultry can be 
frozen in several hours by cold plates. Very high freezing rates can be ob- 
tained by immersing the packaged birds into a low-temperature brine. The 
freezing time of birds in -29°C brine can be as low as 20 mm, depending 
on the size of the bird (Fig. 4-54). Also, immersion freezing produces a 
very appealing light appearance, and the high rates of heat transfer make 
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FIGURE 4-54 
The variation of temperature of the 
breast of 6.8-kg turkeys initially at 
1°C with depth during immersion 
cooling at — 29°C (from van der 
Berg and Lentz, 1958). 


continuous line operation feasible. It also has lower initial and maintenance 
costs than forced air, but leaks into the packages through some small holes 
or cracks remain a concern. The convection heat transfer coefficient is 
17 W/m 2 • °C for air at — 29°C and 2.5 m/s whereas it is 170 W/m 2 • °C for 
sodium chloride brine at — 18°C and a velocity of 0.02 m/s. Sometimes 
liquid nitrogen is used to crust freeze the poultry products to — 73°C. The 
freezing is then completed with air in a holding room at — 23°C. 

Properly packaged poultry products can be stored frozen for up to about 
a year at temperatures of -18°C or lower. The storage life drops consider- 
ably at higher (but still below-freezing) temperatures. Significant changes 
occur in flavor and juiciness when poultry is frozen for too long, and a stale 
rancid O^oji develops. Frozen poultry may become dehydrated and experi- 
ence frehzer burn, which may reduce the eye appeal of the product and 
cause toughening of the affected ^area. Dehydration and thus freezer bum 
can be controlled by humidification, lowering the storage temperature, and 
packaging the product in essentially impermeable film. The storage life can 
be extended by packing the poultry in an oxygen-free environment. The 
badterial founts in precooked frozen products must be kept at safe levels 
since Bacteria may not be destroyed completely during the reheating 
process at home. 

Frozen poultry can be thawed in ambient air, water, refrigerator, or oven 
without any significant difference in taste. Big birds like turkey should be 
thawed safely by holding it in a refrigerator at 2 to 4°C for two to four days, 
depending on the size of the bird. They can also be thawed by imm ersing 
them into cool water in a large container for 4 to 6 h, or holding them in a 
paper bag. Care must be exercised to keep the bird’s surface cool to mini- 
mize microbiological growth when thawing in air or water. 


TABLE 4-8 


Thermal properties 

of poultry 

Quantity 

Typical value 

Average density: 


Muscle 

1070 kg/m 3 

Skin 

1030 kg/m 3 

Specific heat: 


Above freezing 

2.94 kJ/kg ■ °C 

Below freezing 

1.55 kJ/kg • °C 

Freezing point 

— 2.8°C 

Latent heat of fusion 247 kJ/kg 

Thermal conductivity: (in W/m ■ °C) 

Breast muscle 

0.502 at 20°C 


1.384 at -20°C 


1.506 at -40°C 

Dark muscle 

1.557 at -40°C 


* 



FIGURE 4-55 

Schematic for Example 4—11. 


EXAMPLE 4-1 1 Chilling of Beef Carcasses in a Meat Plant 

The chilling room of a meat plant is 18 m x 20 m x 5.5 m in size and has a 
capacity of 450 beef carcasses. The power consumed by the fans and the 
lights of the chilling room are 26 and 3 kW, respectively, and the room gains 
heat through its envelope at a rate of 13 kW. The average mass of beef 
carcasses is 285 kg. The carcasses enter the chilling room at 36°C after they 
are washed to facilitate evaporative cooling and are cooled to 15°C in 10 h. 
The water is expected to evaporate at a rate of 0.080 kg/s. The air enters the 
evaporator section of the refrigeration system at OJ^C and leaves at -2°C. The 
air side of the evaporator is heavily finned, and the overall heat transfer coeffi- 
cient of the evaporator based on the air side is 20 W/m 2 • °C. Also, the average 
temperature difference between the air and the refrigerant in the evaporator 
is 5.5°C. Determine ( a ) the refrigeration load of the chilling room, (b) the 
volume flow rate of air, and (c) the heat transfer surface area of the evaporator 
on the air side, assuming all the vapor and the fog in the air freezes in the 

evaporator. 
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SOLUTION The chilling room of a meat plant with a capacity of 450 beef car- | 
casses is considered. The cooling load, the airflow rate, and the heat transfer ^ 

area of the evaporator are to be determined. _ / j 

Assumptions 1 Water evaporates at a rate of 0.080 kg/s. 2 All the moisture in 5 
the air freezes in the evaporator. I 

Properties The heat of fusion and the heat of vaporization of water at 0°C are j 
333 7 kJ/kg and 2501 kJ/kg (Table A-9). The density and specific heat of air j 
at 0°C are 1.292 kg/m 3 and 1.006 kJ/kg - °C {Table A-15). Also, the specific | 
heat of beef carcass is determined from the relation in Table A-7b to be ! 

I 

Cp = 1.68 + 2.51 X (water content) = 1.68 + 2.51 X 0.58 = 3.14 kJ/kg • °C | 


Analysis (a) A sketch of the chilling room is given in Figure 4-55. The 
amount of beef mass that needs to be cooled per unit time is 

= (Total beef mass cooled)/(Cooling time) 

- (450 carcasses)(285 kg/carcass)/(10 X 3600 s) = 3.56 kg/s 




a 



The product refrigeration load can be viewed as the energy that needs to be 
removed from the beef carcass as it is cooled from 36 to 15°C at a rate of 
3.56 kg/s and is determined to be 


Qm = (mc p &.T)^ f = (3.56 kg/s)(3.14 kJ/kg ■ °C)(36 - 15)°C - 235 kW 


i? 


-s, 


Then the total refrigeration load of the chilling room becomes 
G total, thmroom = Gtef + Qiin + 6 lights + Ghoatgain = 235 +26 + 3 + 13 



$1 

t 


= 111 kW 

The amount of carcass cooling due to evaporative cooling of water is 

Gbeef, evaporative = = (0.080 kg/ S )(2501 kJ/kg) = 200 kW 

which is 200/235 = 85 percent of the total product cooiing load. The remain- 
ing 15 percent of the heat is transferred by convection and radiation. 


it 





{ b ) Heat is transferred to air at the rate determined above, and the tempera- 
ture of the air rises from -2°C to 0.7 °C as a result. Therefore, the mass flow 
rate of air is 



277 kW . 

(1.006 kJ/kg • °C)[0.7 - (— 2)°C] 


102.0 kg/s 


Then the volume flow rate of air becomes 



Pa it 


102 kg/s 
1.292 kg/m 1 


= 78.9 m 3 /s 


(c) Normally the heat transfer load of the evaporator is the same as the refriger- 
ation load. But in this case the water that enters the evaporator as a liquid is 
frozen as the temperature drops to — 2°C, and the evaporator must also remove 
the latent heat of freezing, which is determined from 

<2 freezing = nt )« Mr = (0.080 kg/s)(333.7 kJ/kg) = 27 kW 

Therefore, the total rate of heat removal at the evaporator is 

2 evaporator ~ f2tOta], chili mom ^ Q freezing ~~ 277 3" 27 304 kW 

Then the heat transfer surface area of the evaporator on the air side is deter- 
mined from ^evaporator = WA) ahsUt &T, 

Q evaporator 304,000 W , 

UAT “ (20 W/m 2 * °C)(5,5°C ) ^ m 
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Obviously, a finned surface must be used to provide such a large surface area 
on the air side. 



In this chapter, we considered the variation of temperature 
with time as well as position in one- or multidimensional 
systtfhis, We first considered the lumped systems in which 
theTemper&ture varies with time but remains uniform through- 
out the system at any time. The temperature of a lumped 
body of arbitrary shape of mass m t volume V, surface area A Si 
density p, and specific heat c p initially at a uniform tempera- 
ture T t that is exposed to convection at time t — 0 in a 
medium at temperature r« with a heat transfer coefficient h is 
expressed as 

™ - r- = 

— T 

where 

b _ }lA s h 

pc p V pc p L c 


is a positive quantity whose dimension is (time) -1 * This rela- 
tion can be used to determine the temperature T(t) of a body at 
time / or, alternatively, the time t required for the temperature 
to reach a specified value T(f). Once the temperature T{t) at 
time t is available, the rate of convection heat transfer between 
the body and its environment at that time can be determined 
from Newton's law of cooling as 

eco = K im - rj 

The total amount of heat transfer between the body and the sur- 
rounding medium over the time interval t = 0 to ns simply the 
change in the energy content of the body, 

Q = *nc p m0 ~ T{\ 

The maximum heat transfer between the body and its sur- 
roundings is 


V 


Qmu. = mc p Cfto - 7’i) 


•1 



The error involved in lumped system analysis is negligible 
when 

hL c , 

Bi =- r £< °.I 
k 

where Bi is the Biot number and L c — \J!A 5 is the characteristic 

length. _ , 

When the lumped system analysis is not applicable, the vari- 
ation of temperature with position as well as time can be deter- 
mined using the transient temperature charts given in Figs. 
4-15, 4-16, 4-17, and 4-29 for a large plane wall, a long cylin- 
der, a sphere, and a semi-infinite medium, respectively. These 
charts are applicable for one-dimensional heat transfer in those 
geometries. Therefore, their use is limited to situations in 
which the body is initially at a uniform temperature, all sur- 
faces are subjected to the same thermal conditions, and the 
body does not involve any heat generation. These charts can 
also be used to determine the total heat transfer from the body 
up to a specified time t. 

Using the one-term approximation, the solutions of one- 
dimensional transient heat conduction problems are expressed 
analytically as 


Plane wall: 0 wa u 


Cylinder: 


Sphere: 


0 C )t — 


Ti? Z T T ~ = A,<T A * r cos (A[.r/L) 

i / A » 

T(r, t) — T v 




= ApT 2 '-' 1 J4fi x r!rfi 


6 


_ T(r, 0 - 2 sin(A p/r 0 ) 

5 ph J. - 1 A,r/r 0 


where the constants Ai and Ai are functions of the Bi number 
only, and their values are listed in Table 4-2 against the Bi 
number for all three geometries. The error involved in one- 
term solutions is less than 2 percent when r > 0.2. 

Using the one-term solutions, the fractional heat transfers in 
different geometries are expressed as 


Plane Wall- 


Cylinder: 


Sphere: 





wall 


sin Ai 

aT 


1 25 ^ 

1 ~ "W a. 


39 


'max/sph 


0, spb 


sin Ai — A t cos A] 

Ai 


The solutions of transient heat conduction in a semi-infinite 
solid with constant properties under various boundary condi- 
tions at the surface are given as follows: 

Specified Surface Temperature, Tj = constant: 


T(x, t ) - T t 
T s — T; 


= eric I 


a Val 


and qff) = 


KT ; - T t ) 
sf-TTCtt 


Specified Surface Heat Flux, — constant: 


T(x, o - r, = 


05 


' 4at 


x 1 


7T 


exp 


4 at. 


— xerfcl 


k 2Vaf/ J 


Convection on the Surface, Q s (f) 2X0, f)]* 


Tjx, l) ~ T, = 

T. - T, \2Va(. 


hx h 2 at 
ex Pl + 



\2 Vat 


Energy Pulse at Surface , e s = constant: 


T(x, t)~T t = 


x 2 


ks/irt/a 


exp i 


4 at. 


where erfc( 7 j) is the complementary error function of argument tj. 

Using a superposition principle called the product solution 
these charts can also be used to construct solutions for the two- 
dimensional transient heat conduction problems encountered 
in geometries such as a short cylinder, a long rectangular bar, 
or a semi-infinite cylinder or plate, and even three-dimensional 
problems associated with geometries such as ^ a rec- 
tangular prism or a semi-infinite rectangular bar, provided that 
all surfaces of the solid are subjected to convection to the 
same fluid at temperature T m with the same convection heat 
transfer coefficient h, and the body involves no heat 
generation. The solution in such multidimensional geometries 
can be expressed as the product of the solutions for the 
one-dimensional geometries whose intersection is the multi- 
dimensional geometry. 

The total heat transfer to or from a multidimensional geometry 
can also be determined by using the one-dimensional values. 
The transient heat transfer for a two-dimensional geometry 
formed by the intersection of two one-dimensional geometries 1 

and 2 is 


1 



max/ total, 2D 



mix/ 2 



max/ [ J 


Transient heat transfer for a three-dimensional body formed by 
the intersection of three one-dimensional bodies 1, 2, and 3 is 

given by 


Q 


Q 


max/ total, 3D 
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Lumped System Analysis 

4-1C What is lumped system analysis? When is it 
applicable? 

4-2C Consider heat transfer between two identical hot solid 
bodies and the air surrounding them. The first solid is being 
cooled by a fan while the second one is allowed to cool natu- 
rally. For which solid is the lumped system analysis more 
likely to be applicable? Why? 

4-3C Consider heat transfer between two identical hot solid 

y 

bodies and 'their environments. The fkst solid is dropped in a 
large container filled with water, while the second one is al- 
lowed to cool naturally in the air. For which solid is the lumped 
systert/analysis more likely to be applicable? Why? 

4-4 C Consider a hot baked potato on a plate. The tempera- 
ture of the potato is observed to drop by 4°C during the first 
minute. Will the temperature drop during the second minute be 
less than, equal to, or more than 4°C? Why? 


‘Problems designated by a "C’’ are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon ^ are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 



4-5C Consider a potato being baked in an oven that is main- 
tained at a constant temperature. The temperature of the potato 
is observed to rise by 5°C during the first minute. Will the tem- 
perature rise during the second minute be less than, equal to, or 
more than 5°C? Why? 

4-6C What is the physical significance of the Biot number? 
Is the Biot number more likely to be larger for highly conduct- 
ing solids or poorly conducting ones? 

4-7C Consider two identical 4-kg pieces of roast beef. The 
first piece is baked as a whole, while the second is baked after 
being cut into two equal pieces in the same oven. Will there be 
any difference between the cooking times of the whole and cut 
roasts? Why? 

4-8 C Consider a sphere and a cylinder of equal volume 
made of copper. Both the sphere and the cylinder are initially at 
the same temperature and are exposed to convection in the 
same environment. Which do you think will cool faster, the 
cylinder or the sphere? Why? 


*T 
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4-9 C In what medium is the lumped system analysis more 
likely to be applicable: in water or in air? Why? 

4-10 C For which solid is the lumped system analysis more 
likely to be applicable: an actual apple or a golden apple of the 

same size? Why? 

q 41C For which kind of bodies made of the same material 

is the lumped system analysis more likely to be applicable: 
slender ones or well-rounded ones of the same volume? Why? 


4-12 Obtain relations for the characteristic lengths of a large 
plane wall of thickness 2 L, a very long cylinder of radius r a , 
and a sphere of radius r 0 . 

4-13 Obtain a relation for the time required for a lumped 
system to reach the average temperature 1 {T t + TJ), where 
T t is the initial temperature and T„ is the temperature of the 

environment. 


4-14 The temperature of a gas stream is to be measured by 
a thermocouple whose junction can be approximated as a 
1.2-mm-diameter sphere. The properties of the junction are 
l: = 35 W/m * °C, p = 8500 kg/m 3 , and c p = 320 J/kg • °C, and 
the heat transfer coefficient between the junction and the gas 
is h = 90 W/m 2 • °C. Determine how long it will take for 
the thermocouple to read 99 percent of the initial temperature 
difference. Answer; 27.8 s 


4-15 To warm up some milk for a baby, a mother pours milk 
into a thin-walled glass whose diameter is 6 cm. The height of 
the milk in the glass is 7 cm. She then places the glass into a 
large pan filled with hot water at 60 C. The milk is stirred con- 
stantly, so that its temperature is uniform at all times. If the 
heat transfer coefficient between the water and the glass is 
120 W/m 2 • °C, determine how long it will take for the milk to 
warm up from 3°C to 38°C. Take the properties of the milk 
to be the same as those of water. Can the milk in this case be 
treated as a lumped system? Why? Answer; 5.8 min 

4-16 Repeat Prob. 4-15 for the case of water also 
being stirred, so that the heat transfer coefficient is doubled to 

240 W/m 2 • °C. 


4-17 A long copper rod of diameter 2.0 cm is initially at a 
uniform temperature of 100°C. It is now exposed to an air 
stream at 20°C with a heat transfer coefficient of 200 W/m 2 * K. 
How long would it take for the copper road to cool to an aver- 
age temperature of 25°C? 

4-18 Consider a sphere of diameter 5 cm, a cube of side 
length 5 cm, and a rectangular prism of dimension 
4 cm X 5 cm X 6 cm, all initially at 0°C and all made of silver 
(k = 429 W/m ■ °C, p = 10,500 kg/m 3 , c p = 0.235 kl/kg ■ °C). 
Now all three of these geometries are exposed to ambient air at 
33°C on all of their surfaces with a heat transfer coefficient of 
12 W/m 2 * °C. Determine how long it will take for the temper- 
ature of each geometry to rise to 25 C. 

4-19 During a picnic on a hot summer day, all the cold 
drinks disappeared quickly, and the only available drinks were 
those at the ambient temperature of 30°C. In an effort to cool a 
350 mL drink in a can, which is 13 cm high and has a diameter 
of 6.5 cm, a person grabs the can and starts shaking it in the 
iced water of-the chest at 0°C. The temperature of the drink can 
be assumed to be uniform at all times, and the heat transfer 
coefficient between the iced water and the aluminum can is 
170 W/m 2 ■ °C. Using the properties of water for the drink, 
estimate how long it will take for the canned drink to cool 

to 4°C. 



4—20 Consider a 1000-W iron whose base plate is made of 
0.5-cm-thick aluminum alloy 2024-T6 (p = 2770 kg/m 3 , c p — 
875 J/kg - °C, a = 7.3 X 10“ 5 m 2 /s). The base plate has a sur- 
face area of 0.03 m 2 . Initially, the iron is in thermal equilibrium 
with the ambient air at 22°C. Taking the heat transfer 
coefficient at the surface of the base plate to be 12 W/m 2 ■ °C 
and assuming 85 percent of the heat generated in the resistance 
wires is transferred to the plate, determine how long it will take 


for the plate temperature to reach 140°C. Is it realistic to as- 
sume the plate temperature to be uniform at all times? 



FIGURE P4-20 


4-21 Sf5g Reconsider Prob. 4-20. Using EES (or other) 
MSI software, investigate the effects of the heat trans- 
fer coefficient and the final plate temperature on the time it will 
take for the plate to reach this temperature. Let the heat trans- 
fer coefficient vary from 5 W/rn 2 * °C to 25 W/m 2 * °C and the 
temperature from 30°C to 200°C. Plot the time as functions of 
the heat transfer coefficient and the temperature, and discuss 
the results. 


4-22 Stainless steel ball bearings (p = 8085 kg/m 3 , k = 
15.1 W/m - °C, c p = 0.480 kj/kg • °C, and a = 3.91 X 10" 6 m 2 /s) 
having a diameter of 1.2 cm are to be quenched in water. The 
balls leave, the oven at a uniform temperature of 900°C and are 
exposeddo 'air at 30°C for a while before they are dropped into 
the water) if the temperature of the balls is not to fall below 
850°C priobto quenching and the heat transfer coefficient in the 
air is 125 \V/m 2 ■ °C, determine how Ibng they can stand in the 
air before being dropped into the water. Answer: 3.7 s 

4-23 • Carbon steel balls (p = 7833 kg/m 3 , k = 54 W/m • °C, 
c p = 0.465^kJ/kg * °C, and a = 1.474 X 10~ 6 m 2 /s) 8 mm in 
diameter are annealed by heating them first to 900°C in a 
furnace and then allowing them to cool slowly to 100°C in am- 
bient air at 35°C. If the average heat transfer coefficient is 
75 W/m 2 • °C, determine how long the annealing process will 
take. If 2500 balls are to be annealed per hour, determine the 
total rate of heat transfer from the balls to the ambient air. 
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Air, 35°C 



4-24 
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Reconsider Prob. 4-23. Using EES (or other) 
software, investigate the effect of the initial tem- 
perature of the balls on the annealing time and the total rate of 
heat transfer. Let the temperature vary from 500°C to 1000°C. 
Plot the time and the total rate of heat transfer as a function of 
the initial temperature, and discuss the results. 


4-25 An electronic device dissipating 20 W has a mass of 
20 g, a specific heat of 850 I/kg * °C, and a surface area of 
4 cm 2 . The device is lightly used, and it is on for 5 min and 
then off for several hours, during which it cools to the ambient 
temperature of 25°C. Taking the heat transfer coefficient to be 
12 W/m 2 ■ °C, determine the temperature of the device at the 
end of the 5-min operating period. What would your answer be 
if the device were attached to an aluminum heat sink having a 
mass of 200 g and a surface area of 80 cm 2 ? Assume the device 
and the heat sink to be nearly isothermal. 


Transient Heat Conduction in Large Plane Walls, 

Long Cylinders, and Spheres with Spatial Effects 

4— 26 C What is an infinitely long cylinder? When is it proper 
to treat an actual cylinder as being infinitely long, and when is 
it not? For example, is it proper to use this model when finding 
the temperatures near the bottom or top surfaces of a cylinder? 
Explain. 

4-27C Can the transient temperature charts in Fig. 4—15 for 
a plane wall exposed to convection on both sides be used for a 
plane wall with one side exposed to convection while the other 
side is insulated? Explain. 

4-28C Why are the transient temperature charts prepared 
using nondimen sionalized quantities such as the Biot and 
Fourier numbers instead of the actual variables such as thermal 
conductivity and time? 

4-29C What is the physical significance of the Fourier num- 
ber? Will the Fourier number for a specified heat transfer prob- 
lem double when the time is doubled? 

4-30C How can we use the transient temperature charts 
when the surface temperature of the geometry is specified in- 
stead of the temperature of the surrounding medium and the 
convection heat transfer coefficient? 

4-31C A body at an initial temperature of T t is brought into a 
medium at a constant temperature of T*. How can you deter- 
mine the maximum possible amount of heat transfer between 
the body and the surrounding medium? 

4-32C The Biot number during a heat transfer process be- 
tween a sphere and its surroundings is determined to be 0.02, 
Would you use lumped system analysis or the transient tem- 
perature charts when determining the midpoint temperature of 
the sphere? Why? 

4-33 A student calculates that the total heat transfer from 
a spherical copper ball of diameter 18 cm initially at 200 5 C 
and its environment at a constant temperature of 25°C during 
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the first 20 min of cooling is 3150 kJ. Is this result reason- 
able? Why? 

4—34 An experiment is to be conducted to determine heat 
transfer coefficient on the surfaces of tomatoes that are placed 
in cold water at 7°C. The tomatoes (ft = 0.59 W/m • °C, 
a = 0.141 X 10“ 6 m 2 /s, p = 999 kg/m 3 , c p = 3.99 kJ/kg • °C) 
with an initial uniform temperature of 30°C are spherical in 
shape with a diameter of 8 cm. After a period of 2 hours, the 
temperatures at the center and the surface of the tomatoes are 
measured to be 10.0°C and 7.1°C, respectively. Using analyti- 
cal one-term approximation method (not the Heisler charts), 
determine the heat transfer coefficient and the amount of heat 
transfer during this period if there are eight such tomatoes in 
water. 

4-35 An ordinary egg can be approximated as a 5.5-cm- 
diameter sphere whose properties are rouglily k = 0.6 W/m • 
°C and a = 0.14 X 10~ 6 m 2 /s. The egg is initially at a uni- 
form temperature of 8°C and is dropped into boiling water at 
97°C. Taking the convection heat transfer coefficient to be h = 
1400 W/m 2 • °C, determine how long it will take for the center 
of the egg to reach 70°C. 



4-36 fpgf Reconsider Prob. 4-35. Using EES (or other) 
tb^i software, investigate the effect of the final center 
temperature of the egg on the time it will take for the center to 
reach this temperature. Let the temperature vary from 50°C 
to 95°C. Plot the time versus the temperature, and discuss the 
results. 

4-37 In a production facility, 3-cm-thick large brass plates 
(k = 110 W/m • °C, p = 8530 kg/m 3 , = 380 J/kg * °C, and 
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25°C 
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a = 33.9 X 10~ 6 m 2 /s) that are initially at a uniform tempera- 
ture of 25°C are heated by passing them through an oven main- 
tained at 700°C. The plates remain in the oven for a period of 
10 min. Taking the convection heat transfer coefficient to be 
h = 80 W/m 2 ■ °C, determine the surface temperature of the 
plates when they come out of the oven. 


4-38 Reconsider Prob. 4-37. Using EES (or other) 

mm software, investigate the effects of the tempera- 
ture of the oven and the heating time on the final surface tem- 
perature of the plates. Let the oven temperature vary from 
500°C to 900°C and the time from 2 min to 30 min. Plot the 
surface temperature as the functions of the oven temperature 
and the time, and discuss the results. 


4-39 A long 35-cm-diameter cylindrical shaft made of stain- 
less steel 304 (ft = 14.9 W/m • °C, p = 7900 kg/m 3 , c p = 
477 J/kg * °C, and a = 3.95 X 1CT 6 m 2 /s) comes out of an oven 
at a uniform temperature of 400°C. The shaft is then allowed to 
cool slowly in a chamber at 150°C with an average convection 
heat transfer coefficient of h = 60 W/m 2 ■ °C. Determine the 
temperature at the center of the shaft 20 min after the start 
of the cooling process. Also, determine the heat transfer per 
unit length of the shaft during this time period. 

Answers: 390'C, 15,960 kJ/m 


4-40 F^g Reconsider Prob. 4-39. Using EES (or other) 
ksdl software, investigate the effect of the cooling time 
on the final center temperature of the shaft and the amount of 
heat transfer. Let the time vary from 5 min to 60 min. Plot the 
center temperature and the heat transfer as a function of the 
time, and discuss the results. 

4^41 Long cylindrical AISI stainless steel rods (ft = 
13.4 W/m • °C and a = 3,48 X 10“ 6 m 2 /s) of 10-cm-diameter 
are heat treated by drawing them at a velocity of 2 m/min 
through a 6-m-long oven maintained at 900°C. The heat trans- 
fer coefficient in the oven is 115 W/m 2 • °C. If the rods enter 
the oven at 20°C, determine their centerline temperature when 

they leave. 



20°C 
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4-42 In a meat processing plant, 2-cm-thick steaks (ft = 
0.45 W/m • °C and a = 0.91 X 10“ 7 m 2 /s) that are initially at 
25°C are to be cooled by passing them through a refrigeration 
room at — 11°C. The heat transfer coefficient on both sides of 
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the steaks is 9 W/m 2 * °C. If both surfaces of the steaks are to be 
cooled to 2°C, determine how long the steaks should be kept in 
the refrigeration room. 

4-43 A long cylindrical wood log ( k = 0.17 W/m • °C and 
a = 1.28 X 10" 7 m 2 /s) is 10 cm in diameter and is initially 
at a uniform temperature of 15°C. It is exposed to hot gases 
at 550°C in a Fireplace with a heat transfer coefficient of 
13.6 W/m 2 ■ °C on the surface. If the ignition temperature of the 
wood is 420°C, determine how long it will be before the log 
ignites. 

4—44 In Betty Crocker's Cookbook, it is stated that it takes 
2 h 45 min to roast a 3. 2- kg rib initially at 4.5°C “rare” in an 
oven maintained at 163°C. It is recommended that a meat ther- 
mometer be used to monitor the cooking, and the rib is.consid- 
ered rare done when the thermometer inserted into the center of 
the thickest part of the meat registers 60°C. The rib can be 
treated as a homogeneous spherical object with the properties 
p = 1200 kg/m 3 , c = 4.1 kJ/kg ■ °C, k = 0.45 W/m • °C, and 
a = 0.9 1 X 10~ 7 m 2 /s. Determine (a) the heat transfer coefficient 
at the surface of the rib; (b) the temperature of the outer surface 
of the rib when it is done; and (c) the amount of heat trans- 
ferred to the rib. ( d) Using the values obtained, predict how 
long it will take to roast this rib to “medium” level, which oc- 
curs when the innermost temperature of the rib reaches 71°C. 
Compare your result to the listed value of 3 h 20 min. 

If the roast rib is to be set on the counter for about 15 min be- 
fore it is sliced, it is recommended that the rib be taken out of 
the oven when the thermometer registers about 4°C below the 
indicated value because the rib will continue cooking even 
after it is taken out of the oven. Do you agree with this 
recommendation? 

Answers: iai 156.9 W/m 2 - °C, (b) 159.5°C, (c) 1629 kJ, (d) 3.0 h 
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4-45 Repeat Prob. 4—44 for a roast rib that is to be “well- 
done” instead of “rare.” A rib is considered to be well-done 
when its center temperature reaches 1TC, and the roasting in 
this case takes about 4 h 15 min. 



4-46 For heat transfer purposes, an egg can be considered to 
be a 5.5-cm-diameter sphere having the properties of water. An 
egg that is initially at 8°C is dropped into the boiling water at 
100°C. The heat transfer coefficient at the surface of the egg is 
estimated to be 800 W/m 2 ■ °C. If the egg is considered cooked 
when its center temperature reaches 60°C, determine how long 
the egg should be kept in the boiling water. 

4-47 Repeat Prob. 4—46 for a location at 1610-m elevation 
such as Denver, Colorado, where the boiling temperature of 
water is 94.4°C. 

4-48 The author and his then 6-year-old son have conducted 
the following experiment to determine the thermal conductiv- 
ity of a hot dog. They first boiled water in a large pan and mea- 
sured the temperature of the boiling water to be 94°C, which is 
not surprising, since they live at an elevation of about 1650 m 
in Reno, Nevada. They then took a hot dog that is 12.5 cm long 
and 2.2 cm in diameter and inserted a thermocouple into the 
midpoint of the hot dog and another thermocouple just under 
the skin. They waited until both thermocouples read 20 <J C, 
which is the ambient temperature. They then dropped the hot 
dog into boiling water and observed the changes in both tem- 
peratures. Exactly 2 min after the hot dog was dropped into the 
boiling water, they recorded the center and the surface temper- 
atures to be 59°C and 88°C, respectively. The density of the hot 
dog can be taken to be 980 kg/m 3 , which is slightly less than 
the density of water, since the hot dog was observed to be float- 
ing in water while being almost completely immersed. The 
specific heat of a hot dog can be taken to be 3900 J/kg • °C, 
which is slightly less than that of water, since a hot dog is 
mostly water. Using transient temperature charts, determine 
(a) the thermal diffusivity of the hot dog; ( b ) the thermal con- 
ductivity of the hot dog; and (c) the convection heat transfer 
coefficient. 

Answers: (a) 2.02 x 10“ 7 m 2 /s, (6) 0.771 W/m • °C, 

(c) 467 W/m 2 - C C. 
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4-49 Using the data and the answers given in Prob. 4-48, de- 
termine the center and the surface temperatures of the hot dog 
4 min after the start of the cooking. Also determine the amount 
of heat transferred to the hot dog. 
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4-50 A person puts a few apples into the freezer at - 15"C to 

cool them quickly for guests who are about 
the apples are at a uniform temperature of 20 C, and the heat 
transfer coefficient on the surfaces is 8 W/m ■ °C. Treating the 
apples as 9 -cm-diameter spheres and taking their properties to be 
; P r 8 40 kg/m\ c p « 3.81 kf/kg ■ ■ °C, ft = 0.418 W/m • °C, and 
a _ j 3 x 10 -7 m 2 /s, determine the center and surface tempera- 
tures of the apples in 1 h. Also, determine the amount of heat 
transfer from each apple. 


4-51 WrOi Reconsider Prob. 4-50. Using EES (or other) 
fed software, investigate the effect of the initial 
temperature of the apples on the final center and surface tem- 
peratures and the amount of heat transfer. Let the initial tem- 
perature vary from 2°C to 30°C. Plot the center temperature, 
the surface temperature, and the amount of heat transfer as a 
function of the initial temperature, and discuss the results. 


4-53 A 9-cm-diameter potato (p — 1100 kg/m\ c p 
3900 J/kg • °C, k = 0.6 W/m ■ °C, and a = 1.4 X 10 m /s) 
that is initially at a uniform temperature of 25°C is baked m an 
oven at 170°C until a temperature sensor inserted to the center 
of the potato indicates a reading of 70°C. The potato is then 
taken out of the oven and wrapped in thick towels so that al- 
most no heat is lost from the baked potato. Assuming the heat 
transfer coefficient in the oven to be 40 W/m 2 • °C, determine 
(a) how long the potato is baked in the oven and ( b ) the final 
equilibrium temperature of the potato after it is wrapped. 

4-54 White potatoes (k = 0.50 W/m • °C and a = 0.13 X 
10“ 6 m 2 /s) that are initially at a uniform temperature of 25 C 
and have an average diameter of 6 cm are to be cooled by re- 
frigerated air at 2°C flowing at a velocity of 4 m/s. The average 
heat transfer coefficient between the potatoes and the air is ex- 
perimentally determined to be 19 W/m 2 • °C. Determine how 
long it will take for the center temperature of the potatoes to 
drop to 6°C. Also, determine if any part of the potatoes will ex- 
perience chilling injury during this process. 


4-52 Citrus fruits are very susceptible to cold weather, and 
extended exposure to subfreezing temperatures can destroy 
them. Consider an 8-cm-diameter orange that is initially at 
15°C. A cold front moves in one night, and the ambient tem- 
perature suddenly drops to -6°C, with a heat transfer coeffi- 
cient of 15 W/m 2 ■ °C. Using the properties of water for the 
orange and assuming the ambient conditions to remain con- 
stant for 4 h before the cold front moves out, determine if any 
part of the orange will freeze that night. 

Ambient air 
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4-55 Oranges of 6-cm-diameter (k — 0.45 W/m • °C and a 
1 3 X 10“ 7 m 2 /s) initially at a uniform temperature of 26°C are 
to be cooled by refrigerated air at -4°C flowing at a velocity 
of 0.3 m/s. The average heat transfer coefficient between the 
oranges and the air is experimentally determined to be 
26 W/m 2 ■ °C. Determine how long it will take for the center 
temperature of the oranges to drop to 4°C. Also, determine if 
any part of the oranges will freeze during this process. 

4-56 A 65-kg beef carcass (k = 0.47 W/m • C and 
a = 0.13 X 10“ 6 m 2 /s) initially at a uniform temperature of 
37°C is to be cooled by refrigerated air at — 10°C flowing at a 
velocity of 1.2 m/s. The average heat transfer coefficient 
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between the carcass and the air is 22 W/m 2 - °C. Treating the 
carcass as a cylinder of diameter 24 cm and height 1.4 m and 
disregarding heat transfer from the base and top surfaces, de- 
termine how long it will take for the center temperature of the 
carcass to drop to 4°C. Also, determine if any part of the car- 
cass will freeze during this process. Answer ; 12.2 h 



4-57 Layers of 23 -cm- thick meat slabs ( k = 0.47 W/m * °C 
and a = 0.13 X 10~ 6 m 2 /s) initially at a uniform temperature 
of 7°C are to be frozen by refrigerated air at — 30°C flowing at 
a velocity of 1.4 m/s. The average heat transfer coefficient be- 
tween the meat and the air is 20 W/m 2 • °C. Assuming the size 
of the meat slabs to be large relative to their thickness, deter- 
mine how long it will take for the center temperature of the 
slabs to drop to -18°C. Also, determine the surface tempera- 
ture of the meat slab at that time. 

4-58 Layers of 15-cm- thick meat slabs (k = 

0.45 W/m * °C and a = 1.3 X 10 -7 m 2 /s) initially at a uniform 
temperajtufe of 10°C are cooled by refrigerated air at — 5°C to 
a temperature of 2°C at their center in 12 h. Estimate the aver- 
age heat transfer coefficient during this cooling process. 

Answer: J.6 W/m 2 • P C , 

i 

4-59 Chickens with an average mass of 1.7 kg (k — 
0.45 W/m • °C and a = 0.13 X 10“ 6 m 2 /s) initially at a uniform 
temj&rature of 15°C are to be chilled in agitated brine at — 7°C, 
The average heat transfer coefficient between the chicken and 
the brine is determined experimentally to be 440 W/m 2 - °C. 
Taking the average density of the chicken to be 0.95 g/cm 3 and 
treating the chicken as a spherical lump, determine the center 
and the surface temperatures of the chicken in 2 h and 45 min. 
Also, determine if any part of the chicken will freeze during 
this process. 

Transient Heat Conduction in Semi-Infinite Solids 

4-60 C What is a semi-infinite medium? Give examples of 
solid bodies that can be treated as semi-infinite mediums for 
heat transfer purposes. 

4-61 C Under what conditions can a plane wall be treated as 
a semi-infinite medium? 



4-62C Consider a hot semi-infinite solid at an initial temper- 
ature of Tj that is exposed to convection to a cooler medium at 
a constant temperature of 7^, with a heat transfer coefficient of 
h. Explain how you can determine the total amount of heat 
transfer from the solid up to a specified time t 0 . 

4-63 In areas where the air temperature remains below 0°C 
for prolonged periods of time, the freezing of water in under- 
ground pipes is a major concern. Fortunately, the soil remains 
relatively warm during those periods, and it takes weeks for the 
subfreezing temperatures to reach the water mains in the 
ground. Thus, the soil effectively serves as an insulation to pro- 
tect the water from the freezing atmospheric temperatures in 
winter. 

The ground at a particular location is covered with snow 
pack at -8°C for a continuous period of 60 days, and the aver- 
age soil properties at that location are k = 0.35 W/m • °C and 
a = 0.15 X 10' 6 m 2 /s. Assuming an initial uniform tempera- 
ture of 8°C for the ground, determine the minimum burial 
depth to prevent the water pipes from freezing. 

4-64 The soil temperature in the upper layers of the earth 
varies with the variations in the atmospheric conditions. Before 
a cold front moves in, the earth at a location is initially at a uni- 
form temperature of 10°C. Then the area is subjected to a tem- 
perature of — 10°C and high winds that resulted in a convection 
heat transfer coefficient of 40 W/m 2 • °C on the earth’s surface 
for a period of 10 h. Taking the properties of the soil at that lo- 
cation to be k ~ 0.9 W/m • °C and a — 1.6 X 10" 5 m 2 /s, deter- 
mine the soil temperature at distances 0, 10, 20, and 50 cm 
from the earth’s surface at the end of this 10-h period. 

— ► Winds, 

* -10°C 
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4-65 


SS 


Reconsider Prob. 4-64. Using EES (or other) 
software, plot the soil temperature as a function 


of the distance from the earth’s surface as the distance varies 
from 0 m to lm, and discuss the results. 


4-66 A thick aluminum block initially at 20°C is subjected to 
constant heat flux of 4000 W/m 2 by an electric resistance 
heater whose top surface is insulated. Determine how much the 
surface temperature of the block will rise after 30 minutes. 


4-67 A bare- footed person whose feet are at 32°C steps on a 
large aluminum block at 20°C. Treating both the feet and the 
aluminum block as semi-infinite solids, determine the contact 
surface temperature. What would your answer be if the person 
stepped on a wood block instead? At room temperature, the 
Vkpc p value is 24 kJ/m 2 • °C for aluminum, 0.38 kJ/m 2 ■ °C 
for wood, and 1 . 1 kJ/m 2 * °C for human flesh. 


4-68 A thick wood slab (it = 0. 17 W/m • °C and a - 1 .28 X 
10“ 7 m 2 /s) that is initially at a uniform temperature of 25 a C is 
exposed to hot gases at 550°C for a period of 5 min. The heat 
transfer coefficient between the gases and the wood slab is 
35 W/m 2 - °C. If the ignition temperature of the wood is 450°C, 
determine if the wood will ignite. 


4-69 A large cast iron container (A = 52 W/m ■ °C and a = 
1.70 X 10 -5 m 2 /s) with 5-cm-thick walls is initially at a uni- 
form temperature of 0°C and is filled with ice at 0°C. Now the 
outer surfaces of the container are exposed to hot water at 60°C 
with a very large heat transfer coefficient. Determine how long 
it will be before the ice inside the container starts melting. 
Also, taking the heat transfer coefficient on the inner surface of 
the container to be 250 W/m 2 ■ °C, determine the rate of heat 
transfer to the ice through a 1.2-m-wide and 2-m-high section 
of the wall when steady operating conditions are reached. As- 
sume the ice starts melting when its inner surface temperature 
rises to O.rC. 
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Transient Heat Conduction in Multidimensional Systems 

4-70C What is the product solution method? How is it used 
to determine the transient temperature distribution in a two- 
dimensional system? 

4-71C How is the product solution used to determine 
the variation of temperature with time and position in three- 
dimensional systems? 

4-72 C A short cylinder initially at a uniform temperature 
T t is subjected to convection from all of its surfaces to a 
medium at temperature 7U- Explain how you can determine 
the temperature of the midpoint of the cylinder at a specified 
time t. 

4-73C Consider a short cylinder whose top and bottom sur- 
faces are insulated. The cylinder is initially at a uniform tem- 
perature 7} and is subjected to convection from its side surface 
to a medium at temperature T& with a heat transfer coefficient 
of h. Is the heat transfer in this short cylinder one- or two- 
dimensional? Explain. 

4-74 A short brass cylinder (p = 8530 kg/m 3 , c p = 
0.389 kJ/kg ■ °C, k = 1 10 W/m • °C, and a = 3.39 X 10“ 3 m 2 /s) 
of diameter D = 8 cm and height H = 15 cm is initially at a 
uniform temperature of 7) = 150°C. The cylinder is now 
placed in atmospheric air at 20°C, where heat transfer takes 
place by convection with a heat transfer coefficient of 
h — 40 W/m 2 ■ °C. Calculate (a) the center temperature of the 
cylinder; ( b ) the center temperature of the top surface of the 
cylinder; and (c) the total heat transfer from the cylinder 15 min 
after the start of the cooling. 
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4-75 jTjgi Reconsider Prob. 4—74. Using EES (or other) 
bssl software, investigate the effect of the cooling time 
on the center temperature of the cylinder, the center tempera- 
ture of the top surface of the cylinder, and the total heat trans- 
fer. Let the time vary from 5 min to 60 min. Plot the center 
temperature of the cylinder, the center temperature of the top 
surface, and the total heat transfer as a function of the time, and 
discuss the results. 
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4-76 A semi-infinite aluminum cylinder ( k — 237 W/m - °C, 
a = 9.71 X 1(T 5 m-/s) of diameter D = 15 cm is initially at a 
uniform temperature of 7) = 1 15°C. The cylinder is now placed 
in water at I0°C, where heat transfer takes place by convection 
with a heat transfer coefficient of h = 140 W/m 2 • °C. 
Determine the temperature at the center of the cylinder 5 cm 
from the end surface 8 min after the start of cooling. 

4-77 A hot dog can be considered to be a cylinder 12 cm long 
and 2 cm in diameter whose properties are p — 980 kg/m 3 , 
c p = 3.9 kj/kg • °C, k = 0.76 W/m ■ °C, and a = 
1.99 X 1CT 7 m 2 /s. A hot dog initially at 4°C is dropped into 
boiling water at 100°C. If the heat transfer coefficient at the sur- 
face of the hot dog is estimated to be 680 W/m 2 * °C, determine 
the center temperature of the hot dog after 5, 10, and 15 min by 
treating the hot dog as (a) a finite cylinder and (b) an infinitely 
long cylinder. 

4-78 Repeat Prob. 4—77 for a location at 1610-m elevation 
such as Denver, Colorado, where the boiling temperature of 
water is 94.4°C. 

4-79 A 5-cm-high rectangular ice block (k = 2.22 W/m - °C 
and a = 0.124 X 10 -7 m 2 /s) initially at — 20°C is placed on a 
table on its square base 4 cm X 4 cm in size in a room at 18°C. 
The heat transfer coefficient on the exposed surfaces of the ice 
block is 12 W/m 2 ■ °C. Disregarding any heat transfer from the 
base to the table, determine how long it will be before the ice 
block starts melting. Where on the ice block will the first liquid 
droplets appear? 



4-80 Reconsider Prob. 4-79. Using EES (or other) 

software, investigate the effect of the initial tem- 
perature of the ice block on the time period before the ice block 
starts melting. Let the initial temperature vary from — 26°C to 
— 4°C. Plot the time versus the initial temperature, and discuss 
the results. 


4-81 A 2-cm-high cylindrical ice block (k = 2.22 W/m • °C 
and a = 0.124 X 10“ 7 m 2 /s) is placed on a table on its base of 
diameter 2 cm in a room at 24°C. The heat transfer coefficient 


on the exposed surfaces of the ice block is 13 W/m 2 * °C, and 
heat transfer from the base of the ice block to the table is neo- 

o 

ligible. If the ice block is not to start melting at any point for at 
least 3 h, determine what the initial temperature of the ice 
block should be. 

4-82 Consider a cubic block whose sides are 5 cm long and 
a cylindrical block whose height and diameter are also 5 cm. 
Both blocks are initially at 20°C and are made of granite 
(Jfc = 2.5 W/m ■ °C and a = 1.15 X 10" 6 m 2 /s). Now both 
blocks are exposed to hot gases at 500°C in a furnace on all of 
their surfaces with a heat transfer coefficient of 40 W/m 2 * °C. 
Determine the center temperature of each geometry after 10, 
20, and 60 min. 
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4-83 Repeat Prob. 4-82 with the heat transfer coefficient at 
the top and the bottom surfaces of each block being doubled to 
80 W/m 2 • °C. 

4-84 A 20-cm-long cylindrical aluminum block (p = 
2702 kg/m 3 , c p = 0.896 kJ/kg * °C, k = 236 W/m * °C, and 
a = 9.75 X 10 -5 m 2 /s), 15 cm in diameter, is initially at a uni- 
form temperature of 20°C. The block is to be heated in a fur- 
nace at 1200°C until its center temperature rises to 300°C, If 
the heat transfer coefficient on all surfaces of the block is 
80 W/m 2 * °C, determine how long the block should be kept in 
the furnace. Also, determine the amount of heat transfer from 
the aluminum block if it is allowed to cool in the room until its 
temperature drops to 20°C throughout. 


4-85 Repeat Prob. 4-84 for the case where the aluminum 
block is inserted into the furnace on a low-conductivity mater- 
ial so that the heat transfer to or from the bottom surface of the 
block is negligible. 


4-86 


m 


Reconsider Prob. 4-84. Using EES (or other) 


M software, investigate the effect of the final center 
temperature of the block on the heating time and the amount of 
heat transfer. Let the final center temperature vary from 50°C 
to 1000°C. Plot the time and the heat transfer as a function of 
the final center temperature, and discuss the results. 


Special Topic: Refrigeration and Freezing of Foods 

4-8 7 C What are the common kinds of microorganisms? 
What undesirable changes do microorganisms cause in foods? 


X 
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4—8 SC How does refrigeration prevent or delay the spoilage 
of foods? Why does freezing extend the storage life of foods 

for months? 

4-S9C What are the environmental factors that affect the 
growth rate of microorganisms in foods? 

4-90C What is the effect of cooking on the microorganisms 
in foods? Why is it important that the internal temperature of a 
roast in an oven be raised above 70°C? 

4-91C How can the contamination of foods with micro- 
organisms be prevented or minimized? How can the growth of 
microorganisms in foods be retarded? How can the micro- 
organisms in foods be destroyed? 

4-92 C How does (o) the air motion and (b) the relative hu- 
midity of the environment affect the growth of microorganisms 
in foods? 

4-93 C The cooling of a beef carcass from 37°C to 5 °C with 
refrigerated air at 0°C in a chilling room takes about 48 h. To re- 
duce the cooling time, it is proposed to cool the carcass with re- 
frigerated air at -10°C. How would you evaluate this proposal? 

4-94C Consider the freezing of packaged meat in boxes with 
refrigerated air. How do (a) the temperature of air, (b) the 
velocity of air, (c) the capacity of the refrigeration system, and 
(d) the size of the meat boxes affect the freezing time? 

4-95C How does the rate of freezing affect the tenderness, 
color, and the drip of meat during thawing? 

4-96C It is claimed that beef can be stored for up to two 
years at -23 °C but no more than one year at -12°C. Is this 
claim reasonable? Explain. 

4-97C What is a refrigerated shipping dock? How does it 
reduce the refrigeration load of the cold storage rooms? 

4-9SC How does Immersion chilling of poultry compare to 
forced-air chilling with respect to (a) cooling time, (b) mois- 
ture loss of poultry, and (c) microbial growth. 

4-99 C What is the proper storage temperature of frozen 
poultry? What are the primary methods of freezing for poultry? 

4-100 C What are the factors that affect the quality of 
frozen fish? 

4-101 The chilling room of a meat plant is 15 m X 18 m X 
5.5 m in size and has a capacity of 350 beef carcasses. The 
power consumed by the fans and the lights in the chilling room 
are 22 and 2 kW, respectively, and the room gains heat through 
its envelope at a rate of 14 kW. The average mass of beef car- 
casses is 220 kg. The carcasses enter the chilling room at 35°C, 
after they are washed to facilitate evaporative cooling, and are 
cooled to 16°C in 12 h. The air enters the chilling room at 
-2.2°C and leaves at 0.5°C. Determine (a) the refrigeration 
load of the chilling room and ( b ) the volume flow rate of air. 
The average specific heats of beef carcasses and air are 3.14 
and 1.0 kJ/kg - °C, respectively, and the density of air can be 
taken to be 1.28 kg/m 3 . 


4-102 Turkeys with a water content of 64 percent that are 
initially at 1°C and have a mass of about 7 kg are to be frozen 
by submerging them into brine at — 29°C. Using Figure 4—54, 
determine how long it will take to reduce the temperature of 
the turkey breast at a depth of 3.8 cm to - 18°C. If the temper- 
ature at a depth of 3.8 cm in the breast represents the average 
temperature of the turkey, determine the amount of heat trans- 
fer per turkey assuming (a) the entire water content of the 
turkey is frozen and (b) only 90 percent of the water content of 
the turkey is frozen at - 18°C. Take the specific heats of turkey 
to be 2.98 and 1.65 kJ/kg - °C above and below the freezing 
point of -2.8°C, respectively, and the latent heat of fusion of 
turkey to be 214 kJ/kg. Answers ; (a) 1753 kl, (i>) 1617 kJ 



4-103 Chickens with an average mass of 2.2 kg and average 
specific heat of 3.54 kJ/kg ■ °C are to be cooled by chilled wa- 
ter that enters a continuous-flow-type immersion chiller at 
0.5°C. Chickens are dropped into the chiller at a uniform tem- 
perature of 15 °C at a rate of 500 chickens per hour and are 
cooled to an average temperature of 3°C before they are taken 
out. The chiller gains heat from the surroundings at a rate of 
210 kJ/min. Determine (a) the rate of heat removal from the 
chicken, in kW, and (b) the mass flow rate of water, in kg/s, if 
the temperature rise of water is not to exceed 2°C. 

4_104 Chickens with a water content of 74 percent, an initial 
temperature of 0°C, and a mass of about 3.4 kg are to be frozen 
by refrigerated air at — 40°C. Using Figure 4—53, determine 
how long it will take to reduce the inner surface temperature of 
chickens to -4°C. What would your answer be if the air tem- 
perature were — 62°C? 

4-105 In a meat processing plant, 10-cm-thick beef slabs 
( p = 1090 kg/m 3 , c p = 3.54 kJ/kg ■ °C, k = 0.47 W/m • °C, and 
a — 0.13 X lCT 6 nf/s) initially at 15°C are to be cooled in the 
racks of a large freezer that is maintained at - 12°C. The meat 
slabs are placed close to each other so that heat transfer from 
the 10-cm-thick edges is negligible. The entire slab is to be 
cooled below 5°C, but the temperature of the steak is not 
to drop below -1°C anywhere during refrigeration to avoid 
“frost bite.” The convection heat transfer coefficient and thus 
the rate of heat transfer from the steak can be controlled by 
varying the speed of a circulating fan inside. Determine the 
heat transfer coefficient h that will enable us to meet both 
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temperature constraints while keeping the refrigeration time to 
a minimum. Answer : 9.9 W/m 2 • °C. 



Review Problems 

4-106 Consider two 2-cm-thick large steel plates (k = 
43 W/m * °C and a = 1.17 X 10 -5 m 2 /s) that were put on top of 
each other while wet and left outside during a cold winter night 
at — 1 5°C. The next day, a worker needs one of the plates, but 
the plates are stuck together because the freezing of the water 
between the two plates has bonded them together, in an effort 
to melt the ice between the plates and separate them, the 
worker takes a large hair dryer and blows hot air at 50°C all 
over the exposed surface of the plate on the top. The convec- 
tion heat transfer coefficient at the top surface is estimated to 
be 40 W/m 2 * °C. Determine how long the worker must keep 
blowing hot air before the two plates separate. Answer: 482 s 

4-107 Consider a curing kiln whose walls are made of 
30-cm-thick concrete whose properties are k = 0.9 W/m ■ °C 
and a — 0.23 X 10 -5 m 2 /s. Initially, the kiln and its walls are in 
equilibrium with the surroundings at 6°C. Then all the doors 
are closed and the kiln is heated by steam so that the tempera- 
ture of thd inner surface of the walls is raised to 42°C and is 
maintained; at that level for 2,5 h. The curing kiln is then 
opened and exposed to the atmospheric air after the stream 
flow is turned off. If the outer surfaces of the walls of the 
kiln vpre insulated, would it save any energy that day during 
the period t^e kiln was used for curing for 2.5 h only, or would 
it make no difference? Base your answer on calculations. 



4-108 The water main in the cities must be placed at suf- 
ficient depth below the earth’s surface to avoid freezing during 
extended periods of subfreezing temperatures. Determine the 
minimum depth at which the water main must be placed at a 
location where the soil is initially at 15°C and the earth’s 
surface temperature under the worst conditions is expected 
to remain at - 10°C for a period of 75 days. Take the proper- 
ties of soil at that location to be k ~ 0.7 W/m ■ °C and 
a — 1.4 X 10 -5 m 2 /s. Answer: 7.05 m 

4-109 A hot dog can be considered to be a 12-cm-long 
cylinder whose diameter is 2 cm and whose properties are 
p = 980 kg/m 3 , c p = 3.9 kJ/kg ■ °C, k = 0.76 W/m • °C, and 
a = 2X 10 -7 m 2 /s. A hot dog initially at 5°C is dropped into boil- 
ing water at 100°C. The heat transfer coefficient at the surface of 
the hot dog is estimated to be 600 W/m 2 • °C. If the hot dog is 
considered cooked when its center temperature reaches 80°C, 
determine how long it will take to cook it in the boiling water. 



4-110 A long roll of 2-m-wide and 0.5-cm-thick 1-Mn man- 
ganese steel plate coming off a furnace at 820°C is to be 
quenched in an oil bath { c p = 2.0 kJ/kg * °C) at 45 °C. The metal 
sheet is moving at a steady velocity of 15 m/min, and the oil 
bath is 9 m long. Taking the convection heat transfer 
coefficient on both sides of the plate to be 860 W/m 2 • °C, de- 
termine the temperature of the sheet metal when it leaves the 
oil bath. Also, determine the required rate of heat removal from 
the oil to keep its temperature constant at 45°C. 



4-111 During a fire, the trunks of some dry oak trees 

(k = 0.17 W/m • °C and a = 1.28 X 10 -7 m 2 /s) 
that are initially at a uniform temperature of 30°C are exposed 
to hot gases at 520°C for a period of 5 h, with a heat transfer 
coefficient of 65 W/m 2 • e C on the surface. The ignition tem- 
perature of the trees is 410°C. Treating the trunks of the trees as 
long cylindrical rods of diameter 20 cm, determine if these dry 
trees will ignite as the fire sweeps through them. 



4-112 We often cut a watermelon in half and put it into the 
freezer to cool it quickly. But usually we forget to check on it 
and end up having a watermelon with a frozen layer on the top. 
To avoid this potential problem a person wants to set the timer 
such that it will go off when the temperature of the exposed 

surface of the watermelon drops to 3°C. 

Consider a 25-cm-diameter spherical watermelon that is cut 
into two equal parts and put into a freezer at — 12 C. Initially, 
the entire watermelon is at a uniform temperature of 25 C, and 
the heat transfer coefficient on the surfaces is 22 W/m 2 • °C. 
Assuming the watermelon to have the properties of water, de- 
termine how long it will take for the center of the exposed cut 
surfaces of the watermelon to drop to 3 C. 

Freezer 



Watermelon, 25°C 
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4-113 The thermal conductivity of a solid whose density and 
specific heat are known can be determined from the relation 
k = cJpc p after evaluating the thermal diffusivity a. 

Consider a 2-cm-diameter cylindrical rod made of a sample 
material whose density and specific heat are 3700 kg/m 3 and 
920 J/kg * °C, respectively. The sample is initially at a uniform 
temperature of 25°C. In order to measure the temperatures of 
the sample at its surface and its center, a thermocouple Is 
^ *-* *-» rt rt a j*— I trt me r-enw nf thf*. Kfimnle alone the centerline, and 


another thermocouple is welded into a small hole drilled on 
the surface. The sample is dropped into boiling water at 100°C. 
After 3 min, the surface and the center temperatures are re- 
corded to be 93°C and 75°C, respectively. Determine the ther- 


mal diffusivity and the thermal conductivity of the material. 


T , Thermocouples 

surface r 
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4-114 In desert climates, rainfall is not a common occur- 
rence since the rain droplets formed in the upper layer of 
the atmosphere often evaporate before they reach the ground. 
Consider a raindrop that is initially at a temperature of 5 C 
and has a diameter of 5 mm. Determine how long it will take 
for the diameter of the raindrop to reduce to 3 mm as it falls 
through ambient air at 18°C with a heat transfer coefficient of 
400 W/m 2 • °C. The water temperature can be assumed to re- 
main constant and uniform at 5°C at all times. 

4-115 Consider a plate of thickness 2.5 cm, a long cylinder 
of diameter 2.5 cm, and a sphere of diameter 2.5 cm, all ini- 
tially at 200°C and all made of bronze {k = 26 W/m • °C and 
a = 8.6 X 10“ 6 m 2 /s). Now all three of these geometries are 
exposed to cool air at 25°C on all of their surfaces, with a heat 
transfer coefficient of 40 W/m 2 • °C. Determine the center tem- 
perature of each geometry after 5,10, and 30 min. Explain why 
the center temperature of the sphere is always the lowest. 
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4-116 Repeat Prob. 4-115 for cast iron geometries (A: = 
50 W/m • °C and a = 1 .57 X 10 -5 m 2 /s). 

4-117 Reconsider Prob. 4—115. Using EES (or other) 

software, plot the center temperature of each 
geometry as a function of the cooling time as the time varies 
from 5 min to 60 min, and discuss the results. 

4-1 IS Engine valves ( A — 48 W/m * °C, c p — 440 J/kg ■ °C, 
and p = 7840 kg/m 3 ) are heated to 800°C in the heat treatment 
section of a valve manufacturing facility. The valves are then 
quenched in a large oil bath at an average temperature of 50°C. 
The heat transfer coefficient in the oil bath is 800 W/m 2 • °C. 
The valves have a cylindrical stem with a diameter of 8 mm 
and a length of 10 cm. The valve head and the stem may be as- 
sumed to be of equal surface area, and the volume of the valve 
head can be taken to be 80 percent of the volume of stem. De- 
termine how long it will take for the valve temperature to drop 
to (a) 400°C, (b) 200°C, and (c) 51°C, and (d) the maximum 
heat transfer from a single valve. 

4-119 A watermelon initially at 35°C is to be cooled by 
dropping it into a lake at 15°C. After 4 h and 40 min of cooling, 
the center temperature of watermelon is measured to be 20°C. 
Treating the;watermelon as a 20-cm-diameter sphere and using 
the properties A = 0.618 W/m • °C, a = 0.15 X 10 -6 m 2 /s, 
p = 995 kg/m 3 , and c p = 4.18 kJ/kg^- °C, determine the aver- 
age heat transfer coefficient and the surface temperature of 
watermelon at the end of the cooling period. 

f 

4-12& 10-cm- thick large food slabs tightly wrapped by thin 
paper are to be cooled in a refrigeration room maintained 
at 0°C. The heat transfer coefficient on the box surfaces is 
25 W/m 2 • °C and the boxes are to be kept in the refrigeration 
room for a period of 6 h. If the initial temperature of the boxes 
is 30°C determine the center temperature of the boxes if the 
boxes contain (a) margarine (A = 0.233 W/m • °C and 
a = 0.11 X 10“ 6 m 2 /s), ( b ) white cake (A = 0.082 W/m ■ °C 
and a = 0.10 X 10 -6 m 2 /s), and (c) chocolate cake (A = 
0.106 W/m ■ °C and a = 0. 12 X 10“ 6 m 2 /s). 

4-121 A 30-cm-diameter, 4-m-high cylindrical column of 
a house made of concrete (A = 0.79 W/m • °C, a = 5.94 X 
10 -7 m 2 /s, p = 1600 kg/m 3 , and c p = 0.84 kJ/kg * °C) cooled to 
14°C during a cold night is heated again during the day by be- 
ing exposed to ambient air at an average temperature of 28°C 
with an average heat transfer coefficient of 14 W/m 2 • °C. 


Determine (o) how long it will take for the column surface 
temperature to rise to 27°C, (b) the amount of heat transfer until 
the center temperature reaches to 28°C, and (c) the amount of 
heat transfer until the surface temperature reaches to 27°C. 

4-122 Long aluminum wires of diameter 3 mm (p = 
2702 kg/m 3 , c p = 0.896 kJ/kg ■ °C, A = 236 W/m * °C, and 
« — 9.75 X 10~ s m 2 /s) are extruded at a temperature of 350°C 
and exposed to atmospheric air at 30°C with a heat transfer co- 
efficient of 35 W/m 2 * °C. (a) Determine how long it will take 
for the wire temperature to drop to 50°C. (b) If the wire is ex- 
truded at a velocity of 10 m/min, determine how far the wire 
travels after extrusion by the time its temperature drops to 
50°C. What change in the cooling process would you propose 
to shorten this distance? (c) Assuming the aluminum wire 
leaves the extrusion room at 50°C, determine the rate of heat 
transfer from the wire to the extrusion room. 

Answers: (a) 144 s, (b) 24 m, Cc) 856 W 
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4-123 Repeat Prob. 4—122 for a copper wire (p — 
8950 kg/m 3 , c p = 0.383 kJ/kg ■ °C, k = 386 W/m • °C, and 
a = 1.13 X 10~ 4 m 2 /s), 

4-124 Consider a brick house (A = 0.72 W/m * °C and 
a == 0.45 X 10 -6 m 2 /s) whose walls are 10 m long, 3 m high, 
and 0.3 m thick. The heater of the house broke down one night, 
and the entire house, including its walls, was observed to be 
5°C throughout in the morning. The outdoors wanned up as the 
day progressed, but no change was felt in the house, which was 
tightly sealed. Assuming the outer surface temperature of the 
house to remain constant at 15°C, determine how long it would 
take for the temperature of the inner surfaces of the walls to 
rise to 5.1°C. 



4-125 A 40-cm-thick brick wall (A = 0.72 W/m • °C, and 
a = 1.6 X 10~ 6 m 2 /s) is heated to an average temperature of 


1 8°C by the heating system and the solar radiation incident on 
it during the day. During the night, the outer surface of the 
wait is exposed to cold air at -3°C with an average heat trans- 
fer coefficient of 20 W/m 2 * °C, determine the wall tempera- 
tures at distances 15, 30, and 40 cm from the outer surface for 

a period of 2 h. 

4-126 Consider the engine block of a car made of cast iron 
(k = 52 W/m . °C and a = 1.7 X 10“ 5 m 2 /s). The engine can be 
considered to be a rectangular block whose sides are 80 cm, 

40 cm, and 40 cm. The engine is at a temperature of 150 C 
when it is turned off. The engine is then exposed to atmospheric 
air at 17°C with a heat transfer coefficient of 6 W/m 2 • °C. De- 
termine (a) the center temperature of the top surface whose 
sides are 80 cm and 40 cm and (b) the comer temperature after 

45 min of cooling. 

4^127 A man is found dead in a room at 16°C. The surface 
temperature on his waist is measured to be 23°C and the heat 
transfer coefficient is estimated to be 9 W/m 2 ■ °C. Modeling the 
body as 28-cm diameter, 1.80-m-long cylinder, estimate how 
long it has been since he died. Take the properties of the body to 
be Jfc = 0.62 W/m ■ °C and a = 0.15 X 10~ 6 m 2 /s, and assume 
the initial temperature of the body to be 36 C. 

4-128 An exothermic process occurs uniformly throughout a 
1 0-cm-diameter sphere (k = 300 W/m • K, c p — 400 J/kg • K, 
p = 7500 kg/m 3 ), and it generates heat at a constant rate of 
1.2 MW/m 3 . The sphere initially is at a uniform temperature of 
20°C, and the exothermic process is commenced at time t = 0. 
To keep the sphere temperature under control, it is submerged 
in a liquid bath maintained at 20°C. The heat transfer coeffi- 
cient at the sphere surface is 250 W/m 2 • K. 

Due to the high thermal conductivity of sphere, the conduc- 
tive resistance within the sphere can be neglected in compari- 
son to the convective resistance at its surface. Accordingly, this 
unsteady state heat transfer situation could be analyzed as a 

lumped system. , 

(n) Show that the variation of sphere temperature T with 

time t can be expressed as dTidt = 0.5 — 0.005T 
(, b ) Predict the steady-state temperature of the sphere. 

(c) Calculate the time needed for the sphere temperature 
to reach the average of its initial and final (steady) 

temperatures. 

4-129 Large steel plates 1.0-cm in thickness are quenched 
from 600°C to 100°C by submerging them in an oil reservoir 
held at 30°C. The average heat transfer coefficient for both faces 
of steel plates is 400 W/m 2 - K. Average steel properties are 
k = 45 W/m ■ K, p = 7800 kg/m 3 , and c p = 470 J/kg • K. Calcu- 
late the quench time for steel plates. 

4-130 Aluminium wires, 3 mm in diameter, are produced by 
extrusion. The wires leave the extruder at an average tempera- 
ture of 350°C and at a linear rate of 10 m/min. Before leaving the 
extrusion room, the wires are cooled to an average temperature 
of 50°C by transferring heat to the surrounding air at 25°C with 


a heat transfer coefficient of 50 W/m 2 • K. Calculate the neces- 
sary length of the wire cooling section in the extrusion room. 

Fundamentals of Engineering (FE) Exam Problems 

4-131 Copper balls (p = 8933 kg/m 3 , k = 401 W/m • °C, 
c = 385 J/kg • °C, a = 1.166 X 10“ 4 m 2 /s) initially at 200°C 
a£e allowed to cool in air at 30°C for a period of 2 minutes. 

If the balls have a diameter of 2 cm and the heat transfer 
coefficient is 80 W/m 2 ■ °C, the center temperature of the balls 

at the end of cooling is 

(a) 104°C (b) 87°C (c) 198°C 

(d) 126°C (e) 152°C 

4-132 A 10-cm-inner diameter, 30-cm-long can filled with 
water initially at 25°C is put into a household refrigerator at 
3°C. The heat transfer coefficient on the surface of the can is 
14 W/m 2 * °C. Assuming that the temperature of the water re- 
mains uniform during the cooling process, the time it takes for 

the water temperature to drop to 5°C is 
(a) 0.55 h (b) L17 h (c) 2.09 h 

(d) 3.60 h (e) 4.97 h 

4-133 An 18-cm-long, 16-cm-wide, and 12-cm-high hot iron 
block (p = 7870 kg/m 3 , c p = 447 J/kg ■ °C) initially at 20°C is 
placed in an oven for heat treatment. The heat transfer coeffi- 
cient on the surface of the block is 100 W/m 2 ■ °C. If it is re- 
quired that the temperature of the block rises to 750 C in a 
25 -min period, the oven must be maintained at 
(a) 750°C (b) 830°C (c) 875°C 

(d) 910°C (e) 1000°C 

4-134 A small chicken ( k - 0.45 W/m • °C, a — 0.15 X 
10 -6 m 2 /s) can be approximated as an 1 1.25-cm-diameter solid 
sphere. The chicken is initially at a uniform temperature of 8°C 
and is to be cooked in an oven maintained at 220°C with a heat 
transfer coefficient of 80 W/m 2 ■ °C. With this idealization, the 
temperature at the center of the chicken after a 90-min period is 
(a) 25°C (b) 61°C (c) 89°C 

(d) 122°C («) 168°C 

4-135 In a production facility, large plates made of stainless 
steel (* = 15 W/m -°C, a = 3.91 X 10“ 6 m 2 /s) of 40 cm thick- 
ness are taken out of an oven at a uniform temperature of 
750°C. The plates are placed in a water bath that is kept at a 
constant temperature of 20°C with a heat transfer coefficient of 
600 W/m 2 • °C. The time it takes for the surface temperature of 

the plates to drop to 100°C is 

(n) 0.28 h (b) 0.99 h (c) 2.05 h 

{d) 3.55 h (e) 5.33 h 

4-136 A long 18-cm-diameter bar made of hardwood 
(it = 0.159 W/m * °C, a = 1.75 X 10“ 7 m 2 /s) is exposed to air 
at 30°C %vith a heat transfer coefficient of 8.83 W/m 2 * °C. If the 
center temperature of the bar is measured to be 15°C after a 
period of 3-hours, the initial temperature of the bar is 

(a) 11.9°C (b) 4.9°C (c) L7°C 

(d) 0°C (e) -9.2°C 


F 


4-137 A potato may be approximated as a 5.7-cm-diameter 
solid sphere with the properties p = 910 kg/m 3 , 
c =4.25 kJ/kg - °C, k = 0.68 W/m - °C, and a = 1.76 X 
j(T 7 m 2 /s. Twelve such potatoes initially at 25°C are to be 
cooked by placing them in an oven maintained at 250°C with a 
heat transfer coefficient of 95 W/m 2 ■ °C. The amount of heat 
transfer to the potatoes during a 30-minute period is 

(a) 77 kJ (b) 483 kJ (c) 927 kJ 
(d) 970 kJ (e) 1012 kJ 

4-138 A potato that may be approximated as a 5.7-cm solid 
sphere with the properties p = 910 kg/m 3 , c p = 4.25 kJ/kg * °C, 
k = 0.68 W/m * °C, and a ~ 1.76 X 10 -7 m 2 /s. Twelve such 
potatoes initially at 25 t> C are to be cooked by placing them in 
an oven maintained at 250°C with a heat transfer coefficient of 
95 W/m 2 ■ °C. The amount of heat transfer to the potatoes by 
the time the center temperature reaches 100°C is 
(a) 56 kJ ( b ) 666 kJ (c) 838 kJ 

(d) 940 kJ (e) 1088 kl 

4-139 A large chunk of tissue at 35°C with a thermal diffu- 
sivity of 1 X 10 -7 m 2 /s is dropped into iced water The water 
is well-stirred so that the surface temperature of the tissue 
drops to 0 °C at time zero and remains at 0°C at all times. 
The temperature of the tissue after 4 minutes at a depth of 
1 cm is 

(a) 5°C (6) 30°C (c) 25°C 

(d) 20°C (e) 10°C 

4-140 Consider a 7.6-cm-diameter cylindrical Iamb meat 
chunk (p = 1030 kg/m 3 , c p = 3.49 kJ/kg -°C,k~ 0.456 W/m - 
°C, a = 1.3 X 10“ 7 m 2 /s). Such a meat chunk intially at 2°C is 
dropped into boiling water at 95°C with a heat transfer coeffi- 
cient of 1200 W/m 2 • °C. The time it takes for the center tem- 
perature ef the meat chunk to rise to 75 °C is 
(n) 136jnfin (6) 21,2 min (c) 13.6 min 
( d) 11.0 min (e) 8.5 min 

J 

4-141 Consider a 7.6-cm-long and 3-cm-diameter cylindrical 
lamb meat chunk (p = 1030 kg/m 3 , c p — 3.49 kJ/kg • °C, 
k = 0A56 W/m • °C, a = 1,3 X 10 -7 m 2 /s). Fifteen such meat 
chunks initially at 2°C is dropped into boiling water at 95°C 
with a heat transfer coefficient of 1200 W/m 2 • °C. The amount 
of heat transfer during the first 8 minutes of cooking is 
(a) 71 kJ (b) 227 kJ (c) 238 kJ 

(d) 269 kJ (e) 307 kJ 

4-142 Carbon steel balls (p = 7830 kg/m 3 , k = 64 W/m * °C, 
c p = 434 J/kg • °C) initially at I50°C are quenched in an oil 
bath at 20°C for a period of 3 minutes. If the balls have a di- 
ameter of 5 cm and the convection heat transfer coefficient is 
450 W/m 2 • °C. The center temperature of the balls after 
quenching will be (Hint: Check the Biot number). 

(a) 27.4°C (b) 143°C (c) 12.7°C 

(d) 48.2°C (e) 76.9°C 

4-143 A 6-cm-diameter 13-cm-high canned drink (p = 
977 kg/m 3 , k = 0.607 W/m ■ °C, c p = 4180 J/kg - °C) initially 
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at 25°C is to he cooled to 5°C by dropping it into iced water 
at 0°C. Total surface area and volume of the drink are 
A s = 301.6 cm 2 and \J — 367.6 cm 3 . If the heat transfer coeffi- 
cient is 120 W/m 2 - °C, determine how long it will take for 
the drink to cool to 5°C. Assume the can is agitated in water 
and thus the temperature of the drink changes uniformly with 
rime. 

(a) 1.5 min ( b ) 8.7 min (c) 11.1 min 

(d) 26.6 min (e) 6.7 min 

4-144 Lumped system analysis of transient heat conduction 
situations is valid when the Biot number is 
(i a ) very small (b) approximately one 
(c) very large (d) any real number 

(e) cannot say unless the Fourier number is also known. 


4-145 Polyvinylchloride automotive body panels 
C ft = 0.092 W/m - K, c p = 1.05 kJ/kg • K, p = 1714 kg/m 3 ), 
3 -mm thick, emerge from an injection molder at 120°C. They 
need to be cooled to 40°C by exposing both sides of the panels 
to 20°C air before they can be handled. If the convective heat 
transfer coefficient is 30 W/m 2 * K and radiation is not consid- 
ered, the time that the panels must be exposed to air before 
they can be handled is 

(a) 1.6 min ( b ) 2.4 min (c) 2.8 min 

(d) 3.5 min (e) 4.2 min 


4—146 A steel casting cools to 90 percent of the original tem- 
perature difference in 30 min In still air. The time it takes to 
cool this same casting to 90 percent of the original temperature 
difference in a moving air stream whose convective heat trans- 
fer coefficient is 5 times that of still air is 
(a) 3 min ( b ) 6 min (c) 9 min 

(d) 12 min (e) 15 min 


4-147 The Biot number can be thought of as the ratio of 

(«) The conduction thermal resistance to the convective 
thermal resistance. 

(b) The convective thermal resistance to the conduction 
thermal resistance. 

(c) The thermal energy storage capacity to the conduction 
thermal resistance. 

(d) The thermal energy storage capacity to the convection 
thermal resistance. 

(e) None of the above. 

4-148 When water, as in a pond or lake, is heated by warm 
air above it, it remains stable, does not move, and forms a 
warm layer of water on top of a cold layer. Consider a deep 
lake (k = 0.6 W/m • K, c p = 4 . 179 kJ/kg ■ K) that is initially at 
a uniform temperature of 2°C and has its surface temperature 
suddenly increased to 20°C by a spring weather front. The tem- 
perature of the water 1 m below the surface 400 hours after this 
change is 

(a) 2.1°C (b) 4.2°C 

(d) 8.4°C (e) 10.2°C 


(c) 6.3 P C 
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4-149 The 40-cm-thick roof of a large room made of con- 
cre te (Jfc = 0 79 W/m - °C, a = 5.88 X KT 7 m 2 /s) is initially at 
a uniform temperature of 15°C. After a heavy snow storm, the 
outer surface of the roof remains covered with snow at -5 C. 
The roof temperature at 18.2 cm distance from the outer 

surface after a period of 2 hours is 

(a) 14.0°C ( b ) I2.5°C (e) 7.8°C 

(rf) 0°C (e) ~5.0°C 

Design and Essay Problems 

4-150 Conduct the following experiment at home to deter- 
mine the combined convection and radiation heat transfer co- 
efficient at the surface of an apple exposed to the room air. You 

will need two thermometers and a clock. 

First, weigh the apple and measure its diameter. You can 
measure its volume by placing it in a large measuring cup 
halfway filled with water, and measuring the change in volume 
when it is completely immersed in the water. Refrigerate the 
apple overnight so that it is at a uniform temperature in the 
morning and measure the air temperature in the kitchen. Then 
take the apple out and stick one of the thermometers to its mid- 
dle and the other just under the skin. Record both temperatures 
every 5 min for an hour. Using these two temperatures, calcu- 
late the heat transfer coefficient for each interval and take their 
average. The result is the combined convection and radiation 
heat transfer coefficient for this heat transfer process. Using 
your experimental data, also calculate the thermal conductivity 


and thermal diffusivity of the apple and compare them to the 
values given above. 

4-151 Repeat Prob. 4-150 using a banana instead of an ap- 
ple. The thermal properties of bananas are practically the same 

as those of apples. 

4-152 Conduct the following experiment to determine the 
time constant for a can of soda and then predict the temperature 
of the soda at different times. Leave the soda in the refrigerator 
overnight. Measure the air temperature in the kitchen and the 
temperature of the soda while it is still in the refrigerator by 
taping the sensor of the thermometer to the outer surface of the 
can. Then take the soda out and measure its temperature again 
in 5 min. Using these values, calculate the exponent b. Using 
this b-v alue, predict the temperatures of the soda in 10, 15, 20, 
30, and 60 min and compare the results with the actual temper- 
ature measurements. Do you think the lumped system analysis 
is valid in this case? 

4-153 Citrus trees are very susceptible to cold weather, and 
extended exposure to subfreezing temperatures can destroy the 
crop. In order to protect the trees from occasional cold fronts 
with subfreezing temperatures, tree growers in Florida usually 
install water sprinklers on the trees. When the temperature 
drops below a certain level, the sprinklers spray water on the 
trees and their fruits to protect them against the damage the 
subfreezing temperatures can cause. Explain the basic mecha- 
nism behind this protection measure and write an essay on how 
the system works in practice. 






S o far we have mostly considered relatively simple heat conduction prob- 
lems involving simple geometries with simple boundary conditions be- 
cause only such simple problems can be solved analytically. But many 
problems encountered in practice involve complicated geometries with com- 
plex boundary conditions or variable properties, and cannot be solved ana- 
lytically. In such cases, sufficiently accurate approximate solutions can be 
obtained by computers using a numerical method. 

Analytical solution methods such as those presented in Chapter 2 are based 
on solving the governing differential equation together with the boundary con- 
ditions. They result in solution functions for the temperature at every point in 
the medium. Numerical methods, on the other hand, are based on replacing the 
differential equation by a set of n algebraic equations for the unknown temper- 
atures at n selected points in the medium, and the simultaneous solution of 
these equations results in the temperature values at those discrete points. 

There are several ways of obtaining the numerical formulation of a heat 
conduction problem, such as the finite difference method, the finite element 
method, the boundary element method, and the energy balance (or control 
volume) method. Each method has its own advantages and disadvantages, and 
each is used. in practice. In this chapter, we use primarily the energy balance 
approach since it is based on the familiar energy balances on control volumes 
instead of heavy mathematical formulations, and thus it gives a better physi- 
cal feel fof the problem. Besides, if results in the same set of algebraic equa- 
tions as the finite difference method. In this chapter, the numerical 
formulation and solution of heat conduction problems are demonstrated for 
both steadyVnd transient cases in various geometries. 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

a Understand the limitations of analytical solutions of conduction problems, and the need 
for computation-intensive numerical methods, 

m Express derivates as differences, and obtain finite difference formulations, 

m Solve steady one- or two-dimensional conduction problems numerically using the finite 
difference method, and 

h Solve transient one- or two-dimensional conduction problems using the finite differ- 
ence method. 
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Solution: 


m = -Mf r = 


(rl - r 2 ) 

4jrr 3 e 
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FIGURE 5-1 

The analytical solution of a problem 
requires solving the governing 
differential equation and applying 
the boundary conditions. 


5_1 . WHY NUMERICAL METHODS? 

The ready availability of high-speed computers and easy-to-use powerful soft- 
ware packages has had a major impact on engineering education and practice 
in recent years. Engineers in the past had to rely on analytical skills to solve 
significant engineering problems, and thus they had to undergo a rigorous 
training in mathematics. Today’s engineers, on the other hand, have access to 
a tremendous amount of computation power under their fingertips, and they 
mostly need to understand the physical nature of the problem and interpret the 
results. But they also need to understand how calculations are performed by 
the computers to develop an awareness of the processes involved and the lim- 
itations, while avoiding any possible pitfalls. 

In Chapter 2, we solved various heat conduction problems m various geo- 
metries in a systematic but highly mathematical manner by (1) deriving the 
governing differential equation by performing an energy balance on a differ- 
ential volume element, (2) expressing the boundary conditions in the proper 
mathematical form, and (3) solving the differential equation and applying the 
boundary conditions to determine the integration constants. This resulted m a 
solution function for the temperature distribution in the medium, and the so- 
lution obtained in this manner is called the analytical solution of the problem. 
For example, the mathematical formulation of one-dimensional steady heat 
conduction in a sphere of radius r 0 whose outer surface is maintained at a uni- 
form temperature of 7j with uniform heat generation at a rate of e was ex- 
pressed as (Fig. 5-1) 


±d_ Li 4X. 

r 2 dr l dr 



dT(fl) 

dr 


= 0 


and 


T(r 0 ) = T x 


whose (analytical) solution is 

T (r) = r,+X(r’-r 2 ) 


( 5 - 1 ) 


( 5 - 2 ) 


This is certainly a very desirable form of solution since the temperature at 
any point within the sphere can be determined simply by substituting the 
/-coordinate of the point into the analytical solution function above. The ana- 
lytical solution of a problem is also referred to as the exact solution since it 
satisfies the differential equation and the boundary conditions. This can be 
verified by substituting the solution function into the differential equation and 
the boundary conditions. Further, the rate of heat transfer at any location 
within the sphere or its surface can be determined by taking the derivative of 
the solution function T(r) and substituting it into Fourier’s law as 



4irr 3 e 

3 


( 5 - 3 ) 


The analysis above did not require any mathematical sophistication beyond 
the level of simple integration, and you are probably wondering why anyone 


would ask for something else. After all, the solutions obtained are exact and 
easy to use. Besides, they are instructive since they show clearly the func- 
tional dependence of temperature and heat transfer on the independent vari- 
able r. Well, there are several reasons for searching for alternative solution 
methods. 


1 Limitations 

Analytical solution methods are limited to highly simplified problems in sim- 
ple geometries (Fig. 5-2). The geometry must be such that its entire surface 
can be described mathematically in a coordinate system by setting the vari- 
ables equal to constants. That is, it must fit into a coordinate system perfectly 
with nothing sticking out or in. In the case of one-dimensional heat conduc- 
tion in a solid sphere of radius r 0 , for example, the' entire outer surface can be 
described by r = r Q . Likewise, the surfaces of a finite solid cylinder of radius 
r 0 and height H can be described by r ~ r 0 for the side surface and z = 0 and 
Z = H for the bottom and top surfaces, respectively. Even minor complica- 
tions in geometry can make an analytical solution impossible. For example, a 
spherical object with an extrusion like zl handle at some location is impossible 
to handle analytically since the boundary conditions in this case cannot be ex- 
pressed in any familiar coordinate system. 

Even in simple geometries, heat transfer problems cannot be solved analyt- 
ically if the thermal conditions are not sufficiently simple. For example, the 
consideration of the variation of thermal conductivity with temperature, the 
variation of the heat transfer coefficient over the surface, or the radiation heat 
transfer on the surfaces can make it impossible to obtain an analytical solu- 
tion. Therefore, analytical solutions are limited to problems that are simple or 
can be simplified with reasonable approximations. 

2 Beltei Modeling 

We mentioned earlier that analytical solutions are exact solutions since they 
do not involve any approximations. But this statement needs some clarifica- 
tion. Distinction should be made between an actual real-world problem and 
the mathematical model that is an idealized representation of it. The solutions 
we gdt arefhe solutions of mathematical models, and the degree of applica- 
bility of these solutions to the actual physical problems depends on the accu- 
racy of 'the model. An “approximate” solution of a realistic model of a 
physical problem is usually more accurate than the “exact” solution of a crude 
mathematical model (Fig. 5-3). 

When attempting to get an analytical solution to a physical problem, there 
is always the tendency to oversimplify the problem to make the mathematical 
model sufficiently simple to warrant an analytical solution. Therefore, it is 
common practice to ignore any effects that cause mathematical complications 
such as nonlinearities in the differential equation or the boundary conditions. 
So it comes as no surprise that nonlinearities such as temperature dependence 
of thermal conductivity and the radiation boundary conditions are seldom con- 
sidered in analytical solutions. A mathematical model intended-for a numeri- 
cal solution is likely to represent the actual problem better. Therefore, the 
numerical solution of engineering problems has now become the norm rather 
than the exception even when analytical solutions are available. 



h constant 
T B - constant 

FIGURE 5-2 

Analytical solution methods are 
limited to simplified problems 
in simple geometries. 



Exact (analytical) Approximate (numerical) 
solution of model, solution of model, 

but crude solution but accurate solution 
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FIGURE 5-3 

The approximate numerical solution 
of a real-world problem may be more 
accurate than the exact (analytical) 
solution of an oversimplified 
model of that problem. 
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Analytical solution: 
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where A n ’s are roots of 7 0 U/ o ) = 0 

FIGURE 5-4 

Some analytical solutions are very 
complex and difficult to use. 


3 Flexibility , . 

Engineering problems often require extensive parametric studies to under- 
stand the influence of some variables on the solution in order to choose the 
right set of variables and to answer some "what-if” questions. This is an i iter- 
ative process that is extremely tedious and time-consuming if done by hand. 
Computers and numerical methods are ideally suited for such calculations, 
and a wide range of related problems can be solved by minor modifications in 
the code or input variables. Today it is almost unthinkable to perform any sig- 
nificant optimization studies in engineering without the power and flexibility 

of computers and numerical methods. 


4 Complications 

Some problems can be solved analytically, but the solution procedure is so 
complex and the resulting solution expressions so complicated that it is not 
worth all that effort. With the exception of steady one-dimensional or transient 
lumped system problems, all heat conduction problems result in partial 
differential equations. Solving such equations usually requires mathematical 
sophistication beyond that acquired at the undergraduate level, such as orthog- 
onality, eigenvalues, Fourier and Laplace transforms, Bessel and Legendre 
functions, and infinite series. In such cases, the evaluation of the solution, 
which often involves double or triple summations of infinite senes at a speci- 
fied point, is a challenge in itself (Fig. 5-1). Therefore, even when the solu- 
tions are available in some handbooks, they are intimidating enough to scare 

prospective users away. 
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FIGURE 5-5 


5 Human Nature . 

As human beings, we like to sit back and make wishes, and we like our wishes 
to come true without much effort. The invention of TV remote controls made 
us feel like kings in our homes since the commands we give m our comfort- 
able chairs by pressing buttons are immediately carried out by the obedient 
TV sets. After all, what good is cable TV without a remote control. We cer- 
tainly would love to continue being the king in our little cubicle m the engi- 
neering office by solving problems at the press of a button on a computer 
(until they invent a remote control for the computers, of course). Well, this 
might have been a fantasy yesterday, but it is a reality today. Practically a 
engineering offices today are equipped with high-powered computers with 
sophisticated software packages, with impressive presentation-style colorful 
output in graphical and tabular form (Fig. 5-5). Besides, the results are as 
accurate as the analytical results for all practical purposes. The computers 
have certainly changed the way engineering is practiced. 

The discussions above should not lead you to believe that analytical solu- 
tions are unnecessary and that they should be discarded from the engineering 
curriculum. On the contrary, insight to ihe physical phenomena and engineer- 
ing wisdom is gained primarily through analysis. The "fed” that engineers 
develop during the analysis of simple but fundamental problems senses as 
an invaluable tool when interpreting a huge pile of results obtained from a 
computer when solving a complex problem. A simple analysis by hand for 
a limiting case can be used to check if the results are in the proper range. Also, 
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nothing can take the place of getting “ball' park” results on a piece of paper 
during preliminary discussions. The calculators made the basic arithmetic 
operations by hand a thing of the past, but they did not eliminate the need for 
instructing grade school children how to add or multiply. 

In this chapter, you will learn how to formulate and solve heat transfer 
problems numerically using one or more approaches. In your professional life, 
you will probably solve the heat transfer problems you come across using a 
professional software package, and you are highly unlikely to write your own 
programs to solve such problems. (Besides, people will be highly skeptical 
of the results obtained using your own program instead of using a well- 
established commercial software package that has stood the test of time.) The 
insight you gain in this chapter by formulating and solving some heat transfer 
problems will help you better understand the available software packages and 
be an informed and responsible user. 


H 


FINITE DIFFERENCE FORMULATION 
OF DIFFERENTIAL EQUATIONS 


The numerical methods for solving differential equations are based on replac- 
ing the differential equations by algebraic equations . In the case of the popu- 
lar finite difference method, this is done by replacing the derivatives by 
differences. Below we demonstrate this with both first- and second-order 
derivatives. But first we give a motivational example. 

Consider a man who deposits his money in the amount of A 0 ~ $100 in a 
savings account at an annual interest rate of 18 percent, and let us try to de- 
termine the amount of money he will have after one year if interest is com- 
pounded continuously (or instantaneously). In the case of simple interest, the 
money will earn $18 interest, and the man will have 100 + 100 X 0.18 = 
$118.00rln his account after one year. But in the case of compounding, the 
interest ,e anted during a compounding period will also earn interest for the 
remaining part of the year, and the year-end balance will be greater than $118. 
For example, if the money is compounded twice a year, the balance will be 
100 + 100 X (0.18/2) = $109 after six months, and 109 + 109 X (0.18/2) = 
$118,81 at the end of the year. We could also determine the balance A di- 
rectly froqi 


A = A 0 (l + if = ($100)(1 + 0.09) 2 = $118.81 (5-4) 

where i is the interest rate for the compounding period and n is the number of 
periods. Using the same formula, the year-end balance is determined for 
monthly, daily, hourly, minutely, and even secondly compounding, and the 
results are given in Table 5-1. 

Note that in the case of daily compounding, the year-end balance will be 
$1 19.72, which is $1.72 more than the simple interest case. (So it is no wonder 
that the credit card companies usually charge interest compounded daily when 
determining the balance.) Also note that compounding at smaller time inter- 
vals, even at the end of each second, does not change the result, and we suspect 
that instantaneous compounding using “differential” time intervals dt will 
give the same result. This suspicion is confirmed by obtaining the differential 


: TABLE 5-1 

Year-end balance of a $100 account 
earning interest at an annual rate 
of 18 percent for various 
compounding periods 


Compounding 

Period 

Number 

of 

Periods, n 

Year-End 

Balance 

1 year 

1 

$118.00 

6 months 

2 

118.81 

1 month 

12 

119.56 

1 week 

52 

119.68 

' 1 day 

365 

119.72 

1 hour 

8760 

119.72 

1 minute 

525,600 

119.72 

1 second 

31,536,000 

119.72 

Instantaneous 

CO 

119.72 
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FIGURE 5-6 

The derivative of a function at a point 
represents the slope of the function 
at that point. 



FIGURE 5-7 

Schematic of the nodes and the nodal 
temperatures used in the development 
of the finite difference formulation 
of heat transfer in a plane wall. 


equation dA/dt = iA for the balance A, whose solution is A - A 0 exp (A). Sub- 
stitution yields 

A = ($100)exp(0.18 X 1) = $119.72 


which is identical to the result for daily compounding. Therefore, replacing a 
differential time interval dt by a finite time interval of At - 1 day gave the 
same result when rounded to the second decimal place for cents, which leads 
us into believing that reasonably accurate results can be obtained by replac- 
in g differential quan tides by sufficiently small differences . 

Next, we develop the finite difference formulation of heat conduction prob- 
lems by replacing the derivatives in the differential equations by differences. 
In the following section we do it using the energy balance method, which does 
not require any knowledge of differential equations. 

Derivatives are the building blocks of differential equations, and thus we 
first give a brief review of derivatives. Consider a function/ that depends on 
x, as shown in Figure 5-6. The first derivative of fix) at a point is equivalent 
to the slope of a line tangent to the curve at that point and is defined as 


m. lim^C 

dx Sx^O Ax 


lim 


fix + Ax) - fix) 
Ax 


(5-5) 


which is the ratio of the increment A/ of the function to the increment Ax of the 
independent variable as Ax — > 0. If we don’t take the indicated limit, we will 
have the following approximate relation for the derivative; 


df{x) fix + Ax) fix) 
dx Ax 


(5-6) 


This approximate expression of the derivative in terms of differences is the 
finite difference form of the first derivative. The equation above can also be 
obtained by writing the Taylor series expansion of the function/ about the 
point x, 

. dfix) , 1 . Jtfix) 

- ffx+ Ax)=ffx) + Ax ~ffff + 2 Ax ~d { ) 


and neglecting all the terms in the expansion except the first two. The first 
term neglected is proportional to Ax 2 , and thus the error involved in each step 
of this approximation is also proportional to Ax 2 . However, the commutative 
error involved after M steps in the direction of length L is proportional to Ax 
since MAx 2 = (L/Ax)Ax 7 - LAx. Therefore, the smaller the Ax, the smaller 

the error, and thus the more accurate the approximation. 

Now consider steady one-dimensional heat conduction in a plane wall of 
thickness L with heat generation. The wall is subdivided into M sections of 
equal thickness Ax = JJM in the x-direction, separated by planes passing 
through M + 1 points 0, 1, 2, . . . , m — 1, m, m + \, ... ,M called nodes or 
nodal points, as shown in Figure 5—7. The x-coordinate of any point m is sim- 
ply x m = m Ax, and the temperature at that point is simply T(x m ) = T m . 

The heat conduction equation involves the second derivatives of tempera- 
ture with respect to the space variables, such as d 2 Tldx 2 , and the finite differ- 
ence formulation is based on replacing the second derivatives by appropriate 


differences. But we need to start the process with first derivatives. Using 
Eq. 5-6, the first derivative of temperature dTldx at the midpoints m — I and 
m + ^ of the sections surrounding the node m can be expressed as 


dT 

dx 


til 



T — T 

1 in 1 m [ 

' Ax 


and 


dT 

dx 


m+' 


T — T 
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Noting that the second derivative is simply the derivative of the first deriva- 
tive, the second derivative of temperature at node m can be expressed as 


d 2 T 

dx 2 


dT 

dx 


dT 
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Ax 
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Ax 


Ax 


Ax 2 


(5-9) 


which is the finite di fference representation of the second derivative at a gen- 
eral internal node m. Note that the second derivative of temperature at a node 
m is expressed in terms of the temperatures at node m and its two neighboring 
nodes. Then the differential equation 

d 2 T e 

s? + i=° ' 5 - 10 > 


which is the governing equation for steady one-dimensional heat transfer in a 
plane wall with heat generation and constant thermal conductivity, can be ex- 
pressed in the finite difference form as (Fig. 5-8) 


- 2T m + T m+l 



Ax 2 




m = 1, 2, 3, . . . ,M 


(5-1 1 ) 


where e n [ is the rate of heat generation per unit volume at node m. If the sur- 
face temperatures T 0 and T M are^specified, the application of this equation 
to each of the M — 1 interior nodes results in M — 1 equations for the deter- 
mination of M 1 unknown temperatures at the interior nodes. Solving 
thest? equations simultaneously gives the temperature values at the nodes. If 
the temperatures at the outer surfaces are not known, then we need to obtain 
two more equations in a similar manner using the specified boundary condi- 
tions. Then the unknown temperatures at M + 1 nodes are determined by 
solving the resulting system of M + 1 equations in M + 1 unknowns simulta- 
neously. 

Note that the boundary conditions have no effect on the finite difference 
formulation of interior nodes of the medium. This is not surprising since the 
control volume used in the development of the formulation does not involve 
any part of the boundary. You may recall that the boundary conditions had no 
effect on the differential equation of heat conduction in the medium either. 

The finite difference formulation above can easily be extended to two- or 
three-dimensional heat transfer problems by replacing each second derivative 
by a difference equation in that direction. For example, the. finite difference 
formulation for steady two-dimensional heat conduction in a region with 


Plane wall 


Differential equation: 
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Ax 2 + jfc 
Valid at discrete points 
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FIGURE 5-8 

The differential equation is valid at 
every point of a medium, whereas the 
finite difference equation is valid at 
discrete points (the nodes) only. 
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FIGURE 5-9 

Finite difference mesh for two- 
dimensional conduction in 
rectangular coordinates. 


heat generation and constant thermal conductivity can be expressed in rectan- 
gular coordinates as (Fig. 5—9) 


T m + 1, n + T m - j, n 

Ax 2 


+ 


■fpl, n + 1 ^ Sni.n __ q 

Ay 2 k 


(5-12) 


for m = 1 , 2 , 3 , .... M -1 and h = 1, 2, 3, .... IV -1 at any interior node 
(m n) Note that a rectangular region that is divided into M equal subregions 
in the ^-direction and N equal subregions in the y-direction has a total of 
(M + 1)(N + 1) nodes, and Eq. 5-12 can be used to obtain the finite differ- 
ence equations at (M - l)(N -1) of these nodes (i.e., all nodes except those 

at the boundaries). 

The finite difference formulation is given above to demonstrate how differ- 
ence equations are obtained from differential equations. However, we use the 
energy balance approach in the following sections to obtain the numerical 
formulation because it is more intuitive and can handle boundary conditions 
more easily. Besides, the energy balance approach does not require having the 

differential equation before the analysis. 
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FIGURE 5-10 

The nodal points and volume 
elements for the finite difference 
formulation of one-dimensional 
conduction in a plane wall. 
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ONE-DIMENSIONAL 
STEADY HEAT CONDUCTION 


In this section we develop the finite difference formulation of heat conduction 
in a plane wall using the energy balance approach and discuss how to solve 
the resulting equations. The energy balance method is based on subdividing 
the medium into a sufficient number of volume elements and then applying an 
energy balance on each element. This is done by first selecting the nodal 
points (or nodes) at which the temperatures are to be determined and then 
forming elements (or control volumes) over the nodes by drawing lines 
through the midpoints between the nodes. This way, the interior nodes remain 
at the middle of the elements, and the properties at the node such as the 
temperature and the rate of heat generation represent the average properties of 
the element. Sometimes it is convenient to think of temperature as varying 
linearly between the nodes, especially when expressing heat conduction be- 
tween the elements using Fourier’s law. 

To demonstrate the approach, again consider steady one-dimensional heat 

transfer in a plane wall of thickness L with heat generation e(x) and constant 
conductivity k. The wall is now subdivided into M equal regions of thickness 
Ax - UM in the x- direction, and the divisions between the regions are 

selected as the nodes. Therefore, we have M + 1 nodes labeled 0, 1, 2 . . , 

m }Uj m + l, . . . , M, as shown in Figure 5-10. The x-coordinate of any 

node m is simply x m = mAx, and the temperature at that point is J(x m ) - T m . 
Elements are formed by drawing vertical lines through the midpoints between 
the nodes. Note that all interior elements represented by interior nodes are 
full-size elements (they have a thickness of Ax), whereas the two elements at 

the boundaries are half-sized. 

To obtain a general difference equation for the interior nodes, consider the 
element represented by node m and the two neighboring nodes m - 1 and 
m + 1. Assuming the heat conduction to be into the element on all surfaces, 

an energy balance on the element can be expressed as 


/ Rate of heat\ 
| conduction I 
. at the left , 
\ surface I 


/Rate of heat^ 
! conduction 
; at the right 
^ surface j 
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/Rate of heat\ 
generation 
inside the 
y element j 


/Rate of change\ 
! of the energy 
j content of 
^ the element j 


or 


? cord* left ^ 


A E t 


dement 


'am Hernem 


= 0 
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since the energy content of a medium (or any part of it) does not change under 
steady conditions and thus AE dement = 0. The rate of heat generation within 
the element can be expressed as 

^gen.efcmint “ € m A&X (5-14) 

where e m is the rate of heat generation per unit volume in W/m 3 evaluated at 
node m and treated as a constant for the entire element, and A is heat transfer 
area, which is simply the inner (or outer) surface area of the wall. 

Recall that when temperature varies linearly, the steady rate of heat con- 
duction across a plane wall of thickness L can be expressed as 

Qc ond = M^ (5-15) 


where A T is the temperature change across the wall and the direction of heat 
transfer is from the high temperature side to the low temperature. In the case 
of a plane wall with heat generation, the variation of temperature is not linear 
and thus the relation above is not applicable. However, the variation of tem- 
perature between the nodes can be approximated as being linear in the deter- 
mination of, heat conduction across a thin layer of thickness Ax between two 
nodes (Fij». 5-11). Obviously the smaller the distance Ax between two nodes, 
the more accurate is this approximation. (In fact, such approximations are the 
reason for ^classifying the numerical methods as approximate solution meth- 
ods. In the' limiting case of Ax approaching zero, the formulation becomes ex- 
act and we obtain a differential equation.) Noting that the direction of heat 
transfer on^oth surfaces of the element is assumed to be toward the node m, 
the rate of heat conduction at the left and right surfaces can be expressed as 
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cond, left 


kA 


T — T 
*m - 1 

Ax 


T — 7 1 

i A t j x /n + 1 A in 

and Q right = kA (5-1 6) 


Substituting Eqs. 5-14 and 5-16 into Eq. 5-13 gives 


kA Tm ~\ Tm + kA T ' n + \ Tm + L,AAx = 0 


Ax 


Ax 


'm 


( 5 - 17 ) 


which simplifies to 



In finite difference formulation, the 
temperature is assumed to vary 
linearly between the nodes. 



1T m + T m+ 1 
A.f- 



m = 1, 2, 3, . . . ,M- I (5-18) 
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FIGURE 5-12 

The assumed direction of heat transfer 
at surfaces of a volume element has 
no effect on the finite difference 
formulation. 


which is identical to the difference equation (Eq. 5—11) obtained earlier. 
Again, this equation is applicable to each of the M ~ 1 interior nodes, and its 
application gives M - 1 equations for the determination of temperatures at 
M + 1 nodes. The two additional equations needed to solve for the M + 1 un- 
known nodal temperatures are obtained by applying the energy balance on the 
two elements at the boundaries (unless, of course, the boundary temperatures 

are specified). 

You are probably thinking that if heat is conducted into the element from 
both sides, as assumed in the formulation, the temperature of the medium will 
have to rise and thus heat conduction cannot be steady. Perhaps a more realis- 
tic approach would be to assume the heat conduction to be into the element on 
the left side and out of the element on the right side. If you repeat the formu- 
lation using this assumption, you will again obtain the same result since the 
heat conduction term on the right side in this case involves T m — T m+l instead 
of T m + i — T m , which is subtracted instead of being added. Therefore, the as- 
sumed direction of heat conduction at the surfaces of the volume elements has 
no effect on the formulation, as shown in Figure 5-12. (Besides, the actual di- 
rection of heat transfer is usually not known.) However, it is convenient to as- 
sume heat conduction to be into the element at all surfaces and not worry 
about the sign of the conduction terms. Then all temperature differences in 
conduction relations are expressed as the temperature of the neighboring node 
minus the temperature of the node under consideration, and all conduction 

terms are added. 

Boundary Conditions 

Above we have developed a general relation for obtaining the finite difference 
equation for each interior node of a plane wall. This relation is not applicable 
to the nodes on the boundaries, however, since it requires the presence of 
nodes on both sides of the node under consideration, and a boundary node 
does not have a neighboring node on at least one side. Therefore, we need to 
obtain the finite difference equations of boundary nodes separately. This is 
best done by applying an energy balance on the volume elements of boundary 

nodes. 

Boundary conditions most commonly encountered in practice are the spec- 
ified temperature , specified heat flax, convection, and radiation boundary con- 
ditions, and here we develop the finite difference formulations for them for 
the case of steady one-dimensional heat conduction in a plane wall of thick- 
ness L as an example. The node number at the left surface at x — 0 is 0, and at 
the right surface at x = L it is M. Note that the width of the volume element 
for either boundary node is Ax/2. 

The specified temperature boundary condition is the simplest boundary 
condition to deal with. For one-dimensional heat transfer through a plane wall 
of thickness L , the specified temperature boundary conditions on both the left 
and right surfaces can be expressed as (Fig. 5-13) 

T(0) = T 0 = Specified value 

T(L) = T m = Specified value (5-1 9) 

where T 0 and T M are the specified temperatures at surfaces at x = 0 and x = L, 
respectively. Therefore, the specified temperature boundary conditions are 


incorporated by simply assigning the given surface temperatures to the bound- 
ary nodes. We do not need to write an energy balance in this case unless we 
decide to determine the rate of heat transfer into or out of the medium after the 
temperatures at the interior nodes are determined. 

When other boundary conditions such as the specified heat flux, convection, 
radiation, or combined convection and radiation conditions are specified at a 
boundary, the finite difference equation for the node at that boundary is ob- 
tained by writing an energy balance on the volume element at that boundary. 
The energy balance is again expressed as 


Q +^n., tane n. = 0 (5-20) 

All sides 

for heat transfer under steady conditions. Again we assume all heat transfer to 
be into the volume element from all surfaces for convenience in formulation, 
except for specified heat flux since its direction is already specified. Specified 
heat flux is taken to be a positive quantity if into the medium and a negative 
quantity if out of the medium. Then the finite difference formulation at the 
node m 0 (at the left boundary where x — 0) of a plane wall of thickness 
L during steady one-dimensional heat conduction can be expressed as 
(Fig. 5-14) 


T — T 

Q kft s ^ + kA + efAAx/2) =0 (5-21) 

where AAx/2 is the volume of the volume element (note that the boundary ele- 
ment has half thickness), e 0 is the rate of heat generation per unit volume (in 
W/m 2 3 ) at .v — 0, and A is the heat transfer area, which is constant for a plane 
wall. Note that we have Ax in the denominator of the second term instead of 
Ax/2. This.. is because the ratio in that term involves the temperature difference 
betweerf abides 0 and 1, and thus we must use the distance between those two 
nodes, whibh is Ax. 

7 -j 

The finite difference form of various boundary conditions can be obtained 
from Eq.£-21 by replacing £) Ieft SHrface by a suitable expression. Next this is 
done for various boundary conditions at the left boundary. 

1. -Specified Heat Flux Boundary Condition 

1 

T ^ T 

qcA + M 1 ° + e 0 (AAx/2) = 0 (5-22) 




T m = 82°C 


FIGURE 5-13 

Finite difference formulation of 
specified temperature boundary 
conditions on both surfaces 
of a plane wall. 



FIGURE 5-14 
Schematic for the finite difference 
formulation of the left boundary 
. node of a plane wall. 


Special case: Insulated Boundary (q 0 = 0) 

T — t 

kA 1 ° + eo(Adoc/2) = 0 


(5-23) 


2. Convection Boundary Condition 

Y y 

hA(T . * - T 0 ) + M 1 ° + efAAx/2) = 0 


(5-24) 
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3. Radiation Boundary Condition 

scrA{T^ — To) + kA ^ + c 0 (AAx/2) - 0 

4. Combined Convection and Radiation Boundary Condition 
(Fig. 5-15) 

M(T, - r 0 ) + e*A(T^ — Tq) + kA + e 0 (AA.r/2) = 0 


or 
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+ £ 0 (AAx/2) — 0 


5. Combined Convection, Radiation, and Heat Flux Boundary 
Condition 


( 5 - 25 ) 


( 5 - 26 ) 
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FIGURE 5-15 

Schematic for the finite difference 
formulation of combined convection 
and radiation on the left boundary 
of a plane wall. 



FIGURE 5-16 

Schematic for the finite difference 
formulation of the interface boundary 
condition for two mediums A and B 
that are in perfect thermal contact. 
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( 5 - 28 ) 


6. Interface Boundary Condition Two different solid media A and B 
are assumed to be in perfect contact, and thus at the same temperature 
at the interface at node m (Fig. 5-16). Subscripts A and B indicate 
properties of media A and B, respectively. 
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these relations, q Q is the specified heat flux in W/m ,h is the convection 
efficient, /i combined is the combined convection and radiation coefficient, T„ as 
e temperature of the surrounding medium, T surr is the temperature of the 
rrounding surfaces, e is the emissivity of the surface, and cr is the Stefan 
Atzman constant. The relations above can also be used for node Mon the 
krtiinHarv hv rp.nlanin? the subscript “0” by “M 1 and the subscnpt 1 by 


“M — r\ 

Note that thermodynamic temperatures must be used in radiation heat trans- 
fer calculations, and all temperatures should be expressed m K or R when a 
boundary condition involves radiation to avoid mistakes. We usually try to 
avoid the radiation boundary condition even in numerical solutions since it 
causes the finite difference equations to be nonlinear, which are more difficult 

to solve. 


Treating Insulated Boundary Nodes as Interior Nodes: 

The Mirror Image Concept 

One way of obtaining the finite difference formulation of a node on an insu- 
lated boundary is to treat insulation as “zero’* heat flux and to write an energy 
balance, as done in Eq. 5-23. Another and more practical way is to treat the 
node on an insulated boundary as an interior node. Conceptually this is done 




1 



by replacing the insulation on the boundary by a mirror and considering the 
reflection of the medium as its extension (Fig. 5-17), This way the node next 
to the boundary node appears on both sides of the boundary node because of 
symmetry, converting it into an interior node. Then using the general formula 
(Eq. 5-18) for an interior node, which involves the sum of the temperatures of 
the adjoining nodes minus twice the node temperature, the finite difference 
formulation of a node m — 0 on an insulated boundary of a plane wall can be 
expressed as 


T, 


m + 1 


- 2T m + 


A* 2 


+ ^ = 0 


— ) 


r, - 2T 0 + T 
Ax 2 


^ + fo = 0 


(5-30) 


which is equivalent to Eq. 5-23 obtained by the energy balance approach. 

The mirror image approach can also be used for problems that possess ther- 
mal symmetry by replacing the plane of symmetry by a mirror. Alternately, we 
can replace the plane of symmetry by insulation and consider only half of the 
medium in the solution. The solution in the other half of the medium is sim- 
ply the mirror image of the solution obtained. 
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FIGURE 5-17 

A node on an insulated boundary 
can be treated as an interior node by 
replacing the insulation by a mirror. 
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EXAMPLE 5-1 Steady Heat Conduction in a Large 

Uranium Plate 

Consider a large uranium plate of thickness L = 4 cm and thermal conductiv- 
ity k = 28 W/m * °C in which heat is generated uniformly at a constant rate of ; 
e = 5 x 10 6 W/m 3 . One side of the plate is maintained at 0°C by iced water 
while the other side is subjected to convection to an environment at T„ == 30°C 
with a heat transfer coefficient of h = 45 W/m 2 • °C, as shown in Figure 5-18. 
Considering a total of three equally spaced nodes in the medium, two at the 
boundaries and one at the middle/estimate the exposed surface temperature 
of the pla|e under steady conditions using the finite difference approach. V/ : : 



SOLUTION; 1 A uranium plate is subjected to specified temperature on one side 
and convection on the other. The unknown surface temperature of the plate is 
to be determined numerically usinjf three equally spaced nodes. 

Assumptions 1 Heat transfer through the wall is steady since there is no in- 
dication of any change with time. 2 Heat transfer is one-dimensional since 
thg, plate ip large relative to its thickness. 3 Thermal conductivity is constant. 

4 Radiation heat transfer is negligible. 

Properties The thermal conductivity is given to be k = 28 W/m - °C. 

Analysis The number of nodes is specified to be M = 3, and they are chosen 
to be at the two surfaces of the plate and the midpoint, as shown in the figure. 
Then the nodal spacing Ax becomes 

A-' * A 0.04 m 

A.v = 77 7 = -z — = 0.02 m 

M — 13 — 1 

We number the nodes 0, 1, and 2. The temperature at node 0 is given to be 
r 0 = 0°C, and the temperatures at nodes 1 and 2 are to be determined. This 
problem involves only two unknown nodal temperatures, and thus we need to : 
have only two equations to determine them uniquely. These equations are ob- 
tained by applying the finite difference method to nodes 1 and 2. j V 
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k = 2S W/m-°C 
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FIGURE 5-1 8 

Schematic for Example 5-1. 


Node 1 is an interior node, and the finite difference formulation at that node 
is obtained directly from Eq. 5-18 by setting m = 1: 


T 0 - 27, + T 2 e, __ 
Ax 2 k 


6, _ 0-2 T l +T ii e l _ n 

+ 4=0 -> " A , — + T -° -> 21 1 i 2 * 


Node 2 is a boundary node subjected to convection, and the finite difference 
formulation at that node is obtained by writing an energy balance on the vol- 
ume element of thickness Ax/2 at that boundary by assuming heat transfer to 

be into the medium at all sides: 

M(T« — T t ) + kA + e 2 (AA.t/2) = 0 


Canceling the heat transfer area A and rearranging give 


Plate 


;0 1 .’2 
k— 2 cm ■ . ■ * ] * 2 cm 


Finite difference solution: 
r 2 = i36,rc 
Rxact solution; 

r 2 = 136*0°C 

FIGURE 5-19 

Despite being approximate in nature, 
highly accurate results can be 
obtained by numerical methods. 




hAx 


62 Ax 2 
~~2k~ 


Equations (1) and (2) form a system of two equations in two unknowns and 
T 2 . Substituting the given quantities and simplifying gives 

27, - T 2 = 71.43 (in°C) 

Tj - 1.0327 2 = -36.68 (in°C) 

This is a system of two algebraic equations in two unknowns and can be solved 
easily by the elimination method. Solving the first equation for ^ and substi- 
tuting into the second equation result in an equation in T 2 whose solution is 

7 2 = 136.1°C 

This is the temperature of the surface exposed to convection, which is the 
desired result. Substitution of this result into the first equation gives 7 2 = 
103.8°C, which is the temperature at the middle of the plate. 

Discussion The purpose of this example is to demonstrate the use of the finite 
difference method with minimal calculations, and the accuracy of the result 
was not a major concern. But you might stilt be wondering how accurate the re- 
sult obtained above is. After all, we used a mesh of only three nodes for the 
entire plate, which seems to be rather crude. This problem can be solved ana- 
lytically as described in Chapter 2, and the analytical (exact) solution can be 

shown to be 

0,5 ehL 2 /k + eL + TJi ex 1 
T &> = ~ hL + k ~ X 2k 

Substituting the given quantities, the temperature of the exposed surface of 
the plate at x = L = 0.04 m is determined to be 136.0°C, which is almost 
identical to the result obtained here with the approximate finite difference 
method (Fig. 5-19). Therefore, highly accurate results can be obtained with 
numerical methods by using a limited number of nodes. 


EXAMPLE 5-2 Heat Transfer from Triangular Fins 


Consider an aluminum alloy fin C k = 180 W/m • °C) of triangular cross section 
with length L - 5 cm, base thickness b - 1 cm, and very large width w, as 
shown in Figure 5-20. The base of the fin is maintained at a temperature of 
T 0 = 200°C. The fin is losing heat to the surrounding medium at 7~„ = 25°C 
with a heat transfer coefficient of h = 15 W/m 2 • °C. Using the finite difference 
method with six equally spaced nodes along the fin in the x-direction, deter- 
mine (a) the temperatures at the nodes, ( b ) the rate of heat transfer from the 
fin for tv = 1 m, and (c) the fin efficiency. 

SOLUTION A long triangular fin attached to a surface is considered. The 
nodal temperatures, the rate of heat transfer, and the fin efficiency are to be 
determined numerically using six equally spaced nodes. 

Assumptions 1 Heat transfer is steady since there is no indication of any 
change with time. 2 The temperature along the fin varies in the x direction 
only. 3 Thermal conductivity is constant. 4 Radiation heat transfer is negligi- 
ble. 

Properties The thermal conductivity is given to be k = 180 W/m • °C. 
Analysis (a) The number of nodes in the fin is specified to be M — 6, and 
their location is as shown in the figure. Then the nodal spacing Ax becomes 


Ax = 


M- 1 


0.05 m 
6“ 1 


0.01 m 


The temperature at node 0 is given to be T 0 = 200°C, and the temperatures at 
the remaining five nodes are to be determined. Therefore, we need to have five 
equations to determine them uniquely. Nodes 1, 2, 3, and 4 are interior nodes, 
and the finite difference formulation for a general interior node m is obtained 
by applying an energy balance on the volume element of this node. Noting that 
heat transfer is steady and there is no heat generation in the fin and assuming 
heat transfer to be into the medium at all sides, the energy balance can be ex- 
pressed^'- 
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FIGURE 5-20 
Schematic for Example 5-2 and the 
volume element of a general 
interior node of the fin. 


i 

2 Q^O M, 


All 


nr — nr y 7 * — t 

m — 1 , t J x m + 1 A m , . /fyi 


Nple thattheat transfer areas are different for each node in this case, and us- 
ing geometrical relations, they can be expressed as 


A, eft = (Height X Width) _ i = 2w[L — (m — l/2)Ax]tan 6 
bright = (Height X Width) @m + i ~ 2 w[L — (m + l/2)Ax]tan 0 
Aronv = 2 X Length X Width = 2>v(Ax/cos 9) 


2 kw[L -- (m — l)Axjtan 8 ^ — 

+ 2 kwV. - On + ^)A.x]ian 0 T ’ t ' ~ 7 + h ~ Tfi = 0 


Dividing each term by 2kwL tan 9 / Ax gives 



2 * 2 


FIGURE 5-21 

Schematic of the volume element of 
node 5 at the tip of a triangular fin. 
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< m 2> T 
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(r m - t -r w ) + 


l - 


(m + {) x 


+ 


Xm +- 1 
/j(A,r ) 2 


- 7 ) 

* m/ 


kL sin 0 


(r„ - T m ) = o 


Note that 


tan 6 = 


bl2 0.5 cm 


= 0.1 — » 9 = tan ’0.1 = 5.71 


L 5 cm 

Also, sin 5.71° = 0.0995. Then the substitution of known quantities gives 

(5.5 — m)T m _ i — (10.008 — 2>n)T m + (4.5 — nt)T m+ i — —0.209 

Now substituting 1, 2, 3, and 4 for m results in these finite difference equa- 
tions for the interior nodes: 


m = 1 : 

— 8.008Tj + 3.5 T 2 = -900.209 

(1) I 

m = 2 : 

3.57^ - 6.008T 2 + 2.5T, = -0.209 

( 2 ) I 

m — 3: 

2.5T 2 - 4.008 r 3 + 1.5T 4 = -0.209 

<3) I 

(4) 1 

m = 4: 

1.5r 3 - 2 .OO 8 T 4 + 0.5r 5 = -0.209 


The finite difference equation for the boundary node 5 is obtained by writing 
an energy balance on the volume element of length Ax/2 at that boundary, 
again by assuming heat transfer to be into the medium at all sides (Fig. 5—21). 


kA 


left 


Ax 


where 


L itft 


2 w tan 6 


. , Ax/2 

and A ronv 2 w cQS 0 


Canceling win all terms and substituting the known quantities gives 

T 4 - 1.008r 5 = -0.209 (5) 


Equations (1) through (5) form a linear system of five algebraic equations in I 
five unknowns. Solving them simultaneously using an equation solver gives . 

r, = 198.6“C, T 2 = 197.1°C, r 3 = 195.7°C, ; 

r 4 = 194.3° C, T 5 = 192.9°C 

which is the desired solution for the nodal temperatures. 

(b) The total rate of heat transfer from the fin is simply the sum of the heat I 
transfer from each volume element to the ambient, and for iv — 1 ro it is 1 

determined from I 


5 5 

Gfin “ j2 dement, m ^ ^^coav,m(TiH - rj 

m = 0 ai =0 

Noting that the heat transfer surface area is wd^cos 8 for the boundary nodes 
0 and 5, and twice as large for the interior nodes 1, 2, 3, and 4, we have 


Q 


fin 


= h ^ m - TJ + 2(7) - rj + 2 (T 2 - -T„) 4- 2 (T 3 
+ 2(T 4 - r K ) + <r 5 - rj] 

= a [To + 2(r, + t 2 + t , + td + r 5 - iorj°c 
= (15 W/m 2 ■ °C) ^ [200 + 2 X 785.7 

COS O* / J_ 

+ 192.9- 10 X 25] °C 
= 258.4 W 


r„) 


(c) If the entire fin were at the base temperature of T a = 200°C, the total rate 
of heat transfer from the fin for w = 1 m would be 



u 


6 mu = hA r in , (To “ T*) = h(2wUcos B)(T 0 ~ T x ) 

= (15 W/m 2 • °C)[2(1 m)(0.05 m)/cos5.71°j(200 - 25)°C 
= 263.8 W 


Then the fin efficiency is determined from 


Vfm 


Q fin 

2nu.ii 


258.4 W 
263.8 W 


= 0.98 


which is less than 1, as expected. We could also determine the fin efficiency 
in thisv.c&se from the proper fin efficiency curve in Chapter 3, which is based 
on the analytical solution. We would read 0.98 for the fin efficiency, which is 

identicaifto the value determined above numerically. 

f 


iW finite difference formulation of steady heat conduction problems usu- 
ally 'results' in a system of N algebraic equations in iV unknown nodal temper- 
atures that need to be solved simultaneously. When N is small (such as 2 or 3), 
we can use the elementary elimination method to eliminate all unknowns ex- 
cept one and then solve for that unknown (see Example 5-1). The other un- 
knowns are then determined by back substitution. When N is large, which is 
usually the case, the elimination method is not practical and we need to use a 
more systematic approach that can be adapted to computers. 

There are numerous systematic approaches available in the literature, and 
they are broadly classified as direct and iterative methods. The direct meth- 
ods are based on a fixed number of well-defined steps that result in the solu- 
tion in a systematic manner. The iterative methods, on the other hand, are 
based on an initial guess for the solution that is refined by iteration until a 
specified convergence criterion is satisfied (Fig. 5-22). The direct methods 
usually require a large amount of computer memory and computation time, 


Qiretf y r -y y : 

Solve f ja*a-$y5 te rmiUc jo annerfollo^viog a 
series of well-defined steps;^b 

Iterative methods^ 

Start with an initial guess for the solution, 

■ : and iterate until solution conveiges.’, fe f : 


FIGURE 5-22 

Two general categories of solution 
methods for solving systems 
of algebraic equations. 


NUMERICAL? METHODS 


and they are more suitable for systems with a relatively small number of equa- 
tions. The computer memory requirements for iterative methods are minimal, 
and thus they are usually preferred for large systems. The convergence of it- 
erative methods to the desired solution, however, may pose a problem. 


5_4 * TWO-DIMENSIONAL 

STEADY HEAT CONDUCTION 



FIGURE 5-23 

The nodal network for the finite 
difference formulation of two- 
dimensional conduction in 
rectangular coordinates. 



FIGURE 5-24 

The volume element of a general 
interior node ( m , n) for 
two-dimensional conduction in 
rectangular coordinates. 


In Section 5-3 we considered one-dimensional heat conduction and assumed 
heat conduction in other directions to be negligible. Many heat transfer prob- 
lems encountered in practice can be approximated as being one-dimensional, 
but this is not always the case. Sometimes we need to consider heat transfer in 
other directions as well when the variation of temperature in other directions 
is significant. In this section we consider the numerical formulation and solu- 
tion of two-dimensional steady heat conduction in rectangular coordinates us- 
ing the finite difference method. The approach presented below can be 
extended to three-dimensional cases. 

Consider a rectangular region in which heat conduction is significant in the 
x- and y-directions. Now divide the x-y plane of the region into a rectangular 
mesh of nodal points spaced Ax and Ay apart in the x- and y-directions, 
respectively, as shown in Figure 5-23, and consider a unit depth of Az — 1 
in the z-direction. Our goal is to determine the temperatures at the nodes, 
and it is convenient to number the nodes and describe their position by 
the numbers instead of actual coordinates. A logical numbering scheme for 
two-dimensional problems is the double subscript notation (m, /t) where 
m = 0, 1,2, . . . ,Mis the node count in the x-direction and/i = 0, 1, 2, . . . , N 
is the node count in the y-direction. The coordinates of the node (m, n) are 
simply x = wAx and y = «Ay, and the temperature at the node (m, n) is 

denoted by 

Now consider a volume element of size Ax X Ay X 1 centered about a gen- 
eral interior node (m, n) in a region in which heat is generated at a rate of e and 
the thermal conductivity k is constant, as shown in Figure 5-24. Again 
assuming the direction of heat conduction to be toward the node under 
consideration at all surfaces, the energy balance on the volume element can be 
expressed as 


Rate of heat conduction 
at the left, top, right, 

^ and bottom surfaces j 


+ 


Rate of heat 
generation inside 
\ the element 


Rate of change of ^ 
the energy content 
^ of the element j 


or 


A£ 




Q com), left -b Q eond, top "b 2cond.right 3" Q rami, bottom "b ■C'gen, element ~ fa ^ 


for the steady case. Again assuming the temperatures between the adja- 
cent nodes to vary linearly and noting that the heat transfer area is 
A x = Ay X 1 = Ay in the x-direction and A y = Ax X 1 = Ax in the y-direction, 
the energy balance relation above becomes 


My 


T — T 

- 1 /tj — ] t n ■* 7F 

Ax 


+ Mr 


T — T 

-* ITT, /? 4- 1 1 W T /I 


Ay 


+ My 


4 - Mx 


T — T 

] J ,m r rt 




T — T 
Ax 

+ i n Ax Ay — 0 (5-32) 


Dividing each term by Ax X Ay and simplifying gives 


nr 'j'r 4- T T OT 4- T 

* nt~ l*ti ' -w/j-M*// 

-f* : — - i ; — — 0 


Ax- 


Ay 2 


k 


(5-33) 


for m = 1, 2, 3, . . . , M — 1 and n = 1, 2,'3 f . . . , N — 1. This equation is iden- 
tical to Eq. 5-12 obtained earlier by replacing the derivatives in the differen- 
tial equation by differences for an interior node (m, n). Again a rectangular 
region M equally spaced nodes in the x-direction and N equally spaced nodes 
in the y-direction has a total of (Af + l)(N +1) nodes, and Eq. 5-33 can be 
used to obtain the finite difference equations at all interior nodes. 

In finite difference analysis, usually a square mesh is used for sim- 
plicity (except when the magnitudes of temperature gradients in the x- and 
y-direcfions are very different), and thus Ax and Ay are taken to be the same. 
Then Ax = Ay — /, and the relation above simplifies to 


T, 


m 




+ T, 


m 4 ],/j 


+ T, 


+ 1 


+ T, 


w, n 


472 „ + 


An. n 7 


?■:, r. 


= 0 


(5-34) 


That is, the finite difference formulation of an interior node is obtained by 
adding the temperatures of the four nearest neighbors of the node, subtracting 
four times the temperature of the node itself and adding the heat generation 
term. It can also be expressed in this form, which is easy to remember: 



Tier, + T[op + T dgU + Z 


bottom 


4T. 


node 


^ 2 
e node / ~ 

+ : — U 


(5-35) 


When thefe is no heat generation in the medium, the finite difference equa- 
tion for an interior node further Simplifies to T node = (T ]e(t + T top + T right + 
^bottomV^, which has the interesting interpretation that the temperature of each 
interior node is the arithmetic average of the temperatures of the four neigh- 
boring nodes. This statement is also true for the three-dimensional problems 
except that the interior nodes in that case will have six neighboring nodes in- 
stead of four. 


Boundary Nodes 

The development of finite difference formulation of boundary nodes in 
two- (or three-) dimensional problems is similar to the development in the 
one-dimensional case discussed earlier. Again, the region is partitioned be- 
tween the nodes by forming volume elements around the nodes, and an energy 
balance is written for each boundary node. Various boundary conditions can 
be handled as discussed for a plane wall, except that the volume elements 
in the two-dimensional case involve heat transfer in the y-direction as well 
as the x-direction. Insulated surfaces can still be viewed as “mirrors, ” and the 
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Boundary 



mirror image concept can be used to treat nodes on insulated boundaries as in- 

K For heatbransfer under steady conditions, the basic equation to tap in mind 

when writing an energy balance on a volume element is (hig. D *>) 


All sides 


= o 


(5-38) 


whether the problem is one-, two-, or three-dimensional. Again we assume, 
fa convenience in formulation, all heat transfer to be mlo the volume ^ ele- 
ment from all surfaces except for specified heat flux whose direction rs 
ready specified. This is demonstrated in Example 5-3 for various boundary 

conditions. 


FIGURE 5-25 

The finite difference formulation of 
a boundary node is obtained by 
writing an energy balance 
on its volume element. 


Convection 



FIGURE 5-26 

Schematic for Example 5-3 and 
the nodal network (the boundaries 
of volume elements of the nodes are 
indicated by dashed lines). 
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(a) Node I Q>) Node 2 

FIGURE 5-27 

Schematics for energy balances on the 
volume elements of nodes 1 and 2. 


EXAMPLE 5-3 


Steady Two-Dimensional Heat Conduction 
in L-Bars 

Consider steady heat transfer in an L-shaped solid body whose cross section is 
given in Figure 5-26. Heat transfer in the direction normal to the plane of th 
paper is negligible, and thus heat transfer in the body is too-dimensionaj Tim 
thermal conductivity of the body is k= 15 W/m * °C, and heat is generated m 
the body at a rate of e = 2 x 10 6 W/m 3 . The left surface of the body is msu 

the problem consists of 15 equally spaced nodes with Ax - Ay - ■ 1-2 ^n, a 
shown in the figure. Five of the nodes are at the bottom surface, and thus their 

temperatures are known. Obtain the finite difference e ^ uatl °"® remam ' 
ing nine nodes and determine the nodal temperatures by solving them. 

SOLUTION Heat transfer in a long L-shaped solid bar with specified k°undaiy 
conditions is considered. The nine unknown nodal temperatures are be de- 
termined with the finite difference method. ■ . 

Assumptions 1 Heat transfer is steady and two-dimensional, as stated. 2 Ther- 
ma ( conductivity is constant. 3 Heat generation is uniform. 4 Radiation heat 

transfer is negligible. . . , /..in w/m °r 

Properties The thermal conductivity is given to be k 15 W/m ■ 

Analysis We observe that ail nodes are boundary nodes except n ode 5 wh,ch 
is an interior node. Therefore, we have to rely on energy balances to obtain th 
finite difference equations. But first we form the volume elements by parti- 
tioning the region among the nodes equitably by drawing dashed lines between 
the nodes. If we consider the volume element represented by an (interior 'node 
to b S® (i.e., 4x x iy x 1), then the element represented a gular 

boundary node such as node 2 becomes half size (i.e., 4x yt . 

a corner node such as node 1 is quarter size (i.e., Ax/2 x Ay/2 x l). keeping 
Eq. 5-36 in mind for the energy balance, the finite difference equations fo 

each of the nine nodes are obtained as follows: 

r a \ Node 1 The volume element of this corner node is insulated on the left 
and subjected to convection at the top and to conduction at the right and bot- 
tom surfaces. An energy balance on this element gives (Fig. 5-27 


rJ.f ftfal 




Ar . Ay T 2 - r t . , Ax n - T, , . A* Ay _ ft 

o + h -f (r. - T.) + * T -^~ + *T"a 7~ e ' TT - 0 


Taking Ax = Ay = /, it simplifies to 


"(2 + x) ri + r2 + r4 = -f^ 


e£_ 

2k 


(b) Node 2. The volume element of this boundary node is subjected to con- 
vection at the top and to conduction at the right, bottom, and left surfaces. An 
energy balance on this element gives (Fig. -5-27 A) 


hAx(T, 


Ay r,-T, T 5 ~T 2 , , Ay 7\ - T 2 . A „ Ay 

T ^ + k T -KT + k&x ~ZT *.T^5r + ^ T - 0 


Taking Ax = Ay = /, it simplifies to 


Tx~ 



T 2 +T 3 + 2 T 5 = 



e 2 l 2 
: \fc 


(c) Node 3. The volume element of this corner node is subjected to convection 
at the top and right surfaces and to conduction at the bottom and left surfaces. 
An energy balance on this element gives (Fig. 5-28a) 




a* hrh + k *l Tizh + a* = o 


Ay 


Ax 


+ e 3 


2 2 


Taking Ax = Ay = /, it simplifies to 




- p 1 


2 + ¥)t 3 + T 6 =-~T„~^ f 


8 


(d) Nodi 4. This node is on the insulated boundary and can be treated as an 
interior lode by replacing the insulation by a mirror. This puts a reflected im- 
age of node 5 to the left of node 4. Noting that Ax = Ay -- /, the general inte- 
rior node relation for the steady two-dimensional case (Eq. 5 35) gives 
(Fi# 5-286) 

> i 

' e,l 2 ^ ' ■ ■■■■■.■■■ 

T 5 + r t + T 5 + 7\o - AT 4 + -J 0 


or, noting that F 10 = 90°C, 


Ti ~ 4T 4 + 2T 5 = ■ -90 - 


ej 


(e) Node 5. This is an interior node, and noting that Ax = Ay = i, the finite 
difference formulation of this node is obtained directly from Eq. 5-35 to be 
(Fig. 5-29a) ■ T : v TW.' 

ej, 2 

1\ + T 2 V T c T n ■ 47 5 F ~~ k -• 0 



(a) Node 3 (W Node 4 

FIGURE 5-28 

Schematics for energy balances on the 
volume elements of nodes 3 and 4. 



(a) Node 5 (b) Node 6 

FIGURE 5-29 

Schematics for energy balances on the 
volume elements of nodes 5 and 6. 


or, noting that T n = 90°C, 



X 2 + X 4 - 4 T 5 + T 6 =-9 0 


e 5 I 


(f) Node 6. The volume element of this inner comer node is subjected to con- 
vection at the L-shaped exposed surface and to conduction at other surfaces. 
An energy balance on this element gives (Fig. 5-296} 

A v Ay\ , Ay X 7 - X 6 T n - X 6 

h\ — + —)cr» - X 6 ) + + k&x - 


Ax- 


Ay 


3AxAy 


X, - X 6 , Ax 7*3 - T € , . , _ A 

+ kAy 5 + k — — T — ~+e 6 -—-0 


Ax 


Ay 



(a) Node 7 (b) Node 9 

FIGURE 5-30 

Schematics for energy balances on the 
volume elements of nodes 7 and 9. 


Taking Ax = Ay = I and noting that X 12 = 90°C, it simplifies to 

26/ 


n + 2T, - ( 6 + ^7V + r 7 = -180 - 


3 e b l 2 
2k 


(g) Node 7. The volume element of this boundary node is subjected to con- 
vection at the top and to conduction at the right, bottom, and left surfaces. An 
energy balance on this element gives (Fig. 5-30a) 

Ay r s - r 7 , A X [3 - r 7 

/Ki* r„-T 7 ) + * T - 5J - + *^-57- 


+ k 


Ay X 6 - T 7 
2 Ax 


Ay 

+ e 7 Ax — 0 


Taking Ax = Ay = / and noting that T n = 90°C, it simplifies to 

2hl\ — 2 *7* 2 


r* - 4 + 




r 7 + T 8 = -i80-^r o 


(h) Node 8 This node is identical to node 7, and the finite difference formu- 
lation of this node can be obtained from that of node 7 by shifting the node 
numbers by 1 (i.e., replacing subscript m by m + 1). it gives 


X 7 


4 + 1 X s + T 9 — 180 £ T„ 


2hl\ 

X j * 8 


{/) Node 9. The volume element of this corner node is subjected to convection 
at the top surface, to heat flux at the right surface, and to conduction at.thp 
bottom and left surfaces. An energy balance on this element gives (Fig. 5-306) 


2 2 


.Ax„ 7 ....^ + i A i Zj!c7k + )fc ^Ac2i + ^^=o 
A "2“ (TV- T 9 ) + q R 2 + * 2 Ay Ax ^ 

Taking Ax = Ay = 1 and noting that X 15 = 90°C, it simplifies to 


2 + f)x>~ 90 *** ,X„ 


e$l 


* 


2k 



This completes the development of finite difference formulation for this prob- 
lem. Substituting the given quantities, the system of nine equations for the 
determination of nine unknown nodal temperatures becomes 


-2.064?! + T 2 + T 4 = 
T t -4.128r 2 + T 3 + 2r 5 = 
T 2 - 2ri28T 3 + T 6 = 
Tj - 4T 4 + 2? s = 
T 2 + T 4 - 4 T s + T 6 = 
T 3 + 2T S - 6.128r 6 + T-, = 
t 6 - 4.i28r 7 + r s = 
T 7 -4.i28r„ + r 9 = 
T s - 2.064 r 9 = 


— 11.2 


= “22.4 


- 12.8 

-109.2 

-109.2 

- 212.0 

-202.4 

-202.4 

-105.2 


which is a system of nine algebraic equations with nine unknowns. Using an 
equation solver, its solution is determined to be 


?! = 112. 1°C 
T a = 109.4°C 
T 7 = 97.3°C 


T 2 = 110.8°C ? 3 = 106.6°C 

T s = 108. 1°C T 6 = 103.2°C 
r 8 = 96.3°C T 9 = 97.6°C 


Note that the temperature is the highest at node 1 and the lowest at node 8. 
This is consistent with our expectations since node 1 is the farthest away from 
the bottom surface, which is maintained at 90°C and has one side insulated, 
and node 8 has the largest exposed area relative to its volume while being 
close to the surface at 90°C. 


Irregular Boundaries 

In problems with simple geometries, we can fill the entire region using simple 
volume/ elements such as strips for a plane wall and rectangular elements for 
two-dijnensional conduction in a rectangular region. We can also use cylin- 
drical or spherical shell elements to cover the cylindrical and spherical bodies 
entirely. However, many geometries encountered in practice such as turbine 
blades dr engine blocks do not have simple shapes, and it is difficult to fill 
such geometries having irregular boundaries with simple volume elements. 
A practical way of dealing with such geometries is to replace the irregular 
geometry by a series of simple volume elements, as shown in Figure 5-31. 
This simple approach is often satisfactory for practical purposes, especially 
when the nodes are closely spaced near the boundary. More sophisticated ap- 
proaches are available for handling irregular boundaries, and they are com- 
monly incorporated into the commercial software packages. 


Actual boundary 


Approximation 


EXAMPLE 5-4 Heat Loss through Chimneys 

Hot combustion gases of a furnace are flowing through a square chimney made 
of concrete (k = 1.4 W/m * °C). The flow section of the chimney is 20 cm x 
20 cm, and the thickness of the wall is 20 cm. The average temperature of the 


FIGURE 5-31 

Approximating an irregular 
boundary with a rectangular mesh. 



Symmetry lines 
(Equivalent to insulation) 



T secti on of ch t mney 

5 KV 

FIGURE 5-32 

Schematic of the chimney discussed in 
Example 5-4 and the nodal network 
for a representative section. 



(a) Node 1 ( b ) Node 2 

FIGURE 5-33 

Schematics for energy balances on the 
volume elements of nodes 1 and 2. 


hot gases in the chimney is T, = 300°C, and the average convection heat trans- 
fer coefficient inside the chimney is h s = 70 W/m 2 • °C. The chimney is losing 
heat from its outer surface to the ambient air at T 0 = 20°C by convection with 
a heat transfer coefficient of /?„ = 21 W/m 2 • °C and to the sky by radiation. 
The emissivity of the outer surface of the wall is s = 0.9, and the effective sky 
temperature is estimated to be 260 K. Using the finite difference method with 
Ax = Ay = 10 cm and taking full advantage of symmetry, determine the 
temperatures at the nodal points of a cross section and the rate of heat loss for 
a 1-m-long section of the chimney. 


SOLUTION Heat transfer through a square chimney is considered. The nodal 
temperatures and the rate of heat loss per unit length are to be determined 
with the finite difference method. 

Assumptions 1 Heat transfer is steady since there is no indication of change 
with time. 2 Heat transfer through the chimney is two-dimensional since the 


height of the chimney is large relative to its cross section, and thus heat con- 
duction through the chimney in the axial direction is negligible. It is tempting 
to simplify the problem further by considering heat transfer in each wall to be 
one-dimensional, which would be the case if the walls were thin and thus the 
corner effects were negligible. This assumption cannot be justified in this case 
since the wails are very thick and the corner sections constitute a considerable 
portion of the chimney structure. 3 Thermal conductivity is constant. 

Properties The properties of chimney are given to be k = 1.4 W/m - °C and 
e = 0.9. 

Analysis The cross section of the chimney is given in Figure 5-32. The most 
striking aspect of this problem is the apparent symmetry about the horizontal 
and vertical lines passing through the midpoint of the chimney as weii as the 
diagonal axes, as indicated on the figure. Therefore, we need to consider only 
one-eighth of the geometry in the solution whose nodal network consists of 
nine equally spaced nodes. 

No heat can cross a symmetry iine, and thus symmetry lines can be treated 
as insulated surfaces and thus “mirrors" in the finite difference formulation. 
Then the nodes in the middle of the symmetry lines can be treated as interior 
nodes by using mirror images. Six of the nodes are boundary nodes, so we 
have to write energy balances to obtain their finite difference formulations. 
First we partition the region among the nodes equitably by drawing dashed 
lines between the nodes through the middle. Then the region around a node 
surrounded by the boundary or the dashed fines represents the volume element 
of the node. Considering a unit depth and using the energy balance approach 
for the boundary nodes (again assuming all heat transfer into the volume ele- 
ment for convenience) and the formula for the interior nodes, the finite differ- 
ence equations for the nine nodes are determined as follows: 

(a) Node 1. On the inner boundary, subjected to convection, Figure 5-33a 


0 + A, 


Ax 

2 





Ax Tj T\ 

2 Ay 


+ 0-0 


Taking Ax= Ay = /, it simplifies to 

i2 + ^)r 1 + 7i + r 3 = -^r, 
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(b) Node 2. On the inner boundary, subjected to convection, Figure 5-33b 

444 + "‘f m-rj + o + w^-o.. 


Taking Ax = Ay = /, it simplifies to 

hi 

r, - 13+4- 


h,l ■ 

T 2 + 2T 4 = ; 7“ 7) 


(c) Nodes 3, 4, and 5. {interior nodes, Fig. 5-34) 

Node 3: 7 4 + T t + T 4 + T 6 - 4T 3 = 0 
Node 4: r 3 + r 2 + r 3 + r 7 - 47; - 0 
Node 5: T A + T A + T g + T & - 4T S = 0 

(d) Node 6. (On the outer boundary, subjected to convection and radiation) 

„ . ,£lx T,~T 6 , Ay T, — Tg 
0 + k 2 Ay k 2 Ax 

+ K^(T^T 6 ) + Ecr^(T s iy-Tft-O 
Taking Ax = Ay = /, it simplifies to 


hj . 

?; + r, -I2 + -- jr 6 = 





nodes 3 and 5 on symmetry lines to 
interior nodes by using mirror images. 


(e) Node 7. (On the outer boundary, subjected to convection and radiation, 
Fig. 5-35) 


ST/,. , ■ 
5- ' 


A y.T t 


t 


l : 


i 


A y :r 6 -r 7 T * ~ . T . 

k 2 A.t kAx Ay k 2 Ax 

+ h 0 Ax{T 0 - Tj) + arAxO^y - Tf) = 0 


Taking Ax = Ay = /, it simplifies to 




2% + T 6 -U + 


2 hj 


2 hj 


r 7 + r 8 = — t-t 0 - 


2eo7 


0^-7?) 


(f) Node 8. Same as node 7, except shift the node numbers up by 1 (replace 
4 by 5, 6 by 7, 7 by 8, and 8 by 9 in the last relation) 


2r 5 + T 7 - 4 + 


2hJ 


T s + T 9 = - 


2 hj 


T 
k * 


2eal 


(JXy ~ r* 4 ) 


(g) Node 9. (On the outer boundary, subjected to convection and radiation, 
Fig. 5-35) 

k ^ 44 + o + *4 <r. - + so- ^ (r^, - r,*) = o ; 



T 


sky 


FIGURE 5-35 

Schematics for energy balances on the 
volume elements of nodes 7 and 9. 




Taking Ax = Ay = /, it simplifies to 







This problem involves radiation, which requires the use of absolute tempera- 
ture, and thus all temperatures should be expressed in Kelvin. Alternately, 
we could use °C for ail temperatures provided that the four temperatures in 
the radiation terms are expressed in the form { T + 273) 4 . Substituting the 
given quantities, the system of nine equations for the determination of nine un- 
known nodal temperatures in a form suitable for use with an iteration method 


becomes 


T\ = (T 2 + T 3 + 2865)/7 
T 2 = (7\ + 2T 4 + 2865)/8 
T 3 = (7\ + 2T 4 + T 6 )/4 
T a = {Tj + T 3 + T s + Tj)t 4 
T 5 = (2T, + 2T s )/4 

T 6 = (J 2 + r 3 + 456.2 - 0.3645 X 10“ 9 T 6 4 )/ 3.5 
r 7 = (2T 4 4- T 6 + r 8 + 912.4 - 0.729 X 10“ 9 T 7 4 )/7 
T g = (2 T 5 + T 7 + T 9 + 912.4 - 0.729 X 10“ 9 T g 4 )/7 
Tg = (r 8 + 456.2 - 0.3645 X 10“ 9 T 9 4 )/2.5 

which is a system of nonlinear equations. Using the Gauss-Seidel iteration 
method or an equation solver, its solution is determined to be 


23 


Temperature, °C 
40 55 60 55 


40 23 


60 

55 

40 


1 > i 

9 — 1 


89 

152 

89 

• 4 

> • < 

► ♦ 

138 256 273 256 138 


i ♦ i 


152* 273- 


-273 * 152 - 

• 

i — » i 

♦ 

138 256 273 256 138 

. 

i » « 

. • 

89 138 152 138 89 


■ > — i— i 

i 


40 


55 

40 


23 


40 55 60 55 40 23 

FIGURE 5-36 

The variation of temperature 
in the chimney. 


Tx 

n 

Tn 


545.7 K = 272.6°C T 2 = 529.2 K = 256. 1°C T 3 = 425.2 K= 152. 1°C 

411.2 K = 138.0°C T 5 = 362.1 K - 89.0°C T 6 = 332.9 K= 59.7°C 

328.1 K = 54.9°C T a = 3 13.1 K = 39.9°C T 9 = 296.5 K - 23.4°C 


The variation of temperature in the chimney is shown in Figure 5-36. 

Note that the temperatures are highest at the inner wall (but less than 
300°C)and lowest at the outer wall (but more that 260 K), as expected. 

The average temperature at the outer surface of the chimney weighed by the 
surface area is 

(0.5T 6 + T 7 + r 8 + 0.5 r 9 ) 

“ (o.5 + I + 1 + 0.5) 

0.5 X 332.9 + 328.1 + 313.1 + 0.5 X 296.5 ^ g ^ ' 

3 


Then the rate of heat loss through the 1-m-long section of the chimney can be 
determined approximately from 




*2 

ry 


Q chimney — h 0 A 0 (Ty,^ out T 0 ) + £CrA 0 (T^-j^out T&y) 

= (21 W/m 2 • K)[4 X (0.6 m)(l m)](318.6 - 293)K 

+ 0,9(5.67 X 10- s W/m 2 - K 4 ) 

[4 X (0.6 m)(l m)](318.6 K) 4 - (260 K) 4 j 

- 1291 + 702 = 1993 W 

We could also determine the heat transfer by finding the average temperature 
of the inner wall, which is (272.6 + 256.U/2 = 264.4°C, and applying New- 
ton’s law of cooling at that surface: 

Gchimney — ( 7f 

= (70 W/m 2 - K)[4 X (0.2 m)(l m)](300 - 264.4)°C = 1994 W 

A 

The difference between the two results is due to the approximate nature of the 
numerical analysis. 

Discussion We used a relatively crude numerical model to solve this problem 
to keep the complexities at a manageable level. The accuracy of the solution 
obtained can be improved by using a finer mesh and thus a greater number of 
nodes. Also, when radiation is involved, it is more accurate (but more labori- 
ous) to determine the heat losses for each node and add them up instead of 
using the average temperature. 


- TRANSIENT HEAT CONDUCTION 


So far in this chapter we have applied the finite difference method to steady 
heat transfer problems. In this section we extend the method to solve transient 
problems. 

We applied the finite difference method to steady problems by discretizing 
the proBleijl in the space variables and solving for temperatures at discrete 
points called the nodes. The solution obtained is valid for any time since under 
steady conditions the temperature^ do not change with time. In transient prob- 
lems, however, the temperatures change with time as well as position, and 
thus the finite difference solution of transient problems requires discretization 
in tufte in addition to discretization in space, as shown in Figure 5-37. This is 
done by selecting a suitable time step At and solving for the unknown nodal 
temperatures repeatedly for each A t until the solution at the desired time is ob- 
tained. For example, consider a hot metal object that is taken out of the oven 
at an initial temperature of T ( at time t = 0 and is allowed to cool in ambient 
air. If a time step of At ~ 5 min is chosen, the determination of the tempera- 
ture distribution in the metal piece after 3 h requires the determination of the 
temperatures 3 X 60/5 = 36 times, or in 36 time steps. Therefore, the compu- 
tation time of this problem is 36 times that of a steady problem. Choosing 
a smaller At increases the accuracy of the solution, but it also increases the 
computation time. 

In transient problems, the superscript i is used as the index or counter 
of time steps, with i = 0 corresponding to the specified initial condition. 
In the case of the hot metal piece discussed above, i = 1 corresponds to 
f = 1 X Af = 5 min, i = 2 corresponds to f = 2 X Af = 10 min, and a^general 



FIGURE 5-37 
Finite difference formulation of time- 
dependent problems involves discrete 
points in time as well as space. 


time step i corresponds to = /At. The notation 7)', is used to represent the 
temperature at the node m at time step i. 

The formulation of transient heat conduction problems differs from that of 
steady ones in that the transient problems involve an additional term repre- 
senting the change in the energy content of the medium with time. This addi- 
tional term appears as a first derivative of temperature with respect to time in 
the differential equation, and as a change in the internal energy content during 
At in the energy balance formulation. The nodes and the volume elements in 
transient problems are selected as they are in the steady case, and, again as- 
suming all heat transfer is into the element for convenience, the energy bal- 
ance on a volume element during a time interval Af can be expressed as 


( Heat transferred into \ 
the volume element 1 
from all of its surfaces , 
l during At j 


l Heat generated \ 
within the 1 
volume element j 
y during At j 


1 The change in the ^ 
energy content of 
the volume element 
, during At j 


or 


At X ^ Q -T At X Eg eru element “ (5-37) 

AUsitta 

where the rate of heat transfer Q normally consists of conduction terms for 
interior nodes, but may involve convection, heat flux, and radiation for bound- 
ary nodes. 

Noting that A£ dement = mc p AT = pV e]eintnt c p AT, where p is density and c p is 
the specific heat of the element, dividing the earlier relation by A / gives 


4-. element = = P C p (5-38) 

All sides 1 

or, for any node m in the medium and its volume element, 

T i+I 'ri 

m * ni 

X Q + ^.element = P^femen. C p IT (5-39) 

Allsi<ks ai 


Volume element 
(can be any shape) 



p = density 
\J= volume 
pl/= mass 
c p = specific heat 
AT = temperature change 


AU = pVcpAT = pVc p (XX 1 _ Tj") 

FIGURE 5-38 

The change in the energy content of 
the volume element of a node 
during a time interval A t. 


where T' m and T ^ + 1 are the temperatures of node m at times t- t = /At and t s + 1 = 
(i + l)Af, respectively, and r,f, + I — T*, represents the temperature change 
of the node during the time interval At between the time steps / and / + 1 
(Fig. 5-38). 

Note that the ratio (T ‘ t + 1 - TfyfAt is simply the finite difference approxi- 
mation of the partial derivative dTIdt that appears in the differential equations 
of transient problems. Therefore, we would obtain the same result for the 
finite difference formulation if we followed a strict mathematical approach 
instead of the energy balance approach used above. Also note that the finite 
difference formulations of steady and transient problems differ by the single 
term on the right side of the equal sign, and the format of that term remains the 
same in all coordinate systems regardless of whether heat transfer is one-, 
two-, or three-dimensional. For the special case of T^ +1 — T* t (i.e., no change 
in temperature with time), the formulation reduces to that of steady case, as 
expected. 


The nodal temperatures in transient problems normally change during each 
time step, and you may be wondering whether to use temperatures at the pre- 
vious time step i or the new time step i + 1 for the terms on the left side of Eq. 
5-39, Well, both are reasonable approaches and both are used in practice. The 
finite difference approach is called the explicit method in the first case and 
the implicit method in the second case, and they are expressed in the general 
form as (Fig. 5-39) 


Explicit method: 
Implicit method: 


+ i 

Q 1 ^ & gen, dement “ P^demeol 

All sides 


m 

‘ p At 


2 Q i+i + element = C P 


T. 


,-+) _ pi 


nj 




All sides 


Ar 


(5-40) 

(5-41) 


It appears that the time derivative is expressed in forward difference form in 
the explicit case and backward difference form in the implicit case. Of course, 
it is also possible to mix the two fundamental formulations of Eqs. 5-40 and 
5-41 and come up with more elaborate formulations, but such formulations 
offer little insight and are beyond the scope of this text. Note that both for- 
mulations are simply expressions between the nodal temperatures before and 
after a time interval and are based on determining the new temperatures Tff 1 
using the previous temperatures T' m . The explicit and implicit formulations 
given here are quite general and can be used in any coordinate system re- 
gardless of the dimension of heat transfer. The volume elements in multi- 
dimensional cases simply have more surfaces and thus involve more terms in 
the summation. 

The explicit and implicit methods have their advantages and disadvantages, 
and one method is not necessarily better than the other one. Next you will see 
that the explicit method is easy to implement but imposes a limit on the al- 
lowable time step to avoid instabilities in the solution, and the implicit method 
requires ’the nodal temperatures to be solved simultaneously for each time step 
but imposes no limit on the magnitude of the time step. We limit the discus- 
sion to $ne- and two-dimensional cases to keep the complexities at a manage- 
able ley el, but the analysis can feadily be extended to three-dimensional cases 
and other coordinate systems. 

f 

"t 


Transient Heat Conduction in a Plane Waif 

Consider transient one-dimensional heat conduction in a plane wall of thick- 
ness L with heat generation e{x, t) that may vary with time and position and 
constant conductivity k with a mesh size of Ax — LJM and nodes 0, 1, 2, , 
M in the x-direction, as shown in Figure 5-40. Noting that the volume ele- 
ment of a general interior node in involves heat conduction from two sides and 
the volume of the element is l/ element = A Ax, the transient finite difference for- 
mulation for an interior node can be expressed on the basis of Eq. 5-39 as 


X — T T 

M - + JbA a,+ 1 


r. 


m 


Ax 


Ax 


+ e m ALx = pA&xc, 


'Tl+l rfi 

1 m 1 m 

A i 


(5-42) 


Tf expressed at / + I: Implicit method 

ji+ l __ j'i 

A 1/ C ~ S 

r v ekm«DfP 


If expressed at i; Explicit method 

FIGURE 5-39 
The formulation of explicit and 
implicit methods differs at the time 
step (previous or new) at which the 
heat transfer and heat generation 
terms are expressed. 




The nodal points and volume elements 
for the transient finite difference 
formulation of one-dimensional 
conduction in a plane wall. 


(5-43} 


Canceling the surface area A and multiplying by A xlk, it simplifies to 




e,„ Ax 2 



where a = kipc p is the thermal diffusmty of the wall material. We now define 
a dimensionless mesh Fourier number as 


T = 


a At 
Ax 2 


(5-44) 


Then Eq. 5^43 reduces to 


T m - i 2 T m 


+ T 


m+ I 
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e, n Ar- 
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(5-45) 


Note that the left side of this equation is simply the finite difference formula- 
tion of the problem for the steady case. This is not surprising since the formu- 
lation must reduce to the steady case for T^ +l = T‘i- Also, we are still not 
committed to explicit or implicit formulation since we did not indicate the 
time step on the left side of the equation. We now obtain the explicit finite dif- 
ference formulation by expressing the left side at time step i as 

e'Axr T i+l - T l 

U-x ~ 2T' + TU\ + ^ " 7 " (explicit) (5-46) 

This equation can be solved explicitly for the new temperature Tj, + 1 (and thus 
the name explicit method) to give 

nr = , + n^) + a - 20 n + 



Schematic for the explicit finite 
difference formulation of the 
convection condition at the left 
boundary of a plane wall. 


for all interior nodes m = 1, 2, 3, . . . , M - 1 in a plane wall. Expressing the 
left side of Eq. 5-45 at time step i + 1 instead of i would give the implicit 
finite difference formulation as 


,i + 1 


nr - 2 n +i + nr + 


'm 


A* 2 


■/+l 


m 


- V 

- L Hi 


(implicit) 


( 5 - 48 ) 


which can be rearranged as 


t nr - a + 2 t) nr + ^nr 



(5-49) 


The application of either the explicit or the implicit formulation to each of the 
M — 1 interior nodes gives M — 1 equations. The remaining two equations are 
obtained by applying the same method to the two boundary nodes unless, of 
course, the boundary temperatures are specified as constants (invariant with 
time). For example, the formulation of the convection boundary condition at 
the left boundary (node 0) for the explicit case can be expressed as (Fig. 5-41) 


hA(T x -T$ + M 1 ^^ + 4A^= pA^c p T ° ^ T ° 


(5-50) 


which simplifies to 


7o +1 ~ 


1 — 2r ~ It 


/iAy\ . /lA-c e’ 0 Ajr 

n + 2 tT[ + + r 


(5-51) 


Note that in the case of no heat generation and r = 0.5, the explicit 
finite difference formulation for a general interior node reduces to Tf 1 = 
+ T'n +X )l2, which has the interesting interpretation that the temperature 
of an interior node at the new time step is simply the average of the tempera- 
tures of its neighboring nodes at the previous tittle step . 

Once the formulation (explicit or implicit) is complete and the initial condi- 
tion is specified, the solution of a transient problem is obtained by marching 
in time using a step size of A / as follows: select a suitable time step Ar and de- 
termine the nodal temperatures from the initial .condition. Taking the initial 
temperatures as the previous solution T' n at t = 0, obtain the new solution Tf 1 
at all nodes at time t — Ar using the transient finite difference relations. Now 
using the solution just obtained at / = At as the previous solution obtain 
the new solution 7)'+ 1 at t = 2A t using the same relations. Repeat the process 
until the solution at the desired time is obtained. 


Stability Criterion for Explicit Method: Limitation on A t 

The explicit method is easy to use, but it suffers from an undesirable feature 
that severely restricts its utility: the explicit method is not unconditionally sta- 
ble, and the largest permissible value of the time step A t is limited by the sta- 
bility criterion. If the time step At is not sufficiently small, the solutions 
obtained by the explicit method may oscillate wildly and diverge from the ac- 
tual solution. To avoid such divergent oscillations in nodal temperatures, the 
value of At must be maintained below a certain upper limit established by the 
stab City criterion. It can be shown mathematically or by a physical argument 
based orithe second law of thermodynamics that the stability criterion is sat- 
isfied iff He coefficients of all T‘ m in the Tf l expressions {called the primary 
coefficients) are greater than or equal to zero for all nodes m (Fig. 5-42). Of 
course, £11 the terms involving for a particular node must be grouped to- 
gether before this criterion is applied. 

Different equations for different nodes may result in different restrictions on 
the.Kize of the time step At, and the criterion that is most restrictive should be 
used in the solution of the problem. A practical approach is to identify the 
equation with the smallest primary coefficient since it is the most restrictive 
and to determine the allowable values of At by applying the stability criterion 
to that equation only. A At value obtained this way also satisfies the stability 
criterion for all other equations in the system. 

For example, in the case of transient one-dimensional heat conduction in a 
plane wall with specified surface temperatures, the explicit finite difference 
equations for all the nodes (which are interior nodes ) are obtained from 
Eq. 5-47. The coefficient of T* m in the Tffi 1 expression is 1 - 2r, which is 
independent of the node number m, and thus the stability criterion for all 
nodes in this case is 1 — 2r ^ 0 or 


Explicit formulation :.■■■ ; ■ j : v 

/ T6 ' 1 ~ "oh! > • 

. Tf L = a{T{+ - 


n* 1 
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Stability criterion: ... - V-.. . 

a m SlO, m - 0, l, 2 , . . M 


FIGURE 5-42 


The stability criterion of the 
explicit method requires all primary 
coefficients to be positive or zero. 


a/S t _I / interior nodes, one-dimensional heat 

A* 2 ~ 2 \ transfer in rectangular coordinates 


(S— 52) 



When the material of the medium and thus its thermal diffusivity a is known 
and the value of the mesh size Ax is specified, the largest allowable value of 
the time step At can be determined from this relation. For example, in the case 
of a brick wall (a = 0.45 X 10“ 6 m 2 /s) with a mesh size of Ax = 0.01 m, the 
upper limit of the time step is 


A r < 


1 Ax 7 


(0.01 m) : 


a 


2(0.45 X 10“ 6 m 2 /s) 


= 111 s = 1.85 min 


The boundary nodes involving convection and/or radiation are more re- 
strictive than the interior nodes and thus require smaller time steps. Therefore, 
the most restrictive boundary node should be used in the determination of the 
maximum allowable tim e step At when a transient problem is solved with 
the explicit method. 

To gain a better understanding of the stability criterion, consider the explicit 
finite difference formulation for an interior node of a plane wall (Eq. 5-47) for 
the case of no heat generation, 


S0°c 




Time step: i Time step: i + I 

FIGURE 5-43 

The violation of the stability criterion 
in the explicit method may result in 
the violation of the second law of 
thermodynamics and thus 
divergence of solution. 


T’, + l = t(T'_, + T' + 1 ) + (I - 2 r)r- 

Assume that at some time step / the temperatures T‘ t _ , and T’ l+ , are equal but 
less than T £ (say, T l m _ x = Tj„ +X = 50°C and = 80°C). At the next time 
step, we expect the temperature of node in to be between the two values (say, 
70°C). However, if the value of r exceeds 0.5 (say, t ~ 1), the temperature of 
node m at the next time step will be less than the temperature of the neighbor- 
ing nodes (it will be 20°C), which is physically impossible and violates the 
second law of thermodynamics (Fig. 5-43). Requiring the new temperature of 
node m to remain above the temperature of the neighboring nodes is equiva- 
lent to requiring the value of r to remain below 0.5. 

The implicit method is unconditionally stable, and thus we can use any time 
step we please with that method (of course, the smaller the time step, the bet- 
ter the accuracy of the solution). The disadvantage of the implicit method is 
that it results in a set of equations that must be solved simultaneously for each 
time step. Both methods are used in practice. 


Uranium plate 


0°C 


k = 28 W/m- c C 
e = 5 X 10® W/m 3 . V 
a=J2.5xlO” 6 m 2 /s 
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&x 
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Ax r 
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FIGURE 5-44 

Schematic for Example 5-5. 


EXAMPLE 5-5 Transient Heat Conduction in a Large Uranium 

Plate 

Consider a large uranium pfate of thickness L = 4 cm, thermal conductivity 
/r = 28 W/m • °C, and thermal diffusivity a = 12.5 x 10 -6 m 2 /s that is initially 
at a uniform temperature of 200°C, Heat is generated uniformly in the plate at 
a constant rate of e = 5 x 10 6 W/m 3 . At time t = 0, one side of the pfate is 
brought into contact with iced water and is maintained at 0°C at ail times, 
while the other side is subjected to convection to an environment at 7 * = 30°C 
with a heat transfer coefficient of h = 45 W/m 2 • °C, as shown in Fig. 5-44. 
Considering a total of three equally spaced nodes in the medium, two at the 
boundaries and one at the middle, estimate the exposed surface temperature 
of the piate 2.5 min after the start of cooling using la) the explicit method and 
lb) the implicit method. 



SOLUTION We have solved this problem in Example 5-1 for the steady case, 
and here we repeat it for the transient case to demonstrate the application of 
the transient finite difference methods. Again we assume one-dimensional heat 
transfer in rectangular coordinates and constant thermal conductivity. The 
number of nodes is specified to be M = 3, and they are chosen to be at the two 
surfaces of the plate and at the middle, as shown in the figure. Then the nodal 
spacing Ax becomes 


Ax = 


M- 1 


0.04 m 
3 - 1 


= 0.02 m 


We number the nodes as 0, 1, and 2. The temperature at node 0 is given to be 
T 0 = 0°C at all times, and the temperatures at nodes 1 and 2 are to be deter- 
mined. This problem involves only two unknown nodal temperatures, anti thus 
we need to have only two equations to determine them uniquely. These equa- 
tions are obtained by applying the finite difference method to nodes 1 and 2. 

(a) Node 1 is an interior node, and the explicit finite difference formulation at 
that node is obtained directly from Eq. 5-47 by setting m = 1: 


7V +1 = 


^Ax 2 

T (To + Ti) + (1 - 2t) T{ + r 


(3) 


Node 2 is a boundary node subjected to convection, and the finite difference 
formulation at that node is obtained by writing an energy balance on the vol- 
ume element of thickness Ax/2 at that boundary by assuming heat transfer to 
be into the medium at all sides (Fig. 5-45): 


hA(T„ ~ Ti) + kA 


T{ - Ti 

Ax 


+ e 2 A = pA 


Ax n^-n 


2 C ? 


Ax 


Dividing by kA! 2Ax and using the definitions of thermal diffusivity a 
and the dimensionless mesh Fourier number r = aAf/Ax 2 gives 

■■I-;*- 

i • 


~ klpc. 


t 

f 


i 


^ (JU - Ti) + 2(Tj - Ti) + 


r] +i - Ti 


which can be solved for r 2 /+1 to give 

AAx 


"X 


! Ti +1 = [1 -2r -2 t 


k 


i hAx c^Ax 2 

Tj + r 2T( + 2™ T* + 


m 


Note that we did not use the superscript / for quantities that do not change 
with time. Next we need to determine the upper limit of the time step At from 
the stability criterion, which requires the coefficient of T{ in Equation (a) and 
the coefficient of Q in the second equation to be greater than or equal to zero. 
The coefficient of Ti is smaller in this case, and thus the stability criterion for 
this problem can be expressed as 


1 - 2r - 2r 


AAx 


> 0 -» T < 


1 

2(1 + h&xlk) 


-» Ar < 


Ax 2 

2«(1 + hAxlk) 



finite difference formulation of the 
convection condition at the right 
boundary of a plane wall. 



since t = aAffAjc 2 . Substituting the given quantities, the maximum allowable 
value of the time step is determined to be 


At 


(0.02 m)' 


Therefore, any time step less than 15,5 s can be used to solve this problem. 
For convenience, let us choose the time step to be At = 15 s. Then the mesh 
Fourier number becomes 


_ aAr 
T ” A.* 2 


(12.5 X 10~ 6 nT7s)(15 s) 
(0.02 m ) 2 


0.46875 (for Ar = 15 s) 


Substituting this value of r and other quantities, the explicit finite difference 
Equations (a) and (5) reduce to 


7/ +1 = 0.06257J + 0.468757^ + 33.482 
7J + 1 = 0.93757{ + 0.03236672 + 34.386 


The initial temperature of the medium at f = 0 and / = O is given to be 200°C 
throughout, and thus 7? = 7° = 200°C. Then the nodal temperatures at 7* 
and 7| at t = At = 15 s are determined from these equations to be 

7* = 0.06257!° + 0.468757° + 33.482 

= 0.0625 X 200 + 0.46875 X 200 + 33.482 = 139.TC 
T\ = 0.93757° + 0.0323667° + 34.386 

= 0.9375 X 200 + 0.032366 X 200 + 34.386 = 228.4°C 


'? '--.T 5 . - (TT 

TABLE 5-2 


T.' r .f>ZZ2+.' 






The variation of the nodal 
temperatures in Example 5-5 with 
time obtained by the explicit 
method 


Time 
Step, i 

Time, 

s 

Node 

Temperature, °C 
T{ Ti 

0 

0 

200.0 

200.0 

1 

15 

139.7 

228.4 

2 

30 

149.3 

172.8 

3 

45 

123.8 

179.9 

4 

60 

125.6 

156.3 

5 

75 

114.6 

157.1 

6 

90 

114.3 

146.9 

7 

105 

109.5 

146.3 

8 

120 

108.9 

141.8 

9 

135 

106.7 

141.1 

10 

150 

106.3 

139.0 

20 

300 

103.8 

136.1 

30 

450 

103.7 

136.0 

40 

600 

103.7 

136.0 


Similarly, the nodal temperatures T\ and 7| at f = 2Af = 2 x 15 = 30 s are 

T! 2 = 0.06257 1 + 0.468757 \ + 33.482 

- 0.0625 X 139.7 -f 0.46875 X 228.4 + 33.482 = 149.3°C 
T\ = 0.93757; + 0.03236672 + 34.386 

- 0.9375 X 139.7 + 0.032366 X 228.4 + 34.386 = 172.8°C 

Continuing in the same manner, the temperatures at nodes 1 and 2 are de- 
termined for / = 1, 2, 3, 4, 5, . . . , 40 and are given in Table 5-2. Therefore, 
the temperature at the exposed boundary surface 2.5 min after the start of 
cooling is 


r 2_5 min ■T'iO 

L ” 1 2 


139.0°C 


( b ) Node 1 is an interior node, and the implicit finite difference formulation at 
that node is obtained directly from Eq. 5-49 by setting m = 1: 

tT 0 - (1 + 2r) 7/ +! + rT [ + 1 + T ^j~ + t[ = 0 (c) 

Node 2 is a boundary node subjected to convection, and the implicit finite 
difference formulation at that node can be obtained from this formulation by 
expressing the left side of the equation at time step / + 1 instead of / as 


s 




Ti 1 ’) + 2(T{ 


f'-M „ 


be? 

T{ +t )+~^- 


Tj +I - T{ 


which can be rearranged as 


2t Tl + 1 - 


1 + 2r 4- 2 t 


hbx\ T i +l + 2T hj£ T ^ 


+ r 


be? 


+ 7*7=0 (d) 


Again we did not use the superscript / or / + 1 for quantities that do not 
change with time. The implicit method imposes no limit on the time step, and 
thus we can choose any value we want. However, we again choose Af = 15 s, 
and thus r = 0.46875, to make a comparison with part (a) possible. Substi- 
tuting this value of r and other given quantities, the two implicit finite differ- 
ence equations developed here reduce to 

-1.93752Y+ 1 + 0 .46875 + TJ + 33.482 - 0 
0.9375T, f+I - 1.96767*2 + 1 + I*] + 34.386 = 0 


Again .7\ — T$ = 200°C at t = 0 and / = 0 because of the initial condition, 
and for / = 0, these two equations reduce to 

- 1.93757* } + 0.4687572 + 200 + 33.482 = 0 
0.9375Tj - 1.96767*] + 200 + 34.386 - 0 

The unknown nodal temperatures T\ and T\ at t = Af = 15 s are determined 
by solving these two equations simultaneously to be 

7'! • 168.8°C and T\ = 199.6°C : 


Similarly, for /= 1, these equations reduce to 

' —1.93757*2 + 0.468757*1 + 168.8 + 33.482 = 0 

ip 0.93757*?- 1.96767*1 + 199.6 + 34.386 = 0 

! 

The unknown nodal temperatures 7*? and 7*f at t = Af = 2 x 15 = 30 s are 
determined by solving these two equations simultaneously to be . 

'f ... 7*? = 150.5°C and 7*f = 190.6X V 

I 

Continuing in this manner, the temperatures at nodes 1 and 2 are determined 
for / = 2, 3, 4, 5, . . . , 40 and are listed in Table 5-3, and the temperature 
at the exposed boundary surface {node 2) 2.5 min after the start of cooling is 
obtained to be 


= T w - 143.9°C 


which is close to the result obtained by the explicit method. Note that either 
method could be used to obtain satisfactory results to transient problems, ex- 
cept, perhaps, for the first few time steps. The implicit method is preferred 
when it is desirable to use large time steps, and the explicit method is pre- 
ferred when one wishes to avoid the simultaneous solution of a system of alge- 
braic equations. 


{ 

t 


TABLE 5-3 

The variation of the nodal 
temperatures in Example 5-5 with 
time obtained by the implicit 
method 


lime Time, 


Step, i 

s 

0 

0 

1 

15 

2 

30 

3 

45 

4 

60 

5 

75 

6 

90 

7 

105 

8 

120 

9 

135 

10 

150 

20 

300 

30 

450 

40 

600 


Node 

Temperature , °C 

77 n 


200.0 

200.0 

168.8 

199.6 

150.5 

190.6 

138.6 

180.4 

130.3 

171.2 

124.1 

163.6 

119.5 

157.6 

115.9 

152.8 

113.2 

149.0 

111.0 

146.1 

109.4 

143.9 

104.2 

136.7 

103.8 

136.1 

103.8 

136.1 



Schematic of a Trombe wall 
(Example 5-6). 


TA BL E 5-4 . . 

The hourly variation of monthly 


average ambient temperature and 
solar heat flux incident on a vertical 
surface for January in Reno, Nevada 

Time 

Ambient 

Solar 

of Temperature, Radiation, 

Day 

°C 

W/m 2 

7 AM- 10 AM 

0.6 

360 

10 AM-1 PM 

6.1 

763 

1 pm-4 pm 

7.2 

562 

4 pm-7 pm 

2.8 

0 

7 PM- 10 PM 

0 

0 

10 PM— 1 AM 

-2.8 

0 

1 am-4 am 

-3.3 

0 

4 am-7 am 

-3.9 

0 


EXAMPLE 5-6 Solar Energy Storage in Trombe Walls 

Dark painted thick masonry walls called Trombe wails are commonly used on 
south sides of passive solar homes to absorb solar energy, store it during the 
day, and release it to the house during the night (Fig. 5-46). The idea was pro- 
posed by E. L. Morse of Massachusetts in 1881 and is named after Professor 
Felix Trombe of France, who used it extensively in his designs in the 1970s. 
Usually a single or double layer of glazing is placed outside the wall and trans- 
mits most of the solar energy while blocking heat losses from the exposed sur- 
face of the wall to the outside. Also, air vents are commonly installed at the 
bottom and top of the Trombe walls so that the house air enters the parallel 
flow channel between the Trombe wall and the glazing, rises as it is heated, 

and enters the room through the top vent. 

Consider a house in Reno, Nevada, whose south wall consists of a 30-cm- 
thick Trombe wall whose thermal conductivity is k = 0.69 W/m ■ °C and whose 
thermal diffusivity is a = 4.44 x 10~ 7 m 2 /s. The variation of the ambient tem- 
perature r out and the solar heat flux incident on a south-facing vertical 
surface throughout the day for a typical day in January is given in Table 5—4 in 
3-h intervals. The Trombe wall has single glazing with an absorptivity-trans- 
missivity product of k — 0.77 (that is, 77 percent of the solar energy incident 
is absorbed by the exposed surface of the Trombe wall), and the average com- 
bined heat transfer coefficient for heat loss from the Trombe wall to the ambi- 
ent is determined to be h 0li t = 4 W/m 2 • °C. The interior of the house is 
maintained at 7j n = 21°C at all times, and the heat transfer coefficient at the 
interior surface of the Trombe wall is h in = 10 W/m 2 ■ °C. Also, the vents on the 
Trombe wall are kept closed, and thus the only heat transfer between the air in 
the house and the Trombe wall is through the interior surface of the wall. As- 
suming the temperature of the Trombe wall to vary linearly between 21°C at the 
interior surface and -1°C at the exterior surface at 7 am and using the explicit 
finite difference method with a uniform nodal spacing of Ax — 6 cm, deter- 
mine the temperature distribution along the thickness of the Trombe wall after 
12, 24, 36, and 48 h. Also, determine the net amount of heat transferred to 
the house from the Trombe wall during the first day and the second day. As- 
thp wall te 3 m high and 7*5 m Ions. 


S' 

l 


m 


SOLUTION The passive solar heating of a house through a Trombe waii is con- 
sidered. The temperature distribution in the wall in 12-h intervals and the 
amount of heat transfer during the first and second days are to be determined. 
Assumptions 1 Heat transfer is one-dimensional since the exposed surface of 
the wall is large relative to its thickness, 2 Thermal conductivity is constant. 
3 The heat transfer coefficients are constant. 

Properties The wall properties are given to be k = 0.69 W/m • °C, a = 
4.44 x 10 -7 m 2 /s, and k = 0.77. 

Analysis The nodal spacing is given to be Ax = 6 cm, and thus the total num- 
ber of nodes along the Trombe wall is 

L , 30 cm , , ,, 

M = — + 1 = — + 1 — 6 

At 6 cm 

We number the nodes as O, 1, 2, 3, 4, and 5, with node 0 on the interior sur- 
face of the Trombe wall and node 5 on the exterior surface, as shown in Figure 
5-47. Nodes 1 through 4 are interior nodes, and the explicit finite difference 
formulations of these nodes are obtained directly from Eq. 5-47 to be 


Node 1 (m ~ 1): 

T/ +1 = t(T 0 ' + T‘) + (1 - 2t)T[ 

(1) 

Node 2 (w; = 2); 

T{ +1 = + Tj) + (1 - 2t)T{ 

(2) 

Node 3 (m = 3): 

Tj +i = t (Tj + Tj) + (1 - 2r)Tj 

(3) 

Node 4 ( m = 4): 

Tl+ l = t (Tj + Tj) + (1 - 2t)T{ 

(4) 


The interior surface is subjected to convection, and thus the explicit formula- 
tion of node 0 can be obtained directly from Eq. 5-51 to be 


ll; n Ax 


h,„ Ax 


T(j +1 = (l - 2r - 2r^j-j Trf + 2rT{ + 2r T- m 

Substituting the quantities h- m , Ax, k, and 7j n , which do not change with time, 
into this equation gives 


T,j +[ = (I — 3.74 t ) U + t (2 T{ + 36.5) 


(5) 


The exterior surface of the Trombe wall is subjected to convection as well as to 
he 3 t flux. The explicit finite difference formulation at that boundary is obtained 
by writing an energy balance on the volume element represented by node 5, 


j T f __ 'J'i 

h wt A(TU - W + KAq{ oXir + 


Ax n +l - n 


pA~^~c p 


At 


(5-53) 


which simplifies to 


rj+ 1 = (l - 2r - 2r Tj + 2rTi + 2r T‘ al + 2t 


r^solsr 


(5-54) 


where t = aAf/Ax 2 is the dimensionless mesh Fourier number. Note that we 
kept the superscript / for quantities that vary with time. Substituting the quan- 
tities h^t, Ax, k, and k, which do not change with time, into this equation gives 

^ ri. ' 

jf l (1 - 2.70t) Ti + t(2 T\ + 0.70r4 t + 0. 134^) (6) 

% 

£ 

where the unit of q' ol3f is W/m 2 . ' 

Next we need to determine the upper limit of the time step Af from the sta- 
bility criterion since we are using the explicit method. This requires the iden- 
tificatfbn of the smallest primary coefficient in the system. We know that the 
boundary no'des are more restrictive than the interior nodes, and thus we ex- 
amine the formulations of the boundary nodes 0 and 5 only. The smallest and 
thus the most restrictive primary coefficient in this case is the coefficient of To 
in the formulation of node 0 since 1 — 3.74r < 1 — 2.7r, and thus the sta- 
bility criterion for this problem can be expressed as 


1 - 3.74r >0 4 t = 


aAx 

Ax 2 


1 

3.74 


Substituting the given quantities, the maximum allowable value of the time 
step is determined to be 


Ar < 


At 


(0.06 m)' 


3.74 3.74 X (4.44 X 10 7 m7s) 


= 2168 s 



The nodal network for the Trombe 
wall discussed in Example 5-6. 


Therefore, any time step less than 2168 s can be used to solve this problem. 
For convenience, let us choose the time step to be At = 900 s = 15 min. Then 
the mesh Fourier number becomes 


aAt (4.44 X 10~ 7 m 2 /s)(900 s) rtl „ 
T = =- ^ ” U, 1 i i 

Ax 2 (0.06 m) 2 


(for At = 15 min)' 


fa 


Initially (at 7 am or t = 0), the temperature of the wall is said to vary linearly be- 
tween 21°C at node 0 and — 1°C at node 5. Noting that there are five nodal 
spacings of equal length, the temperature change between two neighboring 
nodes is [21 — (— l)]°C/5 = 4.4°C. Therefore, the initial nodal temperatures are 

Tg = 21°C, 7? = 16.6°C, Tl = 12.2°C, 

73° = 7.8°C, 7? = 3.4°C, 7 3 ° = -1°C 


Then the nodal temperatures at t = At = 15 min (at 7:15 am) are determined 
from these equations to be 


Temperature 



Distance along the Trombe wall 

FIGURE 5-48 

The variation of temperatures in 
the Trombe wall discussed 
in Example 5-6. 


T l 0 = (1 - 3.74r) Tg + 7(27? + 36.5) 

= (1 - 3.74 X 0.111)21 + 0.111(2 X 16.6 + 36.5) = 20.0°C 
7 1 = r(7g + 7j) + (1 ~ 2r) 7? 

= 0.111(21 + 12.2) + (1 - 2 X 0.111)16.6 = 16.6°C 
T\ = r(7? + 7 3 °) + (1 - 2 t) T\ 

= 0.111(16.6 + 7.8) + (1 - 2 X 0.111)12.2 = 12.2°C 
T\ = t(7j + 7?) + (1 - 2r) 7 3 ° 

= 0.111(12.2 + 3.4) + (1 - 2 X 0.111)7.8 = 7.8°C 
7{ = t(7? + 7?) + (1 - 2t) 7 4 ° 

= 0.111 [7.8 + ("!)] + (1 - 2 X 0.111)3.4 = 3.4°CF 
7‘ = (1 - 2.70r) 7j + t( 27 4 ° + 0.707° t T 0+34^) 

= (1 - 2.70 X 0.111) (-1) + 0.111(2 X 3.4 + 0.70 X 0.6 + 0.134 X 360) 

= 5.5°C 

Note that the inner surface temperature of the Trombe wall dropped by 1°C 
and the outer surface temperature rose by 6.5°C during the first time step 
while the temperatures at the interior nodes remained the same. This is typical 
of transient problems In mediums that involve no heat generation. The nodal 
temperatures at the following time steps are determined similarly with the help 
of a computer. Note that the data for ambient temperature and the incident 
solar radiation change every 3 hours, which corresponds to 12 time steps, 
and this must be reflected in the computer program. For example, the value of 
qL, f must be taken to be qL !ar = 360 for / = 1-12, qL, t = 763 for / = 
13-24, = 562 for / = 25-36, and = 0 for / = 37-96. 

The results after 6, 12, 18, 24, 30, 36, 42, and 48 h are given in Table 5-5 
and are plotted in Figure 5-48 for the first day. Note that the interior temper- I 
ature of the Trombe wall drops in early morning hours, but then rises as the I 
solar energy absorbed by the exterior surface diffuses through the wall. The ex- I 
terior surface temperature of the Trombe wail rises from -1 to 61,2°C in just I 
6 h because of the solar energy absorbed, but then drops to 11,6°C by next I 
morning as a result of heat loss at night. Therefore, it may be worthwhile to I 
cover the outer surface at night to minimize the heat losses. I 
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TABLE 5-5 


The temperatures at the nodes of a Trombe wall at various times 


Time 

Time 
Step, / 


Nodal Temperatures , °F 


7o 

Ti 

t 2 

h 

Ta 

7s 

0 h (7 AM) 

0 

21.0 

16.6 

12.2 

7.8 

3.4 

-1.0 

6 h (1 pm) 

24 

18.4 

16.5 

16.6 

21,3 

35.0 

61.2 

12 h (7 pm) 

48 

22.1 

23.7 

27.2 

31.5 

33.2 

28.0 

18 h (1 AM) 

72 

22.9 

24.5 

25.2 

24.6 

21.7 

16.2 

24 h (7 am) 

96 

21.7 

22.1 

21.5 

19.7 

16.4 

11.6 

30 h (1 pm) 

120 

21.2 

21.7 

23.6 

29.2 

42.7 

67.3 

36 h (7 pm) 

144 

24.2 

27.4 

32.1 

36.8 

38.2 

31.9 

42 h (1 AM) 

168 

24.4 

27.0 

28.5 

28.1 

25.0 

18.8 

48 h (7 am) 

192 

22.7 

23.8 

23.7 

*22.1 

18.6 

13.4 


The rate of heat transfer from the Trombe wall to the interior of the house 
during each time step is determined from Newton’s law using the average tem- 
perature at the inner surface of the wall (node 0) as 

Grrombs wall “ GTrombtwall Ar = h itt A(Ji - TJ Af = h- m A[(T& + Tf')t 2 - T ja ]Af 

Therefore, the amount of heat transfer during the first time step (/ = 1) or 
during the first 15-min period is 


Glrombewall “ ^In A[(7o + r 0 °)/2 T la ] Af 

= (10 W/m 2 * °C)(3 X 75 m 2 )[(20.0 + 2 1)/2 - 2 1 °C] (900 s) 

■ ' = -101.250 J 

The negative sign indicates that heat is transferred to the Trombe wall from the 
air in the house, which represents a heat loss. Then the total heat transfer dur- 
ing a spe4(i?d time period is determined by adding the heat transfer amounts 
for each time step as 

i .£,> r 

gXm = E eu^ - 2 h- m Am + n~ l n - t-j & ts-ssj 

f =i . i=i 

whei^’I is the total number of time intervals in the specified time period. In 
this-case Tt= 48 for 12 h, 96 for 24 h, and so on. Following the approach de- 
scribed ihere using a computer, the amount of heat transfer between the 
Trombe wall and the interior of the house is determined to be 

Grrombe wan = — 16.559 kJ after 12 h (— 16,559 kJ during the first 12 h) 

Girorobe will ~ ”785 kJ after 24 h (15,774 kJ during the second 12 h) 

Q.Tmmb* wan = 7923 kJ after 36 h (8708 kJ during the third 12 h) 

GtimiIm wall = 37,729 kJ after 48 h (29,806 kJ during the fourth 12 h) 

Therefore, the house loses 785 kJ through the Trombe wall the first day as a re- 
sult of the low start-up temperature but delivers a total of 38,514 kJ of heat to 
the house the second day. It can be shown that the Trombe wall will deliver 
even more heat to the house during the third day since it will start the day at a 
higher average temperature. 



NUMERICAL METHODS 




FIGURE 5-49 


The volume element of a 
general interior node ( m , n) for two- 
dimensional transient conduction 
in rectangular coordinates. 


Two-Dimensional Transient Heat Conduction 

Consider a rectangular region in which heat conduction is significant in the 
x- and ^-directions, and consider a unit depth of Az = 1 in the ^-direction. 
Heat may be generated in the medium at a rate of e(x, y, 1), which may vary 
with time and position, with the thermal conductivity k of the medium as- 
sumed to be constant. Now divide the x-y-plane of the region into a rectangu- 
lar mesh of nodal points spaced Ax and Ay apart in the x- and y-directions, 
respectively, and consider a general interior node (m t n) whose coordinates are 
x — mAx and y — ?iAy, as shown in Figure 5-49. Noting that the volume ele- 
ment centered about the general interior node (m, n) involves heat conduction 
from four sides (right, left, top, and bottom) and the volume of the element is 
^element “ Ax X Ay X 1 = AxAy, the transient finite difference formulation for 
a general interior node can be expressed on the basis of Eq. 5-39 as 


T — T T — T 

it Ay 7 — ■ ■■ ■ + kAx — 1- kA y 


+ kAx 


Ax 

T )n ,n- 1 ~~ T m ,n 

Ay 


Ay 

+ 4,. „ AxAy = pAxAy c. 


T — T 

+ *nt,n 

Ax 

7 */+ 1 T’f 

1 m - 1 m 




(5-56) 


Taking a square mesh (Ax = Ay = /) and dividing each term by k gives after 
simplifying. 
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where again a — kJpc p is the thermal diffusivity of the material and t = 
aAtil 2 is the dimensionless mesh Fourier number. It can also be expressed in 
terms of the temperatures at the neighboring nodes in the following easy-to- 
remember form: 
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Again the left side of this equation is simply the finite difference formulation 
of the problem for the steady case, as expected. Also, we are still not com- 
mitted to explicit or implicit formulation since we did not indicate the time 
step on the left side of the equation. We now obtain the explicit finite differ- 
ence formulation by expressing the left side at time step i as 


TU 


+ n P + n ght 


_L T i — 
1 1 bottom 


4 TU + 




7 * 1 + l 
1 node 


Tl 


node 


(5-59) 


Expressing the left side at time step i + 1 instead of i would give the implicit 
formulation. This equation can be solved explicitly for the new temperature 
to give 

y i 2 

- t (tu + n P + n ghx + j + a - 4r) tu + ? (b-bw 

for all interior nodes (?n, n) where m — 1, 2, 3 , ,M — 1 and n — 1,2, 
3, . . . , N — 1 in the medium. In the case of no heat generation and r = the 


r 


explicit finite difference formulation for a general interior node reduces to 
= (Tteft + rip + right + TbottomV 4 . which has the interpretation that the 
temperature of an interior node at the new time step is simply the average 
of the temperatures of its neighboring nodes at the previous time step 
(Fig. 5-50). 

The stability criterion that requires the coefficient of T‘ t in the Tlf 1 expres- 
sion to be greater than or equal to zero for all nodes is equally valid for two- 
or three-dimensional cases and severely limits the size of the time step A / that 
can be used with the explicit method. In the case of transient two-dimensional 
heat transfer in rectangular coordinates, the coefficient of in the Tff 1 ex- 
pression is 1 — 4r, and thus the stability criterion for all interior nodes in this 
case is 1 — 4r > 0, or 

t _ t*Af ^ 2 (interior nodes, two-dimensional heat _ 

l 2 ~ 4 transfer in rectangular coordinates) 


where Ax — A y — l. When the material of the medium and thus its thermal 
diffusivity a are known and the value of the mesh size l is specified, the 
largest allowable value of the time step A t can be determined from the relation 
above. Again the boundary nodes involving convection and/or radiation are 
more restrictive than the interior nodes and thus require smaller time steps. 
Therefore, the most restrictive boundary node should be used in the determi- 
nation of the maximum allowable time step A / when a transient problem is 
solved with the explicit method. 

The application of Eq. 5-60 to each of the (M — 1) X (N — 1) interior nodes 
gives (M — 1) X (N — 1) equations. The remaining equations are obtained by 
applying the method to the boundary nodes unless, of course, the boundary 
temperatures are specified as being constant. The development of the transient 
finite difference formulation of boundary nodes in two- (or three-) dimen- 
sional problems is similar to the development in the one-dimensional case dis- 
cussed earlier. Again the region is partitioned between the nodes by forming 
volume elements around the nodes, and an energy balance is written for each 
boundary node on the basis of Eq. 5-39. This is illustrated in Example 5-7. 

EXAMPLE 5-7 Transient Two-Dimensional Heat Conduction 

J t in L-Bars 

Consider two-dimensional transient heat transfer in an L-shaped solid body that 
is initially at a uniform temperature of 90°C and whose cross section is given 
in Fig. 5-51. The thermal conductivity and diffusivity of the body are k = 

15 W/m - °C and a ~ 3.2 x 10~ 6 m 2 /s, respectively, and heat is generated in 
the body at a rate of e = 2 x 10 6 W/m 3 . The left surface of the body is insu- 
lated, and the bottom surface is maintained at a uniform temperature of 90°C 
at aii times. At time f = 0, the entire top surface is subjected to convection to 
ambient air at 7*„ = 25°C with a convection coefficient of h = 80 W/m 2 ■ °C, 
and the right surface is subjected to heat flux at a uniform rate of q R = 
5000 W/m 2 . The nodal network of the problem consists of 15 equally spaced 
nodes with Ax = Ay = 1.2 cm, as shown in the figure. Five of the nodes are at 
the bottom surface, and thus their temperatures are known. Using the explicit 
method, determine the temperature at the top corner (node 3) of the body after 
1, 3, 5, 10, and 60 min. 
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FIGURE 5-50 
In the case of no heat generation 
and r — the temperature of an 
interior node at the new time step is 
tire average of the temperatures of 
its neighboring nodes at the 
previous time step. 
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Schematic and nodal network for 

Example 5—7. 
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(o) Node 1 ( b ) Node 2 

FIGURE 5-52 

Schematics for energy balances on the 
volume elements of nodes 1 and 2. 


SOLUTION This is a transient two-dimensional heat transfer problem in rec- 
tangular coordinates, and it was solved in Example 5-3 for the steady case. 
Therefore, the solution of this transient problem should approach the solution 
for the steady case when the time is sufficiently large. The thermal conductiv- 
ity and heat generation rate are given to be constants. We observe that al! 
nodes are boundary nodes except node 5, which is an interior node. Therefore, 
we have to rely on energy balances to obtain the finite difference equations. 
The region is partitioned among the nodes equitably as shown in the figure, 
and the explicit finite difference equations are determined on the basis of the 
energy balance for the transient case expressed as 


X G' + e ^element 

All sides 



The quantities h, e, and q R do not change with time, and thus we do not 
need to use the superscript / for them. Also, the energy balance expressions are 
simplified using the definitions of thermal diffusivity a = k!pc p and the di- 
mensionless mesh Fourier number r = aAt// 2 , where Ax= A y= I. 

(a) Node 1. (Boundary node subjected to convection and insulation, Fig. 
5-52 a) 
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Dividing by A/4 and simplifying, 
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which can be solved for Tf 1 ' 1 to give 


T{ +1 = 


, , ~ hi 

1 — 4r — 2r -r 
k 


T{ + 2t [t[ + Ti + jT™ + 



(6) Node 2. (Boundary node subjected to convection. Fig. 5-526) 
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Dividing by A/2, simplifying, and solving for f 2 f+l gives 

Tj + 1 = - 4t - 2t ^ j T{ + r (V/ + Tj + 2Tl + — + 


hL 

2k 


f 


r 



(c) Node 3, {Boundary node subjected to convection on two sides, Fig. 5-53a) 
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Dividing by A/4, simplifying, and solving for Ti +1 gives 


T/ +1 = f 1 - 4r - 4r ~ 1 Tj + 2r j Tj + T<( + 2 ^ T„ + 
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(d) Node 4, {On the insulated boundary, and can be treated as an interior 
node, Fig. 5-536). Noting that T 10 = 90°C, Eq. 5-60 gives 

/ * - £ 4 / 

T i + 1 = (l - 4r) T\ + t I T/ + 2 Ti +. 90 + -^ 

(e) Node 5. (Interior node, Fig. 5-54a). Noting that T u = 90 a C, Eq. 5-60 
gives 

/ ■ . , £ 5 / 

T i + 1 = (1 - 4r) Tj + t m + Tj + Ti + 90 + 

{ f ) Node 6. (Boundary node subjected to convection on two sides, Fig. 5 546) 
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Dividing by 3A/4, simplifying, and solving for 7g +1 gives 
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(g) Node 7. (Boundary node subjected to convection, Fig. 5-55a) 
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Dividing by A/2, simplifying, and solving for Tj +1 gives 
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(a) Node 3 (fc) N6de 4 

FIGURE 5-53 

Schematics for energy balances on the 
volume elements of nodes 3 and 4. 



(a) Node 5 ( b ) Node 6 

FIGURE 5-54 

Schematics for energy balances on the 
volume elements of nodes 5 and 6. 



(a) Node 7 (b) Node 9 

FIGURE 5-55 
Schematics for energy balances on the 
volume elements of nodes 7 and 9. 
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(h) Node 8 . This node is identical to node 7, and the finite difference formu- 
lation of this node can be obtained from that of node 7 by shifting the node 
numbers by 1 {i.e., replacing subscript m by subscript m + 1). It gives 


7V + 1 = 
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(/} Node 9. (Boundary node subjected to convection on two sides, Fig. 5-556) 
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Dividing by /c/4, simplifying, and solving for +/ +1 gives 
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This completes the finite difference formulation of the problem. Next we need 
to determine the upper limit of the time step Af from the stability criterion, 
which requires the coefficient of U in the 7 £ +1 expression (the primary coeffi- 
cient) to be greater than or equal to zero for all nodes. The smallest primary co- 
efficient in the nine equations here is the coefficient of Ti in the expression, 
and thus the stability criterion for this problem can be expressed as 

1-4t-4t|£0 -> t - 4(1 + ‘ mk) -» a ‘ s 4a( i + Wft) 


since r = aA til 2 . Substituting the given quantities, the maximum allowable 
value of the time step is determined to be 


(0.012 m) z 

Af “ 4(3.2 X 10 ±6 m 2 /s)[l + (BOW/m 2 • °C)(0.012 m)/(15 W/m • °C)] 


10.6 s 


Therefore, any time step less than 10.6 s can be used to solve this problem. 
For convenience, let us choose the time step to be At = 10 s. Then the mesh 
Fourier number becomes 


T = 


aAt 

l 2 


(3.2 X 10~ s m 2 /s)(10 s) 
(0.012 m f 


= 0.222 


(for At — 10 s) 


Substituting this value of t and other given quantities, the developed transient 
finite difference equations simplify to 

T t i+1 = 0.08367Y + 0.444 (+/ + +f +11.2) 

Tj +l = 0.0836+2 + 0.222(7/ + Tj + 2Tj + 22.4) 

Tj + l = 0.0552+/ + 0.444(+/ + +/ +12.8) 

+j +1 = O.II2+4' + 0.222(T/ + 2+/ + 109.2) 

Ti +l = 0.112+,' + 0.2 22 (+2 + Ti + Tj + 109.2) 

Ti +l = 0.0931+/ + 0.074(2+/ + 4+/ + 2+/ + 424) 


Tj +l = 0.08367V + 0.222(7’,/ + Tl + 202.4) 

T{ > 1 = 0.08367$ + 0.222(7’/ + T$ + 202.4) 

'IV 1 0.08367 9 1 0.444(7’j I 105.2) , 

Using the specified initial condition as the solution at time t — 0 [for / = 0), 
sweeping through these nine equations gives the solution at intervals of 10 s. 
The solution at the upper comer node (node 3) is determined to be 100.2, 
105.9, 106.5, 106.6, and 106. 6°C at 1, 3, 5, 10, and 60 min, respectively. 
Note that the last three solutions are practically identical to the solution for the 
steady case obtained in Example 5-3. This indicates that steady conditions are 
reached in the medium after about 5 min.' 




Controlling the Numerical Error 


A comparison of the numerical results with the exact results for tempera- 
ture distribution in a cylinder would show that the results obtained by a nu- 
merical method are approximate, and they may or may not be sufficiently 
close to the exact (true) solution values. The difference between a numeri- 
cal solution and the exact solution is the error involved in the numerical 
solution, and it is primarily due to two sources: 

• The discretization error (also called the truncation or formulation 
error), which is caused by the approximations used in the formulation 
of the numerical method. 

* The round-off error, which is caused by the computer’s use of a 
limited,, riumber of significant digits and continuously rounding (or 

' PT. * • • 

chopping) off the digits it cannot retain. 

Below we discuss both types of errors. 

Discretization Error 

Thexiiscretization error involved in numerical methods is due to replacing 
the derivatives by differences in each step, or the actual temperature distri- 
bution between two adjacent nodes by a straight line segment. 

Consider the variation of the solution of a transient heat transfer problem 
with time at a specified nodal point. Both the numerical and actual (exact) 
solutions coincide at the beginning of the first time step, as expected, but 
the numerical solution deviates from the exact solution as the time t 
increases. The difference between the two solutions at t = Af is due to the 
approximation at the first time step only and is called the local discretiza- 
tion error. One would expect the situation to get worse with each step since 
the second step uses the erroneous result of the first step as its starting 

point and adds a second local discretization error on top of it, as shown 

•* 
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*This section can be skipped without a loss in continuity* 






The local and global discretization 
errors of the finite difference 
method at the third time step 
at a specified nodal point. 


in Fig. 5-56. The accumulation of the local discretization errors continues 
with the increasing number of time steps, and the total discretization error 
at any step is called the global or accumulated discretization error. Note 
that the local and global discretization errors are identical for the first time 
step. The global discretization error usually increases with the increasing 
number of steps, but the opposite may occur when the solution function 
changes direction frequently, giving rise to local discretization errors of op- 
posite signs, which tend to cancel each other. 

To have an idea about the magnitude of the local discretization error, 
consider the Taylor series expansion of the temperature at a specified nodal 
point m about time 


T{x, n , ti + At) — T(x m , /;) + At ^ F ^ At - + 


dt 


( 5 - 62 ) 


The finite difference formulation of the time derivative at the same nodal 
point is expressed as 
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or 


t dT(x m , 0 

T(x m , t, + At) = T(x m , ^ + At 0( — ( 5 - 64 ) 

which resembles the Taylor series expansion terminated after the first two 
terms. Therefore, the third and later terms in the Taylor series expansion 
represent the error involved in the finite difference approximation. For a 
sufficiently small time step, these terms decay rapidly as the order of de- 
rivative increases, and their contributions become smaller and smaller. The 
first term neglected in the Taylor series expansion is proportional to At 2 , 
and thus the local discretization error of this approximation, which is the 
error involved in each step, is also proportional to At 1 . 

The local discretization error is the formulation error associated with a 
single step and gives an idea about the accuracy of the method used. How- 
ever, the solution results obtained at every step except the first one involve 
the accumulated error up to that point, and the local error alone does not 
have much significance. What we really need to know is the global dis- 
cretization error. At the worst case, the accumulated discretization error after 
I time steps during a time period t 0 is /(At) 2 = (/o/Af)(Af) 2 = r 0 At, which is 
proportional to At. Thus, we conclude that the local discretization error is 
proportional to the square of the step size At 2 while the global discretization 
error is proportional to the step size At itself. Therefore, the smaller the 
mesh size (or the size of the time step in transient problems), the smaller the 
error, and thus the more accurate is the approximation. For example, halv- 
ing the step size will reduce the global discretization error by half. It should 
be clear from the discussions above that the discretization error can be min- 
imized by decreasing the step size in space or time as much as possible. The 
discretization error approaches zero as the difference quantities such as Ax 
and At approach the differential quantities such as dx and dt. 


Round-Off Error 

jf we had a computer that could retain an infinite number of digits for all 
numbers, the difference between the exact solution and the approximate 
(numerical) solution at any point would entirely be due to discretization er- 
ror. But we know that every computer (or calculator) represents numbers 
using a finite number of significant digits. The default value of the number 
of significant digits for many computers is 7, which - is referred to as single 
precision. But the user may perform the calculations using 15 significant 
digits for the numbers, if he or she wishes, which is referred to as double 
precision. Of course, performing calculations in double precision will 
require more computer memory and a longer execution time. 

In single precision mode with seven significant digits, a computer regis- 
ters the number 44444.666666 as 44444.67 or 44444.66, depending on the 
method of rounding the computer uses. In the first case, the excess digits 
are said to be rounded to the closest integer, whereas in the second case 
they are said to be chopped off. Therefore, the numbers a = 44444.12345 
and b = 44444.12032 are equivalent for a computer that performs calcula- 
tions using seven significant digits. Such a computer would give a — b = 
0 instead of the true value 0.00313. 


The error due to retaining a limited number of digits during calculations 
is called the round-off error. This error is random in nature and there is no 
easy and systematic way of predicting it. It depends on the number of cal- 
culations, the method of rounding off, the type of computer, and even the 
sequence of calculations. 

In algebra you learned that a + b + c^a + c + b, which seems quite 
reasonable. But this is not necessarily true for calculations performed with 
a computer, as demonstrated in Fig. 5-57. Note that changing the sequence 
of calculations results in an error of 30.8 percent in just two operations. 
Considering that any significant problem involves thousands or even mil- 
lions Of /she h operations performed in sequence, we realize that the ac- 
cumulate^ round-off error has the potential to cause serious error without 
giving any warning signs. Experienced programmers are very much aware 
of this danger, and they structure their programs to prevent any buildup of 
the round-off error. For example, it is much safer to multiply a number by 
10 tjsan to add it 10 times. Also, it is much safer to start any addition 
process with the smallest numbers and continue with larger numbers. This 
rule is particularly important when evaluating series with a large number of 
terms with alternating signs. 

The round-off error is proportional to the number of computations per- 
formed during the solution. In the finite difference method, the number of 
calculations increases as the mesh size or the time step size decreases. 
Halving the mesh or time step size, for example, doubles the number of 
calculations and thus the accumulated round-off error. 


Controlling the Error in Numerical Methods 

The total error in any result obtained by a numerical method is the sum of the 
discretization error, which decreases with decreasing step size, and the round- 
off error, which increases with decreasing step size, as shown in Fig. 5-58. 


■ Given: • • 

(7 == 7777777 
b =-7777776 
c = 0.4444432 
Find: \ D = a + b-i- c 
E — c ± b 

Solution: 

D = 7777777 - 7777776 -f 0.4444432 
= 1 + 0,4444432 .. 

: ™ 1.444443 (Correct result) 

E = 7777777 + 0.4444432 - 7777776 
— 7777777 — 1111116 
: - 1. 000000 (In error by 30.8%) 

FIGURE 5-57 

A simple arithmetic operation 
performed with a computer 
in single precision using seven 
significant digits, which results in 
30.8 percent error when the order 
of operation is reversed. 



FIGURE 5-58 
As the mesh or time step size 
decreases, the discretization error 
decreases but the round-off 
error increases. 


Therefore, decreasing the step size too much in order to get more accurate re- 
sults may actually backfire and give less accurate results because of a faster 
increase in the round-off error. We should be careful not to let round-off error 
get out of control by avoiding a large number of computations with very small 

numbers. 

In practice, we do not know the exact solution of the problem, and thus 
we cannot determine the magnitude of the error involved in the numerical 
method. Knowing that the global discretization error is proportional to the 
step size is not much help either since there is no easy way of determining 
the value of the proportionality constant. Besides, the global discretization 
error alone is meaningless without a true estimate of the round-off error. 
Therefore, we recommend the following practical procedures to assess the 
accuracy of the results obtained by a numerical method. 

• Start the calculations with a reasonable mesh size Ax (and time step 
size A t for transient problems) based on experience. Then repeat the 
calculations using a mesh size of Ax/2. If the results obtained by 
halving the mesh size do not differ significantly from the results 
obtained with the full mesh size, we conclude that the discretization 
error is at an acceptable level. But if the difference is larger than we 
can accept, then we have to repeat the calculations using a mesh size 
A„\-/4 or even a smaller one at regions of high temperature gradients. 

We continue in this manner until halving the mesh size does not cause 
any significant change in the results, which indicates that the 
discretization error is reduced to an acceptable level. 

• Repeat the calculations using double precision holding the mesh size 
(and the size of the time step in transient problems) constant. If the 
changes are not significant, we conclude that the round-off error is not 
a problem. But if the changes are too large to accept, then we may try 
reducing the total number of calculations by increasing the mesh size 
or changing the order of computations. But if the increased mesh size 
gives unacceptable discretization errors, then we may have to find a 
reasonable compromise. 

It should always be kept in mind that the results obtained by any numer- 
ical method may not reflect any trouble spots in certain problems that re- 
quire special consideration such as hot spots or areas of high temperature 
gradients. The results that seem quite reasonable overall may be in consid- 
erable error at certain locations. This is another reason for always repeating 
the calculations at least twice with different mesh sizes before accepting 
them as the solution of the problem. Most commercial software packages 
have built-in routines that vary the mesh size as necessary to obtain highly 
accurate solutions. But it is a good engineering practice to be aware of any 
potential pitfalls of numerical methods and to examine the results obtained 

with a critical eye. 
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Analytical solution methods are limited to highly simplified prob- 
lems in simple geometries, and it is often necessary to use a nu- 
merical method to solve real world problems with complicated 
geometries or nonuniform thermal conditions* The numerical fi- 
nite difference method is based on replacing derivatives by differ- 
ences, and the finite difference formulation of a heat transfer 
problem is obtained by selecting a sufficient number of points in 
the region, called the nodal points or nodej, and writing energy 
balances on the volume elements centered about the nodes* 

For steady heat transfer, the energy balance on a volume eh 
ement can be expressed in general as 


The finite difference formulation of heat conduction problems 
usually results in a system of N algebraic equations in IV un- 
known nodal temperatures that need to be solved simultane- 
ously. 

The finite difference formulation of transient heat conduction 
problems is based on an energy balance that also accounts for 
the variation of the energy content of the volume element during 
a time interval A L The heat transfer and heat generation terms 
are expressed at the previous time step t in the explicit method, 
and at the new time step i + 1 in the implicit method. For a gen- 
eral node m t the finite difference formulations are expressed as 


XQ + eV elant ni = 0 Explicit method: 

AU sides 


whether the problem is one-, two-, or three-dimensional. For 
convenience in formulation, we always assume all heat trans- 
fer to be into the volume element from all surfaces toward the 
node under consideration, except for specified heat flux whose 
direction is already specified. The finite difference formula- 
tions for a general interior node under steady conditions are ex- 
pressed for some geometries as follows: 

One-dimensional steady conduction in a plane wall: 


2 Q‘ + ^v ekment 

All sides 


c p 
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Implicit method: 
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Two-dimensional steady conduction in rectangular 

coordinates 
* + * 
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TWtH" T lop + T right + T boaom 
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= 0 


where T £ and T„ +l are the temperatures of node m at times 
= iAt and / f+I = (/ + 1)A^, respectively, and Tj* ] - T £ rep- 
resents the temperature change of the node during the time in- 
terval Af between the time steps i and i -f- L The explicit and 
implicit formulations given here are quite general and can be 
used in any coordinate system regardless of heat transfer being 
one-, two-, or three-dimensional. 

The explicit formulation of a general interior node for one- 
and two-dimensional heat transfer in rectangular coordinates 
can be expressed as 


whtvp Ax is the nodal spacing for the plane wall and Ax — 
Ay-— / is tlfe nodal spacing for the two-dimensional case. Insu- 
lated boundaries can be viewed as mirrors in formulation, and 
thus the nodes on insulated boundaries can be treated as inte- 
rior nodes by using mirror images. 

The finite difference formulation at node 0 at the left bound- 
ary of a plane wall for steady one-dimensional heat conduction 
can be expressed as 


Gfcfta.rf.ee + + e 0 (AEd2) = 0 

where AAx/2 is the volume of the volume, e 0 is the rate of heat 
generation per unit volume at x — 0, and A is the heat transfer 
area. The form of the first term depends on the boundary con- 
dition at x — 0 (convection, radiation, specified heat flux, etc.). 


One-dimensional case: 


Ax 2 

'-771 


= TOT'-! + T' +1 ) + (1 - 2r) n + T— k 


Two-dimensional case: 


T'f-t- 1 


r(TL + Vop + n ghl + TU om ) 

+ d - 4r) + r 


where r = aAt/Ax 2 is the dimensionless mesh Fourier number 
and a = Jdpc p is the thermal diffusivity of the medium. 

The implicit method is inherently stable, and any value of At 
can be used with that method as the time step. The largest value 
of the time step Af in the explicit method is limited by the sta- 



bility criterion, expressed as: the coefficients of all T m m the 
r+i expressions ( called the primary coefficients) must be 
treater than or equal to zero for all nodes m. The maximum 
value of Ar is determined by applying the stability criterion to 


1. D. A. Anderson, J. C. Tannehill, and R. H. Pletcher. 

' Computational Fluid Mechanics and Heat Transfer. New 

York; Hemisphere, 1984. 

2. C. A. Brebbia. The Boundary Element Method for 
Engineers. New York: Halsted Press, 1978. 

3. G. E. Forsythe and W. R. Wasow. Finite Difference 
Methods for Partial Differential Equations. New York: 
John Wiley & Sons, 1960. 

4. B. Gebhart. Heat Conduction and Mass Diffusion. New 
York: McGraw-Hill, 1993. 

5. K. H. Huebner and E. A. Thornton. The Finite Element 
Method for Engineers. 2nd ed. New York: John Wiley & 
Sons, 1982. 

6. Y. Jaluria and K. E. Torrance. Computational Heat 
Transfer. New York: Hemisphere, 1986. 


the equation with the smallest primary coefficient since it is the 
most restrictive. For problems with specified temperatures or 
heat fluxes at all the boundaries, the stability criterion can be 
expressed as r ^ f for one-dimensional problems and r < i for 
the two-dimensional problems in rectangular coordinates. 




7. W. J. Minkowycz, E. M. Sparrow, G. E. Schneider, and 
R. H. Pletcher. Handbook of Numerical Heat Transfer. 
New York: John Wiley & Sons, 1988. 

8. G. E. Myers. Analytical Methods in Conduction Heat 
Transfer. New York: McGraw-Hill, 1971. 

9. D. H. Nome and G. DeVries. An Introduction to Finite 
Element Analysis. New York: Academic Press, 1978. 

10. M. N. Ozi§ik. Finite Difference Methods in Heat Transfer. 
Boca Raton, FL: CRC Press, 1994. 

11. S. V. Patankbar. Numerical Heat Transfer and Fluid Flow. 
New York: Hemisphere, 1980. 

12. T. M. Shih. Numerical Heat Transfer. New York: 
Hemisphere, 1984. 



- 





Why Numerical Methods? 

5-1C What are the limitations of the analytical solution 
methods? 

5-2C How do numerical solution methods differ from ana- 
lytical ones? What are the advantages and disadvantages of 
numerical and analytical methods? 

5-3C What is the basis of the energy balance method? How 
does it differ from the formal finite difference method? For a 
specified nodal network, will these two methods result in the 
same or a different set of equations? 


5 _ 5 £ Two engineers are to solve an actual heat transfer 
problem in a manufacturing facility. Engineer A makes the nec- 
essary simplifying assumptions and solves the problem 
analytically, while engineer B solves it numerically using a 
powerful software package. Engineer A claims he solved 
the problem exactly and thus his results are better, while engi- 
neer B claims that he used a more realistic model and thus his 
results are better. To resolve the dispute, you are asked to solve 
the problem experimentally in a lab. Which engineer do you 
think the experiments will prove right? Explain. 


5-4 C Consider a heat conduction problem that can be solved 
both analytically, by solving the governing differential equa- 
tion and applying the boundary conditions, and numerically, 
by a software package available on your computer. Which 
approach would you use to solve this problem? Explain your 
reasoning. 

‘Problems designated by a "C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon H are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


Finite Difference Fomutiafion of Differential Equations 

5-6C Define these terms used in the finite difference formu- 
lation: node, nodal network, volume element, nodal spacing, 
and difference equation. 

5-7 Consider three consecutive nodes n - 1, n, and n + 1 in 
a plane wall. Using the finite difference form of the first deriv- 
ative at the midpoints, show that the finite difference form of 
the second derivative can be expressed as 

T„-t-2T a +T„ +1 _ 

Ax 2 


r 





5-S The finite difference formulation of steady two- 
dimensional heat conduction in a medium with heat generation 
and constant thermal conductivity is given by 



Using the finite difference form of the first derivative (not the 
energy balance approach), obtain the finite difference formula- 
tion of the boundary nodes for the case of insulation at the left 
boundary (node 0) and radiation at the right boundary (node 5) 
with an emissivity of e and surrounding temperature of T san . 

One-Dimensional Steady Heat Conduction 

5-HC Explain how the finite difference form of a heat con- 
duction problem is obtained by the energy balance method, 

5-12C In the energy balance formulation of the finite differ- 
ence method, it is recommended that all heat transfer at the 
boundaries of the volume element be assumed to be into the 
volume element even for steady heat conduction. Is this a valid 
recommendation even though it seems to violate the conserva- 
tion of energy principle? 

5-13C How is an insulated boundary handled in the finite 
difference formulation of a problem? How does a symmetry 
line differ from an insulated boundary in the finite difference 
formulation? 


T CT _ ! , n -27’ m> „ + r m+lirt 


A * 2 


+ 


Ay 1 


k 

in rectangular coordinates. Modify this relation for the three- 
dimensional case. 

5-9 Consider steady one-dimensional heat conduction in a 
plane wall with variable heat generation and constant thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, ^1, 2, 3, and 4 with a uniform nodal spacing of Ax 
Using the fjnite difference form of the first derivative (not the 
energy balance approach), obtain the finite difference formula- 
tion of the; bound ary nodes for the case of uniform heat flux q 0 
at the left f boimdary (node 0) and connection at the right bound- 
ary (node 4) with a convection coefficient of h and an ambient 
temperature of 

5-10 Consider steady one-dimensional heat conduction in a 
plane wall with variable heat generation and constant thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, 1, 2, 3, 4, and 5 with a uniform nodal spacing of Ax. 


5-14C How can a node on an insulated boundary be treated 
as an interior node in the finite difference formulation of a 
plane wall? Explain. 

5-15C Consider a medium in which the finite difference 
formulation of a general interior node is given in its simplest 
form as 


~2T m + T m+i 

AV + T“° 

(a) Is heat transfer in this medium steady or transient? 

(b) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the nodal spacing constant or variable? 

(e) Is the thermal conductivity of the medium constant or 
variable? 

5-16 Consider steady heat conduction in a plane wall whose 
left surface (node 0) is maintained at 30°C while the right sur- 
face (node 8) is subjected to a heat flux of 1200 W/m 2 . Express 
the finite difference formulation of the boundary nodes 0 and 8 
for the case of no heat generation. Also obtain the finite dif- 
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30 *C 



1200 W/m J 


fere nee formulation for the rate of heat transfer at the left 
boundary. 

5-17 Consider steady heat conduction in a plane wall with 
variable heat generation and constant thermal conductivity. 
The nodal network of the medium consists of nodes 0, 1, 2, 3, 
and 4 with a uniform nodal spacing of Ax Using the energy 
balance approach, obtain the finite difference formulation of 
the boundary nodes for the case of uniform heat flux q 0 at the 
left boundary (node 0) and convection at the right boundary 
(node 4) with a convection coefficient of h and an ambient 
temperature of T K . 

5-18 Consider steady one-dimensional heat conduction in a 
plane wall with variable heat generation and constant thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, 1, 2, 3, 4, and 5 with a uniform nodal spacing of Ax 
Using the energy balance approach, obtain the finite difference 
formulation of the boundary nodes for the case of insulation at 
the left boundary (node 0) and radiation at the right boundary 
(node 5) with an emissivity of s and surrounding temperature 

Of T’surr- 

5-19 Consider steady one-dimensional heat conduction in a 
plane wall with variable beat generation and constant thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, 1, 2, 3, 4, and 5 with a uniform nodal spacing of Ax 
The temperature at the right boundary (node 5) is specified. 
Using the energy balance approach, obtain the finite difference 
formulation of the boundary node 0 on the left boundary for 
the case of combined convection, radiation, and heat flux at 
the left boundary with an emissivity of e, convection coeffi- 
cient of h, ambient temperature of 7V=, surrounding temperature 
of T iUII , and uniform heat flux of q 0 . Also, obtain the finite 
difference formulation for the rate of heat transfer at the right 
boundary. 



5-20 Consider steady one-dimensional heat conduction in a 
composite plane wall consisting of two layers A and B in per- 
fect contact at the interface. The wall involves no heat genera- 
tion. The nodal network of the medium consists of nodes 0, 1 
(at the interface), and 2 with a uniform nodal spacing of Ax 
Using the energy balance approach, obtain the finite difference 
formulation of this problem for the case of insulation at the left 


boundary (node 0) and radiation at the right boundary (node 2) 
with an emissivity of e and surrounding temperature of T 5uir 

5-21 Consider steady one-dimensional heat conduction in a 
plane wall with variable heat generation and variable thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, 1, and 2 with a uniform nodal spacing of Ax Using 
the energy balance approach, obtain the finite difference for- 
mulation of this problem for the case of specified heat flux q 0 
to the wall and convection at the left boundary (node 0) with a 
convection coefficient of h and ambient temperature of 2U, and 
radiation at the right boundary (node 2) with an emissivity of s 
and surrounding surface temperature of T suir 



5-22 Consider steady one-dimensional heat conduction in a 
pin fin of constant diameter D with constant thermal conduc- 
tivity. The fin is losing heat by convection to the ambient air at 
T„ with a heat transfer coefficient of h. The nodal network of 
the fin consists of nodes 0 (at the base), 1 (in the middle), and 2 
(at the fin tip) with a uniform nodal spacing of Ax. Using the 
energy balance approach, obtain the finite difference formula- 
tion of this problem to determine T) and T 2 for the case of spec- 
ified temperature at the fin base and negligible heat transfer at 
the fin tip. All temperatures are in °C. 

5-23 Consider steady one-dimensional heat conduction in a 
pin fin of constant diameter D with constant thermal conduc- 
tivity. The fin is losing heat by convection to the ambient air 
at T m with a convection coefficient of h, and by radiation to 
the surrounding surfaces at an average temperature of T su „. 



Convection 


FIGURE P5-23 


The nodal network of the fin consists of nodes 0 (at the base), 

1 (in the middle), and 2 (at the fin tip) with a uniform nodal 
spacing of A.t. Using the energy balance approach, obtain the 
finite difference formulation of this problem to determine 
T and T 2 for the case of specified temperature at the fin base 
and negligible heat transfer at the fin tip. All temperatures 

are in °C. 

5-24 Consider a large uranium plate of thickness 5 cm and 
thermal conductivity k = 28 W/m * °C in which heat is gener- 
ated uniformly at a constant rate of e = 6 X 10 5 W/m 3 . One 
side of the plate is insulated while the other side is subjected 
to convection to an environment at 30°C with a heat transfer 
coefficient of h = 60 W/m 2 • °C. Considering six equally 
spaced nodes with a nodal spacing of 1 cm, (a) obtain the finite 
difference formulation of this problem and (ft) determine the 
nodal temperatures under steady conditions by solving those 
equations. 

5-25 Consider an aluminum alloy fin (ft = 180 W/m • °C) of 
triangular cross section whose length is L — 5 cm, base thick- 
ness is b = I cm, and width w in the direction normal to the 
plane of paper is very large. The base of the fin is maintained 
at a temperature of 7 0 = 180°C. The fin is losing heat by con- 
vection to the ambient air at r» = 25' °C with a heat transfer 
coefficient of h = 25 W/m 2 ■ °C and by radiation to the sur- 
rounding surfaces at an average temperature of - 290 K. 
Using the finite difference method with six equally spaced 
nodes along the fin in the .t-direction, determine (a) the tem- 
peratures at the nodes and (ft) the rate of heat transfer from the 
fin for tv=lm. Take the emissivity of the fm surface to be 0.9 
and assume steady one-dimensional heat transfer in the fin. 



5-26 Reconsider Prob, 5-25. Using EES (or other) 

software, investigate the effect of the fin base 
temperature on the fin tip temperature and the rate of heat 
transfer from the fin. Let the temperature at the fin base vary 


from 100°C to 200°C. Plot the fin tip temperature and the rate 
of heat transfer as a function of the fin base temperature, and 
discuss the results. 

5-27 Consider a large plane wall of thickness L = 0.4 m, 
thermal conductivity k = 2.3 W/m ■ °C, and surface area 
A = 20 m 2 . The left side of the wall is maintained at a constant 
temperature of 95°C, while the right side loses heat by con- 
vection to the surrounding air at = 15°C with a heat trans- 
fer coefficient of ft = 18 W/m 2 ■ °C. Assuming steady one- 
dimensional heat transfer and taking the nodal spacing to be 
10 cm, (a) obtain the finite difference formulation for all nodes, 
(ft) determine the nodal temperatures by solving those equa- 
tions, and (c) evaluate the rate of heat transfer through the wall. 

5-28 Consider the base plate of a 800- W household iron hav- 
ing a thickness of L = 0.6 cm, base area of A = 160 cm 2 , and 
thermal conductivity of k = 20 W/m * °C. The inner surface of 
the base plate is subjected to uniform heat flux generated by 
the resistance heaters inside. When steady operating conditions 
are reached, the outer surface temperature of the plate is mea- 
sured to be 85°C. Disregarding any heat loss through the upper 
part of the iron and taking the nodal spacing to be 0.2 cm, 
(a) obtain the finite difference formulation for the nodes and 
(ft) determine the inner surface temperature of the plate by 
solving those equations. Answer: (ft) 100°C 
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5-29 Consider a large plane wall of thickness L =■ 0*3 m, 
thermal conductivity k — 2,5 W/m * °C, and surface area 
A = 24 m 2 . The left side of the wall is subjected to a heat flux 
of q 0 - 350 W/m 2 while the temperature at that surface is mea- 
sured to be T 0 = 60°C. Assuming steady one-dimensional heat 
transfer and taking the nodal spacing to be 6 cm, (a) obtain the 
finite difference formulation for the six nodes and (ft) deter- 
mine the temperature of the other surface of the wall by solv- 
ing those equations. 


5-30 Consider a stainless steel spoon ( k = 15.1 W/m * X, 
e = 0.6) that is partially immersed in boiling water at 95X in 
a kitchen at 25X. The handle of the spoon has a cross section 
of about 0.2 cm X 1 cm and extends 18 cm in the air from the 
free surface of the water. The spoon loses heat by convection 
to the ambient air with an average heat transfer coefficient of 
h = 13 W/m 2 ■ °C as well as by radiation to the surrounding 
surfaces at an average temperature of I ^ = 295 K. Assuming 
steady one-dimensional heat transfer along the spoon and tak- 
ing the nodal spacing to be 3 cm, (a) obtain the finite difference 
formulation for all nodes, (b) determine the temperature of the 
tip of the spoon by solving those equations, and (c) determine 
the rate of heat transfer from the exposed surfaces of the spoon. 

5-31 Repeat Prob. 5-30 using a nodal spacing of 1.5 cm. 


T = 295 K 

surr 


T„ ” 25 °C 


h = 13 W/m 2 -°C 
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Reconsider Prob. 5-31. Using EES (or other) 
software, investigate the effects of the thermal 
conductivity and the emissivity of the spoon material on the 
temperature at the spoon tip and the rate of heat transfer from 
the exposed surfaces of the spoon. Let the thermal conductiv- 
ity vary from 10 W/m ■ °C to 400 W/m * X, and the emissivity 
from 0.1 to 1,0. Plot the spoon tip temperature and the heat 
transfer rate as functions of thermal conductivity and emissiv- 
ity, and discuss the results. 


5-33 One side of a 2-m-bigh and 3-m-wlde vertical plate 
at 80X is to be cooled by attaching aluminum fins (k — 
237 W/m • X) of rectangular profile in an environment at 
35X. The fins are 2 cm long, 0.3 cm thick, and 0.4 cm apart. 
The heat transfer coefficient between the fins and the sur- 
rounding air for combined convection and radiation is esti- 
mated to be 30 W/m 2 * X. Assuming steady one-dimensional 
heat transfer along the fin and taking the nodal spacing to be 
0.5 cm, determine (rz) the finite difference formulation of this 
problem, ( b ) the nodal temperatures along the fin by solving 
these equations, (c) the rate of heat transfer from a single fin, 
and ( d) the rate of heat transfer from the entire finned surface 
of the plate. 



FIGURE P5-33 


S_34 A hot surface at 100°C is to be cooled by attach- 
ing 3-cm-Iong, 0.25-cm-diameter aluminum pm fins (k = 
237 W/m ■ °C) with a center-to -center distance of 0.6 cm. The 
temperature of the surrounding medium is 30°C, and the com- 
bined heat transfer coefficient on the surfaces is 35 W/m 2 • °C. 
Assuming steady one-dimensional heat transfer along the fin 
and taking the nodal spacing to be 0.5 cm, determine (a) the fi- 
nite difference formulation of this problem, (b) the nodal tem- 
peratures along the fin by solving these equations, (c) the rate 
of heat transfer from a single fin, and (d) the rate of heat trans- 
fer from a 1-m X 1-m section of the plate. 
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Reconsider Prob. 5-36. Using EES (or other) 
software, investigate the effects of the steam tem- 
perature and the outer heat transfer coefficient on the flange tip 
temperature and the rate of heat transfer from the exposed sur- 
faces of the flange. Let the steam temperature vary from 150°C 
to 300°C and the heat transfer coefficient from 15 W/m 2 ■ °C to 
60 W/m 2 * °C. Plot the flange tip temperature and the heat 
transfer rate as functions of steam temperature and heat trans- 
fer coefficient, and discuss the results. 


5-38 



Using EES (or other) software, solve these sys- 
tems of algebraic equations. 


5-35 Repeat Prob. 5-34 using copper fins (k — 386 W/m ■ °C) 
instead of aluminum ones. 

Answers: (b) 98.6°C, 97.5°C, 96.7°C, 96.0°C t 95.7°C, 95.5°C 

■ s 

5-36 Two 3-m-long and 0.4-cm-thick cast iron (k = 
52 W/m • °C, e = 0.8) steam pipes of outer diameter 10 cm are 
connected to each other through two 1-cm-thick flanges of 
outer diameter 20 cm, as shown in the figure. The steam flows 
inside the pipe at an average temperature of 200°C with a heat 
transfer coefficient of 180 W/m 2 • °C. The outer surface of the 
pipe is exposed to convection with ambient air at 8°C with a 
heat transfer coefficient of 25 W/m 2 • °C as well as radiation 
with the surrounding surfaces at an average temperature of 
— 290 K. Assuming steady one-dimensional heat conduc- 
tion along the flanges and taking the nodal spacing to be 1 cm 
along the flange (a) obtain the finite difference formulation for 
all nodes, {b) determine the temperature at the tip of the flange 
by solving those equations, and (c) determine the rate of heat 
transfer from the exposed surfaces of the flange. 


(a) 3x, — x 2 + 3x 3 ~ 0 

-X! + 2 x 2 + x 3 = 3 
2x, - x 2 ~ * 3 = 2 


(b) 4.x, - 2x\ + '0.5x3 = 

*[-*2 + * 3 = n - 964 

X, + X 2 + X 3 = 3 

Answers: (a) X, = 2, x 2 = 3, x 3 = -1, (b) x, = 2.33, x 2 = 2,29, 
*3 = -1.62 
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Using EES (or other) software, solve these sys- 
tems of algebraic equations. 


(a) 3x, + 2x 2 ~ x 3 + x 4 = 6 

x, + 2x 2 — x 4 = —3 

3x 2 + x 3 — 4x 4 - —6 

(b) 3x, + x 2 + 2x 3 = 8 

— x, + 3 x 2 + 2x 3 - -6.293 
2x, - 4 + 4x 3 = -12 


r 
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Using EES (or other) software, solve these sys- 
tems of algebraic equations. 


(«) 4 * ] - x 2 + 2xj + *4 = "6 

A"j + 3*2 ~ -U + 4*4 = — 1 

— Xj + 2x 2 + 5*4 = 5 
2*2 — 4*3 — 3*4 = —5 

(b) 2x, + 4 “ 2*3 + x A = 1 

xf + 4x 2 + 2xj — 2x 4 = — 3 
—Xj + xf + 5x 3 = 10 
3xj — xj + Sx 4 =15 


Two-Dimensional Steady Heat Conduction 

5-41C Consider a medium in which the finite difference 
formulation of a general interior node is given in its simplest 
form as 

2left 3" Trip + Trighr "b ^bottom “ 4J' nt , ( j e ^ ~ ® 

(a) Is heat transfer in this medium steady or transient? 

(, b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the nodal spacing constant or variable? 

(e) Is the thermal conductivity of the medium constant or 
variable? 

5-42C Consider a medium in which the finite difference 
formulation of a general interior node is given in its simplest 
form as 


T’node = (T’left + T wp + T dghl + T baaom )/ 4 

(a) Is heat transfer in this medium steady or transient? 

( b ) Is heat transfer one-, two-, or three-dimensional? 

(c) Is there heat generation in the medium? 

(d) Is the nodal spacing constant or variable? 

(e) Is the thermal conductivity of the medium constant or 
variable? 

5-43C What is an irregular boundary? What is a practical 
way of handling irregular boundary surfaces with the finite dif- 
ference method? 

5-44 The wall of a heat exchanger separates hot water at 
T a = 90°C from cold water at T s = 10°C. To extend the heat 


transfer area, two-dimensional ridges are machined on the cold 
side of the wall, as shown in Fig. P5-44. This geometry causes 
non-uniform thermal stresses, which may become critical for 
crack initiation along the lines between two ridges. To predict 
thermal stresses, the temperature field inside the wall must be 
determined. Convection coefficients are high enough so that 
the surface temperature is equal to that of the water on each 
side of the wall. 

( 0 ) Identify the smallest section of the wall that can be ana- 
lyzed in order to find the temperature field in the whole 
wall. 

(b) For the domain found in part (a), construct a two- 
dimensional grid with Ax = Ay = 5 mm and write the 
matrix equation AT = C (elements of matrices A and C 
must be numbers). Do not solve for T. 

(c) A thermocouple mounted at point M reads 46.9°C. De- 
termine the other unknown temperatures in the grid de- 
fined in part ( b ). 

5-45 A long tube has a square cross section as shown in 
Fig. P5— 45, with insulated sides, and the top and bottom sur- 
faces maintained at T A , and inner surface maintained at T B . The 
thermal conductivity of the tube is k and heat generation occurs 
within the material at a rate of e. 

(a) Write the matrix equation AT = C used to determine the 
steady temperature field T, for the discretization grid 
shown on the figure. Simplify the equation for 
T a = 20°C, T b = 100°C, k = 10 W/m ■ St, L = 4 cm, 
and e = 5 X 10 5 W/m 3 . 

(b) The solution to the equation in part (a) is included in the 
table below. Determine the rate of heat loss by the tube 
through its outer surface per unit length. 


Grid point 
1 
2 

3 

4 

5 

6 

7 

8 


T(°C) 

20 

20 

20 

71.4 

92.9 

100 

105.7 

100 
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FIGURE P5-45 

5-46 Consider steady two-dimensional heat transfer in a long 
solid body whose cross section is given in the figure* The tem- 
peratures at the selected nodes and the thermal conditions at 
the boundaries are as shown* The thermal conductivity of the 
body is k = 45 W/m • °C, and heat is generated in the body uni- 
formly at a rate of e = 4 X 10 6 W/m 3 * Using the finite differ- 
ence method with a mesh size of Ax — Ay = 5*0 cm, determine 
(a) the temperatures at nodes 1, 2, and 3 and (b) the rate of heat 
loss from the bottom surface through a 1-m-long section of the 
body* 
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FIGURE P5-46 


5-47 Consider steady two-dimensional heat transfer in a long 
solid body whose cross section is given in the figure* The 
measured temperatures at selected points of the outer surfaces 
are as shown. The thermal conductivity of the body is k — 
45 W/m - °C, and there is no heat generation* Using the finite 
difference method with a mesh size of Ax = Ay = 2*0 cm, de- 
termine the temperatures at the indicated points in the medium* 
Hint: Take advantage of symmetry* 


5-48 Consider steady two-dimensional heat transfer in a long 
solid bar of (a) square and (b) rectangular cross sections as 
shown in the figure* The measured temperatures at selected 
points of the outer surfaces are as shown* The thermal conduc- 
tivity of the body is k — 20 W/m * °C t and there is no heat gen- 
eration, Using the finite difference method with a mesh size of 
Av = Ay = 1*0 cm, determine the temperatures at the indicated 
points in the medium. 

Answers ; (a) r a = 185°C, T 2 = T 3 = T 4 = 190°C 
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5-49 Starting with an energy balance on a volume element; 
obtain the steady two-dimensional finite difference equation 
for a general interior node in rectangular coordinates for T(x, y ) 
for the case of variable thermal conductivity and uniform heat 
generation. 

5-50 Consider steady two-dimensional heat transfer in a long 
solid body whose cross section is given in Fig. P5-50. The 
temperatures at the selected nodes and the thermal conditions 
on the boundaries are as shown. The thermal conductivity of 
the body is k = 180 W/m • °C, and heat is generated in the 
body uniformly at a rate of e — 10 7 W/m 3 . Using the finite dif- 
ference method with a mesh size of Ac = Ay = 10 cm, deter- 
mine (a) the temperatures at nodes 1, 2, 3, and 
4 and ( b ) the rate of heat loss from the top surface through a 
1-m-Iong section of the body. 
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5-51 Reconsider Prob. 5-50. Using EES (or other) 

software, investigate the effects of the thermal 
conductivity and the heat generation rate on the temperatures at 
nodes 1 and 3, and the rate of heat loss from the top surface. 
Let the thermal conductivity vary from 10 W/m • °C to 
400 W/m • °C and the heat generation rate from 10 5 W/m 3 to 
10 8 W/m 3 . Plot the temperatures at nodes 1 and 3, and the rate 
of heat loss as functions of thermal conductivity and heat gen- 
eration rate, and discuss the results. 


5-52 Consider steady two-dimensional heat transfer in two 
long solid bars whose cross sections are given in the figure. 
The measured temperatures at selected points on the outer sur- 
faces are as shown. The thermal conductivity of the body is 
k = 20 W/m ■ °C, and there is no heat generation. Using the fi- 
nite difference method with a mesh size of Ar = Ay = 1.0 cm. 


determine the temperatures at the indicated points in the 
medium. Hint: Take advantage of symmetry. 

Answers: (6) 7i = T A = 93 °C, T 2 = T 3 = 86°C 

5-53 Consider steady two-dimensional heat transfer in an 
L-shaped solid body whose cross section is given in the figure. 
The thermal conductivity of the body is k = 45 W/m ■ °C, and 
heat is generated in the body at a rate of e = 5 X 10 6 W/m 3 . The 
right surface of the body is insulated, and the bottom surface is 
maintained at a uniform temperature of 120°C. The entire top 
surface is subjected to convection with ambient air at = 
30°C with a heat transfer coefficient of h = 55 W/m 2 * °C, and 
the left surface is subjected to heat flux at a uniform rate of q L = 
8000 W/m 2 . The nodal network of the problem consists of 13 
equally spaced nodes with At = Ay = 1.5 cm. Five of the nodes 
are at the bottom surface and thus their temperatures are known, 
(a) Obtain the finite difference equations at the remaining eight 
nodes and ( b ) determine the nodal temperatures by solving 
those equations. 
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5-54 Consider steady two-dimensional heat transfer in a long 
solid bar of square cross section in which heat is generated uni- 
formly at a rate of e ~ 1.97 X 10 5 W/m 3 . The cross section of 
the bar is 16 cm X 16 cm in size, and its thermal conductivity 
is k — 28 W/m ■ °C. All four sides of the bar are subjected to 
convection with the ambient air at T » — 20°C with a heat trans- 
fer coefficient of h = 45 W/m 2 * °C. Using the finite difference 
method with a mesh size of Ax = Ay = 8 cm, determine (a) the 
temperatures at the nine nodes and ( b ) the rate of heat loss from 
the bar through a 1-m-long section. 

Answer: (b) 5043 W 
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5-55 Hot combustion gases of a furnace are flowing through 
a concrete chimney (k =1.4 W/m * °C) of rectangular cross sec- 
tion. The flow section of the chimney is 20 cm X 40 cm, and 
the thickness of the wall is 10 cm. The average temperature of 
the hot gases in the chimney is T- t = 280°C, and the average 
convection heat transfer coefficient inside the chimney is h; = 
75 W/m 2 • °C. The chimney is losing heat from its outer surface 
to the ambient air at T Q — 15°C by convection with a heat trans- 
fer coefficient of h 0 — 18 W/m 2 • °C and to the sky by radiation. 
The emissivity of the outer surface of the wall is e = 0.9, and 
the effective sky temperature is estimated to be 250 K. Using 
the finite difference method with Ax ~ Ay = 10 cm and taking 
full advantage of symmetry, (a) obtain the finite difference 
formulation of this problem for steady two-dimensional heat 
transfer, (b) determine the temperatures at the nodal points of a 
cross section, and (c) evaluate the rate of heat loss for a 1-m- 
long section of the chimney. 




FIGURE P5-55 


5-56 Repeat Prob. 5-55 by disregarding radiation heat trans- 
fer from the outer surfaces of the chimney. 


5-57/ 


m. 




Reconsider Prob. 5-55. Using EES (or other) 
software, investigate the effects of hot-gas tem- 
perature and the outer surface emissivity on the temperatures at 
the outer comer of the wall and the middle of the inner surface 
of the right wall, and the rate of heat loss. Let the temperature 
of the hot gases vary from 200°C to 400°C and the emissivity 
from 0.1 to 1.0. Plot the temperatures and the rate of heat loss 
as functions of the temperature of the hot gases and the emis- 
sivity, and discuss the results. 


5-58 rjfr. Consider a long concrete dam (k = 0,6 W/m ■ °C, 
kgS? a s - 0.7) of triangular cross section whose ex- 
posed surface is subjected to solar heat flux of q s = 800 W/m 2 
and to convection and radiation to the environment at 25°C with 
a combined heat transfer coefficient of 30 W/m 2 ■ °C. The 2-m- 
high vertical section of the dam is subjected to convection by 
water at 15°C with a heat transfer coefficient of 150 W/m 2 • °C, 


CHAPTER 5 


and heat transfer through the 2-m-long base is considered to be 
negligible. Using the finite difference method with a mesh size 
of Ax = Ay = 1 m and assuming steady two-dimensional heat 
transfer, determine the temperature of the top, middle, and bot- 
tom of the exposed surface of the dam. Answers: 21.3°C 
43.2°C, 43.6°C 



5-59 Consider steady two-dimensional heat transfer in a 
V-grooved solid body whose cross section is given in the fig- 
ure. The top surfaces of the groove are maintained at 0°C while 
the bottom surface is maintained at 100°C, The side surfaces of 
the groove are insulated. Using the finite difference method 
with a mesh size of Ax = Ay = 0.3 m and taking advantage of 
symmetry, determine the temperatures at the middle of the in- 
sulated surfaces. 
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5-60 ggg Reconsider Prob. 5-59. Using EES (or other) 
MiSl software, investigate the effects of the tempera- 
tures at the top and bottom surfaces on the temperature in the 
middle of the insulated surface. Let the temperatures at the top 
and bottom surfaces vary from 0°C to 100°C. Plot the tem- 
perature in the middle of the insulated surface as functions of 
the temperatures at the top and bottom surfaces, and discuss 
the results. 


NUMERICAL METHODS 


5-61 Consider a long solid bar whose thermal conductivity is 
jt = 5 W/m • °C and whose cross section is given in the figure. 
The top surface of the bar is maintained at 50°C while the bot- 
tom surface is maintained at 120°C. The left surface is insulated 
and the remaining three surfaces are subjected to convection 
with ambient air at IT = 25 °C with a heat transfer coefficient of 
/i = 40 W/m 2 - °C. Using the finite difference method with a 
mesh size of Ax = Ay = 10 cm, (a) obtain the finite difference 
formulation of tills problem for steady two-dimensional heat 
transfer and ( b ) determine the unknown nodal temperatures by 
solving those equations. 

Answers: (b) 78.8°C, 72.7°C r 64.6°C 



5-62 Consider a 5-mTong constantan block (k = 23 W/m ■ °C) 
30 cm high and 50 cm wide. The block is completely sub- 
merged in iced water at 0°C that is well stirred, and the heat 
transfer coefficient is so high that the temperatures on both 
sides of the block can be taken to be 0°C. The bottom surface 
of the bar is covered with a low-conductivity material so 
that heat transfer through the bottom surface is negligible. The 
top surface of the block is heated uniformly by a 6-kW resis- 
tance heater. Using the finite difference method with a mesh 
size of Ax = Ay = 10 cm and taking advantage of symmetry, 
(a) obtain the finite difference formulation of this problem for 
steady two-dimensional heat transfer, ( b ) determine the un- 
known nodal temperatures by solving those equations, and 
(c) determine the rate of heat transfer from the block to the iced 
water. 
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Transient Heat Conduction 

5-63 C How does the finite difference formulation of 
a transient heat conduction problem differ from that of a 
steady heat conduction problem? What does the term 
pAAxc p (T^ +l — T^j/At represent in the transient finite differ- 
ence formulation? 

5-64C What are the two basic methods of solution of tran- 
sient problems based on finite differencing? How do heat 
transfer terms in the energy balance formulation differ in the 
two methods? 

5-65C The explicit finite difference formulation of a general 
interior node for transient heat conduction in a plane wall is 
given by 



IT' 1 

m 


+ 77 


m-i~\ 



7*1 + 1 
J m 



Obtain the finite difference formulation for the steady case by 
simplifying the relation above* 

5-66C The explicit finite difference formulation of a general 
interior node for transient two-dimensional heat conduction is 
given by 


7 * 1+1 
L node 


Obtain the finite difference formulation for the steady case by 
simplifying the relation above. 

5-67C Is there any limitation on the size of the time step A t 
in the solution of transient heat conduction problems using 
(a) the explicit method and (b) the implicit method? 

5-68C Express the general stability criterion for the explicit 
method of solution of transient heat conduction problems. 

5-69 C Consider transient one-dimensional heat conduc- 
tion in a plane wall that is to be solved by the explicit 
method. If both sides of the wall are at specified temperatures, 
express the stability criterion for this problem in its simplest 
form. 

5-70C Consider transient one-dimensional heat conduction 
in a plane wall that is to be solved by the explicit method. 
If both sides of the wall are subjected to specified heat 
flux, express the stability criterion for this problem in its sim- 
plest form. 

5-71C Consider transient two-dimensional heat conduction 
in a rectangular region that is to be solved by the explicit 
method. If all boundaries of the region are either insulated or at 
specified temperatures, express the stability criterion for this 
problem in its simplest form. 

5-72 C The implicit method is unconditionally stable and 
thus any value of time step Ar can be used in the solution of 


transient heat conduction problems. To minimize the computa- 
tion time, someone suggests using a very large value of Af 
since there is no danger of instability* Do you agree with this 
suggestion? Explain. 

5-73 Consider transient heat conduction in a plane wall 
whose left surface (node 0) is maintained at 50°C while the 
right surface (node 6) is subjected to a solar heat flux of 
600 W/m 2 . The wall is initially at a uniform temperature of 
50°C* Express the explicit finite difference formulation of the 
boundary nodes 0 and 6 for the case of no heat generation. 
Also, obtain the finite difference formulation for the total 
amount of heat transfer at the left boundary during the first 
three time steps* 

5-74 Consider transient heat conduction in a plane wall with 
variable heat generation and constant thermal conductivity. 
The nodal network of the medium consists of nodes 0, 1,2, 3, 
and 4 with a uniform nodal spacing of Ax The wall is initially 
at a specified temperature. Using the energy balance approach, 
obtain the explicit finite difference formulation of the boundary 
nodes for the case of uniform heat flux g 0 at the left boundary 
(node 0) and convection at the right boundary (node 4) with a 
convection coefficient of ft and an ambient temperature of 7^* 
Do not simplify* 





5-75 Repeat Prob* 5—74 for the case of implicit formulation. 

5-^6 Consider transient heat conduction in a plane wall with 
variable heat generation and constant thermal conductivity* 
The nodal network of the medium consists of nodes 0, 1,2, 
3, 4, and 5 with a uniform nodal spacing of Ax The wall is ini- 
tially at a specified temperature. Using the energy balance ap- 
proach, obtain the explicit finite difference formulation of the 
boundary nodes for the case of insulation at the left boundary 
(node 0) and radiation at the right boundary (node 5) with an 
emissivity of e and surrounding temperature of 7^* 

5-77 Consider transient heat conduction in a plane wall with 
variable heat generation and constant thermal conductivity. 
The nodal network of the medium consists of nodes 0, 1,2, 3, 
and 4 with a uniform nodal spacing of Ax The wall is initially 
at a specified temperature* The temperature at the right bound- 
ary (node 4) is specified* Using the energy balance approach, 
obtain the explicit finite difference formulation of the boundary 


node 0 for the case of combined convection, radiation, and heat 
flux at the left boundary with an emissivity of e t convection co- 1 
efficient of ft, ambient temperature of T*, surrounding temper- 
ature of 7;^ and uniform heat flux of q Q toward the walk Also, 
obtain the finite difference formulation for the total amount of 
heat transfer at the right boundary for the first 20 time steps. 



5-78 Starting with an energy balance on a volume element, 
obtain the two-dimensional transient explicit finite difference 
equation for a general interior node m rectangular coordinates 
for T(x t y t /) for the case of constant thermal conductivity and 
no heat generation* 

5-79 Starting with an energy balance on a volume element, 
obtain the two-dimensional transient implicit finite difference 
equation for a general interior node in rectangular coordinates 
for T(.r, y t t ) for the case of constant thermal conductivity and 
no heat generation* 

5-80 Starting with an energy balance on a disk volume ele- 
ment, derive the one-dimensional transient explicit finite dif- 
ference equation for a general interior node for T(z , 0 in a 
cylinder whose side surface is insulated for the case of constant 
thermal conductivity with uniform heat generation* 

5-81 Consider one-dimensional transient heat conduction in 
a composite plane wall that consists of two layers A and B with 
perfect contact at the interface* The wall involves no heat 



generation and initially is at a specified temperature. The nodal 
network of the medium consists of nodes 0, 1 (at the interface), 
and 2 with a uniform nodal spacing of Ax Using the energy 
balance approach, obtain the explicit finite difference formula- 
tion of this problem for the case of insulation at the left bound- 
ary (node 0) and radiation at the right boundary (node 2) with 
an emissivity of e and surrounding temperature of 

5-82 Consider transient one-dimensional heat conduction in 
a pin fin of constant diameter D with constant thermal conduc- 
tivity. The fin is losing heat by convection to the ambient air at 
T = with a heat transfer coefficient of h and by radiation to the 
surrounding surfaces at an average temperature of T sun . The 
nodal network of the fin consists of nodes 0 (at the base), 1 (in 
the middle), and 2 (at the fin tip) with a uniform nodal spacing 
of Ax Using the energy balance approach, obtain the explicit 
finite difference formulation of this problem for the case of a 
specified temperature at the fin base and negligible heat trans- 
fer at the fin tip. 

5-83 Repeat Prob. 5-82 for the case of implicit formulation. 

5-84 Consider a large uranium plate of thickness L = 8 cm, 
thermal conductivity it — 28 W/m • °C, and thermal diffusivity 
a = 12.5 X 10~ 6 m 2 /s that is initially at a uniform temperature 
of 100°C. Heat is generated uniformly in the plate at a constant 
rate of e = 10 6 W/m 3 . At time / = 0, the left side of the plate is 
insulated while the other side is subjected to convection with 
an environment at T w — 20°C with a heat transfer coefficient of 
h = 35 W/m 2 • °C. Using the explicit finite difference approach 
with a uniform nodal spacing of Ax = 2 cm, determine (a) the 
temperature distribution in the plate after 5 min and ( b ) how 
long it will take for steady conditions to be reached in the plate. 


5-85 Reconsider Prob. 5-84. Using EES (or other) 

b^SB software, investigate the effect of the cooling 
time on the temperatures of the left and right sides of the plate. 
Let the time vary from 5 min to 60 min. Plot the temperatures 
at the left and right surfaces as a function of time, and discuss 
the results. 


5-86 Consider a house whose south wall consists of a 30-cm- 
thick Trombe wall whose thermal conductivity is k = 
0.70 W/m * °C and whose thermal diffusivity is a = 0.44 X 
10“ fi m 2 /s. The variations of the ambient temperature T oat and 
the solar heat flux incident on a south-facing vertical sur- 
face throughout the day for a typical day in February are given 
in the table in 3-h intervals. The Trombe wall has single glaz- 
ing with an absorptivity-transmissivity product of k = 0.76 
(that is, 76 percent of the solar energy incident is absorbed by 
the exposed surface of the Trombe wall), and the average com- 
bined heat transfer coefficient for heat loss from the Trombe 
wall to the ambient is determined to be — 3.4 W/m 2 ■ °C. 
The interior of the house is maintained at T in = 20°C at all 
times, and the heat transfer coefficient at the interior surface of 
the Trombe wall is h- m ~ 9.1 W/m 2 * °C. Also, the vents on the 
Trombe wall are kept closed, and thus the only heat transfer 


between the air in the house and the Trombe wall is through the 
interior surface of the wall. Assuming the temperature of the 
Trombe wall to vary linearly between 20°C at the interior sur- 
face and 0°C at the exterior surface at 7 AM and using the ex- 
plicit finite difference method with a uniform nodal spacing of 
Ax = 5 cm, determine the temperature distribution along the 
thickness of the Trombe wall after 6, 12, 18, 24, 30, 36, 42, and 
48 hours and plot the results. Also, determine the net amount of 
heat transferred to the house from the Trombe wall during the 
first day if the wall is 2.8 m high and 7 m long. 
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| TABLE P5-86 





The hourly variations of the monthly average ambient 
temperature and solar heat flux incident on a 
vertical surface 


Time of Day 

Ambient 
Temperature, °C 

Solar 

Insolation, W/m 2 

7 AM-10 AM 

0 

375 

10 AM-1 PM 

4 

750 

1 pm-4 pm 

6 

580 

4 pm-7 pm 

1 

95 

7 PM— 10 PM 

-2 

0 

10 PM— 1 AM 

—3 

0 

1 am-4 am 

-4 

0 

4 am-7 am 

4 

0 


5-87 Consider two-dimensional transient heat transfer in an 
L-shaped solid bar that is initially at a uniform temperature 
of 140°C and whose cross section is given in the figure. The 
thermal conductivity and diffusivity of the body are k = 15 
W/m • °C and a — 3.2 X 10“ 6 m 2 /s, respectively, and heat is 


generated in the body at a rate of e ~ 2 X 10 7 W/m 3 . The right 
surface of the body is insulated, and the bottom surface is 
maintained at a uniform temperature of 140°C at all times. At 
time / = 0, the entire top surface is subjected to convection 
with ambient air at T v = 25 °C with a heat transfer coefficient 
of h = 80 W/m 2 * °C, and the left surface is subjected to 
uniform heat flux at a rate of q L = 8000 W/m 2 . The nodal net- 
work of the problem consists of 13 equally spaced nodes with 
At = Ay = 1.5 cm. Using the explicit method, determine the 
temperature at the top comer (node 3) of the body after 2, 5, 
and 30 min. 


Convection 



5-8S Ip! Reconsider Prob. 5-87. Using EES (or other) 
software, plot the temperature at the top comer as 
a function of heating time as it varies from 2 min to 30 min, 
and discuss the results. 


5-89 Consider a long solid bar (k = 28 W/m - °C and a = 
12 X 1 0 6 m 2 /s) of square cross section that is initially at a uni- 
form temperature of 20°C. The cross section of the bar is 
20 cm X 20 cm in size, and heat is generated in it uniformly at 
a rate ofe ;= 8 X 10 5 W/m 3 . All four sides of the bar are sub- 
jected to convection to the ambient air at = 30°C with 
a heat transfer coefficient of h = 45 W/m 2 * °C, Using the 
explicit finite difference method wjfh a mesh size of Ax = 
Ay = 10 cm, determine the centerline temperature of the bar 
(a) after 20 min and (b) after steady conditions are established. 
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5-90 A common annoyance in cars in winter months is the 
formation of fog on the glass surfaces that blocks the view. 
A practical way of solving this problem is to blow hot air or to 
attach electric resistance heaters to the inner surfaces. Consider 
the rear window of a car that consists of a 0.4-cm-thick glass 
(* = 0.84 W/m • °C and a = 0.39 X 10“ 6 m 2 /s). Strip heater 
wires of negligible thickness are attached to the inner surface 
of the glass, 4 cm apart. Each wire generates heat at a rate of 
10 W/m length. Initially the entire car, including its windows, 
is at the outdoor temperature of T 0 = — 3°C. The heat transfer 
coefficients at the inner and outer surfaces of the glass can be 
taken to be h- t = 6 and h a = 20 W/m 2 ■ °C, respectively. Using 
the explicit finite difference method with a mesh size of Ax = 
0.2 cm along the thickness and Ay = 1 cm in the direction nor- 
mal to the heater wires, determine the temperature distribution 
throughout the glass 15 min after the strip heaters are turned 
on. Also, determine the temperature distribution when steady 
conditions are reached. 
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5-91 


NUMERICAL METHODS 



Repeat Prob. 5-90 using the implicit method 
with a time step of 1 min* 


5-92 The roof of a house consists of a 15-cm-thick concrete 
slab {k = 1.4W/m-°Canda=0.69X 10“ 6 m 2 /s)thatis 18m 
wide and 32 m long. One evening at 6 PM, the slab is observed 
to be at a uniform temperature of 18°C. The average ambient 
air and the night sky temperatures for the entire night are pre- 
dicted to be 6°C and 260 K, respectively. The convection heat 
transfer coefficients at the inner and outer surfaces of the roof 
can be taken to be h- t = 5 and h 0 = 12 W/m 2 ■ °C, respectively. 
The house and the interior surfaces of the walls and the floor 
are maintained at a constant temperature of 20°C during the 
night, and the emissivity of both surfaces of the concrete roof 
is 0.9. Considering both radiation and convection heat transfers 
and using the explicit finite difference method with a time step 
of At = 5 min and a mesh size of Ax — 3 cm, determine the 
temperatures of the inner and outer surfaces of the roof at 6 AM. 
Also, determine the average rate of heat transfer through the 
roof during that night. 



Radiation Convection 



5-93 Consider a refrigerator whose outer dimensions are 
1.80 m X 0.8 m X 0.7 m. The walls of the refrigerator are 
constructed of 3-cm- thick urethane insulation {k — 
0.026 W/m • 0 C and a = 0.36 X 10“ 6 m 2 /s) sandwiched 
between two layers of sheet metal with negligible thickness. 
The refrigerated space is maintained at 3°C and the average 
heat transfer coefficients at the inner and outer surfaces of the 
wall are 6 W/m 2 • °C and 9 W/m 2 ■ °C, respectively. Heat trans- 
fer through the bottom surface of the refrigerator is negligible. 
The kitchen temperature remains constant at about 25 C. 


Initially, the refrigerator contains 15 kg of food items at an 
average specific heat of 3.6 ki/kg ■ °C. Now a malfunction 
occurs and the refrigerator stops running for 6 h as a result. 
Assuming the temperature of the contents of the refrigerator, 
including the air inside, rises uniformly during this period, pre- 
dict the temperature inside the refrigerator after 6 h when the 
repair-man arrives. Use the explicit finite difference method 
with a time step of At — 1 min and a mesh size of Ax 1 cm 
and disregard comer effects (i.e., assume one-dimensional heat 
transfer in the walls). 


Heat 


25°C 
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5_94 rcrSj Reconsider Prob. 5-93. Using EES (or other) 
tSssI software, plot the temperature inside the refrig- 
erator as a function of heating time as time varies from 1 h to 
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Special Topic: Controlling the Numerical Error 

5-95C Why do the results obtained using a numerical 
method differ from the exact results obtained analytically? 
What are the causes of this difference? 

5-96C What is the cause of the discretization error? How 
does the global discretization error differ from the local 
discretization error? 

5-97C Can the global (accumulated) discretization error be 
less than the local error during a step? Explain. 

5-98C How is the finite difference formulation for the first 
derivative related to the Taylor series expansion of the solution 
function? 

5-99 C Explain why the local discretization error of the finite 
difference method is proportional to the square of the step size. 


Also explain why the global discretization error is proportional 
to the step size itself. 

5-100 C What causes the round-off error? What kind of 
calculations are most susceptible to round-off error? 

5-1 01 C What happens to the discretization and the round- 
off errors as the step size is decreased? 

5-102C Suggest some practical ways of reducing the round- 
off error. 

5-103C What is a practical way of checking if the round-off 
error has been significant in calculations? 

5-104C What is a practical way of checking if the dis- 
cretization error has been significant in calculations? 

Review Problems 

5-105 Starting with an energy balance on the volume ele- 
ment, obtain the steady three-dimensional finite difference 
equation for a general interior node in rectangular coordinates 
for T(x, y, z) for the case of constant thermal conductivity and 
uniform heat generation. 

5-106 Starting with an energy balance on the volume ele- 
ment, obtain the three-dimensional transient explicit finite 
difference equation for a general interior node in rectangular 
coordinates for T(x, y, z, t) for the case of constant thermal con- 
ductivity and no heat generation. 

5-107 Consider steady one-dimensional heat conduction in a 
plane wall with variable heat generation and constant thermal 
conductivity. The nodal network of the medium consists of 
nodes 0, 1,2, and 3 with a uniform nodal spacing of Ax The 
temperature at the left boundary (node 0) is specified. Using the 
energy balance approach, obtain the finite difference formula- 
tion of boundary node 3 at the right boundary for the case of 
combined convection and radiation with an emissivity of e, 
convection coefficient of h , ambient temperature of T m and sur- 
rounding temperature of 7^. Also, obtain the finite difference 
formulation for the rate of heat transfer at the left boundary. 

V 
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5-108 Consider one-dimensional transient heat conduction 
in a plane wall with variable heat generation and variable 



thermal conductivity. The nodal network of the medium con- 
sists of nodes 0, 1, and 2 with a uniform nodal spacing of Av 
Using the energy balance approach, obtain the explicit finite 
difference formulation of tfiis problem for the case of specified 
heat flux q 0 and convection at the left boundary (node 0) with 
a convection coefficient of h and ambient temperature of V 
and radiation at the right boundary (node 2) with an emissivity 
of b and surrounding temperature of T^ u . 

5—109 Repeat Prob. 5—108 for the case of implicit 
formulation. 

5-110 Consider steady one-dimensional heat conduction in a 
pin fin of constant diameter D with constant thermal conduc- 
tivity. The fin is losing heat by convection with the ambient air 
at r, (in °C) with a convection coefficient of /*, and by radia- 
tion to the surrounding surfaces at an average temperature of 
(in K). The nodal network of the fin consists of nodes 0 (at 
the base), 1 (in the middle), and 2 (at the fin tip) with a uniform 
nodal spacing of Ax Using the energy balance approach, ob- 
tain the finite difference formulation of this problem for the 
case of a specified temperature at the fin base and convection 
and radiation heat transfer at the fm tip. 
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5-111 Starting with an energy balance on the volume ele- 
ment, obtain the two-dimensional transient explicit finite dif- 
ference equation for a general interior node in rectangular 
coordinates for T{x, y, t) for the case of constant thermal con- 
ductivity and uniform heat generation. 

5-112 Starting with an energy balance on a disk volume ele- 
ment, derive the one-dimensional transient implicit finite dif- 
ference equation for a general interior node for T(z, t) in a 
cylinder whose side surface is subjected to convection with a 
convection coefficient of h and an ambient temperature of 7T 
for the case of constant thermal conductivity with uniform heat 
generation. 

113 The roof of a house consists of a 12.5-cm-thick con- 
crete slab (k= 1.4 W/m • °C and a = 6.9 X 10 -7 m 7 /s) that is 

9 m wide and 15 m long. One evening at 6 pm, the slab is ob- 
served to be at a uniform temperature of 20°C. The ambient air 
temperature is predicted to be at about 10°C from 6 PM to 

10 PM, 6°C from 10 pm to 2 Ait, and 3°C from 2 am to 6 Ait, 
while the night sky temperature is expected to be about 250 K 
for the entire night. The convection heat transfer coefficients at 



NUMERAL METHODS 


the inner and outer surfaces of the roof can be taken to be 
h- = 5 and h a = 12 W/m 2 ■ °C, respectively. The house and the 
interior surfaces of the walls and the floor are maintained at a 
constant temperature of 20°C during the night, and the emis- 
sivity of both surfaces of the concrete roof is 0.9. 

Considering both radiation and convection heat transfers and 
using the explicit finite difference method with a mesh size of 
Ax = 2.5 cm and a time step of At = 5 min, determine the 
temperatures of the inner and outer surfaces of the roof at 6 am. 
Also, determine the average rate of heat transfer through the 
roof during that night. 



Radiation Convection 



5-114 A two-dimensional bar has the geometry shown in 
Fig. P5-114 with specified temperature T A on the upper surface 
and T a on the lower surfaces, and insulation on the sides. The 
thermal conductivity of the upper part of the bar is k A while that 
of the lower part is k B . For a grid defined by Ax = Ay = /, 
write the simplest form of the matrix equation, AT = C, used to 
find the steady-state temperature field in the cross section of 
the bar. Identify on the figure the grid nodes where you write 
the energy balance. 


5-115 A long steel bar has the cross section shown in 
Fig. P5-1 15. The bar is removed from a heat treatment oven at 
j. - 700°C and placed on the bottom of a tank filled with wa- 
ter at 10°C, To intensify the heat transfer, the water is vigor- 
ously circulated, which creates a virtually constant temperature 
T s = 10°C on all sides of the bar, except for the bottom side, 
which is adiabatic. The properties of the bar are c p — 
430 J/kg ■ K, jfe = 40 W/m * K, and p = 8000 kg/m 3 . 

(o) Write the finite difference equations for the unknown 
temperatures in the grid using the explicit method. 
Group all constant quantities in one term. Identify di- 
mensionless parameters such as Bi and Fo if applicable. 

(b) Determine the range of time steps for which the explicit 
scheme is numerically stable. 

( c ) For At = 10 s, determine the temperature field at 
t = 10 s and r = 20 s. Fill in the table below. 

Node 7X10 s) K20 s) 

1 - — — — 

2 — 

3 — 

4 — 

5 — ■ — - 

6 — — 

7 ■ — - 
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FIGURE P5-114 


5-116 Solar radiation incident on a large body of clean water 
(jfc = 0.61 W/m ■ °C and a = 0.15 X 10~ 6 m 2 /s) such as a lake, 
a river, or a pond is mostly absorbed by water, and the amount 
of absorption varies with depth. For solar radiation incident at 
a 45° angle on a 1-m-deep large pond whose bottom surface is 
black (zero reflectivity), for example, 2.8 percent of the solar 
energy is reflected back to the atmosphere, 37.9 percent is ab- 
sorbed by the bottom surface, and the remaining 59.3 percent 
is absorbed by the water body. If the pond is considered to be 
four layers of equal thickness (0.25 m in this case), it can be 
shown that 47.3 percent of the incident solar energy is ab- 
sorbed by the top layer, 6. 1 percent by the upper mid layer, 
3.6 percent by the lower mid layer, and 2.4 percent by the bot- 
tom layer [for more information see £engel and Ozigik, Solar 


r 


Energy, 33, no. 6 (1984), pp. 581-591], The radiation absorbed 
by the water can be treated conveniently as heat generation in 
the heat transfer analysis of the pond. 

Consider a large I-m-deep pond that is initially at a uniform 
temperature of 15°C throughout. Solar energy is incident on 
the pond surface at 45° at an average rate of 500 W/m 2 for a pe- 
riod of 4 h. Assuming no convection currents in the water and 
using the explicit finite difference method with a mesh size of 
Ax — 0.25 m and a time step of At = 15 min, determine the 
temperature distribution in the pond under the most favorable 
conditions (i.e., no heat losses from the top or bottom surfaces 
of the pond). The solar energy absorbed by the bottom surface 
of the pond can be treated as a heat flux to the water at that sur- 
face in this case. 
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^ ~ 117 Reconsider Prob. 5-116. The absorption of solar radi- 
ation in that case can be expressed more accurately as a fourth- 
degree polynomial as 

jf 

m= * 

<7,(0,859 - 3.415* + 6.704* 2 - 6.339.x 3 + 2.27&A W/m 3 

where q s is the solar flux incident on the surface of the pond in 
W/m 2 and * is the distance from the free surface of the pond 
in m. Solve Problem 5-116 using this relation for the absorp- 
tion of solar radiation. 

5-118 A hot surface at.l20°C is to be cooled by attaching 
8 cm long, 0.8 cm in diameter aluminum pin fins (k = 
237 W/m * °C and a = 97.1 X 10” 6 m 2 /s) to it with a center-to- 
center distance of 1.6 cm. The temperature of the surrounding 
medium is 15°C, and the heat transfer coefficient on the sur- 
faces is 35 W/m 2 - °C Initially, the fins are at a uniform tem- 
perature of 30°C, and at time t = 0, the temperature of the hot 
surface is raised to 120°C. Assuming one-dimensional heat 
conduction along the fin and taking the nodal spacing to be 



2 cm and a time ste P to ^ At = 0.5 s, determine the 
nodal temperatures after 5 min by using the explicit finite 

difference method. Also, determine how long it will take for 
steady conditions to be reached. 



FIGURE P5-118 


5-119 Consider a large plane wall of thickness L = 9 cm and 
thermal conductivity * = 2.1 W/m • °C in space. The wall is 
covered with a material having an emissivity of e = 0.80 and a 
solar absorptivity of a, = 0.60. The inner surface of the wall is 
maintained at 290 K at all times, while the outer surface is 
exposed to solar radiation that is incident at a rate of q s = 
1100 W/m 2 . The outer surface is also losing heat by radiation to 
deep space at 0 K. Using a uniform nodal spacing of Ax = 
3 cm, (a) obtain the finite difference formulation for steady 
one-dimensional heat conduction and (b) determine the nodal 
temperatures by solving those equations. 

Answers: (b) 294 K, 298 K, 302 K 



FIGURE P5-119 

5-120 Frozen food items can be defrosted by simply leaving 
them on the counter, but it takes too long. The process can 
be speeded up considerably for flat items such as steaks by 
placing them on a large piece of highly conducting metal, 
called the defrosting plate, which serves as a fin. The increased 
surface area enhances heat transfer and thus reduces the de- 
frosting time. 

Consider two 1.5-cm-thick frozen steaks at -18°C that 
resemble a 15-cm-diameter circular object when placed 
next to each other. The steaks are now placed on a 1-cm-thick 
black-anodized circular aluminum defrosting plate ( k = 
237 W/m'- °C, a = 97.1 X 10" 6 m 2 /s, and e = 0.90) whose 


outer diameter is30cm.The properties of the frozen steaks are 
p = 970 kg/m 3 , c p = 1.55 kJ/kg - °C, * = 1-40 W/m ■ °C, 
a = 0.93 X 10' 6 m 3 /s, and e = 0.95, and the heat of fusion 
is h if = 187 kJ/kg. The steaks can be considered to be de- 
frosted when their average temperature is 0°C and all of the ice 
in the steaks is melted. Initially, the defrosting plate is at the 
room temperature of 20°C, and the wooden countertop it is 
placed on can be treated as insulation. Also, the surrounding 
surfaces can be taken to be at the same temperature as the am- 
bient air } and the convection heat transfer coefficient for alt 
exposed surfaces can be taken to be 12 W/m 2 * °C, Heat trans- 
fer from the lateral surfaces of the steaks and the defrosting 
plate can be neglected. Assuming one-dimensional heat con- 
duction in both the steaks and the defrosting plate and using the 
explicit finite difference method, determine how long it will 
take to defrost the steaks. Use four nodes with a nodal spacing 
of Ax = 0.5 cm for the steaks, and three nodes with a nodal 
spacing of Ar = 3.75 cm for the exposed portion of the de- 
frosting plate. Also, use a time step of Ar = 5 s. Hint: First, de- 
termine the total amount of heat transfer needed to defrost the 
steaks, and then determine how long it will take to transfer that 
much heat. 


Symmetry line 


20°C 


Heat 



plate 
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5-121 Repeat Prob. 5-120 for a copper defrosting plate us- 
ing a time step of A/ — 3 s. 


Fundamentals of Engineering (FE) Exam Problems 

5-122 What is the correct steady-state finite-difference heat 
conduction equation of node 6 of the rectangular solid shown 
in Fig. P5-122? 

(a) t 6 = (Tj + r 3 + r 9 + r„)/2 

(b) T 6 = (T 5 + T 7 + T 2 + T 10 )/2 

(c) r 6 - (T, +'X 3 + T 9 + T n )/4 
id) t 6 = (T 2 + t 5 + t 7 + r,o)/4 


(e) T 6 = (X, + r 2 + T 9 + T,o)/4 
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FIGURE P 5-122 


5-123 Air at T 0 acts on top surface of the rectangular solid 
shown in Fig. P5-123 with a convection heat transfer coeffi- 
cient of h. The correct steady-state finite-difference heat con- 
duction equation for node 3 of this solid is 

(a) T 3 = E(A/2A)Cr 2 + T 4 + Tj) + hT 0 ] i [(A/A) + h] 

( b) T 3 - {(k/2A)(T 2 + T 4 + 27V) + bT Q ] i [{2k! A) + h] 

(c) T 3 = KA/A)(X 2 + r 4 ) + hT 0 ] / [(2*/A) + h) 

(d) T 3 = l(k/A)(T 2 + T 4 + Tj) + hT 0 ] i [(k/A) + h] 

(e) T 3 = E(A/A)(27V 2 T A + Tj) + hT 0 ] i l{klA) + h) 
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FIGURE P 5-123 


5-124 What is the correct unsteady forward-difference heat 
conduction equation of node 6 of the rectangular solid shown 
in Fig. P5-124 if its temperature at the previous time (Ar) is 

n? 

(a) 7T 1 = [kAt / (pc p A 2 )](Tt + 7* 2 + T*+Tf 0 ) 

+ [1 - 4k At i{pc p A 2 )]T% 

(b) T^ 1 = [Mr / (pc p A 2 )](7l + n + 71 + Tfo) 

+ [1 - kAt i{pc p A 2 j\T% 

(c) Ti + 1 = / (pc p A 2 )}(Tt +n+Tl + Tfo) 

+ [2kAt !{pc p A 2 j\T%- 

(d) Tl +l = \_2kAt / (pc p A 2 ))(n +T* + T 2 + rf 0 ) 

+ [1 - 2Mr/(pc p A 2 )]7f 

(e) U +l = [2kAt I (pc p A 2 )](7t + T% + X? + 7f 0 ) 

+ [1 ~ 4kAt /(pc p A 2 )]Tt 
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5-125 The unsteady forward-difference heat conduction for 
a constant area, A y pin fin with perimeter, p t exposed to air 
whose temperature is T 0 with a convection heat transfer coeffi- 
cient of h is 


2 3 
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In order for this equation to produce a stable solution, the quan- 

2k hp 

tity must be 

pCp&x pc p A 

(a) negative ( b ) zero (c) positive 

(d) greater than 1 (e) less than 1 

5-126 The height of the cells for a finite-difference solution 
of the temperature in the rectangular solid shown in 
Fig. P5-126 is one-half the cell width to improve the accuracy 
of the solution. The correct steady-state finite-difference heat 
conduction equation for cell 6 is 

(a) T 6 = 6:i(T 5 + 7V) + 0.4(7 2 + T [0 ) 

(b) T 6 = 0.25 (T 5 + T 7 ) + 0.25 (TV + 7 10 ) 

(c) T 6 = 0/5(75 + TV) + 0.5(7 2 + 7 10 ) 

(d) 7 6 = 0.4(7 3 + TV) + 0.1(7, + Tf 0 ) 

(e) T 6 = 0.5(7 5 + TV) + 0.5(7 2 + 7 10 ) 
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FIGURE P5-126 


5-127 The height of the cells for a finite-difference solution 
of the temperature in the rectangular solid shown in Fig. P5- 127 
is one-half the cell width to improve the accuracy of the solu- 
tion. If the left surface is exposed to air at 7 0 with a heat trans- 
fer coefficient of h, the correct finite-difference heat conduc- 
tion energy balance for node 5 is 
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FIGURE P5-127 

(a) 27;+2T 9 + T 6 -T 5 +^(T 0 -T 3 ) = 0 

(b) 2T,+2T 9 + T 6 -2T 5 + ~(T 0 -T 5 ) = 0 

(c) 27J + 27 9 + 7 6 - 37 5 + ~(7 0 - T s ) = 0 

k 

(rf) 2Ti+27 9 +2’ 6 -47 5 +^(r 0 -r 3 ) = O 
(e) 27; + 27 9 +T 6 ~ 5T 5 + ~(T 0 -T s ) = 0 

K 


Design and Essay Problems 

5-128 Write a two-page essay on the finite element method, 
and explain why it is used in most commercial engineering 
software packages. Also explain how it compares to the finite 
difference method. 

5-129 Numerous professional software packages are avail- 
able in the market for performing heat transfer analysis, and 
they, are widely advertised in professional magazines such as 
the Mechanical Engineering magazine published by the Amer- 
ican Society of Mechanical Engineers (ASME). Your company 
decides to purchase such a software package and asks you 
to prepare a report on the available packages, their costs, ca- 
pabilities, ease of use, and compatibility with the available 
hardware, and other software as well as the reputation of the 
software company, their history, financial health, customer 
support, training, and future prospects, among other things. 
After a preliminary investigation, select the top three packages 
and prepare a full report on them, 

5-130 Design a defrosting plate to speed up defrosting of flat 
food items such as frozen steaks and packaged vegetables and 
evaluate its performance using the finite difference method 
(see Prob. 5-120). Compare your design to the defrosting 
plates currently available on the market. The plate must per- 
form well, and it must be suitable for purchase and use as a 
household utensil, durable, easy to clean, easy to manufacture, 
and affordable. The frozen food is expected to be at an initial 
temperature of — 18°C at the beginning of the thawing process 
and 0°C at the end with all the ice melted. Specify the material, 
shape, size, and thickness of the proposed plate. Justify your 
recommendations by calculations. Take the ambient and sur- 
rounding surface temperatures to be 20°C and the convection 
heat transfer coefficient to be 15 W/m 2 • °C in your analysis. 
For a typical case, determine the defrosting time with and 
without the plate. 


NUMERICAL METHODS 


5-131 Design a fire-resistant safety box whose outer dimen- 
sions are 0.5 m X 0.5 m X 0.5 m that will protect its com- 
bustible contents from fire which may last up to 2 h. Assume 
the box will be exposed to an environment at an average tem- 
perature of 700°C with a combined heat transfer coefficient of 
70 W/m 2 • °C and the temperature inside the box must be be- 


low 150°C at the end of 2 h. The cavity of the box must be as 
large as possible while meeting the design constraints, and the 
insulation material selected must withstand the high tempera- 
tures to which it will be exposed. Cost, durability, and strength 
are also important considerations in the selection of insulation 
materials. 







S o far, we have considered conduction, which is the mechanism of heat 
transfer through a solid or a quiescent fluid. We now consider convec- 
tion , which is the mechanism of heat transfer through a fluid in the 
presence of bulk fluid motion. 

Convection is classified as natural (or free) and forced convection, depend- 
ing on how the fluid motion is initiated. In forced convection, the fluid is 
forced to flow over a surface or in a pipe by external means such as a pump or 
a fan. In natural convection, any fluid motion is caused by natural means such 
as the buoyancy effect, which manifests itself as the rise of warmer fluid and 
the fall of the cooler fluid. Convection is also classified as external and inter- 
nal, depending on whether the fluid is forced to flow over a surface or in a pipe. 

We start this chapter with a general physical description of the convection 
mechanism. We then discuss the velocity and thermal boundary layers, and 
laminar and turbulent flows. We continue with the discussion of the dimen- 
sionless Reynolds, Prandtl, and Nusselt numbers, and their physical signifi- 
cance. Next we derive the convection equations on the basis of mass, 
momentum, and energy conservation, and obtain solutions for flow over a flat 
plate. We then nondimensionalize the convection equations, and obtain func- 
tional forms of friction and convection coefficients. Finally, we present analo- 
gies between momentum and heat transfer. 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

b Understand the physical mechanism of convection, and its classification, 

b Visualize the development of velocity and thermal boundary layers during flow over surfaces, 

m Gain a working knowledge of the dimensionless Reynolds, Prandtl, and Nusselt numbers, 

a Distinguish between laminar and turbulent flows, and gain an understanding of the 
mechanisms of momentum and heat transfer in turbulent flow, 

0 Derive the differential equations that govern convection on the basis of mass, momen- 
tum, and energy balances, and solve these equations for some simple cases such as 
laminar flow over a flat plate, 

m Nondimensionalize the convection equations and obtain the functional forms of friction 
and heat transfer coefficients, and 

e Use analogies between momentum and heat transfer, and determine heat transfer 
coefficient from knowledge of friction coefficient. 
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FIGURE 6-1 

Heat transfer from a hot surface to the 
surrounding fluid by convection and 
conduction. 



v Cold plate 

FIGURE 8-2 

Heat transfer through a fluid 
sandwiched between two parallel 
plates. 


6-1 • PHYSICAL MECHANISM OF CONVECTION 

We mentioned in Chapter 1 that there are three basic mechanisms of heat trans- 
fer: conduction, convection, and radiation. Conduction and convection are sim- 
ilar in that both mechanisms require the presence of a material medium. But 
they are different in that convection requires the presence of fluid motion. 

Heat transfer through a solid is always by conduction, since the molecules 
of a solid remain at relatively fixed positions. Heat transfer through a liquid or 
gas, however, can be by conduction or convection, depending on the presence 
of any bulk fluid motion. Heat transfer through a fluid is by convection in the 
presence of bulk fluid motion and by conduction in the absence of it. There- 
fore, conduction in a fluid can be viewed as the limiting case of convection, 
corresponding to the case of quiescent fluid (Fig. 6-1). 

Convection heat transfer is complicated by the fact that it involves fluid mo- 
tion as well as heat conduction. The fluid motion enhances heat transfer, since 
it brings warmer and cooler chunks of fluid into contact, initiating higher rates 
of conduction at a greater number of sites in a fluid. Therefore, the rate of heat 
transfer through a fluid is much higher by convection than it is by conduction. 
In fact, the higher the fluid velocity, the higher the rate of heat transfer. 

To clarify this point further, consider steady heat transfer through a fluid 
contained between two parallel plates maintained at different temperatures, as 
shown in Figure 6—2. The temperatures of the fluid and the plate are the same 
at the points of contact because of the continuity of temperature. Assuming no 
fluid motion, the energy of the hotter fluid molecules near the hot plate is 
transferred to the adjacent cooler fluid molecules. This energy is then trans- 
ferred to the next layer of the cooler fluid molecules. This energy is then trans- 
ferred to the next layer of the cooler fluid, and so on, until it is finally 
transferred to the other plate. This is what happens during conduction through 
a fluid. Now let us use a syringe to draw some fluid near the hot plate and in- 
ject it next to the cold plate repeatedly. You can imagine that this will speed up 
the heat transfer process considerably, since some energy is carried to the 
other side as a result of fluid motion. 

Consider the cooling of a hot block with a fan blowing air over its top sur- 
face. We know that heat is transferred from the hot block to the surrounding 
cooler air, and the block eventually cools. We also know that the block cools 
faster if the fan is switched to a higher speed. Replacing air by water en- 
hances the convection heat transfer even more. 

Experience shows that convection heat transfer strongly depends on the 
fluid properties dynamic viscosity p,, thermal conductivity k, density p, and 
specific heat c p as well as the fluid velocity V. It also depends on the geome- 
try and the roughness of the solid surface, in addition to the type of fluid flow 
(such as being streamlined or turbulent). Thus, we expect the convection heat 
transfer relations to be rather complex because of the dependence of convec- 
tion on so many variables. This is not surprising, since convection is the most 
complex mechanism of heat transfer. 

Despite the complexity of convection, the rate of convection heat transfer is 
observed to be proportional to the temperature difference and is conveniently 
expressed by Newton’s law of cooling as 

<?coav = h{T s - T x ) (W/m 2 ) (6-1) 
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Qconv = hA£T s - TJ (W) 


( 6 - 2 ) 


where 


h = convection heat transfer coefficient, W/m 2 • °C 
A s = heat transfer surface area, m 2 
T s = temperature of the surface, °C 

T x = temperature of the fluid sufficiently far from the surface, °C 

Judging from its units, the convection heat transfer coefficient h can be de- 
fined as the rate of heat transfer between a solid surface and a fluid per unit 
surface area per unit temperature difference. 

You should not be deceived by the simple appearance of this relation, be- 
cause the convection heat transfer coefficient h depends on the several of the 
mentioned variables, and thus is difficult to determine. 

Fluid flow is often confined by solid surfaces, and it is important to under- 
stand how the presence of solid surfaces affects fluid flow. Consider the flow of 
a fluid in a stationary pipe or over a solid surface that is nonporous (i.e., imper- 
meable to the fluid). All experimental observations indicate that a fluid in mo- 
tion comes to a complete stop at the surface and assumes a zero velocity relative 
to the surface. That is, a fluid in direct contact with a solid “sticks” to the sur- 
face due to viscous effects, and there is no slip. This is known as the no-slip 
condition. 

The photo in Fig. 6-3 obtained from a video clip clearly shows the evolution 
of a velocity gradient as a result of the fluid sticking to the surface of a blunt 
nose. The layer that sticks to the surface slows the adjacent fluid layer because 
of viscous forces between the fluid layers, which slows the next layer, and so 
on. Therefore, the no-slip condition is responsible for the development of the 
velocity profile. The flow region adjacent to the wall in which the viscous ef- 
fects (and thus the velocity gradients) are significant is called the boundary 
layer. The fluid property responsible for the no-slip condition and the develop- 
ment of the boundary layer is viscosity and is discussed briefly in Section 6-2. 

A fluid layer adjacent to a movjng surface has the same velocity as the sur- 
face. A consequence of the no-slip condition is that all velocity profiles must 
have zero values with respect to the surface at the points of contact between a 
flui d'/and a solid surface (Fig. 6—4). Another consequence of the no-slip con- 
dition is the surface drag , which is the force a fluid exerts on a surface in the 
flow direction. 

An implication of the no-slip condition is that heat transfer from the solid 
surface to the fluid layer adjacent to the surface is by pure conduction, since the 
fluid layer is motionless, and can be expressed as 


fCOQY 


4contf 


dT 


dy 


y= 0 


(W/m 2 ) 


( 6 - 3 ) 


where T represents the temperature distribution in the fluid and (dT/dy) y=0 is 
the temperature gradient at the surface. Heat is then convected away from the 
surface as a result of fluid motion. Note that convection heat transfer from a 
solid surface to a fluid is merely the conduction heat transfer -from the solid 
surface to the fluid layer adjacent to the surface. Therefore, we can equate 
Eqs. 6-1 and 6-3 for the heat flux to obtain 



FIGURE 6-3 

The development of a velocity profile 
due to the no-slip condition as a fluid 
flows over a blunt nose. 

u Hunter Rouse; Laminar and Turbulent Flow Film. 1 * 
Copyright IIHR'-Hydroscience &. Engineering, 
The University of Iowa. Used by permission. 
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FIGURE 6-4 

A fluid flowing over a stationary 
surface comes to a complete stop at 
the surface because of the no-slip 

condition. 


(W/m 2 • °C) 


( 6 - 4 ) 
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for the determination of the convection heat transfer coefficient when the tem- 
perature distribution within the fluid is known. 

The convection heat transfer coefficient, in general, varies along the flow 
(or x-) direction. The average or mean convection heat transfer coefficient for 
a surface in such cases is determined by properly averaging the local convec- 
tion heat transfer coefficients over the entire surface. 

Nusselt Number 

In convection studies,- it is common practice to nondimensionalize the gov- 
erning equations and combine the variables, which group together into di- 
mensionless numbers in order to reduce the number of total variables. It is also 
common practice to nondimensionalize the heat transfer coefficient h with the 
Nusselt number, defined as 



a t=t 2 -t x 

FIGURE 6-5 

Heat transfer through a fluid layer 
of thickness L and temperature 
difference AT. 



FIGURE 6-6 

We resort to forced convection 
whenever we need to increase the 
rate of heat transfer. 



where k is the thermal conductivity of the fluid and L c is the characteristic 
length. The Nusselt number is named after Wilhelm Nusselt, who made sig- 
nificant contributions to convective heat transfer in the first half of the twen- 
tieth century, and it is viewed as the dimensionless convection heat transfer 

coefficient 

To understand the physical significance of the Nusselt number, consider a 
fluid layer of thickness L and temperature difference AT — T 2 ~ 7) , as shown 
in Fig. 6-5. Heat transfer through the fluid layer is by convection when the 
fluid involves some motion and by conduction when the fluid layer is mo- 
tionless. Heat flux (the rate of heat transfer per unit surface area) in either case 

is 


and 



= hAT 


( 6 - 6 ) 




(&- 7 ) 


Taking their ratio gives 


Qc oav __ hbJT __ hL 

k 


( 6 - 8 ) 


which is the Nusselt number. Therefore, the Nusselt number represents the en- 
hancement of heat transfer through a fluid layer as a result of convection rel- 
ative to conduction across the same fluid layer. The larger the Nusselt number, 
the more effective the convection. A Nusselt number of Nu = 1 for a fluid 
layer represents heat transfer across the layer by pure conduction. 

We use forced convection in daily life more often than you might think 
(Fig. 6-6). We resort to forced convection whenever we want to increase the 
rate of heat transfer from a hot object. For example, we turn on the fan on hot 


summer days to help our body cool more effectively. The higher the fan speed, 
the better we feel. We stir our soup and blow on a hot slice of pizza to make 
them cool faster. The air on windy winter days feels much colder than it actu- 
ally is. The simplest solution to heating problems in electronics packaging is 
to use a large enough fan. 

6-2 - CLASSIFICATION OF FLUID FLOWS 

Convection heat transfer is closely tied with fluid mechanics, which is the sci- 
ence that deals with the behavior of fluids at rest or in motion, and the inter- 
action of fluids with solids or other fluids at the boundaries. There is a wide 
variety of fluid flow problems encountered in practice, and it is usually con- 
venient to classify them on the basis of some common characteristics to make 
it feasible to study them in groups. There are many ways to classify fluid flow 
problems, and here we present some general categories. 

Viscous versus Inviscid Regions of Flow 

When two fluid layers move relative to each other, a friction force develops 
between them and the slower layer tries to slow down the faster layer. This in- 
ternal resistance to flow is quantified by the fluid property viscosity , which is 
a measure of internal stickiness of the fluid. Viscosity is caused by cohesive 
forces between the molecules in liquids and by molecular collisions in gases. 
There is no fluid with zero viscosity, and thus all fluid flows involve viscous 
effects to some degree. Flows in which the frictional effects are significant are 
called viscous flows. However, in many flows of practical interest, there are 
regions (typically regions not close to solid surfaces) where viscous forces are 
negligibly small compared to inertial or pressure forces. Neglecting the vis- 
cous terms in such inviscid flow regions greatly simplifies the analysis with- 
out much loss in accuracy. 

The development of viscous and inviscid regions of flow as a result of in- 
serting a flat plate parallel into a fluid stream of uniform velocity is shown in 
Fig. 6-1: The fluid sticks to the plate on both sides because of the no-slip con- 
dition, and the thin boundary layer in which the viscous effects are significant 
near the flate surface is the viscous flow region. The region of flow on both 
sides away from the plate and unaffected by the presence of the plate is the 
inviscid flow region. 

Internal versus External Flow 

A fluid flow is classified as being internal or external, depending on whether 
the fluid is forced to flow in a confined channel or over a surface. The flow of 
an unbounded fluid over a surface such as a plate, a wire, or a pipe is external 
flow. The flow in a pipe or duct is internal flow if the fluid is completely 
bounded by solid surfaces. Water flow In a pipe, for example, is internal flow, 
and airflow over a ball or over an exposed pipe during a windy day is external 
flow (Fig. 6-8). The flow of liquids in a duct is called open- channel flow if the 
duct is only partially filled with the liquid and there is a free surface. The 
flows of water in rivers and irrigation ditches are examples of such flows. 

Internal flows are dominated by the influence of viscosity throughout the 
flow field. In external flows the viscous effects are limited to boundary layers 
near solid surfaces and to wake regions downstream of bodies. 



FIGURE 6-7 

The flow of an originally uniform 
fluid stream over a flat plate, and 
the regions of viscous flow (next to 
the plate on both sides) and inviscid 
flow (away from the plate). 

Fundamentals of Boundary Layers, 
National Committee from Fluid Mechanics Films f 
© Education Development Center 



FIGURE 6-8 

External flow over a tennis ball, and 
the turbulent wake region behind. 

Courtesy NASA and Cishnar Aerospace, Inc. 




FUNDAMENTALS OF CONVECTION gs 


Compressible versus Incompressible Flow 

A flow is classified as being compressible or incompressible, depending on the 
level of variation of density during flow. Incompressibility is an approximation, 
and a flow is said to be incompressible if the density remains nearly constant 
throughout. Therefore, the volume of every portion of fluid remains unchanged 
over the course of its motion when the flow (or the fluid) is incompressible. 

The densities of liquids are essentially constant, and thus the flow of liquids 
is typically incompressible. Therefore, liquids are usually referred to as in- 
compressible substances. A pressure of 210 atm, for example, causes the den- 
sity of liquid water at 1 atm to change by just 1 percent. Gases, on the other 
hand, are highly compressible. A pressure change of just 0.01 atm, for exam- 
ple, causes a change of 1 percent in the density of atmospheric air. 

Liquid flows are incompressible to a high level of accuracy, but the level of 
variation in density in gas flows and the consequent level of approximation 
made when modeling gas flows as incompressible depends on the Mach num- 
ber defined as Ma = Vic , where c is the speed of sound whose value is 
346 m/s in air at room temperature at sea level. Gas flows can often be ap- 
proximated as incompressible if the density changes are under about 5 per- 
cent, which is usually the case when Ma < 0.3. Therefore, the compressibility 
effects of air can be neglected at speeds under about 100 m/s. Note that the 
flow of a gas is not necessarily a compressible flow. 

Small density changes of liquids corresponding to large pressure changes 
can still have important consequences. The irritating “water hammer” in a wa- 
ter pipe, for example, is caused by the vibrations of the pipe generated by the 
reflection of pressure waves following the sudden closing of the valves. 
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FIGURE 6-9 

Laminar, transitional, and turbulent 
flows. 

Courtesy ON ERA, photograph by Werl& 


Laminar versus Turbulent Flow 

Some flows are smooth and orderly while others are rather chaotic. The highly 
ordered fluid motion characterized by smooth layers of fluid is called lami- 
nar. The word laminar comes from the movement of adjacent fluid particles 
together in “laminates.” The flow of high- viscosity fluids such as oils at low 
velocities is typically laminar. The highly disordered fluid motion that typi- 
cally occurs at high velocities and is characterized by velocity fluctuations is 
called turbulent (Fig. 6-9). The flow of low- viscosity fluids such as air at 
high velocities is typically turbulent. The flow regime greatly influences the 
required power for pumping. A flow that alternates between being laminar and 
turbulent is called transitional. 

Natural (or Unforced) versus Forced Flow 

A fluid flow is said to be natural or forced, depending on how the fluid motion 
is initiated. In forced flow, a fluid is forced to flow over a surface or in a pipe 
by external means such as a pump or a fan. In natural flows, any fluid motion 
is due to natural means such as the buoyancy effect, which manifests itself as 
the rise of the warmer (and thus lighter) fluid and the fall of cooler (and thus 
denser) fluid (Fig. 6-10). In solar hot- water systems, for example, the ther- 
mosiphoning effect is commonly used to replace pumps by placing the water 
tank sufficiently above the solar collectors. 


Steady versus Unsteady Flow 

The terms steady and uniform are used frequently in engineering, and thus it 
is important to have a clear understanding of their meanings. The term steady 
implies no change at a point with time. The opposite of steady is unsteady. 
The term uniform implies no change with location over a specified region. 
These meanings are consistent with their everyday use (steady girlfriend, uni- 
form distribution, etc.). 

The terms unsteady and transient are often used interchangeably, but these 
terms are not synonyms. In fluid mechanics, unsteady is the most general term 
that applies to any flow that is not steady, but transient is typically used for 
developing flows. When a rocket engine is fired up, for example, there are 
transient effects (the pressure builds up inside the rocket engine, the flow ac- 
celerates, etc.) until the engine settles down and operates steadily. The term 
periodic refers to the kind of unsteady flow in which the flow oscillates about 
a steady mean. 

Many devices such as turbines, compressors, boilers, condensers, and heat 
exchangers operate for long periods of t im e under the same conditions, and 
they are classified as steady-flow devices. (Note that the flow field near the ro- 
tating blades of a turbomachine is of course unsteady, but we consider the 
overall flow field rather than the details at some localities when we classify 
devices.) During steady flow, the fluid properties can change from point to 
point within a device, but at any fixed point they remain constant. Therefore, 
the volume, the mass, and the total energy content of a steady-flow device or 
flow section remain constant in steady operation. 

Steady- flow conditions can be closely approximated by devices that are in- 
tended for continuous operation such as turbines, pumps, boilers, condensers, 
and heat exchangers of power plants or refrigeration systems. Some cyclic de- 
vices, such as reciprocating engines or compressors, do not satisfy the steady- 
flow conditions since the flow at the inl ets and the exits is pulsating and not 
steady. However, the fluid properties vary with time in a periodic manner, and 
the flow through these devices can still be analyzed as a steady-flow process 
by using time-averaged values for the properties. 



FIGURE 6-10 

In this schlieren image of a girl, the 
rise of lighter, warmer air adjacent to 
her body indicates that humans and 
warm-blooded animals are surrounded 
by thermal plumes of rising warm air. 

G, S. Settles, Gas Dynamics Lab, 
Penn State University* Used by permission. 


One-, Two-, and Three-Dimensional Flows 

A flow field is best characterized by the velocity distribution, and thus a flow 
is said to be one-, two-, or three-dimensional if the flow velocity varies in one, 
two, or three primary dimensions, respectively. A typical fluid flow involves a 
three-dimensional geometry, and the velocity may vary in all three dimen- 
sions, rendering the flow three-dimensional [V (.v, y, z) in rectangular or V (r, 
9, z ) in cylindrical coordinates]. However, the variation of velocity in certain 
directions can be small relative to the variation in other directions and can be 
ignored with negligible error. In such cases, the flow can be modeled conve- 
niently as being one- or two-dimensional, which is easier to analyze. 

Consider steady flow of a fluid through a circular pipe attached to a large 
tank. The fluid velocity everywhere on the pipe surface is zero because of the 
no-slip condition, and the flow is two-dimensional in the entrance region of 
the pipe since the velocity changes in both the r- and z-directions. The veloc- 
ity profile develops folly and remains unchanged after some distance from the 


FIGURE 6-1 1 

The development of the velocity 
profile in a circular pipe. V = V(r, z) 
and thus the flow is two-dimensional 
in the entrance region, and becomes 
one-dimensional downstream when 
the velocity profile fully develops and 
remains unchanged in the flow 
direction, V = V(r), 


Developing velocity Fully developed 



inlet (about 10 pipe diameters in turbulent flow, and less in laminar pipe flow, 
as in Fig. 6-11), and the flow in this region is said to be fully developed . The 
fully developed flow in a circular pipe is one-dimensional since the velocity 
varies in the radial r-direction but not in the angular B- or axial ^-directions, as 
shown in Fig. 6-11. That is, the velocity profile is the same at any axial 
^-location, and it is symmetric about the axis of the pipe. 

Note that the dimensionality of the flow also depends on the choice of co- 
ordinate system and its orientation. The pipe flow discussed, for example, is 
one-dimensional in cylindrical coordinates, but two-dimensional in Cartesian 
coordinates— illustrating the importance of choosing the most appropriate co- 
ordinate system. Also note that even in this simple flow, the velocity cannot be 
uniform across the cross section of the pipe because of the no-slip condition. 
However, at a well-rounded entrance to the pipe, the velocity profile may be 
approximated as being nearly uniform across the pipe, since the velocity is 
nearly constant at all radii except very close to the pipe wall. 


8-3 - VELOCITY BOUNDARY LAYER 

Consider the parallel flow of a fluid over a flat plate, as shown in Fig. 6-12. 
Surfaces that are slightly contoured such as turbine blades can also be ap- 
proximated as flat plates with reasonable accuracy. The x- coordinate is mea- 
sured along the plate surface from the leading edge of the plate in the direction 
of the flow, and y is measured from the surface in the normal direction. The 
fluid approaches the plate in the x-direction with a uniform velocity V, which 
is practically identical to the free-stream velocity over the plate away from the 


v 



FIGURE 6-12 

The development of the boundary layer for flow over a flat plate, and the different flow regimes. 


surface (this would not be the case for cross flow over blunt bodies such as a 
cylinder). 

For the sake of discussion, we can consider the fluid to consist of adjacent 
layers piled on top of each other. The velocity of the particles in the first fluid 
layer adjacent to the plate becomes zero because of the no-slip condition. This 
motionless layer slows down the particles of the neighboring fluid layer as a 
result of friction between the particles of these two adjoining fluid layers at 
different velocities. This fluid layer then slows down the molecules of the next 
layer, and so on. Thus, the presence of the plate is felt up to some normal dis- 
tance 5 from the plate beyond which the fre e-stream velocity remains essen- 
tially unchanged. As a result, the a- component of the fluid velocity, u, varies 
from 0 at y = 0 to nearly V at y — 6 (Fig. 6-13). 

The region of the flow above the plate bounded by 5 in which the effects 
of the viscous shearing forces caused by fluid viscosity are felt is called the 
velocity boundary layer. The boundary layer thickness, 8, is typically de- 
fined as the distance y from the surface at which u ~ 0.99 V. 

The hypothetical line of u — 0.99 V divides the flow over a plate into two re- 
gions: the boundary layer region, in which the viscous effects and the ve- 
locity changes are significant, and the irrotational flow region, in which the 
frictional effects are negligible and the velocity remains essentially constant. 
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FIGURE 8-13 
The development of a boundary layer 
on a surface is due to the no-slip 
condition and friction. 


Surface Shear Stress 


Consider the flow of a fluid over the surface of a plate. The fluid layer in con- 
tact with the surface tries to drag the plate along via friction, exerting a fric- 
tion force on it. Likewise, a faster fluid layer tries to drag the adjacent slower 
layer and exert a friction force because of the friction between the two layers. 
Friction force per unit area is called shear stress, and is denoted by t. Exper- 
imental studies indicate that the shear stress for most fluids is proportional to 
the velocity gradient, and the shear stress at the wall surface is expressed as 

(N/m 2 ) (6-9) 

Y=0 

✓ 

where the constant of proportionality /x is the dynamic viscosity of the fluid, 
whos? unit is kg/m • s (or equivalently, N • s/m 2 , or Pa ■ s, or poise = 0. 1 Pa * s). 

The fluids that that obey the linear relationship above are called Newtonian 
fluids, after Sir Isaac Newton who expressed it first in 1687. Most common 
fluids such as water, air, gasoline, and oils are Newtonian fluids. Blood and 
liquid plastics are examples of non-Newtonian fluids. In this text we consider 
Newtonian fluids only. 

In fluid flow and heat transfer studies, the ratio of dynamic viscosity to 
density appears frequently. For convenience, this ratio is given the name 
kinematic viscosity v and is expressed as v = flip. Two common units of 
kinematic viscosity are m 2 /s and stoke (1 stoke = 1 cm 2 /s ~ 0.0001 m 2 /s). 

The viscosity of a fluid is a measure of its resistance to deformation, and it 
is a strong function of temperature. The viscosities of liquids decrease with 
temperature, whereas the viscosities of gases increase with temperature (Fig. 
6-14). The viscosities of some fluids at 20°C are listed in Table 6-1. Note that 
the viscosities of different fluids differ by several orders of magnitude,. 
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The viscosity of liquids decreases and 
the viscosity of gases increases with 

temperature. 


TABLE 6-Tt 1 . 

Dynamic viscosities of some fluids 
at 1 atm and 20°C (unless 
otherwise stated) 

Fluid 

Dynamic Viscosity 
/£, kg/m • s 

Glycerin: 

—20°C 

134.0 

0°C 

10.5 

20°C 

1.52 

40°C 

0.31 

Engine oil: 

SAE 10W 

0.10 

SAE 10W30 

0.17 

SAE 30 

0.29 

SAE 50 

0.86 

Mercury 

0.0015 

Ethyl alcohol 

0.0012 

Water: 

0°C 

0.0018 

20 a C 

0.0010 

10O°C (liquid) 

0.00028 

100°C (vapor) 

0.000012 

Blood, 37°C 

0.00040 

Gasoline 

0.00029 

Ammonia 

0.00015 

Air 

0.000018 

Hydrogen, 0°C 

0.0000088 


T x Free-stream Ac 



FIGURE 6-15 

Thermal boundary layer on a flat plate 
(the fluid is hotter than the 
plate surface). 


The determination of the surface shear stress t s from Eq. 6-9 is not practi- 
cal since it requires a knowledge of the flow velocity profile. A more practical 
approach in external flow is to relate to the upstream velocity V as 

t s = eg (N/m 3 ) (6-10) 

where Cyis the dimensionless friction coefficient, whose value in most cases 
is determined experimentally, and p is the density of the fluid. Note that the 
friction coefficient, in general, varies with location along the surface. Once the 
average friction coefficient over a given surface is available, the friction force 
over the entire surface is determined from 

pV 1 

F f = C f A s ~ (N) (6-11) 


where A s is the surface area. 

The friction coefficient is an important parameter in heat transfer studies 
since it is directly related to the heat transfer coefficient and the power 
requirements of the pump or fan. 

6-4 * THERMAL BOUNDARY LAYER 

We have seen that a velocity boundary layer develops when a fluid flows over 
a surface as a result of the fluid layer adjacent to the surface assuming the sur- 
face velocity (i.e., zero velocity relative to the surface). Also, we defined the 
velocity boundary layer as the region in which the fluid velocity varies from 
zero to 0.99 V. Likewise, a thermal boundary layer develops when a fluid at a 
specified temperature flows over a surface that is at a different temperature, as 
shown in Fig. 6-15. 

Consider the flow of a fluid at a uniform temperature of T w over an isother- 
mal flat plate at temperature T r The fluid particles in the layer adjacent to the 
surface reach thermal equilibrium with the plate and assume the surface tem- 
perature T y These fluid particles then exchange energy with the particles in 
the adjoining-fluid layer, and so on. As a result, a temperature profile devel- 
ops in the flow field that ranges from T s at the surface to T m sufficiently far 
from the surface. The flow region over the surface in which the temperature 
variation in the direction normal to the surface is significant is the thermal 
boundary layer. The thickness of the thermal boundary layer S t at any loca- 
tion along the surface is defined as the distance from the surface at which the 
temperature difference T — T s equals 0.99(7’ oo — 7^). Note that for the special 
case of T s - 0, we have T = 0.99T„ at the outer edge of the thermal boundary 
layer, which is analogous to u = 0.99 V for the velocity boundary layer. 

The thickness of the thermal boundary layer increases in the flow direction, 
since the effects of heat transfer are felt at greater distances from the surface 
further down stream. 

The convection heat transfer rate anywhere along the surface is directly re- 
lated to the temperature gradient at that location. Therefore, the shape of the 
temperature profile in the thermal boundary layer dictates the convection heat 
transfer between a solid surface and the fluid flowing over it. In flow over a 
heated (or cooled) surface, both velocity and thermal boundary layers develop 


simultaneously. Noting that the fluid velocity has a strong influence on the tem- 
perature profile, the development of the velocity boundary layer relative to the 
thermal boundary layer will have a strong effect on the convection heat transfer. 


Prandtl Number 

The relative thickness of the velocity and the thermal boundary layers is best 
described by the dimensionless parameter Prandtl number, defined as 


Pr = 


Molecular diffusivity of momentum 
Molecular diffusivity of heat 


y P-^p 

a k 


( 6 - 12 ) 


It is named after Ludwig Prandtl, who introduced the concept of boundary 
layer in 1904 and made significant contributions to boundary layer theory. 
The Prandtl numbers of fluids range from less than 0.01 for liquid metals to 
more than 100,000 for heavy oils (Table 6-2). Note that the Prandtl number is 
in the order of 10 for water. 

The Prandtl numbers of gases are about 1, which indicates that both momen- 
tum and heat dissipate through the fluid at about the same rate. Heat diffuses 
very quickly in liquid metals (Pr < 1) and very slowly in oils (Pr > 1) relative 
to momentum. Consequently the thermal boundary layer is much thicker for 
liquid metals and much thinner for oils relative to the velocity boundary layer. 


TABLE 6-2 


Typical ranges of Prandtl numbers 
for common fluids 


Fluid 

Pr 

Liquid metals 

0.004-0.030 

Gases 

0.7-1, 0 

Water 

1.7-13,7 

Light organic fluids 

5-50 

Oils 

50-100,000 

Glycerin 

2000-100,000 


6-5 a LAMINAR AND TURBULENT FLOWS 

If you have been around smokers, you probably noticed that the cigarette 
smoke rises in a smooth plume for the first few centimeters and then starts 
fluctuating randomly in all directions as it continues its rise. Other plumes be- 
have similarly (Fig. 6-16). Likewise, a careful inspection of flow in a pipe re- 
veals that the fluid flow is streamlined at low velocities but turns chaotic as 
the velocity is increased above a critical value, as shown in Figure 6-17. The 
flow regime in the first case is said to be laminar, characterized by smooth 
streamlines and highly-ordered motion, and turbulent in the second case, 
where it is characterized by velocity fluctuations and highly-disordered mo- 
tion, The transition from laminar to turbulent flow does not occur suddenly; 
rather, it occurs over some region in which the flow fluctuates between lami- 
nar ?/hd turbulent flows before it becomes fully turbulent. Most flows encoun- 
tered in practice are turbulent. Laminar flow is encountered when highly 
viscous fluids such as oils flow in small pipes or narrow passages. 

We can verify the existence of these laminar, transitional, and turbulent flow 
regimes by injecting some dye streak into the flow in a glass tube, as the 
British scientist Osborn Reynolds (1842-1912) did over a century ago. We 
observe that the dye streak forms a straight and smooth line at low velocities 
when the flow is laminar (we may see some blurring because of molecular dif- 
fusion), has bursts of fluctuations in the transitional regime, and zigzags rap- 
idly and randomly when the flow becomes fully turbulent. These zigzags and 
the dispersion of the dye are indicative of the fluctuations in the main flow 
and the rapid mixing of fluid particles from adjacent layers. 

Typical average velocity profiles in laminar and turbulent flow are also given 
in Fig. 6-12. Note that the velocity profile in turbulent flow is much fuller than 
that in laminar flow, with a sharp drop near the surface. The turbulent boundary 
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FIGURE 6-17 

The behavior of colored fluid injected 
into the flow in laminar and turbulent 
flows in a pipe. 
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FIGURE 6-18 


The Reynolds number can be viewed 
as the ratio of inertial forces to viscous 
forces acting on a fluid element. 


layer can be considered to consist of four regions, characterized by the distance 
from the wall. The very thin layer next to the wall where viscous effects are 
dominant is the viscous sublayer. The velocity profile in this layer is very 
nearly linear , and the flow is streamlined. Next to the viscous sublayer is the 
buffer layer, in which turbulent effects are becoming significant, but the flow 
is still dominated by viscous effects. Above the buffer layer is the overlap layer, 
in which the turbulent effects are much more significant, but still not dominant. 
Above that is the turbulent layer in which turbulent effects dominate over vis- 
cous effects. 

The intense mixing of the fluid in turbulent flow as a result of rapid fluctu- 
ations enhances heat and momentum transfer between fluid particles, which 
increases the friction force on the surface and the convection heat transfer 
rate. It also causes the boundary layer to enlarge. Both the friction and heat 
transfer coefficients reach maximum values when the flow becomes fully tur- 
bulent. So it will come as no surprise that a special effort is made in the design 
of heat transfer coefficients associated with turbulent flow. The enhancement 
in heat transfer in turbulent flow does not come for free, however. It may be 
necessary to use a larger pump to overcome the larger friction forces accom- 
panying the higher heat transfer rate. 


Reynolds Number 

The transition from laminar to turbulent flow depends on the surface geometry, 
surface roughness, flow velocity, surface temperature, and type of fluid, among 
other things. After exhaustive experiments in the 1880s, Osborn Reynolds dis- 
covered that the flow regime depends mainly on the ratio of the inertia forces to 
viscous forces in the fluid. This ratio is called the Reynolds number, which is 
a dimensionless quantity, and is expressed for external flow as (Fig. 6-18) 


Re = 


Inertia forces 
Viscous 


VLc pVL c 
v p. 


( 6 - 13 ) 


where V is the upstream velocity (equivalent to the free-stream velocity for a 
fiat plate), L c is the characteristic length of the geometry, and v — pip is the 
kinematic viscosity of the fluid. For a flat plate, the characteristic length is the 
distance x from the leading edge. Note that kinematic viscosity has the unit 
m 2 /s, which is identical to the unit of thermal diffusivity, and can be viewed as 
viscous diffusivity or diffusivity for momentum. 

At large Reynolds numbers, the inertia forces, which are proportional to the 
density and the velocity of the fluid, are large relative to the viscous forces, 
and thus the viscous forces cannot prevent the random and rapid fluctuations 
of the fluid. At small or moderate Reynolds numbers, however, the viscous 
forces are large enough to suppress these fluctuations and to keep the fluid “in ‘ 
line.” Thus the flow is turbulent in the first case and laminar in the second. 

The Reynolds number at which the flow becomes turbulent is called the crit- 
ical Reynolds number. The value of the critical Reynolds number is different 
for different geometries and flow conditions. For flow over a flat plate, the gen- 
erally accepted value of the critical Reynolds number is Re cr = Vxffv = 

5 X 10 5 , where x er is the distance from the leading edge of the plate at which 
transition from laminar to turbulent flow occurs. The value of Re CT may change 
substantially, however, depending on the level of turbulence in the ftee stream. 



Most flows encountered in engineering practice are turbulent, and thus it is 
important to understand how turbulence affects wall shear stress and heat 
transfer. However, turbulent flow is a complex mechanism dominated by fluc- 
tuations, and despite tremendous amounts of work done in this area by re- 
searchers, the theory of turbulent flow remains largely undeveloped. Therefore, 
we must rely on experiments and the empirical or semi-empirical correlations 
developed for various situations. 

Turbulent flow is characterized by random and rapid fluctuations of 
swirling regions of fluid, called eddies, throughout the flow. These fluctua- 
tions provide an additional mechanism for momentum and energy transfer. In 
laminar flow, fluid particles flow in an orderly manner along pathlines, and 
momentum and energy are transferred across streamlines by molecular diffu- 
sion. In turbulent flow, the swirling eddies transport mass, momentum, and 
energy to other regions of flow much more rapidly than molecular diffusion, 
greatly enhancing mass, momentum, and heat transfer. As a result, turbulent 
flow is associated with much higher values of friction, heat transfer, and mass 
transfer coefficients (Fig. 6-19). 

Even when the average flow is steady, the eddy motion in turbulent flow 
causes significant fluctuations in the values of velocity, temperature, pressure, 
and even density (in compressible flow). Figure 6-20 shows the variation of 
the instantaneous velocity component u with time at a specified location, as 
can be measured with a hot-wire anemometer probe or other sensitive device. 
We observe that the instantaneous values of the velocity fluctuate about an av- 
erage value, which suggests that the velocity can be expressed as the sum of 
an average value u and a fluctuating component if, 

if = w -F u' (6-14) 

This is also the case for other properties such as the velocity component v 
in the y-direction, and thus v = y + v' , P — P + P ! , and T = T + T . The 
average Value of a property at some location is determined by averaging 
it over a time interval that is sufficiently large so that the time average levels 
off te/a constant. Therefore, the time average of fluctuating components is 
zero, e.g., 'u' = 0. The magnitude of u' is usually just a few percent of u, 
but the high frequencies of eddies (in the order of a thousand per second) 
makes them very effective for the transport of momentum, thermal energy, 
and mass. In time-averaged stationaiy turbulent flow, the average values of 
properties (indicated by an overbar) are independent of time. The chaotic fluc- 
tuations of fluid particles play a dominant role in pressure drop, and these ran- 
dom motions must be considered in analyses together with the average 
velocity. 

Perhaps the first thought that comes to mind is to determine the shear stress 
in an analogous manner to laminar flow from t = — p, dit/dr, where u(r) is the 
average velocity profile for turbulent flow. But the experimental studies 
show that this is not the case, and the shear stress is much larger due to the tur- 
bulent fluctuations. Therefore, it is convenient to t hink of the turbulent shear 
stress as consisting of two parts: the laminar component, which accounts for 
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FIGURE 6-19 
The intense mixing in turbulent flow 
brings fluid particles at different 
temperatures into close contact, and 
thus enhances heat transfer. 
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FIGURE 6-20 

Fluctuations of the velocity 
component u with time at a specified 
location in turbulent flow. 
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FIGURE 6-21 

Fluid particle moving upward through 
a differential area dA as a result of the 
velocity fluctuation v‘ . 


the friction between layers in the flow direction (expressed as r lam = —p, 
du/dr), and the turbulent component, which accounts for the friction between 
the fluctuating fluid particles and the fluid body (denoted as r turt) and is related 
to the fluctuation components of velocity). 

Consider turbulent flow in a horizontal pipe, and the upward eddy motion of 
fluid particles in a layer of lower velocity to an adjacent layer of higher veloc- 
ity through a differential area dA as a result of the velocity fluctuation v\ as 
shown in Fig. 6-21. The mass flow rate of the fluid particles rising through dA 
is pv'dA, and its net effect on the layer above dA is a reduction in its average 
flow velocity because of momentum transfer to the fluid particles with lower 
average flow velocity. This momentum transfer causes the horizontal velocity 
of the fluid particles to increase by u', and thus its momentum in the horizontal 
direction to increase at a rate of (pu 1 dA)u\ which must be equal to the decrease 
in the momentum of the upper fluid layer. 

Noting that force in a given direction is equal to the rate of change of mo- 
mentum in that direction, the horizontal force acting on a fluid element above 
dA due to the passing of fluid particles through dA is SF ™ (pv 1 dA)(—u’) — 
—pu'v'dA. Therefore, the shear force per unit area due to the eddy motion of 
fluid particles 8F/dA — —pu'v' can be viewed as the instantaneous turbulent 
shear stress. Then the turbulent shear stress can be expressed as 
T cuib ~ — pil’d where uW is the time average of the product of the fluctuating 
velocity components u' and v' . Similarly, considering that h ~ c p T represents 
the energy of the fluid and T is the eddy temperature relative to the mean 
value, the rate o f thermal energy transport by turbulent eddies is < ?turb = pc p v'T. 
Note that wV + 0 even thou gh id = 0 and V = 0 (and thus u'v' = 0), and 
experi men tal results show that u V is usually a negative quantity. Terms such 
as — pu V or — pld 1 are called Reynolds stresses or turbulent stresses. 

The random eddy motion of groups of particles resembles the random mo- 
tion of molecules in a gas— colliding with each other after traveling a certain 
distance and exchanging momentum and heat in the process. Therefore, mo- 
mentum and heat transport by eddies in turbulent boundary layers is analo- 
gous to the molecular momentum and heat diffusion. Then turbulent wall 
shear stress and turbulent heat transfer can be expressed in an analogous 
manner as 


nurb = -p«V = and q mib = pc p vT = tB-15) 

where p t is called the turbulent (or eddy) viscosity, which accounts for mo- 
mentum transport by turbulent eddies, and k t is called the turbulent (or eddy) 
thermal conductivity, which accounts for thermal energy transport by turbu- 
lent eddies. Then the total shear stress and total heat flux can be expressed 
conveniently as 


Ttoal = (jl + Pt) 


du 

9y 


= P(v + v t ) 


du 

dy 


( 6 - 16 ) 


and 
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pc p (c t + a t ) 


dr 

dy 


( 6 - 17 ) 


where v t = pjp is the kinematic eddy viscosity (or eddy diffusivity of mo- 
mentum) and a, = k s lpc p is the eddy thermal diffusivity (or eddy diffusiv- 
ity of heat). 

Eddy motion and thus eddy diffusivities are much larger than their molecu- 
lar counterparts in the core region of a turbulent boundary layer. The eddy mo- 
tion loses its intensity close to the wall, and diminishes at the wall because of 
the no-slip condition. Therefore, the velocity and temperature profiles are very 
slowly changing in the core region of a turbulent boundary layer, but very 
steep in the thin layer adjacent to the wall, resulting in large velocity and tem- 
perature gradients at the wall surface. So it is no surprise that the wall shear 
stress and wall heat flux are much larger in turbulent flow than they are in 
laminar flow (Fig. 6-22). 

Note that molecular diffusivities v and a (as well as /r and k ) are fluid prop- 
erties, and their values can be found listed in fluid handbooks. Eddy diffusiv- 
ities v t and a, (as well as fx t and k t ), however are not fluid properties and their 
values depend on flow conditions. Eddy diffusivities v t and a t decrease to- 
wards the wall, becoming zero at the wall. Their values range from zero at the 
wall to several thousand times the values of molecular diffusivities in the core 
region. 


6-7 ■ DERIVATION OF DIFFERENTIAL 
CONVECTION EQUATIONS* 

In this section we derive the governing equations of fluid flow in the bound- 
ary layers. To keep the analysis at a manageable level, we assume the flow to 
be steady and two-dimensional, and the fluid to be Newtonian with constant 
properties (density, viscosity, thermal conductivity, etc.). 

Consider the parallel flow of a fluid over a surface. We take the flow direc- 
tion along the surface to be .r and the direction normal to the surface to be y, 
and we' choose a differential volume element of length dx, height dy, and unit 
depth in the z-direction (normal to the paper) for analysis (Fig. 6-23). The 
fluid flows over the surface with a uniform free-stream velocity V, but the ve- 
locity within boundary layer is two-dimensional: the ^-component of the 
velocity is u, and the y-component is v. Note that u = u(x, y) and v = v(x, y) 
in steady two-dimensional flow. 

-Next we apply three fundamental laws to this fluid element: Conservation of 
mass, conservation of momentum, and conservation of energy to obtain the con- 
tinuity, momentum, and energy equations for l amin ar flow in boundary layers. 

The Continuity Equation 

The conservation of mass principle is simply a statement that mass cannot be 
created or destroyed during a process and all the mass must be accounted for 
during an analysis. In steady flow, the amount of mass within the control vol- 
ume remains constant, and thus the conservation of mass can be expressed as 


‘This and the upcoming sections of this chapter deal with theoretical aspects of convection, 
and can be skipped and be used as a reference if desired without a loss in continuity. 
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Turbulent flow 


FIGURE 6-22 
The velocity gradients at the wall, and 
thus the wall shear stress, are much 
larger for turbulent flow than they are 
for laminar flow, even though the 
turbulent boundary layer is thicker 
than the laminar one for the same 
value of free-stream velocity. 
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FIGURE 6-23 

Differential control volume used in the 
derivation of mass balance in velocity 
boundary layer in two-dimensional 
flow over a surface. 


Noting that mass flow rate is equal to the product of density, average velocity, 
and cross-sectional area normal to flow, the rate at which fluid enters the con- 
trol volume from the left surface is pu(dy • 1). The rate at which the fluid 
leaves the control volume from the right surface can be expressed as 

+ |^ dxj ( dy • 1 ) ( 6 - 19 ) 

Repeating this for they direction and substituting the results into Eq. 6-18, we 
obtain 

pu(dy * 1 ) + pv(dx • 1 ) = p^it + ~dxj(dy * 1 ) + p(v+ ~^dyj(dx • 1 ) ( 6 - 20 ) 

Simplifying and dividing by dx • dy • \ gives 

M + (6-21) 

dx dy 

This is the conservation of mass relation in differential form, which is also 
known as the continuity equation or mass balance for steady two- 
dimensional flow of a fluid with constant density. 


The Momentum Equations 

The differential forms of the equations of motion in the velocity boundary 
layer are obtained by applying Newton’s second law of motion to a differen- 
tial control volume element in the boundary layer. Newton’s second law is an 
expression for momentum balance and can be stated as the net force acting on 
the control volume is equal to the mass times the acceleration of the fluid ele- 
ment within the control volume, which is also equal to the net rate of momen- 
tum outflow from the control volume. 

The forces' acting on the control volume consist of body forces that act 
throughout the entire body of the control volume (such as gravity, electric, and 
magnetic forces) and are proportional to the volume of the body, and surface 
forces that act on the control surface (such as the pressure forces due to hy- 
drostatic pressure and shear stresses due to viscous effects) and are propor- 
tional to the surface area. The surface forces appear as the control volume is 
isolated from its surroundings for analysis, and the effect of the detached body 
is replaced by a force at that location. Note that pressure represents the com- 
pressive force applied on the fluid element by the surrounding fluid, and is al- 
ways directed to the surface. 

We express Newton’s second law of motion for the control volume as 

/ Acceleration \ (Net force (body and surface)) ( ^ 22) 
(Mass)^m a specified direction/ ^ acting in that direction / 

or 

S?tl * a x F surfsce, it ^ -Efeody, i 





( 6 - 23 ) 



where the mass of the fluid element within the control volume is 



8m — p{dx ■ dy ■ 1) (6—24) 

Noting that flow is steady and two-dimensional and thus u = u(x, y), the total 
differential of u is 


du ~ 


du , , du , 


(6-25} 


Then the acceleration of the fluid element in the x direction becomes 

_ du du dx du dy du du 

Ctjr — ~r — T : — I = u h v 

di dx dt dy di dx dy 


(6-26) 


You may be tempted to think that acceleration is zero in steady flow since 
acceleration is the rate of change of velocity with time, and in steady flow 
there is no change with time. Well, a garden hose nozzle tells us that this 
understanding is not correct. Even in steady flow and thus constant mass flow 
rate, water accelerates through the nozzle (Fig. 6-24). Steady simply means 
no change with time at a specified location (and thus dufdt - 0), but the value 
of a quantity may change from one location to another (and thus dufdx and 
biddy may be different from zero). In the case of a nozzle, the velocity of wa- 
ter remains constant at a specified point, but it changes from inlet to the exit 
(water accelerates along the nozzle, which is the reason for attaching a nozzle 
to the garden hose in the first place). 

The forces acting on a surface are due to pressure and viscous effects. In two- 
dimensional flow, the viscous stress at any point on an imaginary surface within 
the fluid can be resolved into two perpendicular components: one normal to the 
surface called normal stress (which should not be confused with pressure) and 
another along the surface called shear stress. The normal stress is related to the 
velocity gradients dufdx and dvfdy, that are much smaller than duldy, to which 
shear stress is related. Neglecting the normal stresses for simplicity, the surface 
forces acting on the control volume in the x-direction are as shown in Fig. 6-25. 
Then the net surface force acting yn the x-direction becomes 
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smce r “ fi(dufdy). Substituting Eqs. 6-21, 6-23, and 6-24 into Eq. 6-20 and 
dividing by dx • dy - 1 gives 
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During steady flow, a fluid may not 
accelerate in time at a fixed point, but 

it may accelerate in space, ,■ 
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FIGURE 6-25 
Differential control volume used in the 
derivation of A-momentum equation 
in velocity boundary layer in two- 
dimensional flow over a surface. 
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This is the relation for the momentum balance in the x-direction, and is 
known as the x-momentum equation. Note that we would obtain the same 
result if we used momentum flow rates for the left-hand side of this equation 
instead of mass times acceleration. If there is a body force acting in the 
x-direction, it can be added to the right side of the equation provided that it is 
expressed per unit volume of the fluid. 
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FIGURE 6-26 

Boundary layer approximations. 


In a boundary layer, the velocity component in the flow direction is much 
larger than that in the normal direction, and thus u > v, and dvfdx and dvfdy are 
negligible. Also, u varies greatly with y in the normal direction from zero at the 
wall surface to nearly the free-stream value across the relatively thin boundary 
layer, while the variation of u with jc along the flow is typically small. There- 
fore, du/dy > dufdx. Similarly, if the fluid and the wall are at different temper- 
atures and the fluid is heated or cooled during flow, heat conduction occurs 
primarily in. the direction normal to the surface, and thus dT/dy dT/dx. That 
is, the velocity and temperature gradients normal to the surface are much 
greater than those along the surface. These simplifications are known as the 
boundary layer approximations. These approximations greatly simplify the 
analysis usually with little loss in accuracy, and make it possible to obtain ana- 
lytical solutions for certain types of flow problems (Fig. 6-26). 

When gravity effects and other body forces are negligible and the boundary 
layer approximations are valid, applying Newton’s second law of motion on 
the volume element in the y-direction gives the y-momentum equation to be 

= o (8-29) 

dy 

That is, the variation of pressure in the direction normal to the surface is neg- 
ligible, and thus F = P(x) and BPidx = dPldx. Then it follows that for a given 
x, the pressure in the boundary layer is equal to the pressure in the free stream, 
and the pressure determined by a separate analysis of fluid flow in the free 
stream (which is typically easier because of the absence of viscous effects) 
can readily be used in the boundary layer analysis. 

The velocity components in the free stream region of a flat plate are u = V 
= constant and v = 0. Substituting these into the x-momentum equations 
(Eq. 6-28) gives dPIBx = 0. Therefore, for flow over a flat plate, the pres- 
sure remains constant over the entire plate (both inside and outside the bound- 
ary layer). 


Conservation of Energy Equation 

The energy balance for any system undergoing any process is expressed as 
E- m “ = AE syftem , which states that the change in the energy content of a 

system during a process is equal to the difference between the energy input 
and the energy output. During a steady-flow process, the total energy content 
of a control volume remains constant (and thus A£’ system — 0), and the amount 
of energy entering a control volume in all forms must be equal to the amount 
of energy leaving it. Then the rate form of the general energy equation reduces 

for a steady-flow process to jE in — E ml — 0. 

Noting that energy can be transferred by heat, work, and mass only, the en- 
ergy balance for a steady-flow control volume can be written explicitly as 

(Z?in — F 0 ut)byhMi T (Fn “ F out ) by wof 5c + (Fn Foutlby mass ® (6-30) 

The total energy of a flowing fluid stream per unit mass is e stream = h + ke + 
pe where h is the enthalpy (which is the sum of internal energy and flow en- 
ergy), pe — gz is the potential energy, and ke = V^/2 = (u 2 + v 2 )t1 is the 
kinetic energy of the fluid per unit mass. The kinetic and potential energies are 
usually very small relative to enthalpy, and therefore it is common practice to 
neglect them (besides, it can be shown that if kinetic energy is included in the 


following analysis, all the terms due to this inclusion cancel each other). We 
assume the density p, specific heat c p , viscosity /x, and the thermal conductiv- 
ity k of the fluid to be constant. Then the energy of the fluid per unit mass can 
be expressed as e SEream = h~ c p T, 

Energy is a scalar quantity, and thus energy interactions in all directions can 
be combined in one equation. Noting that mass flow rate of the fluid entering 
the control volume from the left is pu(dy * 1), the rate of energy transfer to the 
control volume by mass in the x-direction is, from Fig. 6-27, 
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dx = -pci it + T J^jdxdy (6-31) 


Repeating this for the y-direction and adding the results, the net rate of energy 
transfer.to the control volume by mass is determined to be 
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FIGURE 6-27 

The energy transfers by heat and mass 
flow associated with a differential 
control volume in the thermal 
boundary layer in steady two- 
dimensional flow. 


since du/dx + dvfdy = 0 from the continuity equation. 

The net rate of heat conduction to the volume element in the x-direction is 
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Repeating this for the y-direction and adding the results, the net rate of energy 
transfer tdf the control volume by heat conduction becomes 
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(6-34) 


Another mechanism of energy transfer to and from the fluid in the control vol- 
um$ is th$ work done by the body and surface forces. The work done by a body 
force is determined by multiplying this force by the velocity in the direction of 
the force and the volume of the fluid element, and this work needs to be consid- 
ered only in the presence of significant gravitational, electric, or magnetic 
effects. The surface forces consist of the forces due to fluid pressure and the 
viscous shear stresses. The work done by pressure (the flow work) is already ac- 
counted for in the analysis above by using enthalpy for the microscopic energy 
of the fluid instead of internal energy. The shear stresses that result from viscous 
effects are usually very small, and can be neglected in many cases. This is espe- 
cially the case for applications that involve low or moderate velocities. 

Then the energy equation for the steady two-d im ensional flow of a fluid 
with constant properties and negligible shear stresses is obtained by substitut- 
ing Eqs. 6-32 and 6-34 into 6-30 to be 
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^1 IHDflMENTAlS OF CONVECTION 


which states that the net energy convected by the fluid out of the control 
volume is equal to the net energy transferred into the control volume by heat 
conduction. 

When the viscous shear stresses are not negligible, their effect is accounted 
for by expressing the energy equation as 


where the viscous dissipation function $ is obtained after a lengthy analysis 
(see an advanced book such as the one by Schlichting for details) to be 
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FIGURE 6-28 

Schematic for Example 6-1. 


Viscous dissipation may play a dominant role in high-speed flows, especially 
when the viscosity of the fluid is high (like the flow of oil in journal bearings). 
This manifests itself as a significant rise in fluid temperature due to the con- 
version of the kinetic energy of the fluid to thermal energy. Viscous dissipa- 
tion is also significant for high-speed flights of aircraft. 

For the special case of a stationary fluid, u = v = 0 and the energy equation 
reduces, as expected, to the steady two-dimensional heat conduction equation, 


d 2 T a-r 

dx 1 df- 


( 6 - 38 ) 


EXAMPLE 6-1 Temperature Rise of Oil in a Journal Bearing 

The flow of oil in a journal bearing can be approximated as parallel flow be- 
tween two large plates with one plate moving and the other stationary. Such 
flows are known as Couette flow. 

Gonsider two large isothermal plates separated by 2-mm-thick oil film. The 
upper plates moves at a constant velocity of 12 m/s, while the lower plate is 
stationary. Both plates are maintained at 20°C, (a) Obtain relations for the ve- 
locity and temperature distributions in the oil. (b) Determine the maximum 
temperature in the oil and the heat flux from the oil to each plate (Fig. 6-28). 




SOLUTION Pa raff el flow of oil between two plates is considered. The velocity 
and temperature distributions, the maximum temperature, and the total heat 
transfer rate are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 Oil is an incompressible 
substance with constant properties. 3 Body forces such as gravity are negligi- 
ble. 4 The plates are large so that there is no variation in the z direction. 
Properties The properties of oil at 20°C are (Table A-13): 


k = 0.145 W/m • K and p = 0.8374 kg/m • s = 0.8374 N • s/m 2 

Analysis (a) We take the x-axis to be the flow direction, and y to be the nor- 
mal direction. This is parallel flow between two plates, and thus v — 0. Then 
the continuity equation (Eq. 6-21) reduces to 


flu 

dx 
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u = u(y) 


Continuity: 




1 Therefore, the x-component of velocity does not change in the flow direction 
I (t.e,, the velocity profile remains unchanged). Noting that u = u(y), v~0, and 
9 dP/dx = 0 (flow is maintained by the motion of the upper piate rather than the 
I pressure gradient), the x-momentum equation (Eq. 6-28) reduces to 
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This is a second-order ordinary differential equation, and integrating it twice 
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The fluid velocities at the plate surfaces must be equal to the velocities of the 
plates because of the no-slip condition. Therefore, the boundary conditions are 
tXO) = 0 and u{L) = V, and applying them gives the velocity distribution to be 

u(y)=~v 

Frictional heating due to viscous dissipation in this case is significant be- 
cause of the high viscosity of oil and the large piate velocity. The plates are 
isothermal and there is no change in the flow direction, and thus the tempera- 
ture'depends on y only, T = 7 Xy). Also, u = u{y) and v = 0. Then the energy 
equation with dissipation (Eqs. 6-36 and 6-37) reduce to 


Energy: 
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since du/dy = V/L Dividing both sides by k and integrating twice give 

± Tk(z v ) +c >y + c > 

Applying the boundary conditions 7(0) = 7 0 and 7(E) = 7 0 gives the tempera- 
ture distribution to be 
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(b) The temperature gradient is determined by differentiating 7{y) with re- 
spect toy. 
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The iocation of maximum temperature is determined by setting dVdy = 0 and 
solving for y, 
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Therefore, maximum temperature occurs at mid plane, which is not surprising 
since both plates are maintained at the same temperature. The maximum tem- 
perature is the value of temperature at y = E/2, 
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Heat flux at the plates is determined from the definition of heat flux, 


q a = -k 


dT 

dy 


= -k 


fiV- 


>’=0 


2kL 


(I - 0) = - 


{lV‘ 


(0.8374 N-s/m 2 )(12m/s) : 


2 L 
1 fcW 


Ql “ k 


dT 

dy 


2(0.002 m) 

{TV 2 

— —btZ — . 

v=i 2kL 


lOOON-m/s 
2 


= -30.1 kW/m 2 
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(t — 2) — — ~Qq — 30.1 kW/m' 


Therefore, heat fluxes at the two plates are equal in magnitude but opposite 


in sign. 

Discussion A temperature rise of 104°C confirms our suspicion that viscous 
dissipation is very significant. Also, the heat flux is equivalent to the rate of me- 
chanical energy dissipation. Therefore, mechanical energy is being converted to 
thermal energy at a rate of 60.2 kW/m 2 of plate area to overcome friction in the 
oil. Finally, calculations are done using oil properties at 20°C, but the oil tem- 
perature turned out to be much higher. Therefore, knowing the strong depen- 
dence of viscosity on temperature, calculations should be repeated using 
properties at the average temperature of 72°C to improve accuracy. 
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FIGURE 6-29 

Boundary conditions for flow 
over a flat plate. 


6-8 ■ SOLUTIONS OF CONVECTION EQUATIONS 
FOR A FLAT PLATE 

Consider laminar flow of a fluid over a flat plate, as shown in Fig. 6-29 . Sur- 
faces that are slightly contoured such as turbine blades can also be approxi- 
mated as flat plates with reasonable accuracy. The ^-coordinate is measured 
along the plate surface from the leading edge of the plate in the direction of 
the flow, and y is measured from the surface in the normal direction. The fluid 
approaches the plate in the .t-direction with a uniform upstream velocity, 
which is equivalent to the free stream velocity V. 

When viscous dissipation is negligible, the continuity, momentum, and en- 
ergy equations (Eqs. 6-21, 6-28, and 6-35) reduce for steady, incompressible, 
laminar flow of a fluid with constant properties over a flat plate to 


Continuity: 

3 “ + av =o 

dx dy 

(6-39) 

Momentum: 
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(6-40) 

Energy: 
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with the boundary conditions (Fig, 6-26) 

At x — 0: «(0,y)=V, T(0j) = r, 

At y = 0: m(x, 0) = 0, v(x, 0) = 0, T(x, 0) = T s (6-42) 

As y -> »: u(x, oo) = y, T(x, oo) — T x 

When fluid properties are assumed to be constant and thus independent of tem- 
perature, the first two equations can be solved separately for the velocity com- 
ponents u and v. Once the velocity distribution is available, we can determine 


i 
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the friction coefficient and the boundary layer thickness using their definitions. 
Also, knowing u and v, the temperature becomes the only unknown in the last 
equation, and it can be solved for temperature distribution. 

The continuity and momentum equations were first solved in 1908 by the 
German engineer H. Blasius, a student of L. Prandtl. This was done by trans- 
forming the two partial differential equations into a single ordinary differen- 
tial equation by introducing a new independent variable, called the similarity 
variable. The finding of such a variable, assuming it exists, is more of an art 
than science, and it requires to have a good insight of the problem. 

Noticing that the general shape of the velocity profile remains the same along 
the plate, Blasius reasoned that the nondimensional velocity profile ulV should 
remain unchanged when plotted against the nondimensional distance yf8, where 
5 is the thickness of the local velocity boundary layer at a given x That is, al- 
though both 8 and it at a given y vary with x, the velocity u at a fixed y/8 remains 
constant. Blasius was also aware from the work of Stokes that 8 is proportional 
to VwtT, and thus he defined a dimensionless similarity variable as 


V = y 


Z 

vx 


(6-43) 


and thus ufV ~ function^). He then introduced a stream function tp(x, y) as 

3(1/ dtp 

u = -r— and v = —y— (6-44) 

dy dx 

so that the continuity equation (Eq. 6-39) is automatically satisfied and thus 
eliminated (this can be verified easily by direct substitution). Next he defined 
a function f(j}) as the dependent variable as 

f v) = — 1 = ( 6 - 45 ) 

VVvxlV 


Then the velocity components become 


u = 


dtp dtp drj 

dy dr} dy 


= V 


v_x df_ 
V dr} 



v — 


dtp 

dx 


= ~V- 


vxtf 

V dr} 


V 

2 


V df 

= V~f- 

vx dr} 


—/= t 

Vx J 2 


Vvf df 


f 


(6-46) 


(6-47) 


By differentiating these u and v relations, the derivatives of the velocity com- 
ponents can be shown to be 


du 

dx 


V d 2 f 


du = v 

dy V vx dr} 1 


fu_Yl£L 

dy 2 vx drf 


(6-48) 


Substituting these relations into the momentum equation and simplifying, we 
obtain 


2 


drf 



= 0 


(6-49) 


which is a third-order nonlinear differential equation. Therefore, the system of 
two partial differential equations is transformed into a single ordinary 
differential equation by the use of a similarity variable. Using the definitions 





TABLE 6-3 


Similarity function f and its 
derivatives for laminar boundary 
layer along a fiat plate. 


y 

f 

df _ u 
drj V 

d 2 f 

dj} 2 

0 

0 

0 

0.332 

0.5 

0.042 

0.166 

0.331 

1.0 

0.166 

0.330 

0.323 

1.5 

0.370 

0.487 

0.303 

2.0 

0.650 

0.630 

0.267 

2.5 

0.996 

0.751 

0.217 

3.0 

1.397 

0.846 

0.161 

3.5 

1.838 

0.913 

0.108 

4.0 

2.306 

0.956 

0.064 

4.5 

2.790 

0.980 

0.034 

5.0 

3.283 

0.992 

0.016 

5.5 

3.781 

0.997 

0.007 

6.0 

4.280 

0.999 

0.002 

00 

00 

1 
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of/ and 7j, the boundary conditions in terms of the similarity variables can be 
expressed as 


m = o. 


4f = o, 

dy v=o 


and 


£ 

dr\ 


- 1 


Tjssec 


( 6 - 50 ) 


The transformed equation with its associated boundary conditions cannot be 
solved analytically, and thus an alternative solution method is necessary. The 
problem was first solved by Blasius in 1 908 using a power series expansion ap- 
proach, and this original solution is known as the Blasius solution. The prob- 
lem is later solved more accurately using different numerical approaches, and 
results from such a solution are given in Table 6—3. The nondimensional ve- 
locity profile can be obtained by plotting u/V against ?]. The results obtained by 
this simplified analysis are in excellent agreement with experimental results. 

Recall that we defined the boundary layer thickness as the distance from the 
surface for which u/V — 0.99. We observe from Table 6—3 that the value of 17 
corresponding to u/V = 0.99 is 17 = 4.91. Substituting y = 4.91 and y = 8 
into the definition of the similarity variable (Eq. 6-43) gives 4.91 = SVV/vx. 
Then the velocity boundary layer thickness becomes 


4.91 4.9 lx 

Whx VRe^ 


(6-51} 


since Re t = Vxfv, where x is the distance from the leading edge of the plate. 
Note that the boundary layer thickness increases with increasing kinematic 
viscosity v and with increasing distance from the leading edge x, but it de- 
creases with increasing free-stream velocity V, Therefore, a large free-stream 
velocity suppresses the boundary layer and causes it to be thinner. 

The shear stress on the wall can be determined from its definition and the 

du/dy relation in Eq. 6—48: 


Tv = V 


du 

dy 


V d 2 f 


y=0 



( 6 - 52 ) 


7|=0 


Substituting the value of the second derivative of/ at 17 — 0 from Table 6-3 
gives 


r w = 0.332V 


ppV 

X 


0.332 pV 2 

vr^; 


(6-53) 


Then the average local skin friction coefficient becomes 

C f t = = 0.664 Re/' 2 (6-54) 

/r P v 2 n 

Note that unlike the boundary layer thickness, wall shear stress and the skin 
friction coefficient decrease along the plate as x~~ m . 


The Energy Equation 

Knowing the velocity profile, we are now ready to solve the energy equation 
for temperature distribution for the case of constant wall temperature T r First 
we introduce the dimensionless temperature 6 as 


( 6 - 55 ) 


8(x, y) = 


T(x, >')■ - T s 
T* - T s 


Noting that both T s and 7^ are constant, substitution into the energy equation 
Eq. 6-41 gives 


dd , do d 2 e 

+ v— = a — r 
3x dy dy>- 


( 6 - 56 ) 


Temperature profiles for flow over an isothermal flat plate are similar, just like 
the velocity profiles, and thus we expect a similarity solution for temperature to 
exist. Further, the thickness of the thermal boundary layer is proportional to 
;\/vx/V, just like the thickness of the velocity boundary layer, and thus the sim- 
ilarity variable is also i], and 0 — 9( if). Using the chain rule and substituting the 
it and v expressions from Eqs. 6-46 and 6—47 into the energy equation gives 


dfdea 7) 1 [Vyf df\ded V _ d 2 e(dy\ 2 

drj dr) dx 2 V x fy dr) Jdr) dy ° t dif\dy) 


( 6 - 57 ) 


Simplifying and noting that Pr = via gives 


d 2 6 

dv 2 


+ Pr/^ = 0 
dr) 


( 8 - 58 ) 


with the boundary conditions 0(0) ~ 0 and 66°) = 1. Obtaining an equation for 
6 as a function of tj alone confirms that the temperature profiles are similar, and 
thus a similarity solution exists. Again a closed-form solution cannot be ob- 
tained for this boundary value problem, and it must be solved numerically. 

It is interesting to note that for Pr = 1 , this equation reduces to Eq. 6-49 when 
6 is replaced by dfldq, which is equivalent to ulV (see Eq. 6-46). The boundary 
conditions for 6 and dfldi) are also identical. Thus we conclude that the velocity 
and thermal boundary layers coincide, and the nondimensional velocity and 
temperature profiles (ulV and 6) are identical for steady, incompressible, lami- 
nar flow 'of a fluid with constant properties and Pr = 1 over an isothermal flat 
plate (Fig 76-30). The value of the temperature gradient at the surface (y = 0 or 
t) = 0) indhis case is, from Table (>-3, dO/dr) — d 2 fldr) 2 = 0.332. 

Equation 6-58 is solved for numerous values of Prandtl numbers. For 
Pr >r/Q.6, the nondimensional temperature gradient at the surface is found to 
be proportional to Pr 1/3 , and is expressed as 



When Pr — 1, the velocity and thermal 
boundary layers coincide, and the 
nondimensional velocity and 
temperature profiles are identical for 
steady, incompressible, laminar flow 

over a flat plate. 


d9 

di) 


= 0.332 Pr 1 ' 3 


*=0 


The temperature gradient at the surface is 


dT 

dy 


1 / 3 . 




drj 


=o ty 


y=0 


= 0.332 Pr (7(o - TJ 



Then the local convection coefficient and Nusselt number become 


h = 


1 fy - T, 


q s ~k(dT/dy)\ 0 

- = 0.332 Pr m > 


fy-r* 



(6-59) 


( 6 - 60 ) 


( 6 - 61 ) 


Nu r = ^ = 0.332 Pr 1/3 Re{ /2 Pr > 0.6 (6-62) 

A. 

The NUj. values obtained from this relation agree well with measured values. 

Solving Eq. 6-58 numerically for the temperature profile for different 
Prandtl numbers, and using the definition of the thermal boundary layer, it 
is determined that 8/S t = Pr 1/3 . Then the thermal boundary layer thickness 
becomes 


5 4.9 1.v 

'< - p r i/3 ” p r l/3VR^ r 


[6-83) 


Note that these relations are valid only for laminar flow over an isothermal flat 
plate. Also, the effect of variable properties can be accounted for by evaluat- 
ing all such properties at the film temperature defined as T f = (T, + T^f 2. 

The Blasius solution gives important insights, but its value is largely histor- 
ical because of the limitations it involves. Nowadays both laminar and turbu- 
lent flows over surfaces are routinely analyzed using numerical methods. 


B-9 ■ NONDIMENSIONALIZED CONVECTION 
EQUATIONS AND SIMILARITY 

When viscous dissipation is negligible, the continuity, momentum, and energy 
equations for steady, incompressible, laminar flow of a fluid with constant 
properties are given by Eqs. 6-21, 6-28, and 6-35. 

These equations and the boundary conditions can be nondimen sionalized by 
dividing all dependent and independent variables by relevant and meaningful 
constant quantities: all lengths by a characteristic length L (which is the length 
for a plate), all velocities by a reference velocity V (which is the free stream 
velocity for a plate), pressure by pV 2 (which is twice the free stream dynamic 
pressure for a plate), and temperature by a suitable temperature difference 
(which is — T s for a plate). We get 


X *= T y 


SC — 


y 


* - H 

u - y 


V 



= 


T-7) 
T* - T s 


where the asterisks are used to denote nondimensional variables. Introducing 
these variables into Eqs. 6-21, 6-28, and 6-35 and simplifying give 


Continuity: 

du* , 5v* „ 

ax* + ay* “ 0 

(6-64) 

Momentum: * 

i a 2 «* dP* 

11 dx* Re L 3y* 2 dx* 

(6-65) 

Energy: 

*, dT* 1 d 2 T* 

11 dx* ^ dy* Re t Pr dy* 2 

(6-66) 

with the boundary conditions 


H*(0 t >’*) = 

1, 0) = 0, h*Cc+, °°) = 1, w+Oc*. 0) = 0, 

(6-67) 

T*(0, y*) = 

i, 7*(x*0) = o, r*-0c*,«>) = i 
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where Re L = VJJv is the dimensionless Reynolds number and Pr = via is the 
Prandtl number. For a given type of geometry, the solutions of problems with 
the same Re and Nu numbers are similar, and thus Re and Nu numbers serve 
as similarity parameters. I\vo physical phenomena are similar if they have the 
same dimensionless forms of governing differential equations and boundary 
conditions (Fig. 6-31). 

A major advantage of nondimensionalizing is the significant reduction in 
the number of parameters. The original problem involves 6 parameters 
(A V, T m T v v, a), but the nondimensionalized problem involves just 2 para- 
meters (Re L and Pr). For a given geometry, problems that have the same val- 
ues for the similarity parameters have identical solutions. For example, 
determining the convection heat transfer coefficient for flow over a given sur- 
face requires numerical solutions or experimental investigations for several 
fluids, with several sets of velocities, surface lengths, wall temperatures, and 
free stream temperatures. The same information can be obtained with far 
fewer investigations by grouping data into the dimensionless Re and Pr num- 
bers. Another advantage of similarity parameters is that they enable us to 
group the results of a large number of experiments and to report them conve- 
niently' in terms of such parameters (Fig. 6-32). 


6-10 ■ FUNCTIONAL FORMS OF FRICTION AND 
CONVECTION COEFFICIENTS 

The three nondimensionalized boundary layer equations (Eqs. 6-64, 6-65, 
and 6-66) involve three unknown functions «*, a*, and T*, two independent 
variables x* and y*, and two parameters Re L and Pr. The pressure P*(x*) de- 
pends on the geometry involved (it is constant for a flat plate), and it has the 
same value inside and outside the boundary layer at a specified x*. Therefore, 
it can be.-determined separately from the free stream conditions, and dP*/dx* 
in Eq. 6-65 can be treated as a known function of x*. Note that the boundary 
condition^ do not introduce any new parameters. 

For a given geometry, the solution for u* can be expressed as 
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If Rej = Re^ then = Cp 

FIGURE 6-31 

Two geometrically similar bodies have 
the same value of friction coefficient 
at the same Reynolds number. 


Parameters before noFidimensionalizing 
L, V, T*, 7]\v t a - 
Parameters after nondimensionalizing: 

■ Re,Pr 


FIGURE 6-32 
The number of parameters is reduced 
greatly by nondimensionalizing the 
convection equations. 


«* =/i(**,y*, Rej 
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Theli the §hear stress at the surface becomes 


( 6 - 68 ) 


A 


du 

dy 


>=o 


F-P du* 
L dy * 


>*=o 


pV 

= Re i) 


Substituting into its definition gives the local friction coefficient. 


(6-69) 



pVIL 2 

Re r> = ^ M**, Re f) =M&, Re.) 


(6-70) 


Thus we conclude that the friction coefficient for a given geometry can be 
expressed in terms of the Reynolds number Re and the dimensionless space 
variable x* alone (instead of being expressed in terms of x, L, V, p, and p). 
This is a very significant finding, and shows the value of nondimensionalized 
equations. 



Laminar 


FIGURE 6-33 

The Nusselt number is equivalent to 
the dimensionless temperature 
gradient at the surface. 


Local Nusselt number: , 

Nu x = function (**, Re L , Pr) :• 
Average Nusselt number: .-A 
Nu =' function (Re L , Pr) 

A common form of Nusselt number: 
Nu~ CRegPr 11 


FIGURE 6-34 

For a given geometry, the average 
Nusselt number is a function of 
Reynolds and Prandtl numbers. 


Similarly, the solution of Eq. 6-66 for the dimensionless temperature T* for 
a given geometry can be expressed as 

r* = g, (**)’* Re^Pr) (6-71) 

Using the definition of T *, the convection heat transfer coefficient becomes 


-k(dTldy)\ y =o 

Ty-T^ 


- kjr. x - T s ) dT* 
L{T S - Td) dy* 


k dT* 


y*=o L dy* 


>'*=o 


(6-72) 


Substituting this into the Nusselt number relation gives [or alternately, we can 
rearrange the relation above in dimensionless form as hJJk — (dT* /dy ■ )l^=o 
and define the dimensionless group hVk as the Nusselt number] 


Nu, 


hL _ dT* 
k dy * 



= R- e i. Pr > 


(6-73) 


Note that the Nusselt number is equivalent to the dimensionless temperature 
gradient at the surface, and thus it is properly referred to as the dimension! ess 
heat transfer coefficient (Fig. 6-33). Also, the Nusselt number for a given geom- 
etry can be expressed in terms of the Reynolds number Re, the Prandtl number 
Pr, and the space variable .r*, and such a relation can be used for different fluids 
flowing at different velocities over similar geometries of different lengths. 

The average friction and heat transfer coefficients are determined by inte- 
grating C f x and Nu, over the surface of the given body with respect to x* from 
0 to 1 . Integration removes the dependence on x*, and the average friction co- 
efficient and Nusselt number can be expressed as 

Cj=f A ( Re U and Nu = g 3 (Re t , Pr) (6-74) 

These relations are extremely valuable as they state that for a given geometry, 
the friction coefficient can be expressed as a function of Reynolds number 
alone, and the Nusselt number as a function of Reynolds and Prandtl numbers 
alone (Fig. 6-34). Therefore, experimentalists can study a problem with a 
minimum number of experiments, and report their friction and heat transfer 
coefficient measurements conveniently in terms of Reynolds and Prandtl 
numbers. For example, a friction coefficient relation obtained with air for a 
given surface can also be used for water at the same Reynolds number. But it 
should be kept in mind that the validity of these relations is limited by the lim- 
itations on the boundary layer equations used in the analysis. 

The experimental data for heat transfer is often represented with reasonable 
accuracy by a simple power-law relation of the form 

Nu = C Re™ Pr n (6-75) 

where m and n are constant exponents (usually between 0 and 1), and the 
value of the constant C depends on geometry. Sometimes more complex rela- 
tions are used for better accuracy. 


6-1 1 ■ ANALOGIES BETWEEN MOMENTUM 
AND HEAT TRANSFER 

In forced convection analysis, we are primarily interested in the determination 
of the quantities C f (to calculate shear stress at the wall) and Nu (to calculate 
heat transfer rates). Therefore, it is very desirable to have a relation between 
C f and Nu so that we can calculate one when the other is available. Such 


1 


relations are developed on the basis of the similarity between momentum and 
heat transfers in boundary layers, and are known as Reynolds analogy and 
Chilton-Colbun i analogy. 

Reconsider the nondimensionalized momentum and energy equations for 
steady, incompressible, laminar flow of a fluid with constant properties and 
negligible viscous dissipation (Eqs. 6-65 and 6-66). When Pr = 1 (which is 
approximately the case for gases) and dP*/dx* = 0 (which is the case when, 
u = V = constant in the free stream, as in flow over a flat plate), these equa- 
tions simplify to 




. did . did 

1 dht* 


Momentum: 

u* . H- v* * 

3x* 3y* 

~ Re L 3y*- 

(6-76) 



1 3 2 7* 


Energy: 

+ v*-— 
3.V* 3 y* 

Re L 3y* 2 

(6-77) 


V, 


which are exactly of the same form for the dimensionless velocity if* and tem- 
perature 7*. The boundary conditions for id and T* are also identical. There- 
fore, the functions «* and T* must be identical, and thus the first derivatives 
of if* and T* at the surface must be equal to each other, 


did 

ay* 


y* =o 


5y* 


y* = 0 


(6-78) 


Then from Eqs. 6-69, 6-70, and 6-73 we have 

Re, 

C/,.t~2 ~ Nt b (Pr = 1) (6-79) 

which is known as the Reynolds analogy (Fig. 6-35). This is an important 
analogy since it allows us to determine the heat transfer coefficient for fluids 
with Pr ~ 1 from a knowledge of friction coefficient which is easier to mea- 
sure. Reynolds analogy is also expressed alternately as 

t l 

i c, T 

• ~Y =;St, (Pr = 1) (6-80) 

where 

y 

* S, 


St = 


h 


Nu 


pcV Re £ Pr 


(6-81) 


Profiles: 

u* “ 

= r* 


Gradients: 
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Analogy: 

Cf,x. 




FIGURE 6-35 

When Pr = 1 and dP*/dx* ~ 0, 
the nondimenstonal velocity and 
temperature profiles become 
identical, and Nu is related to C f 
by Reynolds analogy. 


is the Stanton number, which is also a dimensionless heat transfer coefficient. 

Reynolds analogy is of limited use because of the restrictions Pr — 1 and 
dP*ldx* — 0 on it, and it is desirable to have an analogy that is applicable over 
a wide range of Pr. This is done by adding a Prandtl number correction. 

The friction coefficient and Nusselt number for a flat plate were determined 
in Section 6-8 to be 


C f z = 0.664 Re t xa and Nu r = 0.332 Pr 1/3 Re* Q (6-82) 

Taking their ratio and rearranging give the desired relation, known as the 
modified Reynolds analogy or Chilton-Colburn analogy, 

C /i ^ = Nu,Pr ±l ' 3 or ^ = ■ {6 -83) 

Z pc p V 


r 

t 


t 


urn 





for 0.6 < Pr < 60. Here j H is called the Colburn j -factor. Although this rela- 
tion is developed using relations for laminar flow over a flat plate (for which 
BP*!dx* — 0), experimental studies show that it is also applicable approxi- 
mately for turbulent flow over a surface, even in the presence of pressure gra- 
dients. For laminar flow, however, the analogy is not applicable unless 
dP*/dx* ~ 0. Therefore, it does not apply to laminar flow in a pipe. Analogies 
between C f and Nu that are more accurate are also developed, but they are 
more complex and beyond the scope of this book. The analogies given above 
can be used for both local and average quantities. 
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20°C, 7 m/s 

1111111111 


L = 3m 


FIGURE 6-36 

Schematic for Example 6-2. 


EXAMPLE 6-2 Finding Convection Coefficient from Drag 

Measurement 

A 2-m x 3-m flat plate is suspended in a room, and is subjected to air flow 
parallel to its surfaces along its 3-m-long side. The free stream temperature 
and velocity of air are 20°C and 7 m/s. The total drag force acting on the plate 
is measured to be O.S6 N. Determine the average convection heat transfer co- 
efficient for the plate (Fig. 6-36). 







SOLUTION A flat plate is subjected to air flow, and the drag force acting on it 1 
is measured. The average convection coefficient is to be determined. I 

Assumptions 1 Steady operating conditions exist. 2 The edge effects are neg- | 
iigible. 3 The local atmospheric pressure is 1 atm. 1 

Properties The properties of air at 20°C and 1 atm are (Table A-15): I 


p = 1.204 kg/m 3 , c p = 1.007 kJ/kg - K, Pr = 0.7309 

Analysis The flow is along the 3-m side of the plate, and thus the character- 
istic length is L = 3 m. Both sides of the plate are exposed to air flow, and 
thus the total surface area is 

A s = 21VL = 2(2 m)(3 m) = 12 m 2 : 

For fiat plates, the drag force is equivalent to friction force. The average fric- 
tion coefficient C f can be determined from Eq. 6-11, 

pV 2 

F f ■ C/A s ~Y 


Solving for C^and substituting, 




7 


0.86 N 


1 kg * m/s‘ 


pA,V 2 tl (1.204 kg/m 3 )(12 m 2 )(7 m/s)72 V 1 N 


= 0.00243 


Then the average heat transfer coefficient can be determined from the modi- 
fied Reynolds analogy (Eq. 6-83) to be 


h = 


CfpVc p 0.00243 (1.204 kg/m 3 )(7 m/s)(1007 J/kg • °C) 


2 Pr 223 


0.7309 2 ' 3 


= 12.7W/m 2 -°C 


Discussion This example shows the great utility of momentum-heat transfer 
analogies in that the convection heat transfer coefficient can be obtained from 
a knowledge of friction coefficient, which is easier to determine. 
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Microscale Heat Transfer* 

Heat transfer considerations play a crucial role in the design and operation 
of many modern devices. New approaches and methods of analyses have 
been developed to understand and modulated (enhance or suppress) such 
energy interactions. Modulation typically occurs through actively control- 
ling the surface phenomena, or focusing of the volumetric energy. In this 
section we discuss one such example — microscale heat transfer. 

Recent inventions in micro (~10 -6 m) and nano (~1CT 9 m) scale systems 
have shown tremendous benefits in fluid flow and heat transfer processes. 
These devices are extremely tiny and only visible through electron micro- 
scopes. The detailed understanding of the governing mechanism of these 
systems will be at the heart of realizing many future technologies. Exam- 
ples include chemical and biological sensors, hydrogen storage, space 
exploration devices, and drug screening. Micro-nanoscale device develop- 
ment also poses several new challenges, however. For example, the classi- 
cal heat transfer knowledge originates from thermal equilibrium approach 
and the equations are derived for material continuum. As the length scale 
of the system becomes minuscule, the heat transfer through these particles 
in nanoscale systems is no longer an equilibrium process and the contin- 
uum based equilibrium approach is no longer valid. Thus, a more general 
understanding of the concept of heat transfer becomes essential. 

Both length and time scales are crucial in micro- and nanoscale heat 
transfer. The significance of length scale becomes evident from the fact that 
the surface area per unit volume of an object increases as the length scale 
of the object shrinks. This means the heat transfer through the surface be- 
comes orders of magnitude more important in microscale than in large 
everyday objects. Transport of thermal energy in electronic and thermo- 
electric equipments often occurs at a range of length scales from millime- 
ters to nanometers. For example, in a microelectronic chip (say MOSFET 
in Fig. 6^-37) heat is generated jn a nanometer-size drain region and ulti- 
mately conducted to the surrounding through substrates whose thickness is 
of the order of a millimeter. Clearly energy transport and conversion mech- 
anishis in devices involve a wide range of length scales and are quite diffi- 
cult to model. 

Small time scales also play an important role in energy transport mecha- 
nisms. For example, ultra-short (pico-second and femto-second) pulse 
lasers are extremely useful for material processing industry. Here the tiny 
time scales permit localized laser-material interaction beneficial for high 
energy deposition and transport. 

The applicability of the continuum model is determined by the local 
value of the non-dimensional Knudsen number (Kn) which is defined 
as the ratio of the mean free path (mfp) of the heat-carrier medium to the 
system reference length scale (say thermal diffusion length). Microscale 

*This section is contributed by Subrata Roy, Computational Plasma Dynamics Laboratory, 
Mechanical Engineering, Kettering University, Flint, Mi. 



FIGURE 6-37 

Metal-Oxide Semiconductor Field- 
Effect Transistor (MOSFET) used in 
microelectronics. 
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effects become important when the mfp becomes comparable to or greater 
than the reference length of the device, say at Kn > 0.001. As a result, 
thermophysical properties of materials become dependent on structure, and 
heat conduction processes are no longer local phenomena, but rather ex- 
hibit long-range radiative effects. 

The conventional macroscopic Fourier conduction model violates this 
non-local feature of microscale heat transfer, and alternative approaches are 
necessary for analysis. The most suitable model to date is the concept of 
phonon. The thermal energy in a uniform solid material can be interpreted 
as the vibrations of a regular lattice of closely bound atoms inside. These 
atoms exhibit collective modes of sound waves (phonons) which transports 
energy at the speed of sound in a material. Following quantum mechanical 
principles, phonons exhibit particle-like properties of bosons with zero spin 
(wave-particle duality). Phonons play an important role in many of the 
physical properties of solids, such as the thermal and the electrical conduc- 
tivities. In insulating solids, phonons are also the primary mechanism by 
which heat conduction takes place. 

The variation of temperature near the bounding wall continues to be a 
major determinant of heat transfer though the surface. However, when the 
continuum approach breaks down, the conventional Newton’s law of cool- 
ing using wall and bulk fluid temperature needs to be modified. Specifi- 
cally, unlike in macroscale objects where the wall and adjacent fluid 
temperatures are equal (T w — T g ), in a micro device there is a temperature 
slip and the two values are different. One well-known relation for calculat- 
ing the temperature jump at the wall of a microgeometry was derived by 
von Smoluchowski in 1 898, 
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where T is the temperature in K, a T is the thermal accommodation coeffi- 
cient and indicates the molecular fraction reflected diffusively from the 
wall, y is the specific heat ratio, and Pr is the Prandtl number. Once this 
value is known, the heat transfer rate may be calculated from: 
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( b ) Nitrogen gas velocity relative to the speed of sound (Mach number) 
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(c) Helium gas temperature in K for Kn = 0, 14 
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(d) Helium gas velocity relative to the speed of sound (Mach number) 
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FIGURE 6-38 
Fluid-thermal characteristics inside a 

microchannel. 

(From Rajit and Roy r 2005.) 


As ah example, the temperature distribution and Mach number contours in- 
side a .micro-tube of width H= 1.2 fim are plotted in Fig. 6-38 for super- 
sonic flow of nitrogen and helium. For nitrogen gas with an inlet Kn = 0.062, 
th£ gas temperature (T g ) adjacent to the wall differs substantially from the 
fixed wall temperature, as shown in Fig. 6-38a, where T w is 323 K and T g 
is almost 510 K. The effect of this wall heat transfer is to reduce the Mach 
number, as shown in Figure 6-3 8b, but the flow remains supersonic. For 
helium gas with inlet Kn — 0.14 and a lower wall temperature of 298 K, 
the gas temperature immediately adjacent to the wall is even higher — up to 
586 K, as shown in the Fig. 6-3 8c. This creates very high wall heat flux 
that is unattainable in macroscale applications. In this case, shown in 
Fig. 6-3 Sd, heat transfer is large enough to choke the flow. 
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Convection heat transfer is expressed by Newton’s law of cool- 
ing as 

Qc onv = hA,(T s - Tf) 

where h is the convection heat transfer coefficient, T s is the sur- 
face temperature, and T » is the free-stream temperature. The 
convection coefficient is also expressed as 

-k m fdmy )^ 0 

h ~ t s — r. 

The Nusselt number, which is the dimensionless heat transfer 
coefficient, is defined as 



where p is the dynamic viscosity, V is the upstream velocity, 
and Cy is the dimensionless friction coefficient The property 
v = pip is the kinematic viscosity. The friction force over the 
entire surface is determined from 

pV 2 

F f = C f A s -y 

The flow region over the surface in which the temperature 
variation in the direction normal to the surface is significant is 
the thermal boundary layer. The thickness of the thermal bound- 
ary layer 5 f at any location along the surface is the distance 
from the surface at which the temperature difference T — T, 
equals 0.99(T m - T s ). The relative thickness of the velocity and 
the thermal boundary layers is best described by the dimen- 
sionless Prandtl number, defined as 


where k is the thermal conductivity of the fluid and L c is the 
characteristic length. 

The highly ordered fluid motion characterized by smooth 
streamlines is called laminar. The highly disordered fluid mo- 
tion that typically occurs at high velocities is characterized by 
velocity fluctuations is called turbulent. The random and rapid 
fluctuations of groups of fluid particles, called eddies, provide 
an additional mechanism for momentum and heat transfer. 

The region of the flow above the plate bounded by 5 in 
which the effects of the viscous shearing forces caused by fluid 
viscosity are felt is called the velocity boundary layer. The 
boundary layer thickness, S, is defined as the distance from 
the surface at which u — 0.99Y. The hypothetical line of. 
u ~ 0.99V divides the flow over a plate into the boundary layer 
region in which the viscous effects and the velocity changes are 
significant, and the irrotational flow region, in which the fric- 
tional effects are negligible. 

The friction force per unit area is called shear stress, and the 
shear stress at the wall surface is expressed as 

pV 2 

or t, = C/y 
z=o ^ 


Molecular diffusivity of momentum _ v __ P c p 
Molecular diffusivity of heat a k 

For external flow, the dimensionless Reynolds number is ex- 
pressed as 

_ Inertia forces _ VL C _ pVL c 
Viscous forces v F 

For a flat plate, the characteristic length is the distance x from 
the leading edge. The Reynolds number at which the flow be- 
comes turbulent is called the critical Reynolds number. For flow 
over a flat plate, its value is taken to be Re CT = Vxjv = 5 X 10 5 . 

The continuity, momentum, and energy equations for steady 
two-dimensional incompressible flow with constant properties 
are determined from mass, momentum, and energy balances 
to be 

Continuity: — + — — 0 

( Bu , du\ d 2 u dP 
x-momentum: ^ + v ^y) ~ ~ dx 



Energy: 
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dT , dT 

Un. h V 


dx 


ay 


= Jtl ^? + ^? ) + 


,3a 2 ay 


where the viscous dissipation function is 



where m and n are constant exponents, and the value of the 
constant C depends on geometry. The Reynolds analogy relates 
the convection coefficient to the friction coefficient for fluids 
with Pr ~ 1, and is expressed as 
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or 


r = st - 


Using the boundary layer approximations and a similarity vari- 
able, these equations can be solved for parallel steady incom- 
pressible flow over a flat plate, with the following results: 


Velocity boundary layer thickness: 


Local friction coefficient: 


Local Nusselt number: 


8 — 




4.91 


4.9 lx 


Whx . VRe^ 


C f = = 0.664 ReT 1 ' 2 

f,x pv 2 n 

NUj = = 0.332 Pr'^Re/ 2 


Thermal boundary layer thickness: S ( = 


4.9 lx 


Pr" 3 4 Pr'*V^ 


The average friction coefficient and Nusselt number are ex- 
pressed in functional form as 


C f = /(Re,) and Nu - g(Re L , Pr) 


where 


h Nu 
pc p V Re L Pr 


is the Stanton number. The analogy is extended to other Prandtl 
numbers by the modified Reynolds analogy or Chilton- 
Colbum analogy, expressed as 



Re L 

2 


= NUjPr -1 ^ 


or 



~~y Pr 2 * = Jh (0.6 < Pr < 60) 


The Nusselt number can be expressed by a simple power-law 
relation of the form 

Nu = C Re£ : Pr* 

V I 

\ 


These analogies are also applicable approximately for turbu- 
lent flow over a surface, even in the presence of pressure 
gradients. 


.i 

■p 

< t 
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Mechanism and Types of Convection 

6-1 C What is forced convection? How does it differ from 
natural convection? Is convection caused by winds forced or 
natural convection? 

6-2C What is external forced convection? How does it differ 
from internal forced convection? Can a heat transfer system in- 
volve both internal and external convection at the same time? 
Give an example. 

6-3C In which mode of heat transfer is the convection heat 
transfer coefficient usually higher, natural convection or forced 
convection? Why? 

6-4C Consider a hot baked potato. Will the potato cool faster 
or slower when we blow the warm air coming from our lungs 
on it instead of letting it cool naturally in the cooler air in the 
room? Explain. 

6-5C What is the physical significance of the Nusselt num- 
ber? How is it defined? 

6-6C When is heat transfer through a fluid conduction and 
when is it convection? For what case is the rate of heat transfer 
higher? How does the convection heat transfer coefficient dif- 
fer from the thermal conductivity of a fluid? 

6-7C Define incompressible flow and incompressible fluid. 
Must the flow of a compressible fluid necessarily be treated as 
compressible? 

6-8 During air cooling of potatoes, the heat transfer coeffi- 
cient for combined convection, radiation, and evaporation is 
determined experimentally to be as shown: 

Heat Transfer Coefficient, 

Air Velocity, m/s W/m 2 • °C 


0.66 

14.0 

1.00 

19.1 

1.36 

20.2 

1.73 

24.4 


Consider an 8-cm-diameter potato initially at 20°C with a ther- 
mal conductivity of 0.49 W/m • °C. Potatoes are cooled by re- 
frigerated air at 5°C at a velocity of 1 m/s. Determine the initial 
rate of heat transfer from a potato, and the initial value of the 
temperature gradient in the potato at the surface. 

Answers : 5.8 W, — 585°C/m 
- 

*Problems designated by a “C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon il are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


6-9 An average man has a body surface area of 1.8 m 2 and a 
skin temperature of 33°C. The convection heat transfer coeffi- 
cient for a clothed person walking in still air is expressed as 
h = 8.6 V 0 - 53 for 0.5 < V < 2 m/s, where V is the walking ve- 
locity in m/s. Assuming the average surface temperature of the 
clothed person to be 30°C, determine the rate of heat loss from 
an average man walking in still air at 10°C by convection at 
a walking velocity of (a) 0.5 m/s, (b) 1.0 m/s, (c) 1.5 m/s, and 
(d) 2.0 m/s. 

6-10 The convection heat transfer coefficient for a clothed 
person standing in moving air is expressed as h — 14.8V 0 - 69 for 
0.15 < V < 1.5 m/s, where V is the air velocity. For a person 
with a body surface area of 1.7 m 2 and an average surface 
temperature of 29°C, determine the rate of heat loss from the 
person in windy air at 10°C by convection for air velocities of 
(a) 0.5 m/s, (b) 1 .0 m/s, and (c) 1 .5 m/s. 

6-11 During air cooling of oranges, grapefruit, and tangelos, 
the heat transfer coefficient for combined convection, radia- 
tion, and evaporation for air velocities of 0. 1 1 < V < 0.33 m/s 
is determined experimentally and is expressed as h ~ 
5.05 yt air Re 1/3 /D, where the diameter D is the characteristic 
length. Oranges are cooled by refrigerated air at 5°C and I atm 
at a velocity of 0.3 m/s. Determine (a) the initial rate of heat 
transfer from a 7-cm-diameter orange initially at 15°C with a 
thermal conductivity of 0.50 W/m • °C, (b) the value of the ini- 
tial temperature gradient inside the orange at the surface, and 
(c) the value of the Nusselt number. 



Velocity and Thermal Boundary Layers 

6-1 2C What is viscosity? What causes viscosity in liquids 
and in gases? Is dynamic viscosity typically higher for a liquid 
or for a gas? 

6-13 C What is Newtonian fluid? Is water a Newtonian 
fluid? 

6-14C What is the no-slip condition? What causes it? 

6-15C Consider two identical small glass balls dropped into 
two identical containers, one filled with water and the other 
with oil. Which ball will reach the bottom of the container 
first? Why? 


6-16C How does the dynamic viscosity of (a) liquids and 
(b) gases vary with temperature? 

6-17C What fluid property is responsible for the develop- 
ment of the velocity boundary layer? For what kind of fluids 
will there be no velocity boundary layer on a flat plate? 

6-18C What is the physical significance of the Prandtl num- 
ber? Does the value of the Prandtl number depend on the type 
of flow or the flow geometry? Does the Prandtl number of air 
change with pressure? Does it change with temperature? 

6-19 C Will a thermal boundary layer develop in flow over a 
surface even if both the fluid and the surface are at the same 
temperature? 

Laminar and Turbulent Flows 

6-20 C How does turbulent flow differ from laminar flow? 
For which flow is the heat transfer coefficient higher? 

6-21C What is the physical significance of the Reynolds 
number? How is it defined for external flow over a plate of 
length L? 

6-22C What does the friction coefficient represent in flow 
over a flat plate? How is it related to the drag force acting on 
the plate? 

6-23C What is the physical mechanism that causes the fric- 
tion factor to be higher in turbulent flow? 

6-24C What is turbulent viscosity? What is it caused by? 

6-25C What is turbulent thermal conductivity? What is it 
caused by? 

Convection Equations and Similarity Solutions 

6-26C JJnder what conditions can a curved surface be 

treated'as a : flat plate in fluid flow and convection analysis? 

i f 

6- 27C Express continuity equation for steady two- 
dimensional flow with constant properties, and explain what 
each tenrf represents* 

6-28C Is the acceleration of a fluid particle necessarily zero 
in s$ady flow? Explain* 

6-29C For steady two-dimensional flow, what are the bound- 
ary layer approximations? 

6-30C For what types of fluids and flows is the viscous dis- 
sipation term in the energy equation likely to be significant? 

6-31C For steady two-dimensional flow over an isothermal 
flat plate in the ^-direction, express the boundary conditions for 
the velocity components u and v , and the temperature T at the 
plate surface and at the edge of the boundary layer, 

6-32C What is a similarity variable, and what is it used for? 
For what kinds of functions can we expect a similarity solution 
for a set of partial differential equations to exist? 

6-33 C Consider steady, laminar, two-dimensional flow 
over an isothermal plate. Does the thickness of the velocity 


boundary layer increase or decrease with («) distance from 
the leading edge, ( b ) free-stream velocity, and (c) kinematic 
viscosity? 

6-34C Consider steady, laminar, two-dimensional flow over 
an isothermal plate. Does the wall shear stress increase, de- 
crease, or remain constant with distance from the leading edge? 

6-35C What are the advantages of nondimensionalizing the 
convection equations? 


6-36C Consider steady, laminar, two-dimensional, incom- 
pressible flow with constant properties and a Prandtl number of 
unity. For a given geometry, is it correct to say that both the av- 
erage friction and heat transfer coefficients depend on the 
Reynolds number only? 


6-37 



Air at 15°C and 1 atm is flowing over a 0.3-m 
long plate at 65°C a velocity of 3.0 m/s. Using 
EES, Excel, or other software, plot the following on a com- 
bined graph for the range of x = 0.0 m to x = x a . 

(a) The hydrodynamic .boundary layer as a function of .r. 
(Jb) The thermal boundary layer as a function of x. 


6-38 Liquid water at 15°C is flowing over a 0.3-m-wide 
gnH plate at 65°C a velocity of 3.0 m/s. Using EES, 
Excel, or other comparable software, plot (n) the hydrody- 
namic boundary layer and ( b ) the thermal boundary layer as a 
function of x on the same graph for the range of x - 0.0 m to 
x = a: Cf . Use a critical Reynolds number of 500,000. 


6-39 Oil flow in a journal bearing can be treated as parallel 
flow between two large isothermal plates with one plate mov- 
ing at a constant velocity of 12 m/s and the other stationary. 
Consider such a flow with a uniform spacing of 0.7 mm be- 
tween the plates. The temperatures of the upper and lower 
plates are 40°C and 15°C, respectively. By simplifying and 
solving the continuity, momentum, and energy equations, de- 
termine (a) the velocity and temperature distributions in the oil, 
(£>) the maximum temperature and where it occurs, and (c) the 
heat flux from the oil to each plate. 


12 m/s 



6-40 Repeat Prob. 6-39 for a spacing of 0.4 mm. 

6-41 A 6-cm-diameter shaft rotates at 3000 rpm in a 20-cm- 
long bearing with a uniform clearance of 0.2 mm. At steady op- 
erating conditions, both the bearing and the shaft in the vicinity 
of the oil gap are at 50°C, and the viscosity and thermal con- 
ductivity of lubricating oil are 0.05 N • s/m 2 and 0. 17 W/m • K. 
By simplifying and solving the continuity, momentum, and 
energy equations, determine (a) the maximum temperature of 




oil, (b) the rates of heat transfer to the bearing and the shaft, 
and (c) the mechanical power wasted by the viscous dissipation 
in the oii. Answers: (a) 53.3°C, (b) 419 W, (c) 838 VV 



FIGURE PS^l 


6-42 Repeat Prob, 6-41 by assuming the shaft to have 
reached peak temperature and thus heat transfer to the shaft to 
be negligible, and the bearing surface still to be maintained 
at 50°C. 

6-43 Reconsider Prob. 6-41. Using EES (or other) 

1^1 software, investigate the effect of shaft velocity 
on the mechanical power wasted by viscous dissipation. Let 
the shaft rotation vary' from 0 rpm to 5000 rpm. Plot the power 
wasted versus the shaft rpm, and discuss the results. 

6-44 Consider a 5-cm-diameter shaft rotating at 4000 rpm in 
a 25-cm-long bearing with a clearance of 0.5 mm. Determine 
the power required to rotate the shaft if the fluid in the gap is 
(a) air, (b) water, and (c) oil at 40°C and 1 atm. 

6-45 Consider the flow of fluid between two large parallel 
isothermal plates separated by a distance L. The upper plate is 
moving at a constant velocity of V and maintained at tempera- 
ture T 0 while the lower plate is stationary and insulated. By 
simplifying and solving the continuity, momentum, and energy 
equations, obtain relations for the maximum temperature of 
fluid, the location where it occurs, and heat flux at the upper 
plate. 

6-46 Reconsider Prob. 6-45. Using the results of this 
problem, obtain a relation for the volumetric heat generation 
rate c gen , in W/m 3 . Then express the convection problem as an 
equivalent conduction problem in the oil layer. Verify your 
model by solving the conduction problem and obtaining a rela- 
tion for the maximum temperature, which should be identical 
to the one obtained in the convection analysis. 

6-47 A 5-cm-diameter shaft rotates at 4500 rpm in a 
15-cm-Iong, 8-cm-outer-diameter cast iron bearing (k = 70 
W/m * K) with a uniform clearance of 0.6 mm filled with lu- 
bricating oil (/x = 0.03 N ■ s/m 2 and k = 0.14 W/m * K). The 
bearing is cooled externally by a liquid, and its outer surface is 
maintained at 40°C. Disregarding heat conduction through the 
shaft and assuming one-dimensional heat transfer, determine 
(a) the rate of heat transfer to the coolant, (h) the surface tem- 
perature of the shaft, and (c) the mechanical power wasted by 
the viscous dissipation in oil. 



FIGURE P6-47 


6-48 Repeat Prob. 6-47 for a clearance of 1 mm. 

Momentum and Heat Transfer Analogies 

6-49 C How is Reynolds analogy expressed? What is the 
value of it? What are its limitations? 

6-50 C How is the modified Reynolds analogy expressed? 
What is the value of it? What are its limitations? 

6-51 flfei A 4-m X 4-m flat plate maintained at a constant 
Vgy? temperature of 80°C is subjected to parallel 
flow of air at 1 atm, 20°C, and 10 m/s. The total drag force 
acting on the upper surface of the plate is measured to be 
2.4 N. Using momentum-heat transfer analogy, determine 
the average convection heat transfer coefficient, and the rate 
of heat transfer between the upper surface of the plate and 
the air. 

6-52 A metallic airfoil of elliptical cross section has a mass 
of 50 kg, surface area of 12 m 2 , and a specific heat of 
0.50 kJ/kg • °C. The airfoil is subjected to air flow at 1 atm, 
25°C, and 5 m/s along its 3-m-long side. The average tempera- 
ture of the airfoil is observed to drop from 160°C to 150°C 
within 2 min of cooling. Assuming the surface temperature of 
the airfoil to be equal to its average temperature and using mo- 
mentum-heat transfer analogy, determine the average friction 
coefficient of the airfoil surface. Answer : 0.000363 

6-53 Repeat Prob. 6-52 for an air-flow velocity of 10 m/s. 

6-54 The electrically heated 0.6-m-high and I.8-m-long 
windshield of a car is subjected to parallel winds at 1 atm, 
0°C, and 80 km/h. The electric power consumption is ob- 
served to be 50 W when the exposed surface temperature of the 
windshield is 4°C. Disregarding radiation and heat transfer 
from the inner surface and using the momentum-heat transfer 
analogy, determine drag force the wind exerts on the wind- 
shield. 

6-55 Consider an airplane cruising at an altitude of 10 km 
where standard atmospheric conditions are — 50°C and 26.5 kPa 
at a speed of 800 km/h. Each wing of the airplane can be mod- 
eled as a 25-m X 3-m flat plate, and the friction coefficient of 
the wings is 0.0016. Using the momentum-heat transfer anal- 
ogy, determine the heat transfer coefficient for the wings at 
cruising conditions. Answer: 89.6 W/m 2 - °C 


Special Topic: Microscale Heat Transfer 

Using a cylinder, a sphere, and a cube as examples, 
show that the rate of heat transfer is inversely proportional to 
the nominal size of the object. That is, heat transfer per unit 
area increases as the size of the object decreases. 
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6-57 Determine the heat flux at the wall of a microchannel of 
width 1 p.m if the wall temperature is 50°C and the average gas 
temperature near the wall is 100°C for the cases of 

(a) <t t = 1.0, y = 1.667, k = 0.15 W/m • K, A/Pr = 0.5 

(b) cr T = 0.8, y = 2, k = 0.1 W/m • K, A/Pr = 5 

6-58 If (dTldy) w = 80 K/m, calculate the Nusselt number 
for a microchannel of width 1.2 pan if the wall temperature is 
50°C and it is surrounded by (a) ambient air at temperature 
30°C, (£>) nitrogen gas at temperature — 100°C. 


S§3 


6-60 


Engine oil at 15°C is flowing over a 0.3-m wide 
plate at 65°C at a velocity of 3.0 m/s. Using EES, 
Excel, or other comparable software, plot (n) the hydrody- 
namic boundary layer and (b) the thermal boundary layer as a 
function of x on the same graph for the range of x = 0.0 m to 
x = x CT . Use a critical Reynolds number of 500,000. 


Fundamentals of Engineering {FE> Exam Problems 

6-61 The number is a significant dimensionless 

parameter for forced convection and the .number 

is a significant dimensionless parameter for natural convection, 
(a) Reynolds, Grashof (£>) Reynolds, Mach 

(c) Reynolds, Eckert (d) Reynolds, Schmidt 
(e) Grashof, Sherwood 

6-62 For the same initial conditions, one can expect the lam- 
inar thermal and momentum boundary layers on a flat plate to 
have the same thickness when the Prandtl number of the flow- 
ing fluid is 

(a) Close to zero (b) Small (c) Approximately one 

(d) Large (e) Very large 

6-63 One can expect the heat transfer coefficient for turbu- 
lent flow to be for laminar flow. 

(a) less then (b) same as (c) greater than 


Review Problems 

6-59 Consider the Couette flow of a fluid with a viscosity 
of fi = 0.8 N • s/m 2 and thermal conductivity of ky - 
0.145 W/m • K. The lower plate is stationary and made of 
a material of thermal conductivity k p = 1.5 W/m • K and thick- 
ness b — 3 mm. Its outer surface is maintained at T s = 
40°C. The upper plate is insulated and moves with a uniform 
speed V = 5 m/s. The distance between plates is L = 5 mm. 

(a) Sketch the temperature distribution, T(y), in the fluid 
and in the stationary plate. ✓ 

(Z?) Determine the temperature distribution function, T(y), in 
the fluid (0 < y < L ). 

C c*f Calculate the maximum temperature of the fluid, as well 
' as tlie temperature of the fluid at the contact surfaces 
with the lower and upper plates. 


6-64 Most correlations for the convection heat transfer 
coefficient use the dimensionless Nusselt number, which is de- 
fined as 

(a) h/k (b) m (c)hL c /k 

(d) kL c /h (e) k/pc p 

6-65 In any forced or natural convection situation, the veloc- 
ity of the flowing fluid is zero where the fluid wets any sta- 
tionary surface. The magnitude of heat flux where the fluid 
wets a stationary surface is given by 


O) KTom ~ /’wan) 




wall 



wall 


( e ) None of them 
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6-66 In turbulent flow, one can estimate the Nusselt number 
using the analogy between heat and momentum transfer (Col- 
bum analogy). This analogy relates the Nusselt number to the 
coefficient of friction, C f , as 
(a) Nu = 0.5 C/Re Pr 1 ' 3 (b) Nu = 0.5 C/Re ?x m 

(c) Nu = C f Re Pr 1 ' 3 (d) Nu = C f Re Pi 373 

(e) Nu = C f Re m Vi m 

6-67 An electrical water (k = 0.61 W/m • K) heater uses 
natural convection to transfer heat from a 1-cm diameter by 
0.65-m long, 110 V electrical resistance heater to the water. 
During operation, the surface temperature of this heater is 
120°C while the temperature of the water is 35°C, and the Nus- 
selt number (based on the diameter) is 5. Considering only the 
side surface of the heater (and thus A = -ttDL), the current 
passing through the electrical heating element is 

(a) 2.2 A (i b ) 2.7 A (c) 3.6 A (d) 4.8 A (e) 5.6 A 

6-68 The coefficient of friction Cf for a fluid flowing across 
a surface in terms of the surface shear stress, r s , is given by 
(a) 2pV 2 h s ( b ) IrJpV 1 (c) 2rJpV 2 AT 

(i d) ArJpV 1 (e) None of them 


6-69 The transition from laminar flow to turbulent flow in a 
forced convection situation is determined by which one of the 
following d im ensionless numbers? 

(a) Grasshof ( b ) Nusselt (c) Reynolds 

(d) Stanton (e) Mach 

Design and Essay Problems 

6-70 Design an experiment to measure the viscosity of liq- 
uids using a vertical funnel with a cylindrical reservoir of 
height h and a narrow flow section of diameter D and length L. 
Making appropriate assumptions, obtain a relation for viscosity 
in terms of easily measurable quantities such as density and 
volume flow rate. 

6-71 A facility is equipped with a wind tunnel, and can mea- 
sure the friction coefficient for flat surfaces and airfoils. De- 
sign an experiment to determine the mean heat transfer 
coefficient for a surface using friction coefficient data. 



n Chapter 6, we considered the general and theoretical aspects of forced 
convection, with emphasis on differential formulation and analytical solu- 
tions. In this chapter we consider the practical- aspects of forced convection 
j to or from flat or curved surfaces subjected to external flow, characterized by 

i the freely growing boundary layers surrounded by a free flow region that 

I involves no velocity and temperature gradients. 

I We start this chapter with an overview of external flow, with emphasis on 

| friction and pressure drag, flow separation, and the evaluation of average drag 

j and convection coefficients. We continue with parallel flow over flat plates. 

\ In Chapter 6, we solved the boundary layer equations for steady, laminar, par- 

I 

! allel flow over a flat plate, and obtained relations for the local friction coeffi- 
! cient and the Nusselt number. Using these relations as the starting point, we 

! determine the average friction coefficient and Nusselt number. We then extend 

the analysis to turbulent flow over flat plates with and without an unheated 
starting length. 

Next we consider crossflow over cylinders and spheres, and present graphs 

i 

and empirical correlations for the drag coefficients and the Nusselt numbers, 
! and discuss their significance. Finally, we consider crossflow over tube banks 
\ in aligned and staggered configurations, and present correlations for the pres- 
| sure drop and the average Nusselt number for both configurations. 

! OBJECTIVES 

: 

\ When you finish studying this chapter, you should be able to: 

I 

| m Distinguish between internal and external flow, 

| m Develop an intuitive understanding of friction drag and pressure drag, and evaluate the 

| ~ average drag and convection coefficients in external flow, 

! m Evaluate the drag and heat transfer associated with flow over a flat plate for both lam- 

i inar and turbulent flow, 

i 

i 0 Calculate the drag force exerted on cylinders during cross flow, and the average heat 

i transfer coefficient, and 

a Determine the pressure drop and the average heat transfer coefficient associated with 
| flow across a tube bank for both in-line and staggered configurations. 

I 
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FIGURE 7-1 

Flow over bodies is commonly 
encountered in practice. 



FIGURE 7-2 

Schematic for measuring the drag 
force acting on a car in a wind tunnel. 


7-1 ■ DRAG AND HEAT TRANSFER 
IN EXTERNAL FLOW 

Fluid flow over solid bodies frequently occurs in practice, and it is responsi- 
ble for numerous physical phenomena such as the drag force acting on the 
automobiles, power lines, trees, and underwater pipelines; the lift developed 
by airplane wings; upward draft of rain, snow, hail, and dust particles in high 
winds; and the cooling of metal or plastic sheets, steam and hot water pipes, 
and extruded wires (Fig. 7—1). Therefore, developing a good understanding of 
external flow and external forced convection is important in the mechanical 
and thermal design of many engineering systems such as aircraft, automo- 
biles, buildings, electronic components, and turbine blades. 

The flow fields and geometries for most external flow problems are too com- 
plicated to be solved analytically, and thus we have to rely on correlations 
based on experimental data. The availability of high-speed computers has 
made it possible to conduct series of “numerical experimentations” quickly by 
solving the governing equations numerically, and to resort to the expensive and 
time-consuming testing and experimentation only in the final stages of design. 
In this chapter we mostly rely on relations developed experimentally. 

The velocity of the fluid relative to an immersed solid body sufficiently far 
from the body (outside the boundary layer) is called the free- stream velocity. 
It is usually taken to be equal to the upstream velocity V, also called the 
approach velocity, which is the velocity of the approaching fluid far ahead of 
the body. This idealization is nearly exact for very thin bodies, such as a flat 
plate parallel to flow, but approximate for blunt bodies such as a large cylin- 
der. The fluid velocity ranges from zero at the surface (the no-slip condition) 
to the free- stream value away from the surface, and the subscript “infinity” 
serves as a reminder that this is the value at a distance where the presence of 
the body is not felt. The upstream velocity, in general, may vary with location 
and time (e.g., the wind blowing past a building). But in the design and analy- 
sis, the upstream velocity is usually assumed to be unifonn and steady for con- 
venience, and this is what we will do in this chapter. 

Friction and Pressure Drag 

It is common experience that a body meets some resistance when it is forced 
to move through a fluid, especially a liquid. You may have seen high winds 
knocking down trees, power lines, and even trailers, and have felt the strong 
“push" the wind exerts on your body. You experience the same feeling when 
you extend your arm out of the window of a moving car. The force a flowing 
fluid exerts on a body in the flow direction is called drag (Fig. 7-2). 

A stationary fluid exerts only normal pressure forces on the surface of a 
body immersed in it. A moving fluid, however, also exerts tangential shear 
forces on the surface because of the no-slip condition caused by viscous 
effects. Both of these forces, in general, have components in the direction 
of flow, and thus the drag force is due to the combined effects of pressure and 
wall shear forces in the flow direction. The components of the pressure 
and wall shear forces in the normal direction to flow tend to move the body in 
that direction, and their sum is called lift. 

In general, both the skin friction (wall shear) and pressure contribute to 
the drag and the lift. In the special case of a thin flat plate aligned parallel 


t 




to the flow direction, the drag force depends on the wall shear only and is 
independent of pressure. When the flat plate is placed normal to the flow di- 
rection, however, the drag force depends on the pressure only and is indepen- 
dent of the wall shear since the shear stress in this case acts in the direction 
normal to flow (Fig. 7-3). For slender bodies such as wings, the shear force 
acts nearly parallel to the flow direction. The drag force for such slender bod- 
ies is mostly due to shear forces (the skin friction). 

The drag force F D depends on the density p of the fluid, the upstream ve- 
locity V, and the size, shape, and orientation of the body, among other things. 
The drag characteristics of a body is represented by the dimensionless drag 

coefficient C D defined as 

p 1 

Drug coefficient: C o = 17-11 

where A is the. frontal area (the area projected on a plane normal to the direc- 
tion of flow) for blunt bodies— bodies that tends to block the flow. The frontal 
area of a cylinder of diameter D and length L, for example, is A - LD. For 
parallel flow over flat plates or thin airfoils, A is the surface area. The drag 
coefficient is primarily a function of the shape of the body, but it may also 
depend on the Reynolds number and the surface roughness. 

The drag force is the net force exerted by a fluid on a body in the direction 
of flow due to the combined effects of wall shear and pressure forces. The part 
of drag that is due directly to wall shear stress r w is called the skin friction 
drag (or just/Wcrion drag) since it is caused by frictional effects, and the part 
that is due directly to pressure P is called the pressure drag (also called the 
form drag because of its strong dependence on the form or shape of the body). 
When the friction and pressure drag coefficients are available, the total drag 
coefficient is determined by simply adding them, 



Drag force acting on a flat 
plate normal to the flow depends on 
the pressure only and is independent of 
the wall shear, which acts normal to 
the free-stream flow. 


Cq — friction Qd, pressure * 

Th t friction drag is the component of the wall shear force in the direction of 
flow, and thus it depends on the orientation of the body as well as the magni- 
tude of the wall shear stress Tb e faction drag is zero for a surface normal 
to flow, and maximum for a surface parallel to flow since the friction drag in 
this case equals the total shear force on the surface. Therefore, for parallel 
flow/over a flat plate, the drag coefficient is equal to th o friction drag coeffi- 
cient, or simply the friction coefficient (Fig* 7-4)* That is, 

Flat plate: C D = C Di = C/ 

Once the average friction coefficient ty is available, the drag (or friction) 
force over the surface can be determined from Eq. 7—1 . In this case A is the sur- 
face area of the plate exposed to fluid flow. When both sides of a thin plate are 
subjected to flow, A becomes the total area of the top and bottom surfaces. Note 
that the friction coefficient, in general, varies with location along the surface. 

Friction drag is a strong function of viscosity, and an 4 idealized fluid with 
zero viscosity would produce zero friction drag since the wall shear stress 
would be zero* The pressure drag would also be zero in this case during steady 
flow regardless of the shape of the body since there are no pressure losses. For 
flow in the horizontal direction, for example, the pressure along a horizontal 
line is constant (just like stationary fluids) since the upstream velocity is 
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FIGURE 1-4 


For parallel flow over a flat plate, 
the pressure drag is zero, and thus the 
drag coefficient is equal to the friction 
coefficient and the drag force is 
equal to the friction force. 



FIGURE 7-5 

Separation during flow over a tennis 
ball and the wake region, 

Courtesy of NASA and Cishtnar Aerospace, Inc . 


constant, and thus there is no net pressure force acting on the body in the hor- 
izontal direction. Therefore, the total drag is zero for the case of ideal inviscid 
fluid flow. 

At low Reynolds numbers, most drag is due to friction drag. This is espe- 
cially the case for highly streamlined bodies such as airfoils. The friction drag 
is also proportional to the surface area. Therefore, bodies with a larger surface 
area experience a larger friction drag. Large commercial airplanes, for exam- 
ple, reduce their total surface area and thus drag by retracting their wing ex- 
tensions when they reach the cruising altitudes to save fuel. The friction drag 
coefficient is independent of surface roughness in laminar flow, but is a strong 
function of surface roughness in turbulent flow due to surface roughness ele- 
ments protruding further into the boundary layer. 

The pressure drag is proportional to the frontal area and to the difference be- 
tween the pressures acting on the front and back of the immersed body. 
Therefore, the pressure drag is usually dominant for blunt bodies, negligible 
for streamlined bodies such as airfoils, and zero for thin flat plates parallel to 
the flow. 

When a fluid separates from a body, it forms a separated region between the 
body and the fluid stream. This low-pressure region behind the body where re- 
circulating and backflows occur is called the separated region. The larger the 
separated region, the larger the pressure drag. The effects of flow separation 
are felt far downstream in the form of reduced velocity (relative to the up- 
stream velocity). The region of flow trailing the body where the effects of the 
body on velocity are felt is called the wake (Fig. 7-5). The separated region 
comes to an end when the two flow streams reattach. Therefore, the separated 
region is an enclosed volume, whereas the wake keeps growing behind the 
body until the fluid in the wake region regains its velocity and the velocity 
profile becomes nearly flat again. Viscous and rotational effects are the most 
significant in the boundary layer, the separated region, and the wake. 

Heat Transfer 

The phenomena that affect drag force also affect heat transfer, and this effect 
appears in the Nusselt number. By nondimensionalizing the boundary layer 
equations, it was shown in Chapter 6 that the local and average Nusselt num- 
bers have the functional form 


NUj. =/](**, Re*, Pr) and Nu — / 2 (Re it Pr) {7-4 a,b) 

The experimental data for heat transfer is often represented conveniently 
with reasonable accuracy by a simple power-law relation of the form 

Nu = C ReZ'Pr" (7-5) 

where m and n are constant exponents, and the value of the constant C 
depends on geometry and flow. 

The fluid temperature in the thermal boundary layer varies from T s at the 
surface to about T w at the outer edge of the boundary. The fluid properties also 
vary with temperature, and thus with position across the boundary layer. In 
order to account for the variation of the properties with temperature, the fluid 
properties are usually evaluated at the so-called film temperature, defined as 


which is the arithmetic average of the surface and the fre e-stream tempera- 
tures. The fluid properties are then assumed to remain constant at those values 
during the entire flow. An alternative way of accounting for the variation of 
properties with temperature is to evaluate all properties at the free stream tem- 
perature and to multiply the Nusselt number relation in Eq. 7-5 by (Pr ct /Pr J ) r 
or where r is an experimentally determined constant. 

The local drag and convection coefficients vary along the surface as a result 
of the changes in the velocity boundary layers in the flow direction. We are 
usually interested in the drag force and the heat transfer rate for the entire sur- 
face, which can be determined using the average friction and convection co- 
efficient. Therefore, we present correlations for both local (identified with the 
subscript x) and average friction and convection coefficients. When relations 
for local friction and convection coefficients are available, the average friction 
and convection coefficients for the entire surface can be determined by inte- 
gration from 


and 
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1 f L 
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( 7 - 7 ) 


( 7 - 8 ) 


When the average drag and convection coefficients are available, the drag 
force can be determined from Eq. 7-1 and the rate of heat transfer to or from 
an isothermal surface can be determined from 


' ; Q = hAJTs - T x ) 

where A s is the surface area. 


( 7 - 9 ) 


7-i ■ PARALLEL FLOW OVER FLAT PLATES 

Consider the parallel flow of a fluid over a flat plate of length L in the flow di- 
rection, as shown in Fig. 7-6. The coordinate is measured along the plate 
surface from the leading edge in the direction of the flow. The fluid ap- 
proaches the plate in the ^-direction with a uniform velocity V and tempera- 
ture T*. The flow in the velocity boundary layers starts out as laminar, but if 
the plate is sufficiently long, the flow becomes turbulent at a distance .v cr from 
the leading edge where the Reynolds number reaches its critical value for 
transition. 

The transition from laminar to turbulent flow depends on the surface geom- 
etry . ; surface roughness, upstream velocity, surface temperature , and the type 
of fluid, among other things, and is best characterized by the Reynolds num- 
ber. The Reynolds number at a distance x from the leading edge of a flat plate 
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FIGURE 7-6 

Laminar and turbulent regions 
of the boundary layer during 
flow over a flat plate. 
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is expressed as 


Re* = 


pVx Vx 
T v 


(7-10) 


Note that the value of the Reynolds number varies for a flat plate along the 
flow, reaching Re L — VLfv at the end of the plate. 

For flow over a flat plate, transition from laminar to turbulent begins at 
about Re = 1 X 10 5 , but does not become fully turbulent before the Reynolds 
number reaches much higher values, typically around 3 X 10 6 . In engineering 
analysis, a generally accepted value for the critical Reynold number is 

Re (7-11) 


The actual value of the engineering critical Reynolds number for a flat plate 
may vary somewhat from 10 5 to 3 X 10 6 , depending on the surface roughness, 
the turbulence level, and the variation of pressure along the surface. 


Friction Coefficient 

Based on analysis, the boundary layer thickness and the local friction coeffi- 
cient at location x for laminar flow over a flat plate were determined in Chap- 
ter 6 to be 


Laminar: 



4.9 lx 
Re 1 / 2 


and 



0.664 



Re* < 5 X 10 5 (7-123, b) 
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FIGURE 7-7 

The average friction coefficient over 
a surface is determined by integrating 
the local friction coefficient over the 
entire surface. 


The corresponding relations for turbulent flow are 


Turbulent: 5„ t * 


0.3 8x 


Re‘ 


i/j 


and C ftI = 


0.059 


Re 


i/s 


5 X 10 5 < Re* 10 7 


(7-13 3 , b ) 


where x is the distance from the leading edge of the plate and Re* = Vx!v is the 
Reynolds number at location x. Note that C fx is proportional to Re* 1/2 and thus 
to x~ m for laminar flow. Therefore, C fi * is supposedly infinite at the leading 
edge (x = 0) and decreases by a factor of x~ m in the flow direction. The local 
friction coefficients are higher in turbulent flow than they are in laminar flow 
because of the intense mixing that occurs in the turbulent boundary layer. 
Note that C f * reaches its highest values when the flow becomes fully turbu- 
lent, and then decreases by a factor of x ~ 1/5 in the flow direction. 

The average friction coefficient over the entire plate is determined by 
substituting the relations above into Eq. 7-7 and performing the integrations 
(Fig. 7-7). We get 

Laminar: C f — ^ [/2 Re L < 5 X 10 5 (7-14) 

j L* 


Turbulent: 


C,= fP 5 X 10= S Re t == 10 7 


(7-15) 


The first relation gives the average friction coefficient for the entire plate when 
the flow is laminar over the entire plate. The second relation gives the average 
friction coefficient for the entire plate only when the flow is turbulent over the 
entire plate, or when the laminar flow region of the plate is too small relative to 
the turbulent flow region (that is, x cr < L ). 


In some cases, a flat plate is sufficiently long for the flow to become turbu- 
lent, but not long enough to disregard the laminar flow region. In such cases, 
the average friction coefficient over the entire plate is determined by perform- 
ing the integration in Eq. 7-7 over two parts: the laminar region 0 :< x < ,r cr 
and the turbulent region .\ CT < x < L as 

Cf~L (l tam ' tlar + j turbulent dxl ( 7 - 16 ) 


Note that we included the transition region with the turbulent region. Again 
taking the critical Reynolds number to be Re cr = 5 X 10 5 and performing the 
integrations of Eq. 7-16 after substituting the indicated expressions, the aver- 
age friction coefficient over the entire plate is determined to be 

5X 1Q5 - Re r^l0 7 (7-17) 

The constants in this relation will be different for different critical Reynolds 
numbers. Also, the surfaces are assumed to be smooth , and the free stream to 
be turbulent free. For laminar flow, the friction coefficient depends on only 
the Reynolds number, and the surface roughness has no effect. For turbulent 
flow, however, surface roughness causes the friction coefficient to increase 
several fold, to the point that in fully turbulent regime the friction coefficient 
is a function of surface roughness alone, and independent of the Reynolds 
number (Fig. 7-8). This is also the case in pipe flow. 

A curve fit of experimental data for the average friction coefficient in this 
regime is given by Schlichting as 
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calculated from Eq. 7-18. 



FIGURE 7-8 

For turbulent flow, surface roughness 
may cause the friction coefficient 
to increase severalfold. 


Rough surface, turbulent: C f = f 1.89 — 1 .62 log j] 25 


(7-1 8) 


were s i$ thq surface roughness, and L is the length of the plate in the flow di- 
rection. In (he absence of a better relation, the relation above can be used for 
turbulent flow on rough surfaces for Re > 10 6 , especially when e/L > 10~ 4 . 

Heat Transfer Coefficient 

The lj^cal Nusselt number at a location x for laminar flow over a flat plate was 
determined in Chapter 6 by solving the differential energy equation to be 

fl X 

Laminar: Nu, = rff = 0.332 Re?- 5 Pr 1/3 Pr>0.6 (7-19) 


The corresponding relation for turbulent flow is 

Turbulent: Nu x = ~ = 0.0296 Re? 8 Pr I/3 ^ 

k x 5 X 


< Pr < 60 
10 5 < Re, < 10 7 


(7-20) 


Note that h x is proportional to Re?- 5 and thus to x -0 - 5 for laminar flow. There- 
fore, h x is infinite at the leading edge (x = 0) and decreases by a factor of-r 0 - 5 
in the flow direction. The variation of the boundary layer thickness S and the 
friction and heat transfer coefficients along an isothermal flat plate are shown 
in Fig. 7-9. The local friction and heat transfer coefficients are higher in 



FIGURE 7-9 

The variation of the local friction 
and heat transfer coefficients for 
flow over a flat plate. 
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Graphical representation of the 
average heat transfer coefficient for a 
flat plate with combined laminar and 
turbulent flow. 


turbulent flow than they are in laminar flow. Also, h x reaches its highest val- 
ues when the flow becomes fully turbulent, and then decreases by a factor of 
x~ 02 in the flow direction, as shown in the figure. 

The average Nusselt number over the entire plate is determined by substitut- 
ing the relations above into Eq. 7-8 and performing the integrations. We get 


Laminar: 



0.664 Re£ 3 Pr 1 ' 3 


Re t < 5 X 10 5 


Turbulent : Nu = ™ = 0.037 Re? s Pr ,/3 


0.6 < Pr < 60 
5 X lO 3 ^ Re L < 10 7 


( 7 - 21 ) 

( 7 - 22 ) 


The first relation gives the average heat transfer coefficient for the entire plate 
when the flow is laminar over the entire plate. The second relation gives the 
average heat transfer coefficient for the entire plate only when the flow is tur- 
bulent over the entire plate, or when the laminar flow region of the plate is too 
small relative to the turbulent flow region. 

In some cases, a flat plate is sufficiently long for the flow to become turbu- 
lent, but not long enough to disregard the laminar flow region. In such cases, 
the average heat transfer coefficient over the entire plate is determined by per- 
forming the integration in Eq. 7-8 over two parts as 
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( 7 - 23 ) 


Again taking the critical Reynolds number to be Re cr = 5 X 10 5 and perform- 
ing the integrations in Eq. 7-23 after substituting the indicated expressions, the 
average Nusselt number over the entire plate is determined to be (Fig. 7-10) 


Nu = — = (0.037 Re? 8 - 871)Pr'° 

K 


0.6 < Pr < 60 
5 X 10 3 =s Re L < 10 7 


( 7 - 24 ) 


The constants in this relation will be different for different critical Reynolds 
numbers. 

Liquid metals such as mercury have high thermal conductivities, and are 
commonly used in applications that require high heat transfer rates. However, 
they have very small Prandtl numbers, and thus the thermal boundary layer 
develops much faster than the velocity boundary layer. Then we can assume 
the velocity in the thermal boundary layer to be constant at the free stream 
value and solve the energy equation. It gives 

Nu* = 0.5 65 (Re* Pr) 1 ' 2 Pr < 0.05 (7-25) 

It is desirable to have a single correlation that applies to all fluids, including 
liquid metals. By curve-fitting existing data, Churchill and Ozoe (1973) pn> 
posed the following relation which is applicable for all Prandtl numbers and 
is claimed to be accurate to ± 1%, 

h x x 0.3387 Pr 1 ' 3 Re 172 

Nu - “ k ~ [1 + (0.0468/Pr) 2/3 ] l/4 (7 J 


These relations have been obtained for the case of isothermal surfaces 
but could also be used approximately for the case of nonisothermal surfaces 
by assuming the surface temperature to be constant at some average value. 


Also the surfaces are assumed to be smooth,' and the free stream to be turbu- 
lent free. The effect of variable properties can be accounted for by evaluating 
all properties at the film temperature. 


Flat Plate with Unheated Starting Length 

So far we have limited our consideration to situations for which the entire 
plate is heated from the leading edge. But many practical applications involve 
surfaces with an unheated starting section of length £, shown in Fig. 7-11, and 
thus there is no heat transfer for 0 < x < £. In such cases, the velocity bound- 
ary layer starts to develop at the leading edge (.r = 0), but the thermal bound- 
ary layer starts to develop where heating starts (x = £). 

Consider a flat plate whose heated section is maintained at a constant tem- 
perature (T = Tj constant for x > 0 . Using integral solution methods (see 
Kays and Crawford, 1994), the local Nusselt numbers for both laminar and 
turbulent flows are determined to be 

Nu, (ftwg=0 , 0.332 Ref Pr 1 ' 3 

Laminar: Nu t - [1 _ ~ U _ 

Nu rU6tg=0) 0.0296 Ref Pr 1/3 

Turbulent: Nu, - ^ _ (£/ A -) 9 ' i0 ] ,/9 - [i - (|/x) 9/, °] 1/9 U 


for x > Note that for f = 0, these Nu, relations reduce to Nu, (forg = 0) , which 
is the Nusselt number relation for a flat plate without an unheated starting 
length. Therefore, the terms in brackets in the denominator serve as correction 
factors for plates with unheated starting lengths. 

The determination of the average Nusselt number for the heated section of 
a plate requires the integration of the local Nusselt number relations above, 
which cannot be done analytically. Therefore, integrations must be done nu- 
merically. The results of numerical integrations have been correlated for the 
average convection coefficients [Thomas, (1977)] as 
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(7-29) 

(7-30) 


The’ first relation gives the average convection coefficient for the entire 
heated section of the plate when the flow is laminar over the entire plate. Note 
that for £ = 0 it reduces to h L = 2 L , as expected. The second relation gives 
the average convection coefficient for the case of turbulent flow over the en- 
tire plate or when the laminar flow region is small relative to the turbulent 
region. 


Uniform Heat Flux 

When a flat plate is subjected to uniform heat flux instead of uniform temper- 
ature, the local Nusselt number is given by 

Laminar: Nu, = 0.453 Re« Pr 1 ' 3 (7-31) 

Nu, = 0.0308 Re? 8 Pr 1/3 
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FIGURE 7-1 1 

Flow over a flat plate with an unheated 

starting length. 


Turbulent: 


. (7-32) 


UIIJ 


These relations give values that are 36 percent higher for laminar flow and 
4 percent higher for turbulent flow relative to the isothermal plate case. When 
the plate involves an unheated starting length, the relations developed for the 
uniform surface temperature case can still be used provided that Eqs. 7—31 
and 7-32 are used for Nu^g „ 0) in Eqs. 7 ~ 27 and 7 “ 28 > respectively. 

When heat flux q s is prescribed, the rate of heat transfer to or from the plate 
and the surface temperature at a distance x are determined from 

Q^q,A 5 (7-33) 


and 


q t = h x [Ux) ~ 77] 
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(7-34) 


where A s is the heat transfer surface area. 
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FIGURE 7-12 


Schematic for Example 7-1. 


EXAMPLE 7-1 Flow of Hot Oil over a Flat Plate 

Engine oil at 60°C flows over the upper surface of a 5-m-long fiat plate whose 
temperature is 2Q D C with a velocity of 2 m/s (Fig. 7-12). Determine the total 
drag force and the rate of heat transfer per unit width of the entire plate. 


SOLUTION Engine oil flows over a flat plate. The total drag force and the rate 
of heat transfer per unit width of the plate are to be determined. 

Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds 
number is Re cr = 5X 10 s . 

Properties The properties of engine oil at the film temperature of 7/= (7^ + TJf 
2 = (20 + 60J/2 = 40°C are (Table A-13) 

p — 876 kg/m 3 Pr = 2962 

k = 0.1444 W/m • °C v = 2.485 X 10" 4 m 2 /s 


Analysis Noting that l = 5m, the Reynolds number at the end of the plate is 


Re, = — = 


YL (2 m/s)(5 m) 


v 2.485 X 10~ 4 m 2 /s 


= 4.024 X 10* 


which is less than the critical Reynolds number. Thus we have laminar flow 
over the entire plate, and the average friction coefficient is 


C f - 1.33 Re^ 0J - 1.33 X (4.024 X lO 4 ) -0 - 5 = 0.00663 


Noting that the pressure drag is zero and thus C 0 = Cf for parallel flow over a 
flat plate, the drag force acting on the plate per unit width becomes 


pV 


F d = c f A ~ = 0.00663(5 X 1 nT> 


(876 kg/m 3 )(2 m/s) 2 f \ n 


1 kg ■ m/s 2 , 


58.1 N 


The total drag force acting on the entire plate can be determined by multiply- 
ing the value obtained above by the width of the plate. 

This force per unit width corresponds to the weight of a mass of about .6 kg. 
Therefore, a person who applies an equal and opposite force to the plate to keep 
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CHAPTER i7 


I it from moving will feel like he or she is using as much force as is necessary to 
hold a 6-kg mass from dropping. 

Similarly, the Nusselt number is determined using the laminar flow relations 
fora flat plate, 

Nu = lj ~ = 0.664 Rep Pr w = 0.664 X (4.024 X lO 4 ) 0 ^ X 2962 m = 1913 
Then, 

y Nu = °- 1444 W/m ' ° C (1913) = 55.25 W/m 2 • °C 
L 5 m 

and 

0 = hA s (T„ ~ T s ) = (55.25 W/m 2 ■ °C)(5 X 1 m 2 )(60 - 20)°C - 11,050 W 

4 

Discussion Note that heat transfer is always from the higher-temperature 
medium to the lower-temperature one. In this case, it is from the oil to the 
plate, the heat transfer rate is per m width of the plate. The heat transfer 
for the entire plate can be obtained by multiplying the value obtained by the 
actual width of the plate. 



EXAMPLE 7-2 Cooiing of a Hot Block by Forced Air at High 

Elevation 

The local atmospheric pressure in Denver, Colorado (elevation 1610 m), is 
83.4 kPa. Air at this pressure and 20°C flows with a velocity of 8 m/s over a 
1.5 m x 6 m flat plate whose temperature is 140°C (Fig. 7-13). Determine 
the rate of heat transfer from the plate if the air flows parallel to the (a) 6-m- 
long side and ( b ) the 1.5-m side. 


- I 

SOLUTION The top surface of a hot block is to be cooled by forced air. The 
rate of heat transfer is to be determined for two cases. 

Assumptions 1 Steady operating conditions exist. 2 The critical Reynolds num- 
ber is Re Cf = 5 x 10 s . 3 Radiation effects are negligible. 4 Air is an ideal gas. 
Properties The properties k, /x, c p , and Pr of ideal gases are independent of 
pressure, while the properties v and a are inversely proportional to density and 
thus pressure. The properties of air at the film temperature of 7}= (f s + TJf 2 = 
{140 + 20)12 = 80°C and 1 atm pressure are (Table A-15) 

k = 0.02953 W/m ■ °C Pr - 0.7154 
= 2.097 X 10- 5 m 2 /s 

The atmospheric pressure in Denver is P= (83.4 kPa)/(101.325 kPa/atm) = 
0.823 atm. Then the kinematic viscosity of air in Denver becomes 


y = i/ e i,J? = (2.097 X 10~ 5 m 2 /s)/0.823 =2.548 X 10“ 5 m 2 /s 


Analysis (a) When air flow is parallel to the long side, we have L = 6 m, and 
the Reynolds number at the end of the plate becomes 


Re 


L 


VL 


(8 m/s)(6 m) 
2.548 X 10" 5 m 2 /s 


1.884 X 10 6 ' 


P alm =83.4kPa 
r* = 20°C T e =140°C 



Schematic for Example 7-2. 


v 



(a) Flow along the long side 



(i b ) Flow along the short side 

FIGURE 7-14 

The direction of fluid flow can 
have a significant effect on 
convection heat transfer. 


which is greater than the critical Reynolds number. Thus, we have combined 
laminar and turbulent flow, and the average Nusselt number for the entire plate 
is determined to be 


Nu = = (0.037 Ref - 871)Pr in 

= [0.037(1.884 X IQ 6 ) 0 - 8 - 871]0.7154 10 
= 2687 


Then 


h = - Nu = - 02953 ‘ W/m ' ° - (2687) = 13.2 W/m 2 • °C 
L 6 m 

A s = wL = (1.5 m)(6 m) = 9 m 2 


and 

Q = hA£T ( - TJ) = (13.2 W/m 2 • °C)(9 m 2 )(140 - 20)°C = 1.43 X 10 4 W 

Note that if we disregarded the laminar region and assumed turbulent flow over 
the entire plate, we would get Nu = 3466 from Eq. 7-22, which is 29 percent 
higher than the value calculated above. 


(b) When air flow is along the short side, we have L= 1.5 m, and the Reynolds 
number at the end of the plate becomes 


VL = J8m«Um^ = 471xl0S 

V 2.548 X 10“ s nr/s 


which Is less than the critical Reynolds number. Thus we have laminar flow 
over the entire plate, and the average Nusselt number is 


Nu = — = 0.664 Ref Pr 123 = 0.664 X (4.71 X 10 5 ) 03 X 0.7 154" 3 = 408 
Jc 

Then 

h = £ Nu = 0. 0295 3 W/m ■ °C (40g) = g_ 03 W /m 2 . ° c 
L 1.5 m 


and 


Q = M£T S - T x ) = (8.03 W/m 2 ■ °C)(9 m 2 )(140 - 20)°C = 8670 W 

which is considerably less than the heat transfer rate determined in case (a). 
Discussion Note that the direction of fluid flow can have a significant effect 
on convection heat transfer to or from a surface (Fig. 7-14). In this case, we 
can increase the heat transfer rate by 65 percent by simply blowing the air 
along the long side of the rectangular plate instead of the short side. 


EXAMPLE 7-3 Cooling of Plastic Sheets by Forced Air 

The forming section of a plastics plant puts out a continuous sheet of plastic 
that is 1.2 m wide and 0.1 cm thick at a velocity of 9 m/min. The temperature 
of the plastic sheet is 95°C when it is exposed to the surrounding air, and a 
0.6-m-long section of the plastic sheet is subjected to air flow at 25°C at a 
velocity of 3 m/s on both sides along its surfaces normal to the direction of 
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| motion of the sheet, as shown in Fig. 7-15. Determine (a) the rate of heat 
| transfer from the plastic sheet to air by forced convection and radiation and (£>) 
| the temperature of the plastic sheet at the end of the cooling section. Take the 
| density, specific heat, and emissivity of the plastic sheet to be p = 1200 kg/m 3 , 
| c„ = 1.7 kJ/kg * °C, and e = 0.9. 
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SOLUTION Plastic sheets are cooled as they leave the forming section of 
a plastics plant. The rate of heat loss from the plastic sheet by convection and 
radiation and the exit temperature of the plastic sheet are to be determined. 
Assumptions 1 Steady operating conditions exist. 2 The critical Reynolds num- 
ber is Re cr = 5 x 10 5 . 3 Air is an ideal gas. 4 The local atmospheric pressure 
is 1 atm. 5 The surrounding surfaces are at the temperature of the room air. 
Properties The properties of the plastic sheet are given in the problem state- 
ment. The properties of air at the film temperature of T f ~ [T s + TJ/2 = 
{95 + 25)/2 = 60°C and 1 atm pressure are (Table A- 15) 

k = 0.02808 W/m • °C Pr = 0.7202 ; 

v= 1.896 X 10 -5 mVs 

Analysis (a) We expect the temperature of the plastic sheet to drop somewhat 
as it flows through the 0.6-m-Iong cooling section, but at this point we do not 
know the magnitude of that drop. Therefore, we assume the plastic sheet to be 
isothermal at 95°C to get started. We will repeat the calculations if necessary 
to account for the temperature drop of the plastic sheet. 

Noting that L = 1.2 m, the Reynolds number at the. end of the air flow 
across the plastic sheet is 

Re L = — = — (3m/g)(1.2m) =1 899xl0 s 
L v (1.896 X 10~ 5 m 2 /s) 


3 




1:1 



a 








which is less than the critical Reynolds number. Thus, we have laminar flow 
over the'entire sheet, and the Nusselt number is determined from the laminar 
flow relations for a flat plate to be 


f 

Nii = ^ = 0.664 Re° J Pr 1 * = 0.664 X (1.899 X 10 5 ) 0 - 5 X (0.7202) 1 * = 259.3 


Thpn, 



0.02808 W/m • °C 
1.2 m 


(259.3) =6.07 W/m 2 


• °C 


A, = (0.6 m)(1.2 m)(2 sides) = 1.44 m 2 


and 


Qcoav ~ hAJJ, - Tn ) 

= (6.07 W/m 2 * °C)(1.44 m 2 )(95 - 25)°C 
= 612 W 


Qnd = saA s (Tj ~ 


= (0.9)(5.67 X 10~ 8 W/m 2 • K 4 )(1.44 m 2 )[(368 K) 4 - (298 K) 4 j 
= 768 W 



9 m/mm 


FIGURE 7-15 

Schematic for Example 7-3. 



Therefore, the rate of cooling of the plastic sheet by combined convection and 
radiation is 


a = e™, + = 612 + 768 = nso w 

(b ) To find the temperature of the plastic sheet at the end of the cooling sec- 
tion, we need to know the mass of the plastic rolling out per unit time (or the 
mass flow rate), which is determined from 

m = pAVpimk = (1200 kg/nr X 1 .2 X 0.00 1 m 2 )j^ m/s j = 0.2 1 6 kg/s 
Then, an energy balance on the cooled section of the plastic sheet yields 



5 


Q = mc p (T 2 - fl) -> 


r 2 - r, + 


_Q_ 

mc p 


Noting that Q is a negative quantity (heat loss) for the plastic sheet and sub- 
stituting, the temperature of the plastic sheet as it leaves the cooling section 
is determined to be 


T, = 95°C + 


— 1380 W 

(0.216 kg/s)( 1 700 J/kg • °C) 


- 91. 2° C 


Discussion The average temperature of the plastic sheet drops by about 3.8°C 
as it passes through the cooling section. The calculations now can be repeated 
by taking the average temperature of the plastic sheet to be 93.1°C instead of 
95°C for better accuracy, but the change in the results will be insignificant be- 
cause of the small change in temperature. 





7-3 ■ FLOW ACROSS CYLINDERS AND SPHERES 

Flow across cylinders and spheres is frequently encountered in practice. For 
example, the tubes in a shell-and-tube heat exchanger involve both internal 
flow through the tubes and external flow over the tubes, and both flows must 
be considered in the analysis of the heat exchanger. Also, many sports such as 
soccer, tennis, and golf involve flow over spherical balls. 

The characteristic length for a circular cylinder or sphere is taken to be the 
external diameter D. Thus, the Reynolds number is defined as Re = VDiv 
where V is the uniform velocity of the fluid as it approaches the cylinder or 
sphere. The critical Reynolds number for flow across a circular cylinder or 
sphere is about Re cr = 2X 10 5 . That is, the boundary layer remains laminar for 
about Re ^ 2 X 10 5 and becomes turbulent for Re ^ 2 X 10 5 . 

Cross-flow over a cylinder exhibits complex flow patterns, as shown in 
Fig. 7-16. The fluid approaching the cylinder branches out and encircles 
the cylinder, forming a boundary layer that wraps around the cylinder. The fluid 
particles on the midplane strike the cylinder at the stagnation point, bringing the 
fluid to a complete stop and thus raising the pressure at that point. The pressure 
decreases in the flow direction while the fluid velocity increases. 

At very low upstream velocities (Re 1), the fluid completely wraps 
around the cylinder and the two arms of the fluid meet on the rear side of the 
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FIGURE 7-16 
Laminar boundary layer separation 
with a turbulent wake; flow over a 
circular cylinder at Re = 2000. 

Courtesy ONERA, photograph by WerU. 


cylinder in an orderly manner. Thus, the fluid follows the curvature of the 
cylinder. At higher velocities, the fluid still hugs the cylinder on the frontal 
side, but it is too fast to remain attached to the surface as it approaches the top 
(or bottom) of the cylinder. As a result, the boundary layer detaches from the 
surface, forming a separation region behind the cylinder. Flow in the wake re- 
gion is characterized by periodic vortex formation and pressures much lower 
than the stagnation point pressure. 

The nature of the flow across a cylinder or sphere strongly affects the total 
drag coefficient C D . Both the friction drag and the pressure drag can be 
significant. The high pressure in the vicinity of the stagnation point and the low 
pressure on the opposite side in the wake produce a net force on the body in the 
direction of flow. The drag force is primarily due to friction drag at low 
Reynolds numbers (Re < 10) and to pressure drag at high Reynolds numbers 
(Re > 5000). Both effects are significant at intermediate Reynolds numbers. 

The average drag coefficients C D for cross-flow over a smooth single circu- 
lar cylinder and a sphere are given in Fig. 7-17. The curves exhibit different 
behaviors in different ranges of Reynolds numbers: 

* For Re 1, we have creeping flow, and the drag coefficient decreases 
with increasing Reynolds number. For a sphere, it is C D = 24/Re. There is 
no flow separation in this regime. 

4 ^ - 

• At abopt Re = 10, separation starts occurring on the rear of the body with 
vortex,’shedding starting at about Re = 90. The region of separation 
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FIGURE 7-17 

Average drag coefficient for cross- 
flow over a smooth circular cylinder 

and a smooth sphere. 

From H. SchUchting, Boundary Layer Theory 7e + 
Copyright © 1979 The McGraw-Hill Companies, 

Inc, Used by permission. 
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FIGURE 7-18 

Flow visualization of flow over 
(n) a smooth sphere at Re = 15,000, 
and ( b ) a sphere at Re — 30,000 with 
a trip wire. The delay of boundary 
layer separation is clearly seen by 
comparing the two photographs. 

Courtesy ONERA, photograph by Werlt. 


increases with increasing Reynolds number up to about Re 10 3 . At this 
point, the drag is mostly (about 95 percent) due to pressure drag. The drag 
coefficient continues to decrease with increasing Reynolds number in this 
range of 10 < Re < 10 3 . (A decrease in the drag coefficient does not 
necessarily indicate a decrease in drag. The drag force is proportional to 
the square of the velocity, and the increase in velocity at higher Reynolds 
numbers usually more than offsets the decrease in the drag coefficient.) 

• In the moderate range of 10 3 < Re < 10 5 , the drag coefficient remains 
relatively constant. This behavior is characteristic of blunt bodies. The 
flow in the boundary layer is laminar in this range, but the flow in the 
separated region past the cylinder or sphere is highly turbulent with a 
wide turbulent wake. 

• There is a sudden drop in the drag coefficient somewhere in the range of 
10 5 < Re < 10 6 (usually, at about 2 X 10 5 ). This large reduction in C D is 
due to the flow in the boundary layer becoming turbulent, which moves the 
separation point further on the rear of the body, reducing the size of the 
wake and thus the magnitude of the pressure drag. This is in contrast to 
streamlined bodies, which experience an increase in the drag coefficient 
(mostly due to friction drag) when the boundary layer becomes turbulent. 

Flow separation occurs at about 8 = 80° (measured from the front stagna- 
tion point of a cylinder) when the boundary layer is laminar and at about 8 = 
140° when it is turbulent (Fig. 7-18). The delay of separation in turbulent 
flow is caused by the rapid fluctuations of the fluid in the transverse direction, 
which enables the turbulent boundary layer to travel farther along the surface 
before separation occurs, resulting in a narrower wake and a smaller pressure 
drag. Keep in mind that turbulent flow has a fuller velocity profile as com- 
pared to the laminar case, and thus it requires a stronger adverse pressure gra- 
dient to overcome the additional momentum close to the wall. In the range of 
Reynolds numbers where the flow changes from laminar to turbulent, even the 
drag force F D decreases as the velocity (and thus the Reynolds number) in- 
creases. This results in a sudden decrease in drag of a flying body (sometimes 
called the drag crisis ) and instabilities in flight. 


Effect of Surface Roughness 

We mentioned earlier that surface roughness , in general, increases the drag 
coefficient in turbulent flow. This is especially the case for streamlined bod- 
ies. For blunt bodies such as a circular cylinder or sphere, however,, an in- 
crease in the surface roughness may actually decrease the drag coefficient, as 
shown in Fig. 7-19 for a sphere. This is done by tripping the boundary layer 
into turbulence at a lower Reynolds number, and thus causing the fluid to 
close in behind the body, narrowing the wake and reducing pressure drag con- 
siderably. This results in a much smaller drag coefficient and thus drag force 
for a rough- surfaced cylinder or sphere in a certain range of Reynolds number 
compared to a smooth one of identical size at the same velocity. At Re — 2 X 
10 5 , for example, C D = 0.1 for a rough sphere with s/D = 0.0015, whereas 
C D = 0.5 for a smooth one. Therefore, the drag coefficient in this case is re- 
duced by a factor of 5 by simply roughening the surface. Note, however, that 
at Re = 10 6 , C D = 0.4 for a very rough sphere while C D = 0.1 for the smooth 
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FIGURE 7-19 
The effect of surface roughness on the 
drag coefficient of a sphere. 

From Blevins (1984), 


one. Obviously, roughening the sphere in this case will increase the drag by a 
factor of 4 (Fig. 7—20). 

The preceding discussion shows that roughening the surface can be used to 
great advantage in reducing drag, but it can also backfire on us if we are not 
careful — specifically, if we do not operate in the right range of the Reynolds 
number. With this consideration, golf balls are intentionally roughened to in- 
duce turbulence at a lower Reynolds number to take advantage of the sharp 
drop in the drag coefficient at the onset of turbulence in the boundary layer (the 
typical velocity range of golf balls is 15 to 150 m/s, and the Reynolds number 
is less than 4 X 10 5 ). The critical Reynolds number of dimpled golf balls is 
about 4 X 10 4 . The occurrence of turbulent flow at this Reynolds number re- 
duces the drag coefficient of a golf ball by about half, as shown in Fig. 7—19. 
For a given hit, this means a longer distance for the ball. Experienced golfers 
also give the ball a spin during the hit, which helps the rough ball develop a lift 
and thus tfavel higher and farther. A similar argument can be given for a tennis 
ball. Fora table tennis ball, however, the distances are very short, and the balls 
never reach the speeds in the turbulent range. Therefore, the surfaces of table 
tennis balls are made smooth. 

Once the drag coefficient is available, the drag force acting on a body in 
cross-flow can be determined from Eq. 7-1 where A is th e frontal area (A = 
LD for a cylinder of length L and A — ttDVA for a sphere). It should be kept 
in mi nd that free-stream turbulence and disturbances by other bodies in 
the flow (such as flow over tube bundles) may affect the drag coefficients 
significantly. 
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EXAMPLE 7-4 Drag Force Acting on a Pipe in a River 

A 2.2-cm-outer-diameter pipe is to span across a river at a 30-m-wide section 
while being completely immersed in water (Fig. 7-21). The average flow 
velocity of water is 4 m/s and the water temperature is 15°C. Determine the 
drag force exerted on the pipe by the river. 






Smooth 

■Rough: Surface, 

Re 

Surface 

rJD 0.0015 

2 x 10 5 

0.5 

0.1 
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FIGURE 7-20 


Surface roughness may increase or 
decrease the drag coefficient of a 
spherical object, depending on the 
value of the Reynolds number. 
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SOLUTION A pipe is submerged in a river. The drag force that acts on the 
pipe is to be determined. 

Assumptions 1 The outer surface of the pipe is smooth so that Fig. 7-17 can 
be used to determine the drag coefficient. 2 Water flow in the river is steady. 
3 The direction of water flow is normal to the pipe. 4 Turbulence in river flow 

is not considered. 

Properties The density and dynamic viscosity of water at 15°C are p = 
999.1 kg/m 3 and p. = 1.138 x 1CT 3 kg/m * s (Table A-9). 

Analysis Noting that D = 0.022 m, the Reynolds number is 


VD pVD (999.1 kg/m 3 ) ( 4 m/s) (0.0 22 m) = ? ^ v in4 


1.138 X 10 kg/m • s 


rhe drag coefficient corresponding to this value is, from Fig. 7-17, C D = 1.0. 
Mso, the frontal area for flow past a cylinder is A = LD. Then the drag force 

acting on the pipe becomes 


pV 2 , (999.1 kg/m 3 )(4m/s) : 

F d = C d A~~ = 1.0(30 X 0.022 m 2 ) — — 


IN 


.1 kg - m/s' 


= 5275 N = 5.30 kN 


Discussion Note that this force is equivalent to the weight of a mass over 
500 kg. Therefore, the drag force the river exerts on the pipe is equivalent to 
hanging a total of over 500 kg in mass on the pipe supported at its ends 30 m 
apart. The necessary precautions should be taken if the pipe cannot support 
this force. If the river were to flow at a faster speed or if turbulent fluctuations 
in the river were more significant, the drag force would be even larger. Un- 
steady forces on the pipe might then be significant. 
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Heat Transfer Coefficient 

Flows across cylinders and spheres, in general, involve flow separation, 
which is difficult to handle analytically. Therefore, such flows must be studied 
experimentally or numerically. Indeed, flow across cylinders and spheres has 
been studied experimentally by numerous Investigators, and several empirical 
correlations have been developed for the heat transfer coefficient. 

The complicated flow pattern across a cylinder greatly influences heat 
transfer. The variation of the local Nusselt number Nu<j around the periphery 
of a cylinder subjected to cross flow of air is given in Fig. 7-22. Note that, for 
all cases, the value of Nu 0 starts out relatively high at the stagnation point (B = 
0°) but decreases with increasing 6 as a result of the thickening of the laminar 
boundary layer. On the two curves at the bottom corresponding to Re = 
70,800 and 101,300, Nu 0 reaches a minimum at 6^ 80°, which is the separa- 
tion point in laminar flow. Then Nu 0 increases with increasing 6 as a result of 
the intense mixing in the separated flow region (the wake). The curves at the 
top corresponding to Re = 140,000 to 219,000 differ from the first two curves 
in that they have two minima for Nu 0 . The shaip increase in Nu fl at about 
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q ^ 90° is due to the transition from laminar to turbulent flow. The later de- 
crease in Nu fl is again due to the thickening of the boundary layer. Nu 9 reaches 
Its second minimum at about 8 = 140°, which is the flow separation point in 
turbulent flow, and increases with 8 as a result of the intense mixing in the tur- 
bulent wake region. 

The discussions above on the local heat transfer coefficients are insightful; 
however, they are of limited value in heat transfer calculations since the 
calculation of heat transfer requires the average heat transfer coefficient over 
the entire surface. Of the several such relations available in the literature for 
the average Nusselt number for cross flow over a cylinder, we present the one 
proposed by Churchill and Bernstein: 

= hD = 0.62 Re 1 ' 2 Pr 1/3 

C)I k [1 + (0.4/Pr) 2/3 ] I/4 


1 + 


Re 


■n “If 


282,000 


(7-35) 


This relation is quite comprehensive in that it correlates available data well 
for RePr > 0.2. The fluid properties are evaluated at the film temperature Tj — 
| (7^ + Tfi, which is the average of the free- stream and surface temperatures. 

For flow over a sphere , Whitaker recommends the following comprehen- 
sive correlation: 


hD / Mm \ 

Nu.pt = ~j~ = 2 + [0.4 Re ,/2 + 0.06 Re 2 ' 3 ] Pr 04 f ~ I (7-36) 

which is valid for 3.5 < Re < 80,000 and 0.7 < Pr < 380. The fluid proper- 
ties in this case are evaluated at the free-stream temperature T x , except for p s , 
which is evaluated at the surface temperature T s . Although the two relations 
above are considered to be quite accurate, the results obtained from them can 
be off by as much as 30 percent. 

The average Nusselt number for flow across cylinders can be expressed 
compactly as 


Nu^j = “ = CRe 771 PC (7-37) 

K 

y i 

where n = ~ and the experimentally determined constants C and m are given 
in Table 7-1 for circular as well as various noncircular cylinders. The charac- 
teristic length D for use in the calculation of the Reynolds and the Nusselt 
numbers for different geometries is as indicated on the figure. All fluid prop- 
erties are evaluated at the film temperature. 

The relations for cylinders above are for single cylinders or cylinders ori- 
ented such that the flow over them is not affected by the presence of others. 
Also, they are applicable to smooth surfaces. Surface roughness and the free- 
stream turbulence may affect the drag and heat transfer coefficients signifi- 
cantly. Eq. 7—37 provides a simpler alternative to Eq. 7-35 for flow over 
cylinders. However, Eq. 7-35 is more accurate, and thus should be preferred 
in calculations whenever possible. 
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B from stagnation point 

FIGURE 7-22 

Variation of the local 
heat transfer coefficient along the 
circumference of a circular cylinder in 
cross flow of air (from Giedt, 1949). 




Schematic for Example 1 - 5 . 


TABLE 7-1 ; ; . . / ; . .. . . 

Empirical correlations for the average Nusselt number for forced convection 
over circular and noncircular cylinders in cross flow (from Zukauskas, 1972 and 
Jakob, 1949) 



EXAMPLE 7-5 Heat Loss from a Steam Pipe in Windy Air 

A long 10-cm-dia meter steam pipe whose external surface temperature Is 
HO°C passes through some open area that is not protected against the winds 
(Fig. 7-23). Determine the rate of heat loss from the pipe per unit of its length 
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| when the air is at 1 atm pressure and 10°C and the wind is blowing across the 
| pipe at a velocity of 8 m/s. 


- 


M 

J 

t 

? 


SOLUTION A steam pipe is exposed to windy air. The rate of heat loss from 
the steam is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 Radiation effects are neg- 
ligible. 3 Air is an idea) gas. 

Properties The properties of air at the average film temperature of T f = 
(T$ + TJ/Z = (110 + 10)/2 = 60°C and 1 atm pressure are (Table A-15) 

k = 0.0280S W/m ■ °C Pr = 0.7202 
v = 1.896 X 10“ 5 m 2 /s 


Analysis The Reynolds number is 


VD _ (8 m/s) (0.1 m) 

v ~ 1.896 X 10“ 5 m 2 /s 


4.219 X 10+ 


The Nusselt number can be determined from 

0.62 Re m Pr !/3 


Nu k 0,3 + [1 + (0.4/Pr) 2/3 ] 1/4 


1 + 


Re 


5/S n 4/5 


282,000, 


= 0.3 + 
- 124 


0.62(4.219 X 10 4 ) I/2 (0.7202) 1/3 
[1 4- (0.4/0.7202) M ] t/4 


1 + 


'4.219 X 10 4 \ 3/s 
282,000 


f4/5 


and 


h = j: Nu = a02S °^ ° C 0 24 ) = 34 - 8 W/m 2 ‘ ° C 

D 0.1m 


Then the rate of heat transfer from the pipe per unit of its length becomes 

- : 'v • ' 

; = pL = 7 tDL = 7r(0. 1 m)(l m) - 0.314 m 2 - 

$ Q = hA s (T s - TJ = (34.8 W/m 2 • C)(0.314 m 2 )(110 - 10)°C = 1093 W 

TheTate of heat loss from the entire pipe can be obtained by multiplying the 
value above by the length of the pipe in m. 

y Discussion The simpler Nusselt number relation in Table 7-1 in this case 
would give Nu = 128, which is 3 percent higher than the value obtained above 
using Eq. 7-35. 




EXAMPLE 7~6 Cooling of a Steel Ball by Forced Air 

A 25-cm-diameter stainless steel ball ( p = 8055 kg/m 3 , c p = 480 J/kg • °C) is 
removed from the oven at a uniform temperature of 300°C (Fig. 7-24). The 
ball is then subjected to the flow of air at 1 atm pressure and 25°C with a ve- 
locity of 3 m/s. The surface temperature of the ball eventually drops to 200°C. 
Determine the average convection heat transfer coefficient during this cooling 
process and estimate how long the process will take. 


r K = 25 °c 
7=3 m/s 



Schematic for Example 7-6. 



SOLUTION A hot stainless stee! ball is cooled by forced air. The average com 
vection heat transfer coefficient and the cooling time are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 Radiation effects are neg- 
ligible. 3 Air is an ideal gas. 4 The outer surface temperature of the ball is uni- 
form at ail times. 5 The surface temperature of the ball during cooling is 
changing. Therefore, the convection heat transfer coefficient between the ball 
and the air will also change. To avoid this complexity, we take the surface tem- 
perature of the ball to be constant at the average temperature of (300 + 
200)12 = 250°C In the evaluation of the heat transfer coefficient and use the 
value obtained for the entire cooling process. 



Properties The dynamic viscosity of air at the average surface temperature is 
As = A © 25 o j c = 2.76 x 1CT 5 kg/m * s. The properties of air at the free-stream 
temperature of 25°C and 1 atm are (Table A-15) 

k = 0.02551 W/m-°C v= 1.562 X 10- 5 m 2 /s 

p = 1.849 X 10 -5 kg/m • s Pr = 0.7296 


Analysis The Reynolds number is determined from 


Re = 


VD 

v 


(3 m/s)(0.25 m) 
L562 X 10 ±5 m 2 /s 


= 4.802 X 10 4 


The Nusseit number is 

Nu - ^ = 2 + [0.4 Re ,/2 + 0.06 Re 20 ] Pr 0 * 4 

K 

= 2+ [0.4(4.802 X lCt*)' 22 + 0.06(4.802 X 10 4 ) M ](0.7296)°- 4 
w /l. 849 X 10-V' 4 
x V 2.76 X 10“ 5 / 

= 135 




Then the average convection heat transfer coefficient becomes 

h = - Nu = °‘° 25 y jy /m ‘ ° C (135) - 13.8 W/m 2 • °C 
D 0.25 m 

In order to estimate the time of cooling of the bail from 300°C to 200°C, we 
determine the average rate of heat transfer from Newton's law of cooling by us- 
ing the average surface temperature. That is, 


A s = ttD 2 = 77(0.25 m) 2 = 0.1963 m 2 

e avg = M,(r r , avg - rj = (13.8 W/m 2 ■ °C)(0.1963 m 2 )(250 - 25)°C = 610 W 

Next we determine the total heat transferred from the ball, which is simply the 
change in the energy of the ball as it cools from 300°C to 200°C: 

m = p\J = p^irD 3 = (8055 kg/m 3 ) ^77(0.25 m) 3 = 65.9 kg 
Qua = mc p (T 2 - TO = (65.9 kg)(480 J/kg - °C)(300 - 200)°C = 3,163,000 J 

In this calculation, we assumed that the entire ball is at 200°C, which is not 
necessarily true. The inner region of the ball will probably be at a higher 
temperature than its surface. With this assumption, the time of cooling is 
determined to be 
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3,163,000 J = 5185 s = i h 26 min 
610 J/s 


Discussion The time of cooling could also be determined more accurately us- 
ing the transient temperature charts or relations introduced in Chapter 4, But 
the simplifying assumptions we made above can be justified if all we need is a 
ballpark value, it will be naive to expect the time of cooling to be exactly 1 h 
26 min, but, using our engineering judgment, it is realistic to expect the time 
of cooling to be somewhere between one and two hours. 


7-4 - FLOW ACROSS TUBE BANKS 

Cross- flow over tube banks is commonly encountered in practice in heat 
transfer equipment such as the condensers and evaporators of power plants, 
refrigerators, and air conditioners. In such equipment, one fluid moves 
through the tubes while the other moves over the tubes in a perpendicular 
direction. 

In a heat exchanger that involves a tube bank, the tubes are usually placed 
in a shell (and thus the name shell-and-tube heat exchanger ), especially when 
the fluid is a liquid, and the fluid flows through the space between the tubes 
and the shell. There are numerous types of shell-and-tube heat exchangers, 
some of which are considered in Chap. 11. In this section we consider the 
general aspects of flow over a tube bank, and try to develop a better and more 
intuitive understanding of the performance of heat exchangers involving a 
tube bank. 

Flow through the tubes can be analyzed by considering flow through a sin- 
gle tube, and multiplying the results by the number of tubes. This is not the 
case for flow over the tubes, however, since the tubes affect the flow pattern 
and turBulehce level downstream, and thus heat transfer to or from them, as 
shown id Tjig. 7-25. Therefore, when analyzing heat transfer from a tube bank 
in cross flow, we must consider ap the tubes in the bundle at once. 

The tubes in a tube bank are usually arranged either in-line or staggered in 
the direction of flow, as shown in Fig. 7-26. The outer tube diameter D is 
take^'as the characteristic length. The arrangement of the tubes in the tube 
bank is characterized by the transverse pitch S T , longitudinal pitch S L , and the 
diagonal pitch S D between tube centers. The diagonal pitch is determined from 

S D = \/sf+ (S t I2) 2 (7-38) 

As the fluid enters the tube bank, the flow area decreases from A x ~ S T L to 
A t = (S T - D)L between the tubes, and thus flow velocity increases. In staggered 
arrangement, the velocity may increase further in the diagonal region if the 
tube rows are very close to each other. In tube banks, the flow characteristics 
are dominated by the maximum velocitiy V max that occurs within the tube 
bank rather than the approach velocity V. Therefore, the Reynolds number is 
defined on the basis of maximum velocity as 

= - V ^ D f7 _ 391 
A 


Flow 

direction 



FIGURE 7-25 

Flow patterns for staggered and 
in-line tube banks (photos by 

R. D. Willis). 
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1st row 2nd row 3rd row 


(a) In-line 



A^Sj-L 

A t = (S T —D)L (b) staggered 
A d = (S D —D)L 


FIGURE 7-26 

Arrangement of the tubes in in-line 
and staggered tube banks (A lt A T , and 
A d are flow areas at indicated 
locations, and L is the length of the 
tubes). 


The maximum velocity is determined from the conservation of mass re- 
quirement for steady incompressible flow. For in-line arrangement, the maxi- 
mum velocity occurs at the minimum flow area between the tubes, and the 
conservation of mass can be expressed as (see Fig. 7— 26a) pVA x — pF max A r or 
VS T - V m ^(S T - D). Then the maximum velocity becomes 

c 

V = „ r — V (7—401 

Vnss * s t -d 

In staggered arrangement, the fluid approaching through area A x in 
Fig. 7-2 6b passes through area A r and then through area 2A D as it wraps 
around the pipe in the next row. If 2A D > A r , maximum velocity still occurs at 
A t between the tubes and thus the V m3x relation Eq. 7-40 can also be used for 
staggered tube banks. But if 2A D < A T [or, if 2 (S D — D) < (S T — £*)], maxi- 
mum velocity occurs at the diagonal cross sections, and the maximum veloc- 
ity in this case becomes 

S T 

Staggered and S D <(S T + D)t 2: V m ^ - 2 (5 0 - D) V (7-41) 

since pVA x = pF max (2A D ) or VS T = 2V m2X {S D - D). 

The nature of flow around a tube in the first row resembles flow over a sin- 
gle tube discussed in Section 7-3, especially when the tubes are not too close 
to each other. Therefore, each tube in a tube bank that consists of a single 
transverse row can be treated as a single tube in cross-flow. The nature of flow 
around a tube in the second and subsequent rows is very different, however, 
because of wakes formed and the turbulence caused by the tubes upstream. 
The level of turbulence, and thus the heat transfer coefficient, increases with 
row number because of the combined effects of upstream rows. But there is no 
significant change in turbulence level after the first few rows, and thus the 
heat transfer coefficient remains constant. 

Flow through tube banks is studied experimentally since it is too complex 
to be treated analytically. We are primarily interested in the average heat trans- 
fer coefficient for the entire tube bank, which depends on the number of tube 
rows along the flow as well as the arrangement and the size of the tubes. 

Several correlations, all based on experimental data, have been proposed for 
the average Nusselt number for cross flow over tube banks. More recently, 
Zukauskas has proposed correlations whose general form is 


Nu 0 = 


hD 

k 


C Reg Pr' ! (Pr/Prd 0 ' 25 


(7-42) 


where the values of the constants C, m, and n depend on Reynolds number. 
Such correlations are given in Table 7-2 for 0.7 < Pr < 500 and 0 < Re D <’ 
2 X 10 6 . The uncertainty in the values of Nusselt number obtained from these 
relations is ± 15 percent. Note that all properties except Pq are to be evaluated 
at the arithmetic mean temperature of the fluid determined from 



Tt + T e 
2 


(7-43) 


where 7) and T e are the fluid temperatures at the inlet and the exit of the tube 
bank, respectively. 



: TABLE 7-2 


Nusselt number correlations for cross flow over tube banks for N > 16 and 
q j < Pr < 500 (from Zukauskas, 1987)* 


Arrangement 

Range of Re 0 

Correlation 

In-line 

0-100 

Nu 0 = 0.9 Re g 4 Pr °* 36 (Pr/Pr s ) a2S 

100-1000 

Hu d = 0.52 Reg 5 Pr°- 36 (Pr/Pr s ) 0 - 25 

1000-2 X 10 5 

Nu 0 = 0.27 Reg 63 Pr a36 (Pr/Pr s ) 0 - 25 

2 x 10 5 -2 x 10 6 

Nu 0 = 0.033 Re g 8 Pr a4 ( Pr/Pr s ) 0 - 25 

Staggered 

0-500 

Nu d = 1.04 Reg- 4 Pr°- 36 {Pr/Pr s ) 025 

500-1000 

Nu d = 0.71 Reg 5 Pr°- 36 (Pr/Pr s ) 0 - 25 

1000-2 x 10 5 

Nu 0 = 0.35(S r /SJ 0 - 2 Reg 6 Pr 036 {Pr/Pg a25 

2 X 10 5 -2 X 10 6 

Nu 0 = 0mUS T /S L ) 0 - 2 Reg 8 Pr 036 (Pr/Pr s ) 0 - 25 


*A1I properties except Pr s are to be evaluated at the arithmetic mean of the Intel and outlet temperatures 
of the fluid (Pr* is to be evaluated at r s ). 


The average Nusselt number relations in Table 7-2 are for tube banks with 
16 or more rows. Those relations can also be used for tube banks with N L pro- 
vided that they are modified as 


Nu fl ,^=fNu 0 


(7-44) 


where F is a correction factor F whose values are given in Table 7-3. For 
Re D > 1 000, the correction factor is independent of Reynolds number. 

Once the Nusselt number and thus the average heat transfer coefficient for 
the entire tube bank is known, the heat transfer rate can be determined from 
Newton’s law of cooling using a suitable temperature difference A T. The first 
thought that comes to mind is to use AT = T s - T avg = T s — (7) + T e )l2. 
But this, in general, over predicts the heat transfer rate. We show in the next 
chapter that the proper temperature difference for internal flow (flow over 
tube banks is still internal flow through the shell) is the logarithmic mean 
temperature difference A Tj n defined as 




AT )n — 


(T s - T e ) - (T s - Tj) A T e - A T ( 
ln[(r, - T e )l{T s - r f )] In(Ar e /A7}) 


(7-45) 


We also show that the exit temperature of the fluid T e can be determined from 

(7-46) 


AJi 

T t = T s - (T s - T,) exp I ± V 


me. 


TABLE 7-3 



Correction factor F to be used in Nu aJVi , = FNu D for N L < 16 and Re 0 > 1000 
(from Zukauskas, 1987) 


N l 

1 

2 

3 

4 

5 

7 

10 

13 

In-line 

0.70 

0.80 

0.86 

0.90 

0.93 

0.96 

-0.98 

0.99 

Staggered 

0.64 

i 

0.76 

0.84 

0.89 

0.93 

0.96 

0.98 

0.99 


[ 
































where A s = NttDL is the heat transfer surface area and m = pV(N T S T L) is the 
mass flow rate of the fluid. Here N is the total number of tubes in the bank, N T 
is the number of tubes in a transverse plane, L is the length of the tubes, and V 
is the velocity of the fluid just before entering the tube bank. Then the heat 
transfer rate can be determined from 

Q = hAAT ]n = mc p (T e - T ( ) ( 7 - 17 ) 

The second relation is usually more convenient to use since it does not require 
the calculation of AT ]n . 

Pressure Drop 

Another quantity of interest associated with tube banks is the pressure drop 
A P, which is the irreversible pressure loss between the inlet and the exit of the 
tube bank. It is a measure of the resistance the tubes offer to flow over them, 
and is expressed as 


A P 



( 7 - 48 ) 


where / is the friction factor and x is the correction factor, both plotted in 
Figs. l-21a and 7-276 against the Reynolds number based on the maximum 
velocity F mav The friction factor in Fig. 1-21 a is for a square in-line tube 
bank (S T = S L ), and the correction factor given in the insert is used to account 
for the effects of deviation of rectangular in-line arrangements from square 
arrangement. Similarly, the friction factor in Fig. 7-276 is for an equilateral 
staggered tube bank (S T = S D ), and the correction factor is to account for the 
effects of deviation from equilateral arrangement. Note that = 1 for both 
square and equilateral triangle arrangements. Also, pressure drop occurs in the 
flow direction, and thus we used N L (the number of rows) in the A P relation. 

The power required to move a fluid through a tube bank is proportional to 
the pressure drop, and when the pressure drop is available, the pumping power 
required to overcome flow resistance can be determined from 


Hpump = 1/AP = (7-49) 

* 

where V = V(N T S T L) is the volume flow rate and m = p\J ~ pV(N T S T L) is 
the mass flow rate of the fluid through the tube bank. Note that the power re- 
quired to keep a fluid flowing through the tube bank (and thus the operating 
cost) is proportional to the pressure drop. Therefore, the benefits of enhancing 
heat transfer in a tube bank via rearrangement should be weighed against the 
cost of additional power requirements. 

In this section we limited our consideration to tube banks with base surfaces 
(no fins). Tube banks with finned surfaces are also commonly used in prac- 
tice, especially when the fluid is a gas, and heat transfer and pressure drop cor- 
relations can be found in the literature for tube banks with pin fins, plate fins, 
strip fins, etc. 
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FIGURE 7-27 

Friction factor/ and correction 
factor x for tube banks 
(from Zukauskas, 1985). 


I EXAMPLE 7-7 Preheating Air by Geothermal Water in 
| a Tube Bank 

| In an industrial facility, air is to be preheated before entering a furnace by geo- 
1 thermal water at 120°C flowing through the tubes of a tube bank located in a 
1 duct. Air enters the duct at 20°C and 1 atm with a mean velocity of 4.5 m/s, 
I and flows over the tubes in normal direction. The outer diameter of the tubes is 
a 1.5 cm, and the tubes are arranged in-line with longitudinal and transverse 
| pitches of S L = S T = 5 cm. There are 6 rows in the flow direction with 10 tubes 
I in each row, as shown in Fig. 7-28. Determine the rate of heat transfer per unit 
| length of the tubes, and the pressure drop across the tube bank. 




SOLUTION Air is heated by geothermal water in a tube bank. The rate of heat 
transfer to air and the pressure drop of air are to be determined. V 
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S L ~S r = 5cm D= 1.5 cm 


FIGURE 7-28 

Schematic for Example 7-7. 


Assumptions 1 Steady operating conditions exist. 2 The surface temperature 
of the tubes is equal to the temperature of geothermal water. 

Properties The exit temperature of air, and thus the mean temperature, is not 
known. We evaluate the air properties at the assumed mean temperature of 
60°C (will be checked later) and 1 atm (Table A-15): 

k = 0.02808 W/m ■ K, p~ 1.059 kg/m 3 

c p = 1.007 kJ/kg-K, Pr = 0.7202 

fi = 2.008 X 10 -5 kg/m • s Pr, = Pr m =c = 0.7073 

Also, the density of air at the inlet temperature of 20 D C (for use in the mass 
flow rate calculation at the inlet) is pi = 1.204 kg/m 3 . 

Analysis It is given that D = 0.015 m, S L = S T = 0.05 m, and V = 4.5 m/s. 
Then the maximum velocity and the Reynolds number based on the maximum 

velocity become 


V. 


mas 



0.05 

0.05 - 0.015 


(4.5 m/s) = 6.43 m/s 


5 

•$*1 



pV mM D __ (1.059 kg/m 3 )(6.43 m/s)C0.015 m) = 
Re o “ „ “ 2.008 X 10 -5 kg/m 


The average Nusselt number is determined using the proper relation from Table 
7-2 to be 


Nu fl = 0.27 Re£ 63 Pr 036 (Pr/Pr } ) 025 

- 0.27(5086)°- 63 (0.7202) o w (0.7202/0.7073)°- 23 = 52.1 

This Nusselt number is applicable to tube banks with Nl > 10* In our case, the 
number of rows is Ni_ = 6, and the corresponding correction factor from Table 
7_3 j s f = 0.945. Then the average Nusselt number and heat transfer coeffi- 
cient for all the tubes in the tube bank become 


Nu d>Nl = FNu d = (0.945)(52.1) - 49.3 


h 


Nu D ,,yfc = 49.3(0.02808 W/m ■ °C) = n2Wm i . o C 


D 


0.015 m 


The total number of tubes is N = N L x N T = 6 x 10 = 60. For a unit tube 
length (1=1 m), the heat transfer surface area and the mass flow rate of air 
(evaluated at the inlet) are 

A. = NttDL = 60ir(0.015 m)(l m) = 2.827 m 2 
m ~ m, = piV(N T S T L ) 

- (1.204 kg/m 3 )(4.5 m/s)(10)(0.05 m)(l m) = 2.709 kg/s 


Then the fluid exit temperature, the log mean temperature difference, and the 
rate of heat transfer become 


T e — T s — (T, ~ 7)) exp 


AJi 


me. 


(2.827 m 2 )(92.2 W/m 2 • °C) 
120 - (120 - 20) exp 1 ^( 2 .709 k g /s)(100 7 J/kg • °C) 


29.1 1°C 


: S-WWA# «\i jtu ffvVj ¥ frit </■ Kfff rcX*!>.i A; j 


A7ln ~ 


(T, - T e ) - (7, - Ti) (120 - 29.11) - (120 - 20) 


= 95.4°C 


w ln[(7 s — T e )/(T, - Tj)] ln[(120 - 29. 1 1 )/( 1 20 - 20)] 

Q = hA s AT ia = (92.2 W/m 2 • °C)(2.827 m 2 )(95.4°C) = 2.49 X 10 4 W 

The rate of heat transfer can also be determined in a simpler way from 

Q = M.A'/;., = jiic p (T e T,) : 

= (2.709 kg/s)(1007 J/kg • °C)(29.11 - 20)°C - 2.49. X I0 4 W 

For this square in-line tube bank, the friction coefficient corresponding to 
Re 0 = 5086 and S L /D = 5/1.5 = 3.33 is, from Fig. 7-27 a, f ~ 0,16. Also, 
x = 1 for the square arrangements. Then the pressure drop across the tube 
bank becomes 


A P = N L f X 


= 6(0.16)(1) 


(1.059 kg/m 3 )(6.43 m/s) ; 


IN 

1 kg - m/s 3 


= 21 Pa 


Discussion The arithmetic mean fluid temperature is (7} + T e }/2 = (20 + 
29.1D/2 = 24.6°C, which is not close to the assumed value of 60°C. Repeat- 
ing calculations for 25°C gives 2.57 x 10 4 W for the rate of heat transfer and 
23.5 Pa for the pressure drop. 


OPIG/OF/SPECIAL INTEREST* 


Reducing Heat Transfer through Smfaces: Tltermal Insulation 

Thermal insulations are materials or combinations of materials that are used 
primarily fo provide resistance to heat flow (Fig. 7—29). You are probably 
familiar With several kinds of insulation available in the market. Most insu- 
lations are heterogeneous materials made of low thermal conductivity mate- 
rials, and they involve air pockets. This is not surprising since air has one of 
the lowest thermal conductivities and is readily available. The Styrofoam 
commonly used as a packaging material for TVs, DVDs, computers, and just 
about anything because of its light weight is also an excellent insulator. 

Temperature difference is the driving force for heat flow, and the greater 
the temperature difference, the larger the rate of heat transfer. We can slow 
down the heat flow between two mediums at different temperatures by 
putting “barriers” on the path of heat flow. Thermal insulations serve as 
such barriers, and they play a major role in the design and manufacture of 
all energy-efficient devices or systems, and they are usually the cornerstone 
of energy conservation projects. A 2001 report by the Alliance to Save 
Energy revealed that insulation in residential, commercial, and industrial 
buildings saves the U.S, nearly 4 billion barrels of oil per year, valued at 
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FIGURE 7-29 

Thermal insulation retards heat 
transfer by acting as a barrier in the 

path of heat flow. 


*This section can be skipped without a loss in continuity- 
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FIGURE 7-30 

Insulation also helps the environment 
by reducing the amount of fuel burned 
and the air pollutants released. 



FIGURE 7-31 

In cold weather, we minimize heat loss 
from our bodies by putting on thick 
layers of insulation (coats or furs). 


$177 billion a year in energy costs, and more can be saved by practicing 
better insulation techniques and retrofitting the older facilities. It also re- 
duces C0 2 emissions by 1340 million tons a year. 

Heat is generated in furnaces or heaters by burning a fuel such as coal, 
oil, or natural gas or by passing electric current through a resistance heater. 
Electricity is rarely used for heating purposes since its unit cost is much 
higher. The heat generated is absorbed by the medium in the furnace and its 
surfaces, causing a temperature rise above the ambient temperature. This 
temperature difference drives heat transfer from the hot medium to the am- 
bient, and insulation reduces the amount of heat loss and thus saves fuel 
and money. Therefore, insulation pays for itself from the energy it saves. 
Insulating properly requires a one-time capital investment, but its effects 
are dramatic and long term. The payback period of insulation is often less 
than one year. That is, the money insulation saves during the first year is 
usually greater than its initial material and installation costs. On a broader 
perspective, insulation also helps the environment and fights air pollution 
and the greenhouse effect by reducing the amount of fuel burned and 
thus the amount of C0 2 and other gases released into the atmosphere 
(Fig. 7-30). 

Saving energy with insulation is not limited to hot surfaces. We can also 
save energy and money by insulating cold surfaces (surfaces whose tem- 
perature is below the ambient temperature) such as chilled water lines, 
cryogenic storage tanks, refrigerated trucks, and air-conditioning ducts. 
The source of “coldness” is refrigeration , which requires energy input, usu- 
ally electricity. In this case, heat is transferred from the surroundings to the 
cold surfaces, and the refrigeration unit must now work harder and longer 
to make up for this heat gain and thus it must consume more electrical en- 
ergy. A cold canned drink can be kept cold much longer by wrapping it in 
a blanket. A refrigerator with well-insulated walls consumes much less 
electricity than a similar refrigerator with little or no insulation. Insulating 
a house results in reduced cooling load, and thus reduced electricity con- 
sumption for air-conditioning. 

Whether we realize it or not, we have an intuitive understanding and 
appreciation of thermal insulation. As babies we feel much better in our 
blankies, and as children we know we should wear a sweater or coat when 
going outside in cold weather (Fig. 7-3 1). When getting out of a pool after 
swimming on a windy day, we quickly wrap in a towel to stop shivering. 
Similarly, early man used animal furs to keep warm and built shelters us- 
ing mud bricks and wood. Cork was used as a roof covering for centuries. 
The need for effective thermal insulation became evident with the devel- 
opment of mechanical refrigeration later in the nineteenth century, and a 
great deal of work was done at universities and government and private 
laboratories in the 1910s and 1920s to identify and characterize thermal 
insulation. 

Thermal insulation in the form of mud, clay, straw, rags, and wood strips 
was first used in the eighteenth century on steam engines to keep workmen 
from being burned by hot surfaces. As a result, boiler room temperatures 
dropped and it was noticed that fuel consumption was also reduced. The re- 
alization of improved engine efficiency and energy savings prompted the 


search for materials with improved thermal efficiency. One of the first such 
materials was mineral wool insulation, which, like many materials, was 
discovered by accident. About 1840, an iron producer in Wales aimed a 
stream of high-pressure steam at the slag flowing from a blast furnace, and 
manufactured mineral wool was bom. In the early 1860s, this slag wool 
was a by-product of manufacturing cannons for the Civil War and quickly 
found its way into many industrial uses. By 1880, builders began installin g 
mineral wool in houses, with one of the most notable applications being 
General Grant’s house. The insulation of this house was described in an ar- 
ticle: “it keeps the house cool in summer and warm in winter; it prevents 
the spread of fire; and it deadens the sound between floors” [Edmunds 
(1989)]. An article published in 1887 in Scientific American detailing the 
benefits of insulating the entire house gave a major boost to the use of in- 
sulation in residential buildings. 

The energy crisis of the 1970s had a tremendous impact on the public 
awareness of energy and limited energy reserves and brought an emphasis 
on energy conservation . We have also seen the development of new and 
more effective insulation materials since then, and a considerable increase 
in the use of insulation. Thermal insulation is used in more places than you 
may be aware of. The walls of your house are probably filled with some 
kind of insulation, and the roof is likely to have a thick layer of insulation. 
The “thickness” of the walls of your refrigerator is due to the insulation 
layer sandwiched between two layers of sheet metal (Fig. 7-32). The walls 
of your range are also insulated to conserve energy, and your hot water tank 
contains less water than you think because of the 2- to 4-cm-thick insula- 
tion in the walls of the tank. Also, your hot water pipe may look much 
thicker than the cold water pipe because of insulation. 



FIGURE 7-32 
The insulation layers in the walls of a 
refrigerator reduce the amount of heat 
flow into the refrigerator and thus 
the running time of the refrigerator, 

saving electricity. 


Reasons for insulating 

If you examine the engine compartment of your car, you will notice that the 
firewall bejiveen the engine and the passenger compartment as well as the 
inner suffice of the hood are insulated. The reason for insulating the hood 
is not to conserve the waste heat from the engine but to protect people from 
burning themselves by touching the hood surface, which will be too hot if 
not insulated. As this example shows, the use of insulation is not limited to 
energy conservation. Various reasons for using insulation can be summa- 
rized as- follows: 

* Energy 7 Conservation Conserving energy by reducing the rate of heat 
transfer is the primary reason for insulating surfaces. Insulation materi- 
als that performs satisfactorily in the temperature range of — 268°C to 
1000°C (—450°F to 180CTF) are widely available. 

• Personnel Protection and Comfort A surface that is too hot poses a 
danger to people who are working in that area of accidentally touching 
the hot surface and burning themselves (Fig. 7-33). To prevent this dan- 
ger and to comply with the OSHA (Occupational Safety and Health 
Administration) standards, the temperatures of hot surfaces should be 
reduced to below 60°C (140°F) by insulating them. Also, the excessive 
heat coming off the hot surfaces creates an unpleasant environment in 



FIGURE 7-33 
The hood of the engine compartment 
of a car is insulated to reduce its 
temperature and to protect people 
from burning themselves. 



FIGURE 7-34 

Insulation materials absorb vibration 
and sound waves, and are used to 
minimize sound transmission. 


which to work, which adversely affects the performance or productivity 
of the workers, especially in summer months. 

® Maintaining Process Temperature Some processes in the chemical 
industry are temperature-sensitive, and it may become necessary to in- 
sulate the process tanks and flow sections heavily to maintain a uniform 
temperature throughout. 

9 Reducing Temperature Variation and Fluctuations The tempera- 
ture in an enclosure may vary greatly between the midsection and the 
edges if the enclosure is not insulated. For example, the temperature 
near the walls of a poorly insulated house is much lower than the tem- 
perature at the midsections. Also, the temperature in an uninsulated en- 
closure follows the temperature changes in the environment closely and 
fluctuates. Insulation minimizes temperature nonuniformity in an enclo- 
sure and slows down fluctuations. 

• Condensation and Corrosion Prevention Water vapor in air con- 
denses on surfaces whose temperature is below the dew point, and the 
outer surfaces of the tanks or pipes that contain a cold fluid frequently 
fall below the dew-point temperature unless they have adequate insula- 
tion. The liquid water on exposed surfaces of metal tanks or pipes may 
promote corrosion as well as algae growth. 

• Fire Protection Damage during a fire may be minimized by keeping 
valuable combustibles in a safety box that is well insulated. Insulation 
may lower the rate of heat transfer to such levels that the temperature in 
the box never rises to unsafe levels during fire. 

9 Freezing Protection Prolonged exposure to subfreezing temperatures 
may cause water in pipes or storage vessels to freeze and burst as a re- 
sult of heat transfer from the water to the cold ambient. The bursting of 
pipes as a result of freezing can cause considerable damage. Adequate 
insulation slows down the heat loss from the wafer and prevents freez- 
ing during limited exposure to subfreezing temperatures. For example, 
covering vegetables during a cold night protects them from freezing, 
and burying water pipes in the ground at a sufficient depth keeps them 
from freezing during the entire winter. Wearing thick gloves protects the 
fingers from possible frostbite. Also, a molten metal or plastic in a con- 
tainer solidifies on the inner surface if the container is not properly 

insulated. 

• Reducing Noise and Vibration An added benefit of thermal in- 
sulation is its ability to dampen noise and vibrations (Fig. 7-34). The 
insulation materials differ in their ability to reduce noise and vibration, 
and the proper kind can be selected if noise reduction is an important 

consideration. 

There are a wide variety of insulation materials available in the market, 
but most are primarily made of fiberglass, mineral wool, polyethylene, 
foam, or calcium silicate. They come in various trade names such as 
granulated bulk mineral wool insulation, cork insulation sheets, foil-faced 
fiberglass insulation, blended sponge rubber sheeting, and numerous 
others. 


1 


Today various forms of fiberglass insulation are widely used in process 
industries and heating and air-conditioning applications because of their 
low cost, light weight, resiliency, and versatility. But they are not suitable 
for some applications because of their low resistance to moisture and fire 
and their limited maximum service temperature. Fiberglass insulations 
come in various forms such as unfaced fiberglass insulation, vinyl -faced 
fiberglass insulation, foil-faced fiberglass insulation, and fiberglass insula- 
tion sheets. The reflective foil-faced fiberglass insulation resists vapor pen- 
etration and retards radiation because of the aluminum foil on it and is 
suitable for use on pipes, ducts, and other surfaces. 

Mineral wool is resilient, lightweight, fibrous, wool-like, thermally 
efficient, and fire resistant up to 1100°C (2000°F), and forms a sound 
barrier. Mineral wool insulation comes in the form of blankets, rolls, or 
blocks. Calcium silicate is a solid material that is suitable for use at high 
temperatures, but it is more expensive. Also, it needs to be cut with a saw 
during installation, and thus it takes longer to install and there is more 
waste. 


Superinsulators 

You may be tempted to think that the most effective way to reduce heat 
transfer is to use insulating materials that are known to have very low ther- 
mal conductivities such as urethane or rigid foam ( k = 0.026 W/m • °C) or 
fiberglass ( k = 0.035 W/m - °C). After all, they are widely available, inex- 
pensive, and easy to install. Looking at the thermal conductivities of mate- 
rials, you may also notice that the thermal conductivity of air at room 
temperature is 0.026 W/m • °C, which is lower than the conductivities of 
practically all of the ordinary insulating materials. Thus you may think that 
a layer of enclosed air space is as effective as any of the common insulat- 
ing materials of the same thickness. Of course, heat transfer through the air 
will probably be higher than what a pure conduction analysis alone would 
indicate ^b/cause of the natural convection currents that are likely to occur 
in the air layer. Besides, air is transparent to radiation, and thus heat is also 
transferred by radiation. The thermal conductivity of air is practically in- 
dependent of pressure unless the pressure is extremely high or extremely 
low^Therefore, we can reduce the thermal conductivity of air and thus the 
conduction heat transfer through the air by evacuating the air space. In the 
limiting case of absolute vacuum, the thermal conductivity will be zero 
since there will be no particles in this case to “conduct” heat from one sur- 
face to the other, and thus the conduction heat transfer will be zero. Noting 
that the thermal conductivity cannot be negative, an absolute vacuum must 
be the ultimate insulator, right? Well, not quite. 

The purpose of insulation is to reduce “total” heat transfer from a sur- 
face, not just conduction. A vacuum totally eliminates conduction but of- 
fers zero resistance to radiation, whose magnitude can be comparable to 
conduction or natural convection in gases (Fig. 7-35). Thus, a vacuum is 
no more effective in reducing heat transfer than sealing off one of the lanes 
of a two-lane road is in reducing the flow of traffic on a one-way road. 

Insulation against radiation heat transfer between two surfaces is 
achieved by placing “barriers” between the two surfaces, which are highly 



FIGURE 7-35 

Evacuating the space between two 
surfaces completely eliminates heat 
transfer by conduction or convection 
but leaves the door wide open 

for radiation. 


Thin metal 
sheets 



FIGURE 7-36 

Superinsulators are built by closely 
packing layers of highly reflective thin 
metal sheets and evacuating the space 
between them. 



R - value = -f 
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FIGURE 7-37 

The R-value of an insulating material 
is simply the ratio of the thickness of 
the material to its thermal conductivity 
in proper units. 


reflective thin metal sheets. Radiation heat transfer between two surfaces is 
inversely proportional to the number of such sheets placed between the sur- 
faces. Very effective insulations are obtained by using closely packed lay- 
ers of highly reflective thin metal sheets such as aluminum foil (usually 25 
sheets per cm) separated by fibers made of insulating material such as glass 
fiber (Fig. 7-36). Further, the space between the layers is evacuated to form 
a vacuum under 0.000001 atm pressure to minimize conduction or convec- 
tion heat transfer through the air space between the layers. The result is 
an insulating material whose apparent thermal conductivity is below 2 X 
10~ 5 W/m • °C, which is one thousand times less than the conductivity of 
air or any common insulating material. These specially built insulators are 
called superinsulators, and they are commonly used in space applications 
and cryogenics, which is the branch of heat transfer dealing with tempera- 
tures below 100 K (- 173°C) such as those encountered in the liquefaction, 
storage, and transportation of gases, with helium, methane, hydrogen, 
nitrogen, and oxygen being the most common ones. 

The R-value of Insulation 

The effectiveness of insulation materials is given by some manufacturers in 
terms of their R-value, which is the thermal resistance of the material per 
unit surface area. For flat insulation the R-value is obtained by simply 
dividing the thickness L of the insulation by its thermal conductivity k. 
That is, 


R-value = t (flat insulation) (7-50) 

fC 

Note that doubling the thickness L doubles the R-value of flat insulation. 
For pipe insulation, the R-value is determined using the thermal resistance 

relation from 

r 2 ?i 

R-\r lue = y In y (pipe insulation) {7-51 ) 

fc i 

where r t is the inside radius and r 2 is the outside radius of insulation. Once 
the R-value is available, the rate of heat transfer through the insulation can 
be determined from 


Q 


AT 

R-value 


X Area 


(7-52) 


where AT is the temperature difference across the insulation and Area is the 
outer surface area for a cylinder. 

In the United States, the R-values of insulation are expressed without any 
units, such as R-19 and R-30. These R-values are obtained by dividing 
the thickness of the material in feet by its thermal conductivity in the unit 
Btu/h - ft ■ °F so that the R-values actually have the unit h ■ ft 2 * °F/Btu. For 
example, the R-value of 6-in-thick glass-fiber insulation whose thermal 
conductivity is 0.025 Btu/h • ft ■ °F is (Fig. 7-37) 


20 h - ft 2 ■ °F/Btu 


/i-value 


L 0.5 ft 

k 0.025 Btu/h • ft • °F 


Thus, this 6-in-thick glass fiber insulation would be referred to as i?-20 in- 
sulation by the builders. The unit of R - value is m 2 ■ °C/W in SI units, with 
the conversion relation 1 m 2 ■ °C/W = 5.678 h • ft 2 • °F/Btu. Therefore, a 
small /i-value in SI corresponds to a large R - value in English units. 

Optimum Thickness of Insulation 

It should be apparent that insulation does not eliminate heat transfer; it 
merely reduces it. The thicker the insulation, the lower the rate of heat 
transfer but also the higher the cost of insulation. Therefore, there should 
be an optimum thickness of insulation that corresponds to a minim um com- 
bined cost of insulation and heat lost. The determination of the optimum 
thickness of insulation is illustrated in Fig. 7-38. Notice that the cost of 
insulation increases roughly linearly with thickness while the cost of heat 
loss decreases exponentially. The total cost, which is the sum of the insula- 
tion cost and the lost heat cost, decreases first, reaches a minim um, and 
then increases. The thickness corresponding to the minimum total cost is 
the optimum thickness of insulation, and this is the recommended thickness 
of insulation to be installed. 

If you are mathematically inclined, you can determine the optimum thick- 
ness by obtaining an expression for the total cost , which is the sum of the 
expressions for the costs of lost heat and insulation as a function of thickness; 
differentiating the total cost expression with respect to thickness; and set- 
ting it equal to zero. The thickness value satisfying the resulting equation is 
the optimum thickness. The cost values can be determined from an annual- 
ized lifetime analysis or simply from the requirement that the insulation 
pay for itself within two or three years. Note that the optimum thickness of 
insulatioff' depends on the fuel cost, and the higher the fuel cost, the larger 
the optimum thickness of insulation. Considering that insulation will be in 
service fof many years and the fuel prices are likely to escalate, a reason- 
able increase in fuel prices must be' assumed in calculations. Otherwise, what 
is optimum insulation today may be inadequate insulation in the years to 
come, and we may have to face the possibility of costly retrofitting projects. 
This as what happened in the 1970s and 1980s to insulations installed in the 
1960s. , 

The discussion above on optimum thickness is valid when the type and 
manufacturer of insulation are already selected, and the only thing to be 
determined is the most economical thickness. But often there are several 
suitable insulations for a job, and the selection process can be rather con- 
fusing since each insulation can have a different thermal conductivity, dif- 
ferent installation cost, and different service life. In such cases, a selection 
can be made by preparing an annualized cost versus thickness chart like 
Fig. 7-39 for each insulation, and determining the one having the low- 
est minimum cost. The insulation with the lowest annual cost is obviously 
the most economical insulation, and the insulation thickness correspond- 
ing to the minimum total cost is the optimum thickness . When the optimum 
thickness falls between two commercially available thicknesses, it is a 



FIGURE 7-38 
Determination of the optimum 
thickness of insulation on the basis of 

minimum total cost. 
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Determination of the most economical 
type of insulation and its 
optimum thickness. 





TABLE 7-4 

.. . -.,.. 1 - V 

Recommended insulation 
thicknesses for flat hot surfaces as a 
function of surface temperature 
(from TIMA Energy Savings Guide) 

Surface 

Insulation 

temperature 

thickness 

150°F (66°C) 

2” (5.1 cm) 

250°F (121°C) 

3" (7.6 cm) 

350°F (177°C) 

4" (10.2 cm) 

550°F (288°C) 

6" (15.2 cm) 

750 Q F (400°C) 

9" (22.9 cm) 

950°F (510°C) 

10" (25.44 cm) 


good practice to be conservative and choose the thicker insulation,. The 
extra thickness provides a little safety cushion for any possible decline in 
performance over time and helps the environment by reducing the pro- 
duction of greenhouse gases such as C0 2 . 

The determination of the optimum thickness of insulation requires a heat 
transfer and economic analysis, which can be tedious and time-consuming. 
But a selection can be made in a few minutes using the tables and charts pre- 
pared by TIMA (Thermal Insulation Manufacturers Association) and mem- 
ber companies. The primary inputs required for using these tables or charts 
are the operating and ambient temperatures, pipe diameter (in the case of 
pipe insulation), and the unit fuel cost. Recommended insulation thicknesses 
for hot surfaces at specified temperatures are given in Table 7-4. Recom- 
mended thicknesses of pipe insulations as a function of service temperatures 
are 0.5 to 1 in for 150°F, 1 to 2 in for 250°F, 1.5 to 3 in for 350°F, 2 to 4.5 in 
for 450°F, 2.5 to 5.5 in for 550°F, and 3 to 6 in for 650°F for nominal pipe 
diameters of 0.5 to 36 in. The lower recommended insulation thicknesses 
are for pipes with small diameters, and the larger ones are for pipes with 
large diameters. 
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FIGURE 7-40 

Schematic for Example 7-8. 


EXAMPLE 7-8 Effect of Insulation on Surface Temperature 

Hot water at T, = 120°C flows in a stainless steel pipe { k = 15 W/m • °C) 
whose inner diameter is 1.6 cm and thickness is 0.2 cm. The pipe is to be 
covered with adequate insulation so that the temperature of the outer surface 
of the insulation does not exceed 40°C when the ambient temperature is 
T 0 = 25°C. Taking the heat transfer coefficients inside and outside the pipe to 
be h t = 70 W/m 2 • °C and h 0 = 20 W/m 2 • °C, respectively, determine the 
thickness of fiberglass insulation ( k = 0.038 W/m • °C) that needs to be in- 
stalled on the pipe. 


SOLUTION A steam pipe is to be covered with enough insulation to reduce 
the exposed surface temperature. The thickness of insulation that needs to be 
installed is to be determined. 

Assumptions 1 Heat transfer is steady since there is no indication of any 
change with time. 2 Heat transfer is one-dimensional since there is thermal 
symmetry about the centerline and no variation in the axial direction. 3 Ther- 
mal conductivities are constant. 

Properties The thermal conductivities are given to be k = 15 W/m * '°C for 
steel pipe and k = 0.038 W/m • °C for fiberglass insulation. 

Analysis The thermal resistance network for this problem involves four re- 
sistances in series and is given in Fig. 7-40. The inner radius of the pipe is 
r x = 0.8 cm and the outer radius of the pipe and thus the inner radius of the 
insulation is r z = 1.0 cm. Letting r 3 represent the outer radius of the insula- 
tion, the areas of the surfaces exposed to convection for an L = 1-m-long sec- 
tion of the pipe become 

A] = 27rr,L = 2ir(0.008 m)(l m) = 0.0503 in 2 
A 3 = 27 rr 3 L = 27rr 3 (1 m) = 6.28r 3 m 2 
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Then the individual thermal resistances are determined to be 

1 1 


D = D 

**1 i 'coav, 1 

J “ ^rtfnj ' 


h t A t (70 W/m 2 ■ °C)(0.0503 m 2 ) 
ln(r 2 /rj) ln(0.0 1/0.008) 


=.0.284°C/W 




P 1 ^ 


2t Tk r L 2tt( 15 W/m • °C)(1 m) 

ln(r 3 /rj) ln(r 3 /0.01) 


= 0.0024°C/W 


Rl ******** 2 TTk 2 L 2tt( 0.038 W/m * °C)(1 m) 

= 4.188 ln(r 3 /0.01)°C/W 




1 


1 


Ms (20 W/m 2 • °C) (6.2 8r 3 m z ) 125.6r 3 


’C/W 


Noting that ail resistances are in series, the total resistance is determined to be 
Ms tf,- l- Ri+ R 2 + R„ 

= [0.284 + 0.0024 + 4.188 ln(rj/0.01) -F l/( 125. 6r 3 )]°C/W 
Then the steady rate of heat loss from the steam becomes 


Q = 


T,-T r 


(120 - 125)°C 


R tml [0.284 + 0.0024 + 4.188 In(r 3 /0.01) + l/(125.6r 3 )]°C/W 


Noting that the outer surface temperature of insulation is specified to be 40°C, 
the rate of heat loss can also be expressed as 


Q = 


t 3 -t c 

R„ 


(40 - 25)°C 

v i — IQQjlr 

[l/(125.6r 3 )]°C/W 3 


Setting the two relations above equal to each other and solving for r% gives 
r 3 = 0.0170 m. Then the minimum thickness of fiberglass insulation required is 

, fij, t=r 3 -r 2 = 0.0170 - 0.0100 = 0.0070 m = 0.70 cm 

Discussion Insulating the pipe with at least 0.70-cm-thick fiberglass insu- 
lation will ensure that the outer surface temperature of the pipe remains at 
40°C oh below. ' 


EXAMPLE 7-9 Optimum Thickness of Insulation 

During a plant visit, you notice that the outer surface of a cylindrical curing 
oven is very hot, and your measurements indicate that the average temperature 
of the exposed surface of the oven is 180°F when the surrounding air temper- 
ature is 75°F. You suggest to the plant manager that the oven should be insu- 
lated, but the manager does not think it is worth the expense. Then you 
propose to the manager to pay for the insulation yourself if he lets you keep the 
savings from the fuel bill for one year. That is, if the fuel bill is $5000/yr be- 
fore insulation and drops to $2000/yr after insulation, you will get paid 
$3000. The manager agrees since he has nothing to lose, and a lot to gain. Is 
this a smart bet on your part? 

The oven is 12 ft long and 8 ft in diameter, as shown in Fig. 7-41. The 
plant operates 16 h a day 365 days a year, and thus 5840 h/yr. The insulation 



180°F 



FIGURE 

Schematic for Example 


El 

to be used is fiberglass (/r Ins = 0.024 8tu/h . ft • °F), whose cost is $0.70/ft 2 | 
per inch of thickness for materials, plus $2. 00/ft 2 for labor regardless of thick* | 
ness. The combined heat transfer coefficient on the outer surface is estimated | 
to be h 0 = 3.5 Btu/h ■ ft 2 • °F. The oven uses natural gas, whose unit cost is § 
$0. 75/therm input, and the efficiency of the oven is 80 percent. Disregarding | 
any inflation or interest, determine how much money you will make out of this I 
venture, if any, and the thickness of insulation (in whole inches) that will max- | 

imize your earnings. m 


SOLUTION A cylindrical oven is to be insulated to reduce heat losses. The op- 
timum thickness of insulation and the potential earnings are to be determined. 
Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the in- 
sulation is one-dimensional. 3 Thermal conductivities are constant. 4 The thermal 
contact resistance at the interface is negligible. 5 The surfaces of the cylindrical 
oven can be treated as plain surfaces since its diameter is large. 

Properties The thermal conductivity of insulation is given to be k = 
0.024 Btu/h • ft ■ °F. 

Analysis The exposed surface area of the oven is 


A s = 2 A base + A side = 2-jrr 2 + 2-TrrL = 2rr(4 ft) 2 + 2ir(4 ft)(12 ft) - 402 ft 2 

The rate of heat loss from the oven before the insulation is installed is deter- 
mined from 

q = hoAs{T; _ Tcc) = ( 3 .5 Btu/h * ft 2 ■ °F)(402 ft 2 )(180 - 75)°F = 1 47,700 Btu/h 

Noting that the plant operates 5840 h/yr, the total amount of heat loss from 
the oven per year is 

Q = QLt = (147,700 Btu/h)(584G h/yr) = 0.863 X 10 9 Btu/yr 


The efficiency of the oven is given to be 80 percent. Therefore, to generate 
this much heat, the oven must consume energy (in the form of natural gas) at 

a rate of 

E- m = Q/ rj ovsn = (0.863 X 10 9 Btu/yr)/0.80 - 1.079 X 10 9 Btu/yr 
. = 10,790 therms 

since 1 therm = 100,000 Btu. Then the annual fuel cost of this oven before 
insulation becomes 


Annual cost = £; n X Unit cost 

= (10,790 therm/yr)($0.75/therm) = $8093/yr 


That is, the heat losses from the exposed surfaces of the oven are currently 
costing the plant over $8000/yr. 

When insulation is installed, the rate of heat transfer from the oven can be 


determined from 



t s — T m 

T^lotal 


r,-r, _ . t s - 

A’ins "h /^canv ^ ^ 3L 


We expect the surface temperature of the oven to increase and the heat trans- 
fer coefficient to decrease somewhat when insulation is installed. We assume 




these two effects to counteract each other. Then the relation above for l-in- 
thick insulation gives the rate of heat loss to be 


A S (T S - r„) (402 ft-)( 180 - 75)°F 

2:115 “ ijn , _L 1/12 ft , 1 

k- ms + h 0 0.024 Btu/h ■ ft ■ °F 3.5 Btu/h • ft 2 • °F 

= 11, 230 Btu/h 


Also, the total amount of heat loss from the oven per year and the amount and 
cost of energy consumption of the oven become 


Gin, = G^A/ = (1 1 ,230 Btu/h)(5840 h/yr) - 0.6558 X 10 s Btu/yr 


£ ins = QiJvow = (0.6558 X 10 s Btu/yr)/0.80 = 0.820 X 10 s Btu/yr 
= 820 therms 

Annual cost = E- m X Unit cost 

= (820 therm/yr)($0.75/therm) = $615/yr 


Therefore, insulating the oven by 1-in-thick fiberglass insulation will reduce 
the fuel bill by $8093 - $615 = $7362 per year. The unit cost of insulation 
is given to be $2.70/ft 2 . Then the installation cost of insulation becomes 


Insulation cost = (Unit cost)(Surface area) = ($2*70/ ft 2 ) (402 ft 2 ) — $1085 


The sum of the insulation and heat loss costs is 

Total cost = Insulation cost + Heat loss cost = $1085 + $615 = $1700 


Then the net earnings will be 

Earnings = Income — Expenses — $8093 — $1700 — $6393 . 

To determine the thickness of insulation that maximizes your earnings, we 
repeat the,calculations above for 2-, 3-, 4-, and 5-in-thick insulations, and list 
the results TH Table 7-5. Note that the total cost of insulation decreases first 
with incre^lng insulation thickness, reaches a minimum, and then starts to 
increase, f 

We observe that the total insulaticfr cost is a minimum at $1687 for the case 
of 2-in-thick insulation. The earnings in this case are 

Jf Maximum earnings = Income — Minimum expenses 

' — $8093 - $1687 $6406 


TABLE 7-5 . u . > ; ; . 

The variation of total insulation cost with insulation thickness 


Insulation 

thickness 

Heat loss, 
Btu/h 

Lost fuel, 
therms/yr 

Lost fuel 
cost, $/yr 

Insulation 
cost, $ 

Total cost, 
$ 

1 in 

11,230 

820 

615 

1085 

1700 

2 in 

5838 

426 

320 

1367 

1687 

3 in 

3944 

288 

216 

1648 

1864 

4 in 

2978 

217 

163 

1930 

2093 

5 in 

2392 

175 

131 

2211 

2342 
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which is not bad for a day’s worth of work. The plant manager is also a big win- 
ner in this venture since the heat losses will cost him only $320/yr during 
the second and consequent years instead of $8093/yr. A thicker insulation 
could probably be justified in this case if the cost of insulation is annualized 
over the lifetime of insulation, say 20 years. Several energy conservation 
measures are marketed as explained above by several power companies and 

private firms. 





The force a flowing fluid exerts on a body in the flow direction 
is called drag. The part of drag that is due directly to wall shear 
stress t w is called the skin friction drag since it is caused by 
frictional effects, and the part that is due directly to pressure is 
called the pressure drag or form drag because of its strong 
dependence on the form or shape of the body. 

The drag coefficient C D is a dimensionless number that rep- 
resents the drag characteristics of a body, and is defined as 



where A is the frontal area for blunt bodies, and surface area 
for parallel flow over flat plates or thin airfoils. For flow over 
a flat plate, the Reynolds number is 

vx 


Transition from laminar to turbulent occurs at the critical 
Reynolds number of 


Re 


X t C( 


= 5 X 10 s 


For parallel flow over a flat plate, the local friction and con- 
vection coefficients are 


Re T <5 X 10 5 


, . „ _ 0.664 

Laminar: C JtI - ^72 * 

Nu, = ^ = 0.332 Re®' 5 Pr 1 * 3 , Pr > 0.6 

K 

Turbulent: Cf, = 5 X 10 s £ Re* £ 10 7 


Nu = ^ = 0.0296 Re ® 8 Pr 1 ' 3 , 


0.6 < Pr < 60 
5 X 10 5 < Re, < IO 7 


The average friction coefficient relations for flow over a flat 
plate are: 


Laminar: 


Turbulent: 

Cf = 

Combined: 



1.33 ] 

Re!/ 2 ’ 

0.074 

Re [ /5 

0.074 

Ref 


Rough surface, turbulent: 


Re £ < 5 X 10 5 

5 X 10 s £ Re £ < 10 7 

5 X 10 5 ^Re L < 10 7 

Ke L 

C f =( 1.89 - 1.62 log -V 25 


The average Nusselt number relations for flow over a flat plate 
are: 

Laminar: Nu = y = 0.664 Ref Pr 1/3 , Re t < 5 X 1 0 5 

Turbulent: 

Nu = ^ = 0.037 Ref Pr ,/3 , 

K 

Combined ; 

Nu = = (0.037 Ref - 87 1) Pr 1/3 , 

k 


0.6 < Pr < 60 
5 X 10 5 ^ Re L == 10 7 

0.6 < Pr < 60 
5 X 10 5 <Re, < 10 7 


For isothermal surfaces with an unheated starting section of 
length £, the local Nusselt number and the average convection 
coefficient relations are 


Laminar: 

Turbulent: 

Laminar: 

Turbulent: 


Nuj = 

Nu,= 
h = 
h = 


0.5 -o^U 3 


Nu, (fo ^ =0; 0.332 Ref Pr 


3/41U3 


[i - (ffixy*] 


Nu 


*(forf = 0) 


[l - (£/x ) 3M ] 1/3 
0.0296 Ref Pr 1 * 


[1 - (m 9no V 19 [1 - (&x) 9m ) V9 

2[1 - (f.v) 3 ' 4 ] 


1 - ffiL 
5[1 - (£/*) 9/l ° 


h I=L 

K-l 


(1 - ffiL) 



These relations are for the case of isothermal surfaces. When a 
flat plate is subjected to uniform heat flux, the local Nusselt 
number is given by 

laminar: Nu, = 0.453 Re?- 5 Pr 1 2 ' 3 

Turbulent: Nu* = 0.0308 Re°- 8 Pr I/3 


The average Nusselt numbers for cross flow over a cylinder 
and sphere are 


_ hD _ _ , , 0.62 Re !Q 

NUcji - k + [i |- (0.4/ Pr) 273 ] 1/4 


1 + 


Re 


,5/8 


1 


282,000/ J 


4/5 


which is valid for Re Pr > 0.2, and 
hD rt i m , t. 1/2 


Nu sp i, 


2/3in,0.41 


2 + [0.4 Re 1 ' 4 + 0.06 Re 4 ' J ]Pr 




1/4 



Nu d = ^ = C Re3Pr n (Pr/Pr J ) 0 - 25 

K 

where the values of the constants C, m, and n depend on 
Reynolds number. Such correlations are given in Table 7-2. 
All properties except Pr^ are to be evaluated at the arithmetic 
mean of the inlet and exit temperatures of the fluid defined as 
T„ = (Tj + T e )! 2. 

The average Nusselt number for tube banks with less than 
16 rows is expressed as 

= TNu D 

where F is the correction factor whose values are given in 
Table 7-3. The heat transfer rate to or from a tube bank is de- 
termined from 


Q = hA;AT ia = mc p {T e - T f ) 


which is valid for 3.5 < Re < 80,000 and 0.7 < Pr < 380. 
The fluid properties are evaluated at the film temperature 
Tf - (T„ + Tj)/2 in the case of a cylinder, and at the free- 
stream temperature T m (except for p, s , which is evaluated at the 
surface temperature T s ) in the case of a sphere. 

In tube banks, the Reynolds number is based on the maxi- 
mum velocity that is related to the approach velocity V as 

In-line and Staggered with S D < (S T + D)/2: 


Staggered with S D < (S T + D)t 2: 

S T 

y __ 1 y 

^ 2{S d - D) 

• L 

where S T the transverse pitch and S D is the diagonal pitch. The 
average Nusselt number for cross flow over tube banks is 
expressed as 


where AT ln is the logarithmic mean temperature difference 
defined as 

AT (T, - T e ) - (T s - A T e - AT, 

b ln[(Tj - T e )/(T S - T;)] ln(AT e /ATj) 

and the exit temperature of the fluid T e is 

J-, = r - ( T , - Tj) exp (-££) 

where A s ~ NtfDL is the heat transfer surface area and //'; = 
pV{N T S t L) is the mass flow rate of the fluid. The pressure drop 
A P for a tube bank is expressed as 

1 n xr X- P'Knax 

A P = N L fx “j - 

where/ is the friction factor and x is the correction factor, both 
given in Fig. 1-21. 






i 


sggg 

■ J 




1. R. D. Blevin. Applied Fluid Dynamics Handbook. 

New York: Van Nostrand Reinhold, 1984. 

2. S. W. Churchill and M. Bernstein. “A Correlating 
Equation for Forced Convection from Gases and Liquids 
to a Circular Cylinder in Cross Flow.” Journal of Heat 
Transfer 99 (1977), pp. 300-306. 

3. S. W. Churchill and H. Ozoe. “Correlations for Laminar 
Forced Convection in Flow over an Isothermal Flat Plate 
and in Developing and Fully Developed Flow in an 
Isothermal Tube.” Journal of Heat Transfer 95 (Feb. 
1973), pp. 78-84. 

4. W. M. Edmunds. “Residential Insulation.” ASTM 
Standardization News (Jan. 1989), pp. 36-39. 


5. W. H. Giedt. ‘Investigation of Variation of Point Unit-Heat 
Transfer Coefficient around a Cylinder Normal to an Air 
Stream.” Transactions of the ASME 7 1 (1949), pp. 375-381. 

6. “Green and Clean: The Economic, Energy, and 
Environmental Benefits of Insulation,” Alliance to Save 
Energy, April 2001. 

7. M. Jakob. Heat Transfer. Vol. 1. New York: John Wiley & 
Sons, 1949. 

8. W. M. Kays and M. E. Crawford. Convective Heat and 
Mass Transfer 3rd ed. New York: McGraw-Hill, 1993. 

9. H. Schlichting. Boundary Layer Theory, 7th ed. New 
York, ,McGraw-H il 1 , 1979. 


fxtfPNALTORCED CONVECTION 


10. W. C. Thomas. “Note on the Heat Transfer Equation for 
Forced Convection Flow over a Flat Plate with an 
Unheated Starting Length.” Mechanical Engineering 
News, 9, no.l (1977). p. 361. 


11 , R, D. Willis. “Photographic Study of Fluid Flow Between 
Banks of Tubes.” Engineering (1934), pp. 423-425. 

12. A. Zukauskas, “Convection Heat Transfer in Cross Flow.” 
In Advances in Heat Transfer, J. P. Hartnett andT. F. Irvine, 
Jr.. Eds. New York: Academic Press, 1972, Vol. 8, 

pp. 93-106. 


13. A. Zukauskas. “Heat Transfer from Tubes in Cross Row.” 
In Advances in Heat Transfer, ed. J. P. Hartnett and 

T. F. Irvine, Jr. Vol. 8. New York: Academic Press, 1972. 

14. A. Zukauskas. “Heat Transfer from Tubes in Cross Flow.” 
In Handbook of Single Phase Convective Heat Transfer, 
Eds. S. Kakac, P. K. Shah, and Win Aung. New York: 
Wiley Interscience, 1987. 

15. A. Zukauskas and R. Ulinskas, “Efficiency Parameters for 
Heat Transfer in Tube Banks.” Heat Transfer Engineering 
no. 2 (1985), pp. 19-25. 



Drag Force and Heat Transfer in Externa! Flow 

7_1 C What is the difference between the upstream velocity 
and the free-stream velocity? For what types of flow are these 
two velocities equal to each other? 

7-2C What is the difference between streamlined and blunt 
bodies? Is a tennis ball a streamlined or blunt body? 

7-3 C What is drag? What causes it? Why do we usually try 
to minimize it? 

7-4 C What is lift? What causes it? Does wall shear con- 
tribute to the lift? 

7-5C During flow over a given body, the drag force, the up- 
stream velocity, and the fluid density are measured. Explain 
how you would determine the drag coefficient. What area 
would you use in calculations? 

7-6 C Define frontal area of a body subjected to external 
flow. When is it appropriate to use the frontal area in drag and 
lift calculations? 

7-7C What is the difference between skin friction drag and 
pressure drag? Which is usually more significant for slender 
bodies such as airfoils? 

7-8C What is the effect of surface roughness on the friction 
drag coefficient in laminar and turbulent flows? 

7-9C What is the effect of streamlining on (a) friction drag 
and ( b ) pressure drag? Does the total drag acting on a body 
necessarily decrease as a result of streamlining? Explain. 

*Problems designated by a "C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon 4 are solved using EES. Problems with the icon U are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


7-10 C What is flow separation? What causes it? What is the 
effect of flow separation on the drag coefficient? 

Flow over Flat Plates 

7-11C What does the friction coefficient represent in flow 
over a flat plate? How is it related to the drag force acting on 
the plate? 

7-12C Consider laminar flow over a flat plate. Will the fric- 
tion coefficient change with distance from the leading edge? 
How about the heat transfer coefficient? 

7_13C How are the average friction and heat transfer coeffi- 
cients determined in flow over a flat plate? 

7-14 Engine oil at 80°C flows over a 10-m-long flat plate 
whose temperature is 30°C with a velocity of 2,5 m/s. Deter- 
mine the total drag force and the rate of heat transfer over the 
entire plate per unit width. 

7-15 The local atmospheric pressure in Denver, Colorado 
(elevation 1610 m), is 83.4 kPa. Air at this pressure and 
at 30°C flows with a velocity of 6 m/s over a 2.5 -m X 8-m flat 
plate whose temperature is 120°C. Determine the rate of 
heat transfer from the plate if the air flows parallel to the 
(a) 8-m-long side and (b) the 2.5-m side. 

7-16 During a cold winter day, wind at 55 km/h is blowing 
parallel to a 4-m-high and 10-m-long wall of a house. If the air 
outside is at 5°C and the surface temperature of the wall is 



FIGURE P7-16 
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2°C determine the rate of heat loss from that wall* by convec- 
* n What would your answer be if the wind velocity was dou- 
bted? Answers: 9080 W, 16,200 W 
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Reconsider Prob. 7—16. Using EES (or other) 

software, investigate the effects of wind velocity 

nd outside air temperature on the rate of heat loss from the 
/all by convection. Let the wind velocity vary from 10 km/h to 
0 km/h and the outside air temperature from 0°C to 10°C. Plot 
lie rate of heat loss as a function of the wind velocity and of 
lie outside temperature, and discuss the results. 


7_18 A thin, square flat plate has 0.5 m on each side. Air at 
10°C flows over the top and bottom surfaces of the plate in a 
direction parallel to one edge, with a velocity of 60 m/s. The 
surface of the plate is maintained at a constant temperature of 
54°C, The plate is mounted on a scale that measures a drag 
force of 1.5 N. 

(n) Determine the flow regime (laminar or turbulent). 

(h) Determine the total heat transfer rate from the plate to 
die air. 

(c) Assuming a uniform distribution of heat transfer and 
drag parameters over the plate, estimate the average gra- 
dients of the velocity and temperature at the surface, 
(3if/3y) v= o an d (dT/dy) y=0 . 


7_19 Water at 43.3°C flows over a large plate at a velocity of 
30.0 cm/s. The plate is 1.0 m long (in the flow direction), and 
its surface is maintained at a uniform temperature of 10.0°C. 
Calculate the steady rate of heat transfer per unit width of the 

plate. 


7-20 Merchry at 25°C flows over a 3-m-long and 2-m-wide 
flat plate maintained at 75°C with a velocity of 0.8 m/s. Deter- 
mine the rate of heat transfer from the entire plate. 



Mercury 
> V =0.8 m/s 
t r„= 25°c 




r 


T.= 75°C 


FIGURE P7-20 


7-21 Parallel plates form a solar collector that covers a roof, 
as shown in the figure. The plates are maintained at 15 C, 
while ambient air at 1G°C flows over the roof with V = 2 m/s. 
Determine the rate of convective heat loss from (a) the first 
plate and (b) the third plate. 
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7-22 Consider a hot automotive engine, which can be ap- 
proximated as a 0.5-m-high, 0.40-m-wide, and 0.8-mTong rec- 
tangular block. The bottom surface of the block is at a 
temperature of 100°C and has an emissivity of 0.95. The ambi- 
ent air is at 20°C, and the road surface is at 25°C. Determine 
the rate of heat transfer from the bottom surface of the engine 
block by convection and radiation as the car travels at a veloc- 
ity of 80 km/h. Assume the flow to be turbulent over the entire 
surface because of the constant agitation of the engine block. 

7-23 The forming section of a plastics plant puts out a con- 
tinuous sheet of plastic that is 1.2 m wide and 2 mm thick at a 
rate of 15 m/min. The temperature of the plastic sheet is 90°C 
when it is exposed to the surrounding air, and the sheet is sub- 
jected to air flow at 30°C at a velocity of 3 m/s on both sides 
along its surfaces normal to the direction of motion of the 
sheet. The width of the air cooling section is such that a fixed 
point on the plastic sheet passes through that section in 2 s. De- 
termine the rate of heat transfer from the plastic sheet to the air. 


Air 

30°C, 3 m/s 



7-24 The top surface of the passenger car of a train moving at 
a velocity of 70 km/h is 2.8 m wide and 8 m long. The top sur- 
face is absorbing solar radiation at a rate of 200 W/m 2 , and the 
temperature of the ambient air is 30°C. Assuming the roof of the 
car to be perfectly insulated and the radiation heat exchange with 


i 
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the surroundings to be small relative to convection, determine 
the equilibrium temperature of the top surface of the car. 
Answer: 35.1°C 
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Reconsider Prob. 7-24. Using EES (or other) 
software, investigate the effects of the train ve- 
locity and the rate of absorption of solar radiation on the equi- 
librium temperature of the top surface of the car. Let the train 
velocity vary from 10 km/h to 120 km/h and the rate of solar 
absorption from 100 W/m 2 to 500 W/m 2 . Plot the equilibrium 
temperature as functions of train velocity and solar radiation 
absorption rate, and discuss the results. 


7-26 A 15 -cm X 15 -cm circuit board dissipating 20 W of 
power uniformly is cooled by air, which approaches the circuit 
board at 20°C with a velocity of 6 m/s. Disregarding any heat 
transfer from the back surface of the board, determine the sur- 
face temperature of the electronic components (a) at the lead- 
ing edge and ( b ) at the end of the board. Assume the flow to be 
turbulent since the electronic components are expected to act 
as turbulators. 


7-27 Consider laminar flow of a fluid over a flat plate main- 
tained at a constant temperature. Now the free-stream velocity 
of the fluid is doubled. Determine the change in the drag force 
on the plate and rate of heat transfer between the fluid and the 
plate. Assume the flow to remain laminar. 

7-28 Consider a refrigeration truck traveling at 90 km/h at a 
location where the air temperature is 25°C. The refrigerated 
compartment of the truck can be considered to be a 2.8-m-wide, 
2.4-m-high, and 6-m-long rectangular box. The refrigeration 


system of the truck can provide 3 tons of refrigeration (i.e., it 
can remove heat at a rate of 633 kJ/min). The outer surface of 
the truck is coated with a low-emissivity material, and thus 
radiation heat transfer is very small. Determine the average tem- 
perature of the outer surface of the refrigeration compartment of 
the truck if the refrigeration system is observed to be operating 
at half the capacity. Assume the air flow over the entire outer 
surface to be turbulent and the heat transfer coefficient at the 
front and rear surfaces to be equal to that on side surfaces. 

7-29 Solar radiation is incident on the glass cover of a solar 
collector at a rate of 700 W/m 2 . The glass transmits 88 percent 
of the incident radiation and has an emissivity of 0.90. The en- 
tire hot water needs of a family in summer can be met by two 
collectors 1.2 m high and 1 m wide. The two collectors are at- 
tached to each other on one side so that they appear like a sin- 
gle collector 1.2 m X 2 m in size. The temperature of the glass 
cover is measured to be 35°C on a day when the surrounding 
air temperature is 25 °C and the wind is blowing at 30 km/h. 
The effective sky temperature for radiation exchange between 
the glass cover and the open sky is -40°C. Water enters the 
tubes attached to the absorber plate at a rate of 1 kg/min. As- 
suming the back surface of the absorber plate to be heavily in- 
sulated and the only heat loss to occur through the glass cover, 
determine (a) the total rate of heat loss from the collector, 
(b) the collector efficiency, which is the ratio of the amount of 
heat transferred to the water to the solar energy incident on the 
collector, and (c) the temperature rise of water as it flows 
through the collector. 

7 sky = — 40°C 
Solar 



Atr, 25°C 
V= 90 km/h 


6 m 
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7-30 A transformer that is 10 cm long, 6.2 cm wide, and 
5 cm high is to be cooled by attaching a 10-cm X 6.2 -cm wide 
polished aluminum heat sink (emissivity = 0.03) to its top sur- 
face. The heat sink has seven fins, which are 5 mm high, 2 mm 
thick, and 10 cm long. A fan blows air at 25°C parallel to the 
passages between the fins. The heat sink is to dissipate 12 W of 
heat and the base temperature of the heat sink is not to exceed 
60°C. Assuming the fins and the base plate to be nearly isother- 
mal and the radiation heat transfer to be negligible, determine 
the minimum free-stream velocity the fan needs to supply to 
avoid overheating. 


Air 

25°C 


w\\\ 



7-31 Repeat Prob. 7-30 assuming the heat sink to be black- 
anodized and thus to have an effective emissivity of 0.90. Note 
that in radiation calculations the base area (10 cm X 6.2 cm) is 
to be used, not the total surface area. 

7-32 An array of power transistors, dissipating 6 W of power 
each, are to be cooled by mounting them on a 25-cm X 25-cm 
square aluminum plate and blowing air at 35°C over the plate 
with a fan at a velocity of 4 m/s. The average temperature of 
the plate is not to exceed 65°C. Assuming the heat transfer 
from the back side of the plate to be negligible and disregard- 
ing radiation, determine the number of transistors that can be 
placed on this plate. 

' r '-j Aluminum Power 
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7-33 Repeat Prob. 7-32 for a location at an elevation of 
1610 m where the atmospheric pressure is 83.4 kPa. 

Answer: 4 

7-34 Air at 25 °C and 1 atm is flowing over a long flat plate 
with a velocity of 8 m/s. Determine the distance from the lead- 
ing edge of the plate where the flow becomes turbulent, and the 
thickness of the boundary layer at that location. 
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7-35 Repeat Prob. 7-34 for water. 

7-36 The weight of a thin flat plate 40 cm X 40 cm in size is 
balanced by a counterweight that has a mass of 2 kg, as shown 
in the figure. Now a fan is turned on, and air at 1 atm and 25°C 
flows downward over both surfaces of the plate with a free- 
stream velocity of 10 m/s. Determine the mass of the counter- 
weight that needs to be added in order to balance the plate in 
this case. 


Air 



40 cm 


Flow across Cylinders and Spheres 

7-37C Consider laminar flow of air across a hot circular 
cylinder. At what point on the cylinder will the heat transfer be 
highest? What would your answer be if the flow were turbulent? 

7-38 C In flow over cylinders, why does the drag coefficient 
suddenly drop when the flow becomes turbulent? Isn’t turb- 
ulence supposed to increase the drag coefficient instead of 
decreasing it? 

7-39C In flow over blunt bodies such as a cylinder, how 
does the pressure drag differ from the friction drag? 

7-40 C Why is flow separation in flow over cylinders de- 
layed in turbulent flow? 

7 — 41 A long 8-cm-diameter steam pipe whose external sur- 
face temperature is 90°C passes through some open area that is 
not protected against the winds. Determine the rate of heat loss 
from the pipe per unit of its length when the air is at 1 atm 
pressure and 7°C and the wind Is blowing across the pipe at a 
velocity of 50 km/h. 

7-42 In a geothermal power plant, the used geothermal water 
at 80°C enters a 15-cm-diameter and 400-m-long uninsulated 
pipe at a rate of 8.5 kg/s and leaves at 70°C before being rein- 
jected back to the ground. Windy air at 15°C flows normal to 
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the pipe. Disregarding radiation, determine the average wind 
velocity in km/h. 


7-43 A stainless steel ball (p = 8055 kg/m 3 , c p = 480 J/kg ■ °C) 
of diameter D — 15 cm is removed from the oven at a uniform 
temperature of 350°C. The ball is then subjected to the flow of air 
at 1 atm pressure and 30°C with a velocity of 6 m/s. The surface 
temperature of the ball eventually drops to 250°C. Determine 
the average convection heat transfer coefficient during this cool- 
ing process and estimate how long this process has taken. 


7—44 Reconsider Prob. 7—43. Using EES (or other) 

1^58 software, investigate the effect of air velocity on 
the average convection heat transfer coefficient and the cooling 
time. Let the air velocity vary from 1 m/s to 10 m/s. Plot the 
heat transfer coefficient and the cooling time as a function of 
air velocity, and discuss the results. 


7-45 A person extends his uncovered arms into the windy air 
outside at 10°C and 30 km/h in order to feel nature closely. Ini- 
tially, the skin temperature of the arm is 30°C. Treating the arm 
as a 0.6-m-long and 7.5-m-diameter cylinder, determine the 
rate of heat loss from the arm. 



7-46 Reconsider Prob. 7-45. Using EES (or other) 

Kgs! software, investigate the effects of air tempera- 
ture and wind velocity on the rate of heat loss from the arm. 
Let the air temperature vary from — 5°C to 25°C and the wind 
velocity from 15 km/h to 60 km/h. Plot the rate of heat loss as 
a function of air temperature and of wind velocity, and discuss 
the results. 


7—47 An average person generates heat at a rate of 84 W 
while resting. Assuming one-quarter of this heat is lost from 
the head and disregarding radiation, determine the average 
surface temperature of the head when it is not covered and 
is subjected to winds at 10°C and 25 km/h. The head can be 
approximated as a 30-cm-diameter sphere. Answer: 13.2°C 


7_48 Consider the flow of a fluid across a cylinder main- 
tained at a constant temperature. Now the free-stream velocity 
of the fluid is doubled. Determine the change in the drag force 
on the cylinder and the rate of heat transfer between the fluid 
and the cylinder. 

7-49 A 6-mm-diameter electrical transmission line carries 
an electric current of 50 A and has a resistance of 0.002 
ohm per meter length. Determine the surface temperature of 
the wire during a windy day when the air temperature is 10°C 
and the wind is blowing across the transmission line at 
40 km/h. 


Wind, 40 km/h 


io ° c y/yyy 
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Reconsider Prob. 7-49. Using EES (or other) 
software, investigate the effect of the wind ve- 
locity on the surface temperature of the wire. Let the wind 
velocity vary from 10 km/h to 80 km/h. Plot the surface 
temperature as a function of wind velocity, and discuss the 
results. 


7-51 A heating system is to be designed to keep the wings of 
an aircraft cruising at a velocity of 900 km/h above freezing 
temperatures during flight at 12,200-m altitude where the stan- 
dard atmospheric conditions are — 55.4°C and 18.8 kPa. Ap- 
proximating the wing as a cylinder of elliptical cross section 
whose minor axis is 50 cm and disregarding radiation, deter- 
mine the average convection heat transfer coefficient on the 
wing surface and the average rate of heat transfer per unit sur- 
face area. 


7-52 /T&v A long aluminum wire of diameter 3 mm is 
xgf? extruded at a temperature of 370°C. The wire 
is subjected to cross air flow at 30°C at a velocity of 6 m/s. 
Determine the rate of heat transfer from the wire to the air per 
meter length when it is first exposed to the air. 
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7-53 An incandescent lightbulb is an inexpensive but highly 
inefficient device that converts electrical energy into light. It 
converts about 10 percent of the electrical energy it consumes 
into fight while converting the remaining 90 percent into heat. 
(A fluorescent lightbulb will give the same amount of light 
while consuming only one-fourth of the electrical energy, and 
it will last 10 times longer than an incandescent lightbulb.) The 
glass bulb of the lamp heats up very quickly as a result of ab- 
sorbing all that heat and dissipating it to the surroundings by 
convection and radiation. 

Consider a 10-cm-diameter 100-W lightbulb cooled by a fan 
that blows air at 30°C to the bulb at a velocity of 2 m/s. The 
surrounding surfaces are also at 30°C, and the emissivity of the 
glass is 0.9. Assuming 10 percent of the energy passes through 
the glass bulb as light with negligible absorption and the rest of 
the energy is absorbed and dissipated by the bulb itself, deter- 
mine the equilibrium temperature of the glass bulb. 



7-54 During a plant visit, it was noticed that a 12-m-long 
section of a 10-cm-diameter steam pipe is completely exposed 
to the ambient air. The temperature measurements indicate that 
the average '{temperature of the outer surface of the steam pipe 
is 75°C whtbi the ambient temperature is 5°C. There are also 
light wmdsfin the area at 10 km/h. The emissivity of the outer 
surface of the pipe is 0.8, and the average temperature of the 
surfaces surrounding the pipe, including the sky, is estimated to 
be 0°C. Determine the amount of heat lost from the steam dur- 
ing a^0-h-lpng work day. 
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Steam is supplied by a gas-fired steam generator that has 
an efficiency of 80 percent, and the plant pays $1.05/therm 
of natural gas. If the pipe is insulated and 90 percent of the 
heat loss is saved, determine the amount of money this facility 
will save a year as a result of insulating the steam pipes. As- 
sume the plant operates every day of the year for 10 h. State 
your assumptions. 

T W = VC 

£= 0.8 



5°C 

10 km/h 


FIGURE P7-54 

7-55 Reconsider Prob. 7-54. There seems to be some uncer- 
tainty about the average temperature of the surfaces surround- 
ing the pipe used iu radiation calculations, and you are asked to 
determine if it makes any significant difference in overall heat 
transfer. Repeat the calculations for average surrounding and 
surface temperatures of — 20°C and 25°C, respectively, and de- 
termine the change in the values obtained. 

7—56 A 3.5-m-Iong, 1.5-kW electrical resistance wire is made 
of 0.25-cm-diameter stainless steel (k = 15 W/m • °C). The re- 
sistance wire operates in an environment at 30°C. Determine 
the surface temperature of the wire if it is cooled by a fan blow- 
ing air at a velocity of 6 m/s. 



/ 



7-57 The components of an electronic system are located in 
a 1.5-m-long horizontal duct whose cross section is 20 cm X 
20 cm. The components in the duct are not allowed to come 
into direct contact with cooling air, and thus are cooled by air 
at 30°C flowing over the duct with a velocity of 200 m/min. 
If the surface temperature of the duct is not to exceed 65°C, de- 
termine the total power rating of the electronic devices that can 
be mounted into the duct. Answer: 640 W 


Electronic 

components 

inside 



65°C 


7-58 Repeat Prob. 7-57 for a location at 4000-m altitude 
where the atmospheric pressure is 61 .66 kPa. 

7-59 A 0.4-W cylindrical electronic component with diame- 
ter 0.3 cm and length 1.8 cm and mounted on a circuit board is 
cooled by air flowing across it at a velocity of 240 m/min. If 
the air temperature is 35 °C, determine the surface temperature 
of the component. 

7-60 Consider a 50-cm-diameter and 95-cm-long hot water 
tank. The tank is placed on the roof of a house. The water in- 
side the tank is heated to 80°C by a flat-plate solar collector 
during the day. The tank is then exposed to windy air at 18°C 
with an average velocity of 40 km/h during the night. Estimate 
the temperature of the tank after a 45-min period. Assume the 
tank surface to be at the same temperature as the water inside, 
and the heat transfer coefficient on the top and bottom surfaces 
to be the same as that on the side surface. 


7-61 Reconsider Prob. 7-60. Using EES (or other) 

regal software, plot the temperature of the tank as a 
function of the cooling time as the time varies from 30 min to 
5 h, and discuss the results. 


7-62 A 1 . 8-m-diameter spherical tank of negligible thickness 
contains iced water at 0°C. Air at 25 °C flows over the tank 
with a velocity of 7 m/s. Determine the rate of heat transfer to 
the tank and the rate at which ice melts. The heat of fusion of 
water at 0°C is 333.7 kJ/kg. 


7-63 A 10-cm-diameter, 30-cm-high cylindrical bottle con- 
tains cold water at 3°C. The bottle is placed in windy air at 


27°C. The water temperature is measured to be 11°C after 
45 min of cooling. Disregarding radiation effects and heat 
transfer from the top and bottom surfaces, estimate the average 
wind velocity. 

Flow across Tube Banks 

7-64 C In flow across tube banks, why is the Reynolds num- 
ber based on the maximum velocity used instead of the uni- 
form approach velocity? 

7-65C In flow across tube banks, how does the heat transfer 
coefficient vary with the row number in the flow direction? 
How does it vary with in the transverse direction for a given 
row number? 

7-66 Combustion air in a manufacturing facility is to be pre- 
heated before entering a furnace by hot water at 90°C flowing 
through the tubes of a tube bank located in a duct. Air enters 
the duct at 15°C and 1 atm with a mean velocity of 3.8 m Is, and 
flows over the tubes in normal direction. The outer diameter 
of the tubes is 2. 1 cm, and the tubes are arranged in-line with 
longitudinal and transverse pitches of S L = S T = 5 cm. There 
are eight rows in the flow direction with eight tubes in each 
row. Determine the rate of heat transfer per unit length of the 
tubes, and the pressure drop across the tube bank. 

,7-67 Repeat Prob. 7-66 for staggered, arrangement with 
S L = S T = 6 cm. 

7-68 Air is to be heated by passing it over a bank of 
3-m-Iong tubes inside which steam is condensing at 100°C. Air 
approaches the tube bank in the normal direction at 20°C and 
1 atm with a mean velocity of 5.2 m/s. The outer diameter of 
the tubes is 1.6 cm, and the tubes are arranged staggered with 
longitudinal and transverse pitches of S L = S T — 4 cm. There 
are 20 rows in the flow direction with 10 tubes in each row. 
Determine (a) the rate of heat transfer, (b) and pressure drop 
across the tube bank, and (c) the rate of condensation of steam 
inside the tubes. 

7-69 Repeat Prob. 7-68 for in-line arrangement with S L — 
S T = 6 cm. 

7-70 Exhaust gases at 1 atm and 300°C are used to preheat 
water in an industrial facility by passing them over a bank of 
tubes through which water is flowing at a rate of 6 kg/s. The 
mean tube wall temperature is 80°C. Exhaust gases approach 
the tube bank in normal direction at 4.5 m/s. The outer diame- 
ter of the tubes is 2.1 cm, and the tubes are arranged in-line 
with longitudinal and transverse pitches of S L = S T = 8 cm. 
There are 16 rows in the flow direction with eight tubes in each 
row. Using the properties of air for exhaust gases, determine 
(n) the rate of heat transfer per unit length of tubes, (b) and 
pressure drop across the tube bank, and (c) the temperature rise 
of water flowing through the tubes per unit length of tubes. 

7-71 Water at 15°C is to be heated to 65°C by passing it over 
a bundle of 4-m-long 1-cm-diameter resistance heater rods 
maintained at 90°C. Water approaches the heater rod bundle in 


normal direction at a mean velocity of 0.8 m/s. -The rods are 
arranged in-line with longitudinal and transverse pitches of 
5 = 4 cm and S T ~ 3 cm. Determine the number of tube rows 
jV L in the flow direction needed to achieve the indicated tem- 
perature rise. 


Water 
15°C 
0.8 nr/s 
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FIGURE P7-71 


7-72 Air is to be cooled in the evaporator section of a re- 
frigerator by passing it over a bank of 0.8-cm-outer-diameter 
and 0.4-m-long tubes inside which the refrigerant is evaporat- 
ing at — 20°C. Air approaches the tube bank in the normal di- 
rection at 0°C and 1 atm with a mean velocity of 4 m/s. The 
tubes are arranged in-line with longitudinal and transverse 
pitches of S L = S T = 1.5 cm. There are 30 rows in the flow di- 
rection with 15 tubes in each row. Determine ( a ) the refriger- 
ation capacity of this system and (b) pressure drop across the 
tube bank. 

0°C 



7-73 Repeat Prob. 7-72 by solving it for staggered ar- 
rangement with S L = S T = 1.5 cm, and compare the per- 
formance of the evaporator for the in-line and staggered 
arrangements. 

7-74 A tube bank consists of 300 tubes at a distance of 6 cm 
between the centerlines of any two adjacent tubes. Air ap- 
proaches the tube bank in the normal direction at 20°C and 
1 atm with a mean velocity of 6 m/s. There are 20 rows in the 
flow direction with 15 tubes in each row with an average sur- 
face temperature of 140°C. For an outer tube diameter of 2 cm, 
dete rmin e the average heat transfer coefficient. 


Special Topic: Thermal Insulation 

7-75C What is thermal insulation? How does a thermal insu- 
lator differ in purpose from an electrical insulator and from a 
sound insulator? 

7-76C Does insulating cold surfaces save energy? Explain. 

7-77C What is the R-value of insulation? How is it deter- 
mined? Will doubling the thickness of flat insulation double its 
Rvalue? 

7-78C How does the A-value of an insulation differ from its 
thermal resistance? 


7-79C Why is the thermal conductivity of superinsulation 
orders of magnitude lower than the thermal conductivities of 
ordinary insulations? 

7-80C Someone suggests that one function of hair is to insu- 
late the head. Do you agree with this suggestion? 

7-81C Name five different reasons for using insulation in in- 
dustrial facilities. 

7-82C What is optimum thickness of insulation? How is it 
determined? 


7-83 What is the thickness of flat R- 8 (in SI units) insulation 
whose thermal conductivity is 0.04 W/m * °C? 

7-84 What is the thickness of flat A-3.5 (in SI units) insula- 
tion whose thermal conductivity is 0.07 W/m * °C? 

7-85 Hot water at 110°C flows in a cast iron pipe (k = 
52 W/m ■ °C) whose inner radius is 2.0 cm and thickness is 
0.3 cm. The pipe is to be covered with adequate insulation so 
that the temperature of the outer surface of the insulation does 
not exceed 30°C when the ambient temperature is 22°C. Taking 
the heat transfer coefficients inside and outside the pipe to be 
hi = 80 W/m 2 • °C and h 0 = 22 W/m 2 ■ °C, respectively, deter- 
mine the thickness of fiberglass insulation ( k = 0.038 W/m * °C) 
that needs to be installed on the pipe. Answer: 1.32 cm 


7-86 |7Kij Reconsider Prob. 7-85. Using EES (or other) 
software, plot the thickness of the insulation as a 
function of the maximum temperature of the outer surface of 
insulation in the range of 24°C to 48°C. Discuss the results. 


7-87 /"Tfe. Consider a furnace whose average outer surface 
xg§y temperature is measured to be 90°C when the av- 
erage surrounding air temperature is 27°C, The furnace is 6,m 
long and 3 m in diameter. The plant operates 80 h per week for 
52 weeks per year. You are to insulate the furnace using fiber- 
glass insulation (k^ — 0.038 W/m * °C) whose cost is $10/m 2 
per cm of thickness for materials, plus $30/m 2 for labor re- 
gardless of thickness. The combined heat transfer coefficient on 
the outer surface is estimated to be h 0 = 30 W/m 2 • °C. The fur- 
nace uses natural gas whose unit cost is $0.50/therm input (1 
therm = 105,500 kJ), and the efficiency of the furnace is 78 
percent. The management is willing to authorize the installa- 
tion of the thickest insulation (in whole cm) that will pay for it- 
self (materials and labor) in one year. That is, the total cost of 
insulation should be roughly equal to the drop in the fuel cost 





of the furnace for one year. Determine the thickness of insula- 
tion to be used and the money saved per year. Assume the sur- 
face temperature of the furnace and the heat transfer coefficient 
are to remain constant. Answers: 14 cm, $12,050/yr 


7-88 Repeat Prob. 7-87 for an outer surface temperature of 
75°C for the furnace. 


7-89 The plumbing system of a plant involves a section of a 
plastic pipe {k = 0.16 W/m • °C) of inner diameter 6 cm and 
outer diameter 6.6 cm exposed to the ambient air. You are to 
insulate the pipe with adequate weather-jacketed fiberglass 
insulation {k = 0.035 W/m ■ °C) to prevent freezing of water 
in the pipe. The plant is closed for the weekends for a period 
of 60 h, and the water in the pipe remains still during that pe- 
riod. The ambient temperature in the area gets as low as 
- 10°C in winter, and the high winds can cause heat transfer 
coefficients as high as 30 W/m 2 • °C. Also, the water tempera- 
ture in the pipe can be as cold as 15°C, and water starts freez- 
ing when its temperature drops to 0°C. Disregarding the 
convection resistance inside the pipe, determine the thickness 
of insulation that will protect the water from freezing under 
worst conditions. 


7-90 Repeat Prob. 7-89 assuming 20 percent of the water 
in the pipe is allowed to freeze without jeopardizing safety. 
Answer: 27.9 cm 


Review Problems 

7-91 Consider a house that is maintained at 22°C at all times. 
The walls of the house have R-3.38 insulation in SI units (i.e., 
an Ltk value or a thermal resistance of 3.38 m 2 • °CAV). During 
a cold winter night, the outside air temperature is 6°C and wind 
at 50 km/h is blowing parallel to a 4-m-high and 8-m-long wall 
of the house. If the heat transfer coefficient on the interior 
surface of the wall is 8 W/m 2 * °C, determine the rate of heat 
loss from that wall of the house. Draw the thermal resistance 
network and disregard radiation heat transfer. 

Answer: 145 V/ 

7-92 An automotive engine can be approximated as a 0.4-m- 
high, 0.60-m-wide, and 0.7-m-Iong rectangular block. The 
bottom surface of the block is at a temperature of 75°C and has 
an emissivity of 0.92. The ambient air is at 5°C, and the road 


surface is at 10°C. Determine the rate of heat transfer from the 
bottom surface of the engine block by convection and radiation 
as the car travels at a velocity of 60 km/h. Assume the flow to 
be turbulent over the entire surface because of the constant 
agitation of the engine block. How will the heat transfer be 
affected when a 2-mm-thick gunk (k ~ 3 W/m • °C) has 
formed at the bottom surface as a result of the dirt and oil 
collected at that surface over time? Assume the metal 
temperature under the gunk still to be 75°C. 



FIGURE P7-92 

7-93 The passenger compartment of a minivan traveling at 
95 km/h can be modeled as a 1.0-m-high, 1.8-m-wide, and 3.4-m- 
long rectangular box whose walls have an insulating value 
ofR-0.5 (i.e., a wall thickness-to-thermal conductivity ratio of 
0.5 m 2 ■ °CAV). The interior of a minivan is maintained at an 
average temperature of 20°C during a trip at night while the 
outside air temperature is 30°C. 

The average heat transfer coefficient on the interior surfaces of 
the van is 6.8 W/m 2 ■ °C. The air flow over the exterior surfaces 
can be assumed to be turbulent because of the intense vibrations 
involved, and the heat transfer coefficient on the front and back 
surfaces can be taken to be equal to that on the top surface. 
Disregarding any heat gain or loss by radiation, determine the rate 
of heat transfer from the ambient air to the van. 


Air 


« 95 km/h 



FIGURE P7-93 

7-94 Consider a house that is maintained at a constant 
temperature of 22°C. One of the walls of the house has three 
single-pane glass windows that are 1.5 m high and 1.8 m long. 



V 


The glass (k = 0.78 W/m • °C) is 0.5 cm thick; and the heat 
transfer coefficient on the inner surface of the glass is 
8 \V/nf • C. Now winds at 35 km/h start to blow parallel to the 
surface of this wall. If the air temperature outside is -2 D C, 
determine the rate of heat loss through the windows of this 
wall- Assume radiation heat transfer to be negligible. 

7^95 Consider a person who is trying to keep cool on a hot 
summer day by turning a fan on and exposing his body to air 
flow. The air temperature is 32°C, and the fan is blowing air at 
a velocity of 5 m/s. The surrounding surfaces are at 40°C, and 
the emissivity of the person can be taken to be 0.9. If the 
person is doing light work and generating sensible heat at a rate 
of 90 W, determine the average temperature of the outer 
surface (skin or clothing) of the person. The average human 
body can be treated as a 30-cm-diameter cylinder with an 
exposed surface area of 1 .7 m 2 . Answer-. 36.2°C 

7-96 Four power transistors, each dissipating 12 W, are 
mounted on a thin vertical aluminum plate (k = 237 W/m * °C) 
22 cm X 22 cm in size. The heat generated by the transistors is 
to be dissipated by both surfaces of the plate to the surrounding 
air at 20°C, which is blown over the plate by a fan at a velocity 
of 250 m/min. The entire plate can be assumed to be nearly 
isothermal, and the exposed surface area of the transistor can 
be taken to be equal to its base area. Determine the temperature 
of the aluminum plate. 

7-97 A 3-m-intemal-diameter spherical tank made of 1-cm- 
thick stainless steel (k = 15 W/m * °C) is used to store iced 
water at 0°C. The tank is located outdoors at 30°C and is 
subjected to winds at 25 km/h. Assuming the entire steel tank 
to be at 0°C and thus its thermal resistance to be negligible, 
determine (a) the rate of heat transfer to the iced water in the 
tank and ( b ) the amount of ice at 0°C that melts during a 24-h 
period. The heat of fusion of water at atmospheric pressure is 
h ;f = 333T kl/kg. Disregard any heat transfer by radiation. 



FIGURE P7-97 


7-98 Repeat Prob. 7-97, assuming the inner surface of the 
tank to be at 0°C but by taking the thermal resistance of the 
tank and heat transfer by radiation into consideration. Assume 
the average surrounding surface temperature for radiation 
exchange to be 25 °C and the outer surface of the tank to have 
an emissivity of 0.75. Answers: (a) 10,530 W, [b) 2727 kg 



7-99 A transistor with a height of 0.65 cm and a diameter of 
0.60 cm is mounted on a circuit board. The transistor is cooled 
by air flowing over it at a velocity of 150 m/min. 'Jf the air 
temperature is 50°C and the transistor case temperature is not 
to exceed 80°C, determine the amount of power this transistor 
can dissipate safely. 

Air, 150 m/min 



FIGURE P7-99 


7-100 The roof of a house consists of a 1 5-cm-thick concrete 
slab (k = 2 W/m * °C) that is 15 m wide and 20 m long. The 
convection heat transfer coefficient on the inner surface of the 
roof is 5 W/m 2 ■ °C. On a clear winter night, the ambient air is 
reported to be at 10°C, while the night sky temperature is 
100 K. The house and the interior surfaces of the wall are 
maintained at a constant temperature of 20°C. The emissivity 
of both surfaces of the concrete roof is 0.9. Considering both 
radiation and convection heat transfer, determine the rate of 
heat transfer through the roof when wind at 60 km/h is blowing 
over the roof. 

If the house is heated by a furnace burning natural gas with 
an efficiency of 85 percent, and the price of natural gas is 
$ 1.20/therm, determine the money lost through the roof that 
night during a 14-h period. Answers: 28 kW, $18.9 



FIGURE P7-100 


7-101 Steam at 250°C flows in a stainless steel pipe (k = 15 
W/m ■ °C) whose inner and outer diameters are 4 cm and 4.6 cm, 
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respectively. The pipe is covered with 3.5-cm-thick glass wool 
insulation (jfc - 0.038 W/m ■ °C) whose outer surface has an 
emissivity of 0.3. Heat is lost to the surrounding air and 
surfaces at 3°C by convection and radiation. Taking the heat 
transfer coefficient inside the pipe to be 80 W/m 2 ■ °C, 
determine the rate of heat loss from the steam per unit length of 
the pipe when air is flowing across the pipe at 4 m/s. 


7-102 The boiling temperature of nitrogen at atmospheric 
pressure at sea level (1 atm pressure) is ' 196 C. Therefore, 
nitrogen is commonly used in low- temperature scientific 
studies, since the temperature of liquid nitrogen in a tank open 
to the atmosphere will remain constant at —196 C until it is 
depleted. Any heat transfer to the tank will result in the 
evaporation of some liquid nitrogen, which has a heat of 
vaporization of 198 kJ/kg and a density of 810 kg/m 3 at 1 atm. 

Consider a 4-m-diameter spherical tank that is initially filled 
with liquid nitrogen at 1 atm and — 196°C. The tank is exposed 
to 20°C ambient air and 40 km/h winds. The temperature of the 
thin-shelled spherical tank is observed to be almost the same as 
the temperature of the nitrogen inside. Disregarding any radia- 
tion heat exchange, determine the rate of evaporation of the 
liquid nitrogen in the tank as a result of heat transfer from the 
ambient air if the tank is (n) not insulated, { b ) insulated with 
5-cm-thick fiberglass insulation (k = 0.035 W/m • C), and 
(c) insulated with 2-cm-tbick superinsulation that has an effec- 
tive thermal conductivity of 0.00005 W/m • °C. 


N 2 vapor 



7-103 Repeat Prob. 7-102 for liquid oxygen, which has a 
boiling temperature of — 183°C, a heat of vaporization of 
213 kJ/kg, and a density of 1140 kg/m 3 at 1 atm pressure. 

7-104 A 0.5-cm-thick, 12-cm-high, and 18-cm-tong circuit 
board houses 80 closely spaced logic chips on one side, each 
dissipating 0.06 W. The board is impregnated with copper 
fillings and has an effective thermal conductivity of 
16 W/m - °C. All the heat generated in the chips is conducted 


across the circuit board and is dissipated from the back side of 
the board to the ambient air at 30°C, which is forced to flow over 
the surface by a fan at a free-stream velocity of 300 m/min. 
Determine the temperatures on the two sides of the circuit board. 

7-105 It is welt known that cold air feels much colder 

ygy in windy weather than what the thermometer 
reading indicates because of the chilling effect of the wind. 
This effect is due to the increase in the convection heat transfer 
coefficient with increasing air velocities. The equivalent 
windchill temperature in °C is given by (1993 ASHRAE 
Handbook of Fundamentals, Atlanta, GA, p. 8.15) 

= 33.0 - (33.0 - r^^XO.475 - 0.0126V + 0.240VV) 

where V is the wind velocity in km/h and is the ambient 

air temperature in °C in calm air, which is taken to be air with 
light winds at speeds up to 6 km/h. The constant 33°C in the 
above equation is the mean skin temperature of a resting 
person in a comfortable environment. Windy air at a 
temperature 7^^, and velocity V will feel as cold as calm air 
at a temperature 7^. The equation above is valid for winds 
up to 70 km/h. Winds at higher velocities produce tittle 
additional chilling effect. Determine the equivalent wind chill 
temperature of an environment at - 10°C at wind speeds of 15, 
30, 45, and 60 km/h. Exposed flesh can freezp within one 
minute at a temperature below -32°C in calm weather. Does a 
person need to be concerned about this possibility in any of the 
cases above? 
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Reconsider Prob, 7—105, Using EES (or other) 

software, plot the equivalent wind chill temper- 

tures in °C as a function of wind velocity in the range of 
km/h to 70 km/h for ambient temperatures of -5°C, 5°C and 

CO /" 1 nlc'/'nee fhf» 
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7^107 Air at 15°C and 1 atm flows over a 0.3 m wide plate at 
65°C at a velocity of 3.0 m/s. Compute the following quantities 

at ,x = 0.3 m and x = ,r cr : 

(a) Hydrodynamic boundary layer thickness, m 
(ft) Local friction coefficient 

(c) Average friction coefficient 

(d) Local shear stress due to friction, N/m 2 

(e) Total drag force, N 

(j) Thermal boundary layer thickness, m 
(g) Local convection heat transfer coefficient, W/m 2 - °C 
(ft) Average convection heat transfer coefficient, W/m 2 • °C 
([) Rate of convective heat transfer, W 

7_108 Oil at 6 0°C flows at a velocity of 20 cm/s over a 
5.0 m long and 1.0-m wide flat plate maintained at a constant 
temperature of 20° C. Determine the rate of heat transfer from 
the oil to the plate if the average oil properties are: p = 
880 kg/m 3 , p, = 0.005 kg/m • s, k = 0.15 W/m • K, and 
c p = 2.0 kJ/kg * K. 

7_109 A small 2.0-mm diameter sphere of lead is cooled 
from an average temperature of 200°C to 54°C by dropping it 
into a tall column filled with air at 27 °C and 101.3 kPa. It can 
be assumed that the terminal velocity (V,) of the sphere is 
reached quickly such that the entire fall of the sphere occurs at 
this constant velocity, which is calculated from: 



2(p-p*)V t 

k'Dpsh^p 


-i0.5 


where, \J — volume of sphere, g = 9.81 m/s 2 , p^ t = density of 
air (1.18 kg/m 3 ), C D = drag coefficient (given as 0.40), and 
A p = projected area of sphere (-jtD 2 /4). 

The, -properties of lead are p = 11,300 kg/m 3 , k~ 
33 W/m ■ K, and c p = 0.13 kJ/kg - K. 

(a) Estimate the terminal velocity (F f ) of the sphere. 

(ft) Calculate the heat transfer coefficient for the lead sphere 
at its mean temperature. 

(c) Calculate the column height for the indicated cooling of 
jj the lead sphere. 

7-110 Repeat Prob. 7-109 for a 5-mm-diameter sphere. 

7-111 Ten square silicon chips of 10 mm on a side are 
mounted in a single row on an electronic board that is insulated 



at the bottom side. The top surface is cooled by air flowing par- 
allel to the row of chips with T x = 24°C and V = 30 m/s. The 
chips exchange heat by radiation with the surroundings at ^ 
Tyvj = — 10°C. The emissivity of the chips is 0.85. When in use, 
the same electrical power is dissipated in each chip. The maxi- . 
mum allowable temperature of the chips is' 100°C. Assume that 
the temperature is uniform within each chip, no heat transfer oc- 
curs between adjacent chips, and T m is the same throughout the 
array. 

(a) Which chip reaches the highest steady operating 
temperature? Why? 

(b) Determine the maximum electric power that can be 
dissipated per chip. 

(c) Determine the temperature of the 5th chip in the direcdon 
of the air flow. 

(d) Consider two cooling schemes: one used in parts (n)-(c) 
with the airflow parallel to the array (solid-line arrows), 
the other with the flow normal to it (dashed-line arrows). 
Which scheme is more efficient from a cooling point of 
view? Why? What other difference(s) between the two 
schemes would you consider when choosing one for a 
practical application? 

7-112 An array of electrical heating elements is used in an 
air-duct heater as shown in Fig. P7-112. Each element has a 
length of 250 mm and a uniform surface temperature of 350°C. 
Atmospheric air enters the heater with a velocity of 12 m/s and 



FIGURE P7-112 
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a temperature of 25°C. Determine the total heat transfer rate 
and the temperature of the air leaving the heater. Neglect the 
change in air properties as a result of temperature change 
across the heater. 

Fundamentals of Engineering (FE) Exam Problems 

7-113 For laminar flow of a fluid along a flat plate, one 
would expect the largest local convection heat transfer coeffi- 
cient for the same Reynolds and Prandl numbers when 

(«) The same temperature is maintained on the surface 

( b ) The same heat flux is maintained on the surface 

(c) The plate has an unheated section 

(d) The plate surface Is polished 
(<?) None of the above 

7-114 Air at 20°C flows over a 4-m long and 3-m wide surface 
of a plate whose temperature is 80°C with a velocity of 5 m/s. 
The length of the surface for which the flow remains laminar is 

(a) 1.5 m ( b ) 1.8 m (c) 2.0 m 

(rf) 2.8 m (e) 4.0 m 

(For air, use k - 0.02735 W/m • °C, Pr = 0.7228, 

v = 1.798 X 10“ 3 m 2 /s) 

7-115 Air at 20°C flows over a 4-m- long and 3-m- wide sur- 
face of a plate whose temperature is 80°C with a velocity of 
5 m/s. The rate of heat transfer from the laminar flow region of 
the surface is 

(a) 950 W (b) 1037 W (c) 2074 W 

(d) 2640 W (e) 3075 W 

(For air, use k = 0.02735 W/m • °C, Pr = 0.7228, 

v = 1.798 X 10^ 3 m 2 /s) 

7-116 Air at 20°C flows over a 4-m-long and 3-m-wide sur- 
face of a plate whose temperature is 80°C with a velocity of 
5 m/s. The rate of heat transfer from the surface is 

(a) 7383 W ( b ) 8985 W (c) 11,231 W 

{d) 14,672 W (e) 20,402 W 

(For air, use k = 0.02735 W/m • °C, Pr = 0.7228, 

v = 1.798 X 10 -3 m 2 /s) 

7-117 Air at 15°C flows over a flat plate subjected to a 
uniform heat flux of 300 W/m 2 with a velocity of 3.5 m/s. 
The surface temperature of the plate 6 m from the leading 
edge is 

{a) 164°C (i>) 68.3°C (c) 48.1°C 

(d) 46.8°C (e) 37.5°C 

(For air, use k = 0.02551 W/m ■ °C, Pr = 0.7296, 

v = 1.562 X 10" 3 m 2 /s) 

7-118 Water at 75°C flows over a 2- m- long, 2-m-wide sur- 
face of a plate whose temperature is 5°C with a velocity of 
1.5 m/s. The total drag force acting on the plate is 

(a) 2.8 N (6) 12.3 N (c) 13.7 N 

(d) 15.4 N (e) 20.0 N 

(For water, use v = 0.658 X 10“ 6 m 2 /s, p = 992 kg/m 3 ) 


7-119 Engine oil at 105°C flows over the surface of a flat 
plate whose temperature is 15°C with a velocity of 1.5 m/s. 
The local drag force per unit surface area 0.8 m from the lead- 
ing edge of the plate Is 

(a) 21.8 N/m 2 (b) 14.3 N/m 2 (c) 10.9 N/m 2 
( d) 8.5 N/m 2 (e) 5.5 N/m 2 

(For oil, use v — 8.565 X 10~ 3 m 2 /s, p = 864 kg/m 3 ) 

7-120 Air at 25°C flows over a 5-cm-diameter, 1.7-m-long 
pipe with a velocity of 4 m/s. A refrigerant at — 15°C flows in- 
side the pipe and the surface temperature of the pipe is essen- 
tially the same as the refrigerant temperature inside. Air 
properties at the average temperature are k = 0.0240 W/m * °C, 
Pr = 0.735, v = 1.382 X 10 -5 m 2 /s. The rate of heat transfer to 
the pipe is 

(a) 343 W (b) 419 W (c) 485 W 

(d) 547 W (e) 610 W 

7-121 Air at 25°C flows over a 5-cm-diameter, 1.7-m-long 
smooth pipe with a velocity of 4 m/s. A refrigerant at — 15°C 
flows inside the pipe and the surface temperature of the pipe is 
essentially the same as the refrigerant temperature inside. The 
drag force exerted on the pipe by the air is 

(a) 0.4 N (b) UN (c) 8.5 N 

(d) 13 N (e) 18 N > 

(For air, use v = 1.382 X 10 -3 m 2 /s, p = 1.269 kg/m 3 ) 

7-122 Kitchen water at 10°C flows over a 10-cm-diameter 
pipe with a velocity of 1.1 m/s. Geothermal water enters the 
pipe at 90°C at a rate of 1.25 kg/s. For calculation purposes, the 
surface temperature of the pipe may be assumed to be 70°C. If 
the geothermal water is to leave the pipe at 50°C, the required 
length of the pipe is 

(rz) 1.1m ( b ) 1.8 m (c) 2.5 m 

{d) 4.3 m (e) 7.6 m 

(For both water streams, use k = 0.63 1 W/m * °C, 
Pr = 4.32, v = 0.658 X 10“ 6 m 2 /s, c p = 4179 J/kg • °C) 

7-123 Ambient air at 20°C flows over a 30-cm-diameter hot 
spherical object with a velocity of 2.5 m/s. If the average 
surface temperature of the object is 200°C, the average con- 
vection heat transfer coefficient during this process is 

(a) 5.0 W/m * °C (b) 6. 1 W/m • °C 

(c) 7.5 W/m • °C (d) 9.3 W/m • °C 

(e) 11.7 W/m *°C 

(For air, use k = 0.2514 W/m • °C, Pr = 0.7309, v — 
1.516 X 10“ 5 m 2 /s, fi x = 1.825 X 10 -5 kg/m • s, = 
2.577 X 10 -3 kg/m * s) 

7-124 Wind at 30°C flows over a 0.5-m-diameter spherical 
tank containing iced water at 0°C with a velocity of 25 km/h. If 
the tank is thin-shelled with a high thermal conductivity mate- 
rial, the rate at which ice melts is 

(a) 4,78 kg/h (b) 6.15 kg/h 
{d) 11.8 kg/h (e) 16.0 kg/h 


(c) 7.45 kg/h 


j 

* 



(Take /j,/ ~ 333.7 kJ/kg, and use the following for air: 
k = 0.02588 W/m • °C, Pr - 0.7282, v = 1.608 X 10“ 5 m 2 /s, 
^ = 1.872 X 10 -3 kg/m • s, = 1.729 X 10 -3 kg/m • s) 

7—125 Air (it = 0.028 W/m ■ K, Pr = 0.7) at 50°C flows 
along a 1-m-long flat plate whose temperature is maintained at 
20°C with a velocity such that the Reynolds number at the end 
of the plate is 10,000. The heat transfer per unit width between 
the plate and air is 

( fl ) 20 W/m (b) 30 W/m (c) 40 W/m 

(d) 50 W/m (e) 60 W/m 

7-126 Air (Pr = 0.7, k = 0.026 W/m • K) at 200°C flows 
across 2-cm-diameter tubes whose surface temperature is 50°C 
with a Reynolds number of 8000. The Churchill and Bernstein 
convective heat transfer correlation for the average Nusselt 
number in this situation is 

0.62 Re^Pr 0 - 33 

Nu = 03 -3 — 

! [1 + (0.4/Pr) 067 ] 0:25 

i 

| 

| The average heat flux in this case is 

! (a) 8.5 kW/m 2 (b) 9.7kW/m 2 (c) 10.5 kW/m 2 

! (d) 12.2 kW/m 2 (e) 13.9 kW/m 2 

i 

! 7-127 Jakob suggests the following correlation be used 

| for square tubes in a liquid cross-flow situation: 

j Nu = 0.102 Re 0 - 623 Pr 1/3 

j Water ( k = 0,61 W/m • K, Pr = 6) flows across a 1-cm 
i square tube with a Reynolds number of 10,000. The convection 
| heat transfer coefficient is 

I (a) 5 ,71c W/m 2 * K (b) 8.3 kW/m 2 * K 

; (c) 11.2 kW/m 2 • K (d) 15.6kW/m 2 -K 

| (<*) 18.1 kW/m 2 • K 

7-128 Jakob suggests the following 'Correlation be used for 
j square tubes in a liquid cross-flow situation: 

S j/ Nu = 0.102 Re 0 - 675 Pr 173 

| Water (k = 0.61 W/m * K, Pr = 6) at 50°C flows across a 

| 1-cm square tube with a Reynolds number of 10,000 and surface 

[ temperature of 75 °C. If the tube is 2 m long, the rate of heat 

| ■■ transfer between the tube and water is 

| (a) 6.0 kW (b) 8.2 kW (c) 11.3kW 

| {d) 15.7 kW (e) 18.1 kW 

! Design and Essay Problems 

7-129 On average, superinsulated homes use just 15 percent 
! of the fuel required to heat the same size conventional home 
built before the energy crisis in the 1970s. Write an essay on 



superinsulated homes, and identify the features that make them 
so energy efficient as well as the problems associated with 
them. Do you think superinsulated homes will be economically 
attractive in your area? 

7-130 Conduct this experiment to determine the heat loss 
coefficient of your house or apartment in W/°C or Btu/h * °F. 
First make sure that the conditions in the house are steady and 
the house is at the set temperature of the thermostat. Use an 
outdoor thermometer to monitor outdoor temperature. One 
evening, using a watch or timer, determine how long the 
heater was on during a 3-h period and the average outdoor 
temperature during that period. Then using the heat output rat- 
ing of your heater, determine the amount of heat supplied. 
Also, estimate the amount of heat generation in the house dur- 
ing that period by noting the number of people, the total 
wattage of lights that were on, and the heat generated by the 
appliances and equipment. Using that Information, calculate 
the average rate of heat loss from the house and the heat loss 
coefficient. 

7-131 The decision of whether to invest in an energy-saving 
measure is made on the basis of the length of time for it to pay 
for itself in projected energy (and thus cost) savings. The easiest 
way to reach a decision is to calculate the simple payback period 
by simply dividing the installed cost of the measure by the an- * 
nual cost savings and comparing it to the lifetime of the installa- 
tion. This approach is adequate for short payback periods (less 
than 5 years) in stable economies with low interest rates (under 
10 percent) since the error involved is no larger than the uncer- 
tainties. However, if the payback period is long. It may be nec- 
essary to consider the interest rate if the money is to be 
borrowed, or the rate of return if the money is invested else- 
where instead of the energy conservation measure. For example, 
a simple payback period of five years corresponds to 5.0, 6.12, 
6.64, 7.27, 8.09, 9.919, 10.84, and 13.91 for an interest rate (or 1 
return on investment) ofO, 6, 8, 10, 12, 14, 16, and 18percent, 
respectively. Finding out the proper relations from engineering 
economics books, determine the payback periods for the interest 
rates given above corresponding to simple payback periods of 1 
through 10 years. ^ 

7-132 Obtain information on frostbite and the conditions 
under which it occurs. Using the relation in Prob. 7-1 09E, pre- 
pare a table that shows how long people can stay in cold 
and windy weather for specified temperatures and wind 
speeds before the exposed flesh is in danger of experiencing 
frostbite. 

7-133 Write an article on forced convection cooling with air, 
helium, water, and a dielectric liquid. Discuss the advantages 
and disadvantages of each fluid in heat transfer. Explain the 
circumstances under which a certain fluid will be most suitable 
for the cooling job. 
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iquid or gas flow through pipes or ducts is commonly used in heating and 
cooling applications. The fluid in such applications is forced to flow by a 
fcafan or pump through a flow section that is sufficiently long to accomplish 


JT 

the desired heat transfer. In this chapter we pay particular attention to the de 
termination of the friction factor and convection coefficient since they are di 
rectly related to the pressure drop and heat transfer rate, respectively. Thesf 
quantities are then used to determine the pumping power requirement and tht 
required tube length. 

There is a fundamental difference between external and internal flows. It 


external flow, considered in Chapter 7, the fluid has a free surface, and thus 
the boundary layer over the surface is free to grow indefinitely. In internal 
flow, however, the fluid is completely confined by the inner surfaces of the 
tube, and thus there is a limit on how much the boundary layer can grow. 

We start this chapter with a general physical description of internal flow, 
and the average velocity and average temperature. We continue with the dis- 
cussion of the hydrodynamic and thermal entry lengths, developing flow, and 
fidly developed flow. We then obtain the velocity and temperature profiles for 
fully developed laminar flow, and develop relations for the friction factor and 
Nusselt inumber. Finally we present empirical relations for developing 
and fulty developed flows, and demonstrate their use. 


OB^CTIVES 

When you finish studying this chapter, you should be able to: 

a Obtain average velocity from a knowledge of velocity profile, and average temperature 
from a knowledge of temperature profile in internal flow, 

ra Have a visual understanding of different flow regions in internal flow, such as the en- 
try and the fully developed flow regions, and calculate hydrodynamic and thermal entry 
lengths, 

1 Analyze heating and cooling of a fluid flowing in a tube under constant surface tem- 
perature and constant surface heat flux conditions, and work with the logarithmic 
mean temperature difference, 

b Obtain analytic relations for the velocity profile, pressure drop, friction factor, and Nus- 
selt number in fully developed laminar flow, and 

b Determine the friction factor and Nusselt number in fully developed turbulent flow us- 
ing empirical relations, and calculate the pressure drop and heat transfer rate. 
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8-1 ■ INTRODUCTION 
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FIGURE 8-1 

Circular pipes can withstand large 
pressure differences between the 
inside and the outside without 
undergoing any significant distortion, 
but noncircular pipes cannot. 


^avg ^ I 



FIGURE 8-2 

Average velocity V avg is defined as the 
average speed through a cross section. 
For fully developed laminar pipe flow, 
V^g is half of maximum velocity. 


The terms pipe, duct, and conduit are usually used interchangeably for flow 
sections. In general, flow sections of circular cross section are referred to as 
pipes (especially when the fluid is a liquid), and flow sections of noncircular 
cross section as ducts (especially when the fluid is a gas). Small-diameter 
pipes are usually referred to as tubes. Given this uncertainty, we will use more 
descriptive phrases (such as a circular pipe or a rectangular duct ) whenever 

necessary to avoid any misunderstandings. 

You have probably noticed that most fluids, especially liquids, are trans- 
ported in circular pipes. This is because pipes with a circular cross section' can 
withstand large pressure differences between the inside and the outside with- 
out undergoing significant distortion. Noncircular pipes are usually used in 
applications such as the heating and cooling systems of buildings where the 
pressure difference is relatively small, the manufacturing and installation costs 
are lower, and the available space is limited for ductwork (Fig. 8-1). For a 
fixed surface area, the circular tube gives the most heat transfer for the least 
pressure drop, which explains the overwhelming popularity of circular tubes 
in heat transfer equipment. 

Although the theory of fluid flow is reasonably well understood, theoreti- 
cal solutions are obtained only for a few simple cases such as fully devel- 
oped laminar flow in a circular pipe. Therefore, we must rely on experimental 
results and empirical relations for most fluid flow problems ( rather than 
closed-form analytical solutions. Noting that the experimental results are 
obtained under carefully controlled laboratory conditions and that no two 
systems are exactly alike, we must not be so naive as to view the results 
obtained as “exact” An error of 10 percent (or more) in friction factors 
calculated using the relations in this chapter is the “norm” rather than the 
“exception.” 

The fluid velocity in a pipe changes from zero at the surface because of the 
no-slip condition to a maximum at the pipe center. In fluid flow, it is conve- 
nient to work with an average velocity F avg , which remains constant in 
incompressible flow when the cross-sectional area of the pipe is constant 
(Fig. 8-2). The average velocity in heating and cooling applications may 
change somewhat because of changes in density with temperature. But, in 
practice, we evaluate the fluid properties at some average temperature and 
treat them as constants. The convenience of working with constant properties 
usually more than justifies the slight loss in accuracy. 

Also, the friction between the fluid particles in a pipe does cause a 
slight rise in fluid temperature as a result of the mechanical energy being 
converted to sensible thermal energy. But this temperature rise due to fric- 
tional heating is usually too small to warrant any consideration in calcula- 
tions and thus is disregarded. For example, m the absence of any heat 
transfer, no noticeable difference can be detected between the inlet and out- 
let temperatures of water flowing in a pipe. The primary consequence of 
friction in fluid flow is pressure drop, and thus any significant temperature 
change in the fluid is due to heat transfer. But frictional heating must be 
considered for flows that involve highly viscous fluids with large velocity 
gradients. 



in external flow, the free- stream velocity served as a convenient reference 
velocity for use in the evaluation of the Reynolds number and the friction 
coefficient. In internal flow, there is no free stream and thus we need an alter- 
native. The fluid velocity in a tube changes from zero at the surface because of 
the no-slip condition, to a maximum at the tube center. Therefore, it is conve- 
nient to work with an average or mean velocity which remains constant 
for incompressible flow when the cross sectional area of the tube is constant. 

The value of the average velocity F avg at some streamwise cross-section is 
determined from the requirement that the conservation of mass principle be 
satisfied (Fig. 8-2). That is, 


= pV n -gA c = 


pit(r) dA c 


( 8 - 1 ) 


where m is the mass flow rate, p is the density, A c is the cross-sectional area, 
and z;(r) is the velocity profile. Then the average velocity for incompressible 
flow in a circular pipe of radius R can be expressed as 



[ pu{r)dA e 
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puQ')2-Trr dr 
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u(r)r dr 


( 8 - 2 ) 


Therefore, when we know the flow rate or the velocity profile, the average ve- 
locity can be determined easily. 

When a fluid is heated or cooled as it flows through a tube, the temperature of 
the fluid at any cross section changes from T s at the surface of the wall to some 
maximum (or minimum in the case of heating) at the tube center. In fluid flow 
it is convenient to work with an average or mean temperature T m , which re- 
mains constant at a cross section. Unlike the mean velocity, the mean tempera- 
ture T m changes in the flow direction whenever the fluid is heated or cooled. 

The Value of the mean temperature T m is determined from the requirement that 
the conservation of energy principle be satisfied. That is, the energy transported 
by the fluid through a cross section in actual flow must be equal to the energy 
that would be transported through the same cross section if the fluid were at a 
constant temperature T m . This can be expressed mathematically as (Fig. 8-3) 

^ fluid = tiic p T m = j c p T(r)Sm =J ^ pc p T(r)u(r)VdA c (8-3) 


where c p is the specific heat of the fluid. Note that the product thc p T m at any 
cross section along the tube represents the energy flow with the fluid at that 
cross section. Then the mean temperature of a fluid with constant density and 
specific heat flowing in a circular pipe of radius R can be expressed as 



j . c p T(r)8m 
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(a) Actual 
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( b ) Idealized 

FIGURE 8-3 

Actual and idealized temperature 
profiles for flow in a tube (the rate at 
which energy is transported with the 
fluid is the same for both cases). 


Note that the mean temperature T m of a fluid changes during heating or cool- 
ing. Also, the fluid properties in internal flow are usually evaluated at the bulk 
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mean fluid temperature , which is the arithmetic average of the mean tempera- 
tures at the inlet and the exit. That is, T b — f + e )/2. 
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h " 2 {a + b)^ a + b 

FIGURE 

The hydraulic diameter D h — 4 A c jp 
is defined such that it reduces to 
ordinary diameter for circular tubes. 


Laminar and Turbulent Flow in Tubes 

Flow in a tube can be laminar or turbulent, depending on the flow conditions: 
Fluid flow is streamlined and thus laminar at low velocities, but turns turbu- 
lent as the velocity is increased beyond a critical value. Transition from lami- 
nar to turbulent flow does not occur suddenly; rather, it occurs over some 
range of velocity where the flow fluctuates between laminar and turbulent 
flows before it becomes fully turbulent. Most pipe flows encountered in prac- 
tice are turbulent. Laminar flow is encountered when highly viscous fluids 
such as oils flow in small diameter tubes or narrow passages. 

For flow in a circular tube, the Reynolds number is defined as 


Re = P Vi ^ D - = (8-5) 

/i v 

where F avg is the average flow velocity, D is the diameter of the tube, and v — 

flip is the kinematic viscosity of the fluid. 

For flow through noncircular tubes, the Reynolds number as well as the 
Nusselt number, and the friction factor are based on the hydraulic diameter 
D h defined as (Fig. 8-4) \ 



( 8 - 6 ) 


where A c is the cross sectional area of the tube and p is its perimeter. The 
hydraulic diameter is defined such that it reduces to ordinary diameter D for 

circular tubes since 

„ _ 4A - _ 4rrD 2 /4 _ 

Circular tubes: L>h ~ — m D U 


Laminar Turbulent 



FIGURE 8-5 

In the transitional flow region of the 
flow switches between laminar 
and turbulent randomly. 


It certainly is desirable to have precise values of Reynolds numbers for 
laminar, transitional, and turbulent flows, but this is not the case in practice. 
This is because the transition from laminar to turbulent flow also depends on 
the degree of disturbance of the flow by surface roughness, pipe vibrations, 
and ihe fluctuations in the flow. Under most practical conditions, the flow in a 
tube is laminar for Re < 2300, fully turbulent for Re > 10,000, and transi- 
tional in between. But it should be kept in mind that in many cases the flow 
becomes fully turbulent for Re > 4000, as discussed in the Topic of Special 
Interest later in this chapter. When designing piping networks and determin- 
ing pumping power, a conservative approach is taken and flows with Re 
4000 are assumed to be turbulent. 

In transitional flow, the flow switches between laminar and turbulent 
randomly (Fig. 8-5). It should be kept in mind that laminar flow can be 
maintained at much higher Reynolds numbers in very smooth pipes by 
avoiding flow disturbances and tube vibrations. In such carefully controlled 
experiments, laminar flow has been maintained at Reynolds numbers of up to 

100 , 000 . 


Consider a fluid entering a circular pipe at a uniform velocity. Because of the 
no-slip condition, the fluid particles in the layer in contact with the surface of 
Ihe pipe come to a complete stop. This layer also causes the fluid particles in 
Ihe adjacent layers to slow down gradually as a result of friction. To make up 
for this velocity reduction, the velocity of the fluid at the midsection of the 
pipe has to increase to keep the mass flow rate through the pipe constant. As a 
result, a velocity gradient develops along the pipe. 

The region of the flow in which the effects of the viscous shearing forces 
caused by fluid viscosity are felt is called the velocity boundary layer or just 
the boundary layer. The hypothetical boundary surface divides the flow in a 
pipe into two regions: the boundary layer region, in which the viscous ef- 
fects and the velocity changes are significant, and the irrotational (core) flow 
region, in which the frictional effects are negligible and the velocity remains 
essentially constant in the radial direction. 

The thickness of this boundary layer increases in the flow direction until the 
boundary layer reaches the pipe center and thus fills the entire pipe, as shown 
in Fig. 8-6. The region from the pipe inlet to the point at which the boundary 
layer merges at the centerline is called the hydrodynamic entrance region, 
and the length of this region is called the hydrodynamic entry length L h . 
Flow in the entrance region is called hydrodynamically developing flow since 
this is the region where the velocity profile develops. The region beyond the 
entrance region in which the velocity profile is fully developed and remains 
unchanged is called the hydrodynamically fully developed region. The ve- 
locity profile in the fully developed region is parabolic in laminar flow and 
somewhat flatter or fuller in turbulent flow due to eddy motion and more vig- 
orous mixing in radial direction. 

Now consider a fluid at a uniform temperature entering a circular tube 
whose surface is maintained at a different temperature. This time, the fluid 
particles" in the layer in contact with the surface of the tube assume the sur- 
face temperature. This initiates convection heat transfer in the tube and the de- 
velopment of a thermal boundary layer along the tube. The thickness of this 
boundary layer also increases in tire flow direction until the boundary layer 
reaches the tube center and thus fills the entire tube, as shown in Fig. 8-7. 

The/region of flow over which the thermal boundary layer develops and 
reaches the tube center is called the thermal entrance region, and the length 
of this region is called the thermal entry length L,. Flow in the thermal 
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\ 

FIGURE 8-6 

The development of the velocity 
boundary layer in a tube. (The 
developed average velocity profile is 
parabolic in laminar flow, as shown, 
but somewhat flatter or fuller in 

turbulent flow.) 



FIGURE 8-7 

The development of the 
thermal boundary layer in a tube. 

(The fluid in the tube is being cooled.) 
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entrance region is called thermally developing flow since this is the region 
where the temperature profile develops. The region beyond the thermal 
entrance region in which the dimensionless temperature profile expressed as 
( 7 ^ — T)j{T s — T m ) remains unchanged is called the thermally fully devel- 
oped region. Theregion in which the flow is both hydrodynamically and ther- 
mally developed and thus both the velocity and dimensionless temperature 
profiles remain unchanged is called fully developed flow. That is, 


Hydrodynamically fully developed: 
Thermally fully developed: 
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The shear stress at the tube wall r w is related to the slope of the velocity pro- 
file at the surface. Noting that the velocity profile remains unchanged in the 
hydrodynamically fully developed region, the wall shear stress also remains 
constant in that region. A similar argument can be given for the heat transfer 
coefficient in the thermally fully developed region. 

In a thermally fully developed region, the derivative of (T s - T)f(T s - TJ 
with respect to x is zero by definition, and thus (T s - T)/(T S - T m ) is indepen- 
dent of x Then the derivative of (T s - T)HT S ~ T m ) with respect r must also be 

independent of x. That is. 
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Surface heat flux can be expressed as 
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which, from Eq. 8-9, is independent of x Thus we conclude that in the ther- 
mally fully developed region of a tube, the local convection coefficient is con- 
stant (does not vary with *). Therefore, both the friction ( which is related to 
wall shear stress ) and convection coefficients remain constant in the fully 

developed region of a tube. 

Note that the temperature profile in the thermally fully developed region may 
vary with x in the flow direction. That is, unlike the velocity profile, the tem- 
perature profile can be different at different cross sections of the tube in the de- 
veloped region, and it usually is. However, the dimensionless temperature 


profile defined previously remains unchanged in the thermally developed re- 
gion when the temperature or heat flux at the tube surface remains constant. 

During laminar flow in a tube, the magnitude of the dimensionless Prandtl 
number Pr is a measure of the relative growth of the velocity and thermal 
boundary layers. For fluids with Pr « 1, such as gases, the two boundary lay- 
ers essentially coincide with each other. For fluids with Pr 1, such as oils, 
the velocity boundary layer outgrows the thermal boundary layer. As a result, 
the hydrodynamic entry length is smaller than the thermal entry length. The 
opposite is true for fluids with Pr 1 such as liquid metals. 

Consider a fluid that is being heated (or cooled) in a tube as it flows through 
it. The wall shear stress and the heat transfer coefficient are highest at the tube 
inlet where the thickness of the boundary layers is smallest, and decrease 
gradually to the fully developed values, as shown in Fig. 8-8. Therefore, the 
pressure drop and heat flux are higher in the entrance regions of a tube, and 
the effect of the entrance region is always to increase the average friction 
factor and heat transfer coefficient for the entire tube. This enhancement can 
be significant for short tubes but negligible for long ones. 


Entry Lengths 

The hydrodynamic entry length is usually taken to be the distance from the 
tube entrance where the wall shear stress (and thus the friction factor) reaches 
within about 2 percent of the fully developed value. In laminar flow, the hy- 
drodynamic and thermal entry lengths are given approximately as [see Kays 
and Crawford (1993) and Shah and Bhatti (1987)] 



factor and the convection 
heat transfer coefficient in the flow 
direction for flow in a tube (Pr > 1). 


l-'h, [smion ~ 0.05 Re D 0M1) 

k laminar “ 0.05 Re Pr D = Pr L b _ lwnl(w (8-1 2) 

For Re ~ 20, the hydrodynamic entry length is about the size of the diameter, 
but increases' linearly with velocity. In the limiting case of Re = 2300, the hy- 
drodynamic entry length is 11 5D. 

In turbulent flow, the intense nyxing during random fluctuations usually 
overshadows the effects of molecular diffusion, and therefore the hydrody- 
namic and thermal entry lengths are of about the same size and independent of 
the Piftndtl number. The hydrodynamic entry length for turbulent flow can be 
determined ‘from [see Bhatti and Shah (1987) andZhi-qing (1982)] 

^.^1= 1-3597) Re*/ 4 (8-13) 

The entry length is much shorter in turbulent flow, as expected, and its depen- 
dence on the Reynolds number is weaker. In many tube flows of practical in- 
terest, the entrance effects become insignificant beyond a tube length of 10 
diameters, and the hydrodynamic and thermal entry lengths are approximately 
taken to be 


7-A, turfajlent T-v, turbulent 10Z) (8-14) 

The variation of local Nusselt number along a tube in turbulent flow for 
both uniform surface temperature and uniform surface heat flux is given in 
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FIGURE 8-9 

Variation of local Nusselt number 
along a tube in turbulent flow for both 
uniform surface temperature and 
uniform surface heat flux 
[Deissler (1953)]. 
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Energy balance: 

Q^mc^-T,) 

FIGURE 8-10 

The heat transfer to a fluid flowing in 
a tube is equal to the increase in 
the energy of the fluid. 


Fig. 8-9 for the range of Reynolds numbers encountered in heat transfer 
equipment. We make these important observations from this figure: 

• The Nusselt numbers and thus the convection heat transfer coefficients 
are much higher in the entrance region. 

• The Nusselt number reaches a constant value at a distance of less than 
10 diameters, and thus the flow can be assumed to be fully developed for 
a - > 10 D. 

• The Nusselt numbers for the uniform surface temperature and uniform 
surface heat flux conditions are identical in the fully developed regions, 
and nearly identical in the entrance regions. Therefore, Nusselt number 

is insensitive to the type of thermal boundary condition, and the turbulent 
flow correlations can be used for either type of boundary condition. 

Precise correlations for the friction and heat transfer coefficients for the en- 
trance regions are available in the literature. However, the tubes used in prac- 
tice in forced convection are usually several times the length of either entrance 
region, and thus the flow through the tubes is often assumed to be fully devel- 
oped for the entire length of the tube. This simplistic approach gives reason- 
able results for the rate of heat transfer for long tubes and conservative results 
for short ones. 

8-4 * GENERAL THERMAL ANALYSIS 

In the absence of any work interactions (such as electric resistance heating), 
the conservation of energy equation for the steady flow of a fluid in a tube can 
be expressed as (Fig. 8-10) 

Q = mc p {T e — Tj) (W) (&-15) 

where T f and T e are the mean fluid temperatures at the inlet and exit of the 
tube, respectively, and Q is the rate of heat transfer to or from the fluid. Note 


that the temperature of a fluid flowing in a' tube remains constant in the ab- 
sence of any energy interactions through the wall of the tube. 

The thermal conditions at the surface can usually be approximated with 
reasonable accuracy to be constant surface temperature (T s — constant) or 
constant surface heat flux (q s ~ constant). For example, the constant surface 
temperature condition is realized when a phase change process such as boil- 
ing or condensation occurs at the outer surface of a tube. The constant surface 
heat flux condition is realized when the tube is subjected to radiation or elec- 
tric resistance heating uniformly from all directions. 

Surface heat flux is expressed as 
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4 t = h x (T t ~T„) (W/m 2 ) (8-18) 


where h x is the local heat transfer coefficient and T s and T m are the surface and 
the mean fluid temperatures at that location. Note' that the mean fluid temper- 
ature T m of a fluid flowing in a tube must change during heating or cooling. 
Therefore, when h x = h — constant, the surface temperature T s must change 
when q s — constant, and the surface heat flux q s must change when T s ~ con- 
stant. Thus we may have either T s = constant or q s = constant at the surface 
of a tube, but not both. Next we consider convection heat transfer for these 
two common cases. 

Constant Surface Heat Flux (q $ = constant) 

In the case of q s = constant, the rate of heat transfer can also be expressed as 

Q = 4, A, = mc p {T e - T,) (W) (8-17) 

Then the mean fluid temperature at the tube exit becomes 

q s A 5 

Note thatdhe mean fluid temperature increases linearly in the flow direction 
in the casejbf constant surface heat flux, since the surface area increases lin- 
early in tffe flow direction (A^ is equal to the perimeter, which is constant, 
times the tube length). ' 

The surface temperature in the case of constant surface heat flux q s can be 
determined from 
» < 

! 4 s = hp,-TJ - > T, = T m + | (8-19) 



FIGURE 8-11 

Variation of the tube suiface 
and the mean fluid temperatures 
along the tube for the case of 
constant surface heat flux. 


In the fully developed region, the surface temperature T s will also increase lin- 
early in the flow direction since h is constant and thus T s — T m — constant 
(Fig. 8-1 1). Of course this is true when the fluid properties remain constant 
during flow. 

The slope of the mean fluid temperature T m on a T-x diagram can be deter- 
mined by applying the steady-flow energy balance to a tube slice of thickness 
dx shown in Fig. 8-12. It gives 


mc p dT m = qfpdx) 


dfn 

dx 


%P 

rhc p 


— constant 


( 8 - 20 ) 


SQ = h{T s - T m )dA 


rT i T m + <rr m - 


mc n T trl 

p m 
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mc p {T m + dT m ) 
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FIGURE 8-12 
Energy interactions for a differential 
control volume in a tube. 


where p is the perimeter of the tube. 





Noting that both q t and h are constants, the differentiation of Eq. 8-19 with 
respect to x gives 


ffn _ ffs 
dx dx 


(8-21) 


Also, the requirement that the dimensionless temperature profile remains 
unchanged in the fully developed region gives 


W7V-T 
dx lr, - T m _ 


= 0 




dT _ 
dx dx 


( 8 - 22 ] 


T{r) T{f) 



t i t,,t t t i ^ i 




j 

T~ 


FIGURE 8-13 

The shape of the temperature 
profile remains unchanged in the 
fully developed region of a tube 
subjected to constant surface heat flux. 


since T s - T m = constant. Combining Eqs. 8-20, 8-21, and 8-22 gives 

W = = = constant (8-23) 

dx dx dx mc p 

Then we conclude that in fully developed flow in a tube subjected to constant 
suiface heat flux, the temperature gradient is independent ofx and thus the 
shave of the temperature profile does not change along the lube (Fig. 8-13). 
For a circular tube, p = 2irR and m = pV wg A c = ), and Eq. 8-23 

becomes 


Circular tube: 


&L = *Ei = Es. = ■ = constant (8-24) 

dx dx dx P^avg^p ^ 


svhere F avg is the mean velocity of the fluid. 


Constant Surface Temperature {T s = constant) 

From Newton’s law of cooling, the rate of heat transfer to or from a fluid flow- 
ing in a tube can be expressed as 

Q = M,AT a¥g = hAffi - T ni ) avg (W) (&-25> 

where h is the average convection heat transfer coefficient, is the heat trans- 
fer surface area (it is equal to irDL for a circular pipe of length L), and AT avg 
is some appropriate average temperature difference between the fluid and the 
surface. Below we discuss two suitable ways of expressing AT avg . 

In the constant surface temperature (T s = constant) case, AT ayg can be 
expressed approximately by the arithmetic mean temperature difference 

AT^as 

AT, + AT, (T t - T f ) + - T e ) f + T e 

AT av g ~ 2 2 J 2 


where T b = (T, + T e )f2 is the bulk mean fluid temperature, which is the arith- 
metic average of the mean fluid temperatures at the inlet and the exit of the tube. 

Note that the arithmetic mean temperature difference AT am is simply the av- 
erage of the temperature differences between the surface and the fluid at the 
inlet and the exit of the tube. Inherent in this definition is the assumption that 
the mean fluid temperature varies linearly along the tube, which is hardly ever 


the case when T s = constant. This simple approximation often gives accept- 
able results, but not always. Therefore, we need a better way to evaluate A T avg . 

Consider the heating of a fluid in a tube of constant cross section whose 
inner surface is maintained at a constant temperature of T s . We know that the 
mean temperature of the fluid T m increases in the flow direction as a result of 
heat transfer. The energy balance on a differential control volume shown in 
Fig. 8-12 gives 


mc p dT m = h{T s - T m )dA s 


(8-27) 


That is, the increase in the energy of the fluid (represented by an increase in 
its mean temperature by dT m ) is equal to the heat transferred to the fluid from 
the tube surface by convection. Noting that the differential surface area is 
dA s = pdx, where p is the perimeter of the tube, and that dT m = —d(T s ~ T m ), 
since T s is constant, the relation above can be rearranged as 


d(T s - TJ _ hp 

n - T m tiic p 


(8-28) 


Integrating from x ~ 0 (tube inlet where T m = T ; ) to x~L (tube exit where 
T m = T e) gives 


In 


T — T 

* s 4 e 

T “ T- 

1 s J t 


mc p 


(8-29) 


where A s — pL is the surface area of the tube and h is the constant average 
convection heat transfer coefficient. Taking the exponential of both sides and 
solving for T e gives the following relation which is very useful for the deter- 
mination of the mean fluid temperature at the tube exit: 

r, = T S - ( T t ~ Tt) exp(— M>i Cp ) (8-30) 



The variation of the mean fluid 
temperature along the tube for the 
case of constant temperature. 


This relatiori can also be used to determine the mean fluid temperature T m (x) 
at any x by : replacing A s = pL by px. 

Note that the temperature difference between the fluid and the surface 
decays exponentially in the flow direction, and the rate of decay depends on 
the rq&gnitude of the exponent hAJmc p , as shown in Fig. 8-14. This di- 
mensionless parameter is called the number of transfer units, denoted by 
NTU, arid is a measure of the effectiveness of the heat transfer systems. For 
NTU > 5, the exit temperature of the fluid becomes almost equal to the sur- 
face temperature, T e ~ T s (Fig. 8-15). Noting that the fluid temperature can 
approach the surface temperature but cannot cross it, an NTU of about 5 indi- 
cates that the limit is reached for heat transfer, and the heat transfer does not 
increase no matter how much we extend the length of the tube. A small value 
of NTU, on the other hand, indicates more opportunities for heat transfer, and 
the heat transfer continues to increase as the tube length is increased. A 
large NTU and thus a large heat transfer surface area (which means a large 
tube) may be desirable from a heat transfer point of view, but it may be 
unacceptable from an economic point of view. The selection of heat transfer 
equipment usually reflects a compromise between heat transfer performance 
and cost. 
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FIGURE 8-15 

An NTU greater than 5 indicates that 
the fluid flowing kt a tube will reach 
the surface temperature at the exit 
regardless of the inlet temperature. 


Solving Eq. 8-29 for mc p gives 


M; 

}Uc p = ~mr s - nj/cr, - r,)] 

Substituting this into Eq. 8-15, we obtain 

Q = hA s £sT la 


(8-31) 


(8-32) 


where 


T, - T e _ AT, ' AT, 

ATln = ln[(n - nvcr, “ ln(An/A7’,) 


(8-33) 


Steam 



FIGURE 8-16 

Schematic for Example 8-1. 


is the logarithmic mean temperature difference. Nbte that An - T s T t 
and A T e = T s - T e are the temperature differences between the surface and the 
fluid at the inlet and the exit of the tube, respectively. This AT ln relation ap- 
pears to be prone to misuse, but it is practically fail-safe, since using T, m 
place of 7, and vice versa in the numerator and/or the denominator will, at 
most affect the sign, not the magnitude. Also, it can be used for both heatmg 
<T > n and r,) and cooling (T s < T, and T e ) of a fluid in a tube. 

The logarithmic mean temperature difference A T ln is obtained by tracing the 
actual temperature profile of the fluid along the tube, and is an exact repre- 
sentation of the average temperature difference between the fluid and the sur- 
face. It truly reflects the exponential decay of the local temperature difference. 
When AT, differs from AT} by no more than 40 percent, the error in using the 
arithmetic mean temperature difference is less than 1 percent. But the error in- 
creases to undesirable levels when A T e differs from AT, by greater amounts. 
Therefore, we should always use the logarithmic mean temperature difference 
when determining the convection heat transfer in a tube whose surface is 
maintained at a constant temperature T s . 


EXAMPLE 8-1 Heating of Water in a Tube by Steam 

Water enters a 2 . 5 -cm-internal-diameter thin copper tube of a beat exchanger 
at 15°C at a rate of 0.3 kg/s, and is heated by steam condensing outside at 
120X. If the average heat transfer coefficient is 800 W/m s - X, determine the 
length of the tube required in order to heat the water to 115X (Fig. 8-16). 


qjj- 


Ss 


SOLUTION Water is heated by steam in a circular tube. The tube length 
required to heat the water to a specified temperature is to be determined. - 
Assumptions 1 Steady operating conditions exist. 2 Fluid properties are con- 
stant 3 The convection heat transfer coefficient is constant. 4 The conduction 
resistance of copper tube is negligible so that the inner surface temperature of 
the tube is equal to the condensation temperature of steam. 

Properties The specific heat of water at the bulk mean temperature of 
(15 + 1 15)/2 = 65°C is 4187 J/kg • °C. The heat of condensation of steam at 

120X is 2203 kJ/kg (Table A-9). 

Analysis Knowing the inlet and exit temperatures of water, the rate of heat 
transfer is determined to be 

^ = ■ihcP'-Td = (0.3 kg/s)(4A'87 kJ/kg • -Q(115«C - 15°C) " J; 

= 125.6 kW . 


The logarithmic mean temperature difference is 


a n = 

A^tn ” 


T t — T e = 120°C - 1 15°C = 5°C 
T s -T t = 120°C - 15°C = 105°C 
AT, - AT, 5 - 105 


ln(AT,/AT,) ln(5/105) 


32.85°C 


The heat transfer surface area is 
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t 
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Q = MjAT b 


* A, = 


Q 


125.6 kW 


h&T ia (0.8 kW/m 2 * °C)(32.85°C) 


= 4.78 m 2 


Then the required tube length becomes 


A s = 'irDL 


■> L = 


4.78 m' 


A, _ 

ttD 7t( 0.025 m) 


= 61 m 


Discussion The bulk mean temperature of water during this heating process 
is 65°C, and thus the arithmetic mean temperature difference is A7 3m = 
120 - 65 = 55°C. Using A T zm instead of A7j n would give L = 36 m, which is 
grossly in error. This shows the importance of using the logarithmic mean tem- 
perature in calculations. 


8-5 • LAMINAR FLOW IN TUBES 

We mentioned in Section 8—2 that flow in tubes is laminar for Re ;S 2300, and 
that the flow is fully developed if the tube is sufficiently long (relative to the 
entry length) so that the entrance effects are negligible. In this section we con- 
sider the steady laminar flow of an incompressible fluid with constant proper- 
ties in the Jfully developed region of a straight circular tube. We obtain the 
momentum equation by applying adorce balance to a differential volume ele- 
ment, and obtain the velocity profile by solving it. Then we use it to obtain a 
relation for the friction factor. An important aspect of the analysis here is that 
it is ofte of the few available for viscous flow. 

In 'fully developed laminar flow, each fluid particle moves at a constant ax- 
ial velocity along a streamline and the velocity profde u(r) remains unchanged 
in the flow direction. There is no motion in the radial direction, and thus the 
velocity component in the direction normal to flow is everywhere zero. There 
is no acceleration since the flow is steady and fully developed. 

Now consider a ring-shaped differential volume element of radius r, thick- 
ness dr, and length dx oriented coaxially with the tube, as shown in Fig. 8-17. 
The volume element involves only pressure and viscous effects and thus the 
pressure and shear forces must balance each other. The pressure force acting 
on a submerged plane surface is the product of the pressure at the centroid of 
the surface and the surface area. A force balance on the volume element in the 
flow direction gives 

(2-jtt dr P\ — (27rr dr P\ +dx + (27jt dx r) r — (2-rrr dx r) r+dr = 0 (8-34) 


T r + df 

\ |’ ^x+dt 

— ► ' . •* 





FIGURE 8-17 
Free-body diagram of a ring-shaped 
differential fluid element of radius r, 
thickness dr, and length dx oriented 
coaxially with a horizontal tube in 
fully developed laminar flow. 


2vR dx t „. 



itR 2 (P + dP) 



which indicates that in fully developed flow in a. horizontal tube, the 
viscous and pressure forces balance each other. Dividing by 2i rdidx and 

rearranging, 

F i+di ~ P j ~ ^ t )l _ q (g-35) 

1 dx dr 


Taking the limit as dr, dx -» 0 gives 

dP , d(rr) 
r dx dr 


(8-36) 


Substituting r = —p(dii/dr) and taking \h 
equation, 

P* d f __ dP_ 
r dr \ dr) dx 


constant gives the desired 


(8-37) 


Force balance : 

t tR 2 P - ttR\P + dP) -2 ttR dx r v = 0 
Simplifying: 

dP 2r u , 

dx R 

FIGURE 8-18 

Free-body diagram of a fluid disk 
element of radius R and length dx in 
fully developed laminar flow in a 
horizontal tube. 


The quantity du/dr is negative in pipe flow, and the negative sign is included 
to obtain positive values for r. (Or, du/dr = -du/dy since y = R- r.) The left 
side of Eq. 8-37 is a function of r, and the right side is a function of x. The 
equality must hold for any value of r and x, and an equality of the form f{r) ~ 
g(x) can be satisfied only if both/(r) and g(x) are equal to the same constant. 
Thus we conclude that dP/dx = constant. This can be verified by writing a 
force balance on a volume element of radius R and thickness dx (a slice of the 

tube), which gives (Fig. 8-18) 

dP = 
dx R 


Here r w is constant since the viscosity and the velocity profile are constants in 

the fully developed region. Therefore, dP/dx = constant. 

Equation 8-37 can be solved by rearranging and integrating it twice to give 

“ W= ^(f) + C ‘ lnr+C2 18-381 

The velocity profile u(r) is obtained by applying the boundary conditions 
6«/9r — 0 at r = 0 (because of symmetry about the centerline) and u — 0 at r 
= R (the no-slip condition at the tube surface). We get 


R 2 fdP 

n(r) = ~^W 



(8-39) 


Therefore, the velocity profile in fully developed laminar flow in a tube is par- 
abolic with a maximum at the centerline and minimum (zero) at the tube wall. 
Also, the axial velocity u is positive for any r, and thus the axial pressure gra- 
dient dP/dx must be negative (i.e., pressure must decrease in the flow direction 

because of viscous effects). 

The average velocity is determined from its definition by substituting Eq. 
8-39 into Eq. 8-2, and performing the integration. It gives 


kvo 


avg 


2 
R 2 


fR 


rR 


u{r)r dr = 


R 


R^fdP 
4/i \dx. 



R 2 ( dP' 


0 


8 fJL\dx 


(8-40) 


Combining the last two equations, the velocity profile is rewritten as 

n(r) = 2V„ g (l-^ (8-41) 

Xhis is a convenient form for the velocity profile since F avg can be determined 
easily from the flow rate information. 

The maximum velocity occurs at the centerline and is determined from 
gq 8^41 by substituting r — 0, 

= 2V lvg (8-42) 

Therefore, the average velocity in fully developed laminar pipe flow is one- 
half of the maximum velocity . 


Pressure Drop 

A quantity of interest in the analysis of pipe flow is the pressure drop A P since 
it is directly related to the power requirements of the fan or pump to maintain 
flow. We note that dP/dx = constant, and integrating from x = x t where the 
pressure is P x to x = x x + L where the pressure is P 2 gives 


dP P 2 ~ P 1 
dx L 


(8-43) 


Substituting Eq. 8—43 into the V avg expression in Eq. 8—40, the pressure drop 
can be expressed as 

8/iLV avg 32 pLV^g 

Laminar flow : A P = P x — P 2 = — ^ — - - — y " (8-44) 


The symbol A is typically used to indicate the difference between the final and 
initial values, like Ay = y 2 - }T But in fluid flow, AP is used to designate pres- 
sure drop, and thus it is P x — P 2 . A pressure drop due to viscous effects repre- 
sents an irreversible pressure loss, and it is called pressure loss A P L to 
emphasize that it is a loss (just like the head loss h L , which is proportional to it). 

Note from Eq. 8—44 that the pressure drop is proportional to the viscosity p 
of the fluid, and AP would be zero if there were no friction. Therefore, the drop 
of pressure from P x to P 2 in this case is due entirely to viscous effects, and 
Eq. ^-44 represents the pressure loss A P L when a fluid of viscosity p flows 
through a pipe of constant diameter D and length L at average velocity F avg . 

In practice, it is found convenient to express the pressure loss for all types of 
fully developed internal flows (laminar or turbulent flows, circular or noncircu- 
lar pipes, smooth or rough surfaces, horizontal or inclined pipes) as (Fig. 8-19) 


Pressure loss: 


M>L=f 


L pVtv g 
D 2 


(6-45) 


where pF^, g /2 is the dynamic pressure and/is the Darcy friction factor, 


/ 


8t k 

pVls 


It is also called the Darcy-Weisbach friction factor, named after the 
Frenc hm an Henry Darcy (1803-1858) and the German Julius Weis bach 
(1806-1871), the two engineers who provided the greatest contribution in its 
development. It should not be confused with the friction coefficient Cf [also 


t 



FIGURE 8-19 

The relation for pressure loss (and 
head loss) is one of the most general 
relations in fluid mechanics, and it is 
valid for laminar or turbulent flows, 
circular or noncircular tubes, and 
pipes with smooth or rough surfaces. 


1 NTERNAL FORCED CONVECTION 


called the Farming friction factor , named after the Americanengmeer John 

Fanning (1837-1911)], which is defined as C f = 2rJ(pVl vg ) -ff 4. _ 

Setting Eqs. 8-44 and 8-45 equal to each other and solving for/gives the 
friction factor for fully developed laminar flow in a circular tube, 


Circular tube, laminar : 



( 8 - 46 ) 


This equation shows that in laminar flow, the friction factor is a function of the 
Reynolds number only and is independent of the roughness of the pipe surface 
In the analysis of piping systems, pressure losses are commonly expressed 
in terms of the equivalent fluid column height, called the head loss h L . Noting 
from fluid statics that AP = pgh and thus a pressure difference of AP corre- 
sponds to a fluid height of h = A Plpg, the pipe head loss is obtained by di- 
viding A P L by pg to give 

A P L ,L V 2 Mi 

h L = — -/-r -yr~ 
pg D 2g 


The head loss h L represents the additional height that the fluid needs to be 
raised by a pump in order to overcome the frictional losses m the pipe . The 
head loss is caused by viscosity, and it is directly related to the wall shear 
stress Equation 8^15 is valid for both laminar and turbulent flows in both cir- 
cular and noncircular tubes, but Eq. 8-46 is valid only for fully developed 
laminar flow in circular pipes. 

Once the pressure loss (or head loss) is known, the required pumping 
power to overcome the pressure loss is determined from 


W 


pump,L 


\J A P L = Opgh L = mgk L 


( 8 - 47 ) 


where (/ is the volume flow rate and m is the mass flow rate. 

The average velocity for laminar flow in a horizontal tube is, from Eq. 8-44, 

(Pi - Pi) Rl _ (Pi ~ Pi)^ 2 _ A P D 2 
Horizontal tube : V„ B - “ 32 pL 32 pL 


W m =16hp 
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FIGURE 8-20 

The pumping power requirement for 
a laminar flow piping system can be 
reduced by a factor of 16 by doubling 
the tube diameter. 


Then the volume flow rate for laminar flow through a horizontal 
diameter D and length L becomes 

(Pj - P 2 )R 2 2 _ (Pi ~ P 2 )^ 4 = AP ttD* 

17 — FsvgAf — “ % j ^ 128pL 128/iL 


tube of 
( 8 - 48 ) 


This equation is known as Poiseuille’s law, and this flow is called Hagen- 
Poiseuille flow in honor of the works of G. Hagen (1797-1884) and J. 
Poiseuille (1799-1869) on the subject. Note from Eq. 8—48 that/or a specified 
flow rate , the pressure drop and thus the required pumping power is propor- 
tional to the length of the pipe and the viscosity of the fluid, but it is inversely 
proportional to the fourth power of the radius (or diameter) of the pipe. There- 
fore, the pumping power requirement for a piping system can be reduced by a 
factor of 16 by doubling the tube diameter (Fig. 8-20). Of course the benefits 
of the reduction in the energy costs must be weighed against the increased cost 

of construction due to using a larger-diameter tube. , 

The pressure drop AP equals the pressure loss AP L in the case of a hori- 
zontal tube, but this is not the case for inclined pipes or pipes with variable 
cross-sectional area because of the changes in elevation and velocity. 


r 


Temperature Profile and the Nusseli Number 

j n the previous analysis, we have obtained the velocity profile for fully devel- 
oped flow in a circular tube from a force balance applied on a volume ele- 
ment, and determined the friction factor and the pressure drop. Below we 
obtain the energy equation by applying the energy balance on a differential 
volume element, and solve it to obtain the temperature profile for the constant 
surface temperature and the constant surface heat flux cases. 

Reconsider steady laminar flow of a fluid in a circular tube of radius R. The 
fluid properties p, k , and c p are constant, and the work done by viscous forces 
is negligible. The fluid flows along the x-axis with velocity it. The flow is fully 
developed so that u is independent of x and thus u = n(r). Noting that energy 
is transferred by mass in the x-direction, and by conduction in the r-direction 
(heat conduction in the x- direction. is assumed to be negligible), the steady- 
flow energy balance for a cylindrical shell element "of thickness dr and length 
dx can be expressed as (Fig. 8-21) 


where m = puA c 
after rearranging, 

i 

i 

i 

l 

i 
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or 


But ' 

•L 

' f 

^ = U- n ” rd( §) = - 2wux M r i£) (8 - 52 > 


mc g T x - mcT x + + Q r - Q r + Jr = 0 


( 8 - 49 ) 


= puflmdr). Substituting and dividing by 2 Trrdrdx gives. 


T’x+dc ~ Tt _ 1 Qr+dr Qr 

P c p u 2'nrdx dr 


( 8 - 50 ) 


ST = 1 dQ 
3x 2pc D irrdx dr 


( 8 - 51 ) 


Substifuting ( and using a = kjpc p gives 


3T _ a d ( dT 
u dx r dr \ dr 


( 8 - 53 ) 


which states that the rate of net energy transfer to the control volume by mass 
flow is equal to the net rate of heat conduction in the radial direction . 


Constant Surface Heat Flux 

For fully developed flow in a circular tube subjected to constant surface heat 
flux, we have, from Eq. 8-24, 


dT dT s dT m 2 q s _ _ 

* — * — . “ T r n — constant 
ox dx dx pv^gCpR 


.( 8 - 54 ) 



FIGURE 8-21 

The differential volume element 
used in the derivation of 
energy balance relation. 
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Inter nap forced convection 


If heat conduction in the ^-direction were considered in the derivation of 
Eq, 8_53, it would give an additional term ad 2 T/dx 2 , which would be equal to 
zero since dT/dx = constant and thus T = T(r). Therefore, the assumption that 
there is no axial heat conduction is satisfied exactly in this case. 

Substituting Eq. 8-54 and the relation for velocity profile (Eq. 8—41) into 

Eq. 8-53 gives 


44* ( 

kR l R 2 r dr l dr 


(8-55) 


which is a second-order ordinary differential equation. Its general solution i$ 
obtained by separating the variables and integrating twice to be 


T =!(’' 2 -s) +c ‘ r+c > 

The desired solution to the problem is obtained by applying the boundary 
conditions dT/dx = 0 at r = 0 (because of symmetry) and T - T s at r = R. 
We get 


T=T S - 


qffi 

k 


3 

4 R 2 4/? 4 


(8-57) 


The bulk mean temperature T m is determined by substituting the velocity and 
temperature profile relations (Eqs. 8-41 and 8-57) into Eq. 8-4 and perform- 
ing the integration. It gives 


T =T 

1 IJ1 A S 


li q*R 
24 k 


(8-58) 


Combining this relation with q s ~ h{T s - TJ gives 


. 24 k 48 

h = T\R = nD- AM D 


( 8 - 59 ) 


or 


r — constant 


Circular tube, laminar (q s = constant): 


Nu = ~ = 4.36 (8-60) 

k 



Fully developed 
laminar flow 


FIGURE 8-22 

In laminar flow in a tube with 
constant surface temperature, 
both th c friction factor and 
the heat transfer coefficient 
remain constant in the fully 
developed region. 


Therefore, for fully developed laminar flow in a circular tube subjected to 
constant surface heat flux, the Nusselt number is a constant. There is no de- 
pendence on the Reynolds or the Prandtl numbers. 

Constant Surface Temperature 

A similar analysis can be performed for fully developed laminar flow in a cir- 
cular tube for the case of constant surface temperature T r The solution proce- 
dure in this case is more complex as it requires iterations, but the Nusselt 
number relation obtained is equally simple (Fig. 8-22): 

hD 

Circular tube, laminar (T, = constant): Nu = -j-~ = 3.66 (8-61) 


r 


i 


The thermal conductivity k for use in the Nu relations above should be evalu- 
ated at the bulk mean fluid temperature, which is the arithmetic average of the 
mean fluid temperatures at the inlet and the exit of the tube. For laminar flow, 
the effect of surface roughness on the friction factor and the heat transfer 
coefficient is negligible. 
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Laminar Flow in Nonoircular Tubes 

The friction factor/ and the Nusselt number relations are given in Table 8-1 
for fully developed laminar flow in tubes of various cross sections. The 
Reynolds and Nusselt numbers for flow in these tubes are based on the hy- 
draulic diameter D h — AAJp, where A c is the cross sectional area of the tube 
and p is its perimeter. Once the Nusselt number is available, the convection 
heat transfer coefficient is determined from h = kk$u/D h . 


TABLE 8-1 


Nusselt number and friction factor for fully developed laminar flow in tubes of 
various cross sections (D h = AAJp, Re = V^Dflv, and Nu = hDflk) 



alb 
or e° 

Nusselt Number 

Friction Factor 
f 

Tube Geometry 

T s = Const. 

q s = Const. 

Circle 

— 

3.66 

4.36 

64.00/Re 
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Rectangle f 
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alb 

1 

2.98 

3.61 

56.92/Re 
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2 

3.39 

4.12 

62.20/Re 



3 

" 3.96 

4.79 

68.36/Re 



4 

6 

4.44 

5.14 

5.33 

6.05 

72.92/Re 

78.80/Re 

A 

1 * i 1 

8 

5.60 

6.49 

82.32/Re 


00 

7.54 

8.24 

96.00/Re 

Ellipse^^^^ 

alb 

1 

3.66 

4.36 

64.00/Re 



2 

4 

3.74 

3.79 

4.56 

4,88 

67.28/Re 

72.96/Re 


8 

3,72 

5.09 

76.60/Re 

r — a —\ 

16 

3.65 

5.18 

78.16/Re 

Isosceles Triangle 

9 

10° 

1.61 

2.45 

50.80/Re 


30° 

2.26 

2.91 

52.28/Re 


60° 

2.47 

3.11 

53.32/Re 


90° 

2.34 

2.98 

, 52.60/Re 


120° 

2.00 

2.68 

50.96/Re 



10 m 


FIGURE 8-23 

Schematic for Example 8-2. 


Developing Laminar Flow in the Entrance Region 

For a circular tube of length L subjected to constant surface temperature, the 
average Nusselt number for the thermal entrance region can be determined 
from (Edwards et al., 1979) 


Entry region, laminar: 


Nu = 3.66 + 


0.065 {OIL) Re Pr 
1 + 0.04 [(D/L) RePrp 


(8-62} 


Note that the average Nusselt number is larger at the entrance region, as ex- 
pected, and it approaches asymptotically to the fully developed value of 3.66 
as L — > co. This relation assumes that the flow is hydrodynamically developed 
when the fluid enters the heating section, but it can also be used approxi- 
mately for flow developing hydrodynamically. 

When the difference between the surface and the fluid temperatures is large, 
it may be necessary to account for the variation of viscosity with temperature. 

The average Nusselt number for developing laminar flow in a circular tube 
in that case can be determined from [Sieder and Tate (1936)] 


Nu = 1.86 


'Re Pr D\ ^ 


L 



(8-63) 


All properties are evaluated at the bulk mean fluid temperature, except for p s , 
which is evaluated at the surface temperature. 

The average Nusselt number for the thermal entrance region of flow 
between isothermal parallel plates of length L is expressed as (Edwards 
et al., 1979) 


0.03 (D h !L) RePr 

£,„r, region, laminar: Nu = 7.54 + , + 0 .016[WD £pr]» ^ 

where D h is the hydraulic diameter, which is twice the spacing of the plates. 
This relation can be used for Re ^ 2800. 


EXAMPLE 8-2 Pressure Drop in a Tube y 

Water at 5°C (p = 999.9 kg/m 3 and p = 1.519 x 10~ 3 kg/m • s) is flowing in | 
a 0,3-cm-diameter 10-m-long horizontal tube steadily at an average velocity of y 
0.9 m/s (Fig. 8-23). Determine the pressure drop and the pumping power re- 1 
quirement to overcome this pressure drop. | 


SOLUTION The average flow velocity in a tube is given. The pressure drop and 
the required pumping power are to be determined. 

Assumptions 1 The flow is steady and incompressible. 2 The entrance effects 
are negligible, and thus the flow is fully developed. 3 The tube involves no 
components such as bends, valves, and connectors. 

Properties The density and dynamic viscosity of water are given to be p = 
999.9 kg/m 3 and p = 1.519 x 10 -3 kg/m • s. 

Analysis First we need to determine the flow regime. The Reynolds number is 

_ pV^D _ (999.9 kgfri 3 )((I9 m/s)(0.003 m) _ ^ 7? 
fi 1.519 XlO” 3 kg/m - s 


which is less than 2300. Therefore, the flow is laminar. Then the friction factor 
and the pressure drop become 

r,- - - — 0.0360 
} Re 1777 

\r-r LpV ™* -0 0360 10 01 (999,9 kg/m 3 ) (0.9 m/s) 2 
A J D 2 * 0.003 m 2 

= 48,600 N/m 2 = 48.6 kPa 

The volume flow rate and the pumping power requirements are 

0= V av . g /t c -7 avg (^ 2 /4) = (0.9 m/s)[7r(0.003m) 2 /4]= 6.36 X 10- 6 m 3 /s 
= Ca P = (6.36 X 10“ 6 m 3 /s)(48,60G Pa) = 0.31 W 


Therefore, mechanical power input in the amount of 0.31 W is needed to over- 
come the frictional losses in the flow due to viscosity. 


EXAMPLE 8-3 Flow of Oil in a Pipeline through a Lake 


Consider the flow of oil at 20°C in a 30-cnvdia meter pipeline at an average 
velocity of 2 m/s (Fig. 8-24). A 200-m-long section of the horizontal pipeline 
passes through icy waters of a lake at 0°C. Measurements indicate that the sur- 
face temperature of the pipe is very nearly 0°C. Disregarding the thermal re- 
sistance of the pipe material, determine (a) the temperature of the oil when the 
pipe leaves! he lake, (b) the rate of heat transfer from the oil, and (c) the pump- 
ing power required to overcome the pressure losses and to maintain the flow of 
the oil in,the pipe. 


SOLUTION Oil flows in a pipeline that passes through icy waters of a lake at 
0°C, The exit temperature of the oil, the rate of heat loss, and the pumping 
pov$er needed to overcome pressure losses are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The surface temperature 
of the pipe is very nearly 0°C. 3 The thermal resistance of the pipe is negligi- 
ble. 4 The inner surfaces of the pipeline are smooth. 5 The flow is hydrody- 
namicaily developed when the pipeline reaches the lake. 

Properties We do not know the exit temperature of the oil, and thus we cannot 
determine the bulk mean temperature, which is the temperature at which the 
properties of oil are to be evaluated. The mean temperature of the oil at the inlet 
is 20°C, and we expect this temperature to drop somewhat as a result of heat 
loss to the icy waters of the lake. We evaluate the properties of the oil at the in- 
let temperature, but we will repeat the calculations, if necessary, using proper- 
ties at the evaluated bulk mean temperature. At 20°C we read (Table A- 13) 


p = 888.1 kg/m 3 
k = 0.145 W/m - °C 


v = 9.429 X 10" 4 m 2 /s - 



c 0 = 1880 J/kg • °C 


Pr = 10,863 



Analysis (a) The Reynolds number is 


Re 


V av g D _ (2 m/s)(0.3 m) _ 
” v 9.429 X 10' 4 m 2 /s 




which is less than the critical Reynolds number of 2300. Therefore, the flow is 
laminar, and the thermal entry length in this case is roughly 

L, « 0.05 Re Pr D = 0.05 X 636 X 10,863 X (0.3 m) - 103,600 m 

which is much greater than the total length of the pipe. This is typical of fluids 
with high Prandtt numbers. Therefore, we assume thermally developing flow 
and determine the Nusselt number from 






M 


Nu = — 3.66 + 


0.065 (D/L) Re Pr 


= 3,66 + 


= 33.7 


1 + 0.04 {(D/L) RePr]“ 
0.065(0.3/200) X 636 X 10,863 


1 + 0.04[(0.3/200) X 636 X 10,863]“ 


Note that this Nusselt number is considerably higher than the fully developed 
value of 3.66. Then, 

A = ^Nu = 0,14 Q ~( 33 '7> = 16.3 W/m 2 • °C 


Also, 


A, - ttDL - 77(0.3 m)(200 m) = 188.5 m 2 
m = pA c V avg = (888.1 kg/m 3 )[l7r(0.3 m) 2 )(2 m/s) = 125.6 kg/s 

Next we determine the exit temperature of oil. 


T e — T s — (T s - Tj) exp (-MJmc p ) 


= 0°C - [(0 - 20)°C] exp 


(16.3 W/m. 2 ■°C)(188.5m 2 ) 
(125.6 kg/s)(1881 J/kg * °C) 


= 19.74°C 


Thus the mean temperature of oil drops by a mere 0.26°C as it crosses the 
lake. This makes the bulk mean oil temperature 19.87°C, which is practically 
identical to the inlet temperature of 20°C. Therefore, we do not need to re- 
evaluate the properties. , . 

(W The logarithmic mean temperature difference and the rate of heat loss from 
the oil are 


A/i n = 


T,-T t 20 — 19.74 
0 — 19.74 

0-20 


T —T 
In^— « 
T.-T, 


19.87°C 


In 


Q 


= hA AT _ - ( 1 6.3 W/m 2 • "0(188. 




= -6.11 X 10 4 YY 







Therefore, the oi! will lose heat at a rate of 61.1 kW as it flows through the pipe 
in the icy waters of the lake. Note that A7] n is identical to the arithmetic mean 
temperature in this case, since AT-, — AT e . 

(c) The laminar flow of oil is hydrodynamically developed. Therefore, the fric- 
tion factor can be determined from 


64 _ 64 
1 Re 636 


0.1006 


Then the pressure drop in the pipe and the required pumping power become 


A P=f 


L P y ™ s „ 200m (888.1 kg/m 3 )(2m Jsf 


D 2 


= 0.1006 


0.3 m 


= 1.19 X 10 5 N/m 2 


W 


mkP _ (125.6 kg/s)(l. 19 X 10 5 N/m 2 ) 
~~P~~ 888.1 kg/m 3 


= 16.8 kW 


Discussion We need a 16.8-kW pump just to overcome the friction in the pipe 
as the oi! flows in the 200-m-long pipe through the lake. 


8-8 * TURBULENT FLOW BN TUBES 

We mentioned earlier that flow in smooth tubes is usually fully turbulent for 
Re > 10,000. Turbulent flow is commonly utilized in practice because of the 
higher heat transfer coefficients associated with it. Most correlations for the fric- 
tion and heat transfer coefficients in turbulent flow are based on experimental 
studies because of the difficulty in dealing with turbulent flow theoretically. 

For smooth tubes, the friction factor in turbulent flow can be determined 
from the explicit first Petukhov equation [Petukhov (1970)] given as 

Smooth tubes: f= (0.790 In Re - J,.64)“ 2 3000 < Re < 5 X 10 s (8-65) 

The Nusselt number in turbulent flow is related to the friction factor through 
the Ctylton-Colburn analogy expressed as 

Nu = 0.125/RePr 1/3 (8-66) 

Once the friction factor is available, this equation can be used conveniently to 
evaluate the Nusselt number for both smooth and rough tubes. 

For fully developed turbulent flow in smooth tubes, a simple relation for the 
Nusselt number can be obtained by substituting the simple power law relation 
/— 0. 1 84 Re -0 - 2 for the friction factor into Eq. 8-66. It gives 

Nu = 0.023 Re 08 Pr'« (j£ > w^ 60 ) ««7) 

which is known as the Colburn equation. The accuracy of this equation can be 
improved by modifying it as 

Nu = 0.023 Re 0 - 8 Pr n 


( 8 - 68 ) 


where n = 0.4 for heating and 0.3 for cooling of the fluid flowing through 
the tube. This equation is known as the Dittus—Boelter equation [Dittus and 
Boelter (1930)] and it is preferred to the Colburn equation. 

The proceeding equations can be used when the temperature difference be- 
tween the fluid and wall surface is not large by evaluating all fluid properties 
at the bulk mean fluid temperature T b = (T ; + T e )j2. When the variation in 
properties is large due to a large temperature difference, the following equa- 
tion due to Sieder and Tate (1936) can be used: 


Nu - 0.027 Re 0S Pr 1/3 




0.14 


0.7 <Pr < 17,600 
Re > 10,000 , 


(8-69) 


Here all properties are evaluated at T b except ji s , which is evaluated at T s . 

The Nusselt number relations above are fairly simple, but they may give 
errors as large as 25 percent. This error can be reduced considerably to less 
than 10 percent by using more complex but accurate relations such as the sec- 
ond Petukhov equation expressed as 


Nu = 


(//8) Re Pr 

1.07 + 12.7(//8) 0 ' 5 (Pi Vi -~lj 


0.5 < Pr < 2000 
10 4 < Re < 5 X 10* 


(8-70) 


The accuracy of this relation at lower Reynolds numbers is improved by mod- 
ifying it as [Gnielinski (1976)] 


Nu = 


(//8)(Re - 1000) Pr 
1 + 12.7 (//8) 0J (Pr 273 - 1) 


0.5 <Pr< 2000 ) 

3 X 10 3 < Re < 5 X 10 6 J 1 


where the friction factor/can be determined from an appropriate relation such 
as the first Petukhov equation. Gnielinski ’s equation should be preferred 
in calculations. Again properties should be evaluated at the bulk mean fluid 

temperature. 

The relations above are not very sensitive to the thermal conditions at the 
tube surfaces and can be used for both T s — constant and q s — constant cases. 
Despite their simplicity, the correlations already presented give sufficiently 
accurate results for most engineering purposes. They can also be used to ob- 
tain rough estimates of the friction factor and the heat transfer coefficients in 
the transition region. 

The relations given so far do not apply to liquid metals because of 
their very low Prandtl numbers. For liquid metals (0.004 < Pr < 0.01), the 
following relations are recommended by Sleicher and Rouse (1975) for 
10 4 < Re < 10 6 : 

Liquid metals, T s = constant: Nu = 4.8 +■ 0.0156 Re 0 - 85 Pr) 193 (8-72) 

Liquid metals, f = constant: Nu = 6.3 + 0.0167 Re 0 85 Pr 9 - 93 (8-73) 


where the subscript s indicates that the Prandtl number is to be evaluated at the 
surface temperature. 





Rough Surfaces 

Any irregularity or roughness on the surface disturbs the laminar sublayer, 
and affects the flow. Therefore, unlike laminar flow, the friction factor and 
the convection coefficient in turbulent flow are strong functions of surface 
roughness. 

The friction factor in fully developed turbulent pipe flow depends on the 
Reynolds number and the relative roughness e/D, which is the ratio of the 
mean height of roughness of the pipe to the pipe diameter. The functional 
form of this dependence cannot be obtained from a theoretical analysis, and 
all available results are obtained from painstaking experiments using artifi- 
cially roughened surfaces (usually by gluing sand grains of a known size on 
the inner surfaces of the pipes). Most such experiments were conducted by 
Prandtl ’s student J. Nikuradse in 1933, followed by the works of others. The 
friction factor was calculated from the measurements of the flow rate and the 
pressure drop. 

The experimental results obtained are presented in tabular, graphical, and 
functional forms obtained by curve-fitting experimental data. In 1939, Cyril F. 
Colebrook (1910-1997) combined the available data for transition and turbu- 
lent flow in smooth as well as rough pipes into the following implicit relation 
known as the Colebrook equation: 


fs/D 2.51 \ 

= —2.0 log — — - H 7 (turbulent flow) (8-74) 

V3.7 ReV/'/ 

We note that the logarithm in Eq. 8-74 is a base 10 rather than a natural loga- 
rithm. In 1942, the American engineer Hunter Rouse (1906-1996) verified 
Colebrook’s equation and produced a graphical plot of/ as a function of Re 
and the product ReV/ He also presented the laminar flow relation and a table 
of commefcial pipe roughness. Two years later, Lewis F. Moody (1880-1953) 
redrew Rouse’s diagram into the form commonly used today. The now famous 
Moody chart is given in the appendix as Fig. A-20. It presents the Darcy fric- 
tion factor for pipe flow as a function of the Reynolds number and e/D over a 
wide range 1 . It is probably one of the most widely accepted and used charts in 
engineering. Although it is developed for circular pipes, it can also be used for 
noncircular pipes by replacing the diameter by the hydraulic diameter. 

For smooth pipes, the agreement between the Petukhov and Colebrook 
equations is very good. The friction factor is minimum for a smooth pipe (but 
still not zero because of the no-slip condition), and increases with roughness 
(Fig. 8-25). 

Commercially available pipes differ from those used in the experiments in 
that the roughness of pipes in the market is not uniform and it is difficult to 
give a precise description of it. Equivalent roughness values for some com- 
mercial pipes are given in Table 8-3 as well as on the Moody chart. But it 
should be kept in mind that these values are for new pipes, and the relative 
roughness of pipes may increase with use as a result of corrosion, scale 



{ 


Relative 
Roughness, 
siD ' 

> 

Friction 

Factor, 

■ f 

o.o* 

0.0119 

. 0.00001 

0.0119 

0.0001 

; 0.0134 

0.0005 

; 0.0172 

0.001 

0.0199 

0.005 

0.0305 

0.01 

0,0380 

0.05 

0.0716 

^Smooth surface, Alf values are for Re = 10 6 , 

and are calculated from £q. 8-74. 


FIGURE 8-25 

The friction factor is 

minimum for a smooth pipe 

and increases with roughness. 


TABLE 8-2 ‘ • 

Standard sizes for Schedule 40 
steel pipes 

Nominal 

Actual Inside 

Size, in 

Diameter, in 

% 

0.269 

A 

0.364 

% 

0.493 

A 

0.622 

% 

0.824 

1 

1.049 

1A 

1.610 

2 

2.067 

2 A 

2.469 

3 

3.068 

5 

5.047 

10 

10.02 


INTERNAL FORCED CONVECTION . 


! TABLE 8-3 




Equivalent roughness values for 
new commercial pipes* 



l.-J 


Roughness t s 


Material 

ft 

mm 

Glass, plastic 

0 (smooth) 

Concrete 

0.003-0.03 

0.9-9 

Wood stave 

0.0016 

0.5 

Rubber, 

smoothed 

0.000033 

0.01 

Copper or 
brass tubing 

0.000005 

0.0015 

Cast iron 

0.00085 

0.26 

Galvanized 

iron 

0.0005 

0.15 

Wrought iron 

0.00015 

0.046 

Stainless steel 

0.000007 

0.002 

Commercial 

steel 

0.00015 

0.045 


*The uncertainty m these values can be as much 
as ±60 percent. 
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Viscous sublayer 

FIGURE 8-26 

In turbulent flow, the velocity 
profile is nearly a straight line in the 
core region, and any significant 
velocity gradients occur in the 
viscous sublayer. 


buildup, and precipitation. As a result, the friction factor may increase by a 
factor of 5 to 10. Actual operating conditions must be considered in the design 
of piping systems. Also, the Moody chart and its equivalent Colebrook equa- 
tion involve several uncertainties (the roughness size, experimental error, 
curve fitting of data, etc.), and thus the results obtained should not be treated 
as “exact ” It is usually considered to be accurate to ±15 percent over the en- 
tire range in the figure. 

The Colebrook equation is implicit in/, and thus the determination of the 
friction factor requires some iteration unless an equation solver such as EES 
is used. An approximate explicit relation for/was given by S. E. Haaland in 

1983 as 


-^7= -1.8 log 

V? 




(8-75) 


The results obtained from this relation are within 2 percent of those obtained 
from the Colebrook equation. If more accurate results are desired, Eq. 8-75 
can be used as a good first guess in a Newton iteration when using a program- 
mable calculator or a spreadsheet to solve for / with Eq. 8-74. 

In turbulent flow, wall roughness increases the heat transfer coefficient h by 
a factor of 2 or more [Dipprey and Sabersky (1963)]. The convection heat 
transfer coefficient for rough tubes can be calculated approximately from the 
Nusselt number relations such as Eq. 8-71 by using the friction factor 
determined from the Moody chart or the Colebrook equation. However, this 
approach is not very accurate since there is no further increase in h with/for 
/> 4/smooth [Norris (1970)] and correlations developed specifically for rough 
tubes should be used when more accuracy is desired. 


Developing Turbulent Flow in the Entrance Region 

The entry lengths for turbulent flow are typically short, often just 10 tube 
diameters long, and thus the Nusselt number determined for fully developed 
turbulent flow can be used approximately for the entire tube. This simple ap- 
proach gives reasonable results for pressure drop and heat transfer for long 
tubes and conservative results for short ones. Correlations for the friction and 
heat transfer coefficients for the entrance regions are available in the literature 

for better accuracy. 


Turbulent Flow in Noncircular Tubes 

The velocity and temperature profiles in turbulent flow are nearly straight 
lines in the core region, and any significant velocity and temperature gradients 
occur in the viscous sublayer (Fig. 8—26). Despite the small thickness of vis- 
cous sublayer (usually much less than 1 percent of the pipe diameter), 'the 
characteristics of the flow in this layer are very important since they set the 
stage for flow in the rest of the pipe. Therefore, pressure drop and heat trans- 
fer characteristics of turbulent flow in tubes are dominated by the very thin 
viscous sublayer next to the wall surface, and the shape of the core region is 
not of much significance. Consequently, the turbulent flow relations given 
above for circular tubes can also be used for noncircular tubes with reasonable 
accuracy by replacing the diameter D in the evaluation of the Reynolds num- 
ber by the hydraulic diameter D h = 4 A c fp. 


Flow through Tuba Annulus 

Some simple heat transfer equipments consist of two concentric tubes, and are 
properly called double-tube heat exchangers (Fig. 8-27). In such devices, one 
fluid flows through the tube while the other flows through the annular space. 
The governing differential equations for both flows are identical. Therefore, 
steady laminar flow through an annulus can be studied analytically by using 
suitable boundary conditions. 

Consider a concentric annulus of inner diameter D t and outer diameter D 0 . 
The hydraulic diameter of annulus is 


D _ 44r ^ 4n(Dl~D])l4 
h P - D t ) 



Annular flow is associated with two Nusselt numbers — Nu ; on the inner 
tube surface and Nu 0 on the outer tube surface — since it may involve heat 
transfer on both surfaces. The Nusselt numbers for fully developed laminar 
flow with one surface isothermal and the other adiabatic are given in 
Table 8—4. When Nusselt numbers are known, the convection coefficients for 
the inner and the outer surfaces are determined from 

xr hiD h h 0 D k 

Nil, = — — and Nu 0 = ~j~ (8-76) 


For fully developed turbulent flow, the inner and outer convection coefficients 
are approximately equal to each other, and the tube annulus can be treated as a 
noncircular duct with a hydraulic diameter of D h = D 0 - D t . The Nusselt num- 
ber in this case can be determined from a suitable turbulent flow relation such as 
the Gnielinski equation. To improve the accuracy of Nusselt numbers obtained 
from these relations for annular flow, Petukhov and Roizen (1964) recommend 
multiplying them by the following correction factors when one of the tube walls 
is adiabatitSand heat transfer is through the other wall: 


i 


V 


F, = 0.86 
F 0 = 0.86 


A' 


- 0.16 


- 0.16 


D 


ol 


(outer wall adiabatic) 
(inner wall adiabatic) 


(8—77) 

(&-78) 


Heat Transfer Enhancement 

Tubes with rough surfaces have much higher heat transfer coefficients than 
tubes with smooth surfaces. Therefore, tube surfaces are often intention- 
ally roughened, corrugated, or finned in order to enhance the convection 
heat transfer coefficient and thus the convection heat transfer rate (Fig. 8-28). 
Heat transfer in turbulent flow in a tube has been increased by as much as 
400 percent by roughening the surface. Roughening the surface, of course, 
also increases the friction factor and thus the power requirement for the pump 
or the fan. 

The convection heat transfer coefficient can also be increased by inducing 
pulsating flow by pulse generators, by inducing swirl by inserting a twisted 
tape into the tube, or by inducing secondary flows by coiling the tube. 




FIGURE 8-27 
A double-tube heat exchanger that 
consists of two concentric tubes. 


TABLE 8-4 

Nusselt number for fully developed 
laminar flow in an annulus with 
one surface isothermal and the 
other adiabatic (Kays and Perkins, 
1972) 


DfD 0 

Nu, 

Nu 0 

0 

— 

3.66 

0.05 

17.46 

4.06 

0.10 

11.56 

4.11 

0.25 

7.37 

4.23 

0.50 

5.74 

4.43 , 

1.00 

4.86 

4.86 



(a) Finned surface 



(b) Roughened surface R G u £hness 

FIGURE 8-28 


Tube surfaces are often roughened , 
corrugated , ox finned in order to 
enhance convection heat transfer. 




FIGURE 8-29 

Schematic for Example 8-4. 


■XAMPLB 8-4 Pressure Drop in a Water Tube 

, , , co r = qqg 1 ke/m 3 and a = 1.138 x 1CT 3 kg/m ■ s) is flowing 

■tead^iv in a 5 -cm-intemal-diameter horizontal tube made of stainless steel at 

i rate of 5 5 Us (Hg. 8-29). Determine the pressure drop and the required 
jumping power input for flow through a 60-m-long section of the tube. 

SOLUTION The flow rate through a specified water tube is given. The pressure 
drop and the pumping power requirements are to bt ; effecb 

4SS “ P f ibie'rr thS - 

and y c„nnectors. 4 The piping section in- 

volves no work devices such as a pump or a turbine. ^ 

ZSZFJX?- • ; 

°Ana!ys^ m Fi^we^alculate the mean velocity and the Reynolds number to 
determine the flow regime: 


U 


1 

y 


m 




Q _ 0.0055 A_ = 7W)m/s 


nD z /4 71(0.05 m) 2 /4 


pVD (999.1 kg/m 3 1 (2.80 m/s)(0.05 m) = 12 2,900 

Re==— p 1.138 X10" 3 kg/m - s 

, hich is greater than 10,000. Therefore, the flow is turbulent. The relative 
oughness of the tube is 

0.0002 cm 


elD = 


5 cm 


— = 0.00004 


rhe friction factor corresponding to this relative roughness and the i Reyno ds 
lumber can simply be determined from the Moody chart. To avoid the reading 
s r ror, we determine it from the Colebrook equation: 


47 


-2.0 log 


f e!D 2.51 ^ 


kino an eauation solver or an iterative scheme, the friction factor is determined 
q b e f = 0.0175. Then the pressure drop and the required power inpu eco 


( 


3.7 + ReV7 47 


= —2.0 log 


0.00004 


3.7 + 126, 400 V7 


2.51 


\ 


v. 


J 


LP = f 


L pV‘ 


0.0175 


60 m /999.1 kg/m 3 )(2.80 m/s)" 


q 2 0.05 m 2 

= 82,250 N/m 2 = 82.25 kPa 

w = CAP = (0.0055 m 3 /s) (82,250 Pa) = 452 W 

,r pump v 

fherefore, power input in the amount of 452 W is needed to overcome the frio- 
fonal losses inthctLib determined easily from the 

55— — ■ It wouid give ,= 0.0173. 

io 0 0175 Also, the friction factor corresponding to e - 0 m this case l 
0 . 0172 , which Indicates that stainless steel tubes can be assumed to be 

smooth with negligible error. 
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EXAMPLE 8-5 Heating of Water by Resistance Heaters in a Tube 

u/ a t P r is to be heated from 15°C to 65°C as it flows through a 3-cm-internal- 
Hiameter 5-m-long tube (Fig. &-30). The tube is equipped with an electric re- 
ktance heater that provides uniform heating throughout the surface of the 
t «he The outer surface of the heater is well insulated, so that in steady opera- 
tion all the heat generated in the heater is transferred to the water in the tube, 
if the system is to provide hot water at a rate of 10 L/min, determine the power 
rating of the resistance heater. Also, estimate the inner surface temperature of 

the tube at the exit. 


q - constant 

m m m m 

X r-.vi .<■■■?■■ F- 


\ 1 1 1 1 1 1 1 1 1 1 

5 m — *1 

FIGURE 8-30 

Schematic for Example 8—5. 



& 


SOLUTION Water is to be heated in a tube equipped with an electric resis- 
tance heater on its surface. The power rating of the heater and the inner sur- 
face temperature at the exit are to be determined. 

Assumptions t Steady flow conditions exist. 2 The-surface heat flux is uni- 
form. 3 The inner surfaces of the tube are smooth. 

Properties The properties of water at the bulk mean temperature of T b = 
(T/ I- T c )t? = (15 + 65)/2 = 40°C are (Table A 9) 

c p ~ 4179 J/kg • °C ; 

Pr - 4.32 

Analysis The cross sectional and heat transfer surface areas are 

A e = \ttD 2 ' T-jt( 0.03 m) 2 = 7.069 X 10“ 4 m 2 
A s = irDL = 77(0.03 m)(5 m) - 0.471 m 2 


p = 992.1 kg/m 3 

k = 0.631 W/m • °C 

v = p!p = 0.658 X 10“ 6 m 2 /s 


The volume flow rate of water is given as V = 10 IVmin .= 0.01 m 3 /mm. Then 
the mass flow rate becomes 

m.. : pO-- (992.1 kg/m 3 )(0.01 m 3 /min) = 9.921 kg/min = 0.1654 kg/s 

*y 

To heat ttfl water at this mass flow rate from 15°C to 65°C, heat must be sup- 
plied to the water at a rate of , 


Q - mc p (T e - 7',) 

■i ( - (0.1654 kg/s)(4.!79 kJ/kg • °C)(65 — 15)°C 

= 34.6 kJ/s = 34.6 kW 

All of this energy must come from the resistance heater. Therefore, the power 

rating of the heater must be 34,6 kW. . 

The surface temperature 7 S of the tube at any location can be determined 

from 

q s = h(X s ~ TJ ~> ' : 1 ~ fl [■ 


where h is the heat transfer coefficient and T m is the mean temperature of the 
fluid at that location. The surface heat flux is constant in this case, and its 

value can be determined from 


4 = 



34.6 kW 
0.471 m 2 


73.46 kW/m 2 


To determine the heat transfer coefficient, we first need to find the mean ve- 
locity of water and the Reynolds number: 


V 

Y avg 


Re - 


V = 0 - 010m3/min - = 14.15 m/min = 0.236 m/s 
A, 7.069 X 10' 4 m 2 

(0.236 m/s)(0.03 m) 


V^D 


0.658 X 10“ 6 m 2 /s 


= 10,760 


which is greater than 10,000. Therefore, the flow is turbulent and the entry 
length is roughly 


L h « L, « 10D = 10 X 0.03 = 0.3 m 

which is much shorter than the total length of the tube. Therefore, we can 
assume fully developed turbulent flow in the entire tube and determine the 
Nusselt number from 



& 


IN 




H 


Nu = «^ = 0>0 23 Re o.s Pr o.4 = 0.023(1 0,760) 08 (4.32) 0 - 4 = 69.4 
k 


Then, 


h 


= £ Nu = °' 63 o^— (©.4) = 1460 W/ml * ° C 


2 

% 


£ 

i? 

£ 

•rx 


and the surface temperature of the pipe at the exit becomes 


T, 



4- V = 65°C + 
h 


73,460 W/m 2 = 
1460 W/m 2 ■ °C 



IT- 


Discussion Note that the inner surface temperature of the tube will be 50"C 
higher than the mean water temperature at the tube exit. This temperature dif- 
ference of 50°C between the water and the surface wifi remain constant 
throughout the fully developed flow region. 


| 

I 


^T S = 60 °C 



1* 8m — -*j 

FIGURE 8-31 


Schematic for Example 8-6. 


EXAMPLE 8-6 Heat Loss from the Ducts of a Heating System 

Hot air at atmospheric pressure and 80°C enters an 8-m-long uninsulated 
square duct of cross section 0.2 m x 0.2 m that passes through the attic of a 
house at a rate of 0.15 m 3 /s (Fig. 8-31). The duct is observed to be nearly 
isothermal at 60°C. Determine the exit temperature of the air and the rate of 


heat loss from the duct to the attic space. 


SOLUTION Heat loss from uninsulated square ducts of a heating system in 
the attic is considered. The exit temperature and the rate of heat loss are to be 
determined. 
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CHAPTER 8 


Assumptions 1 Steady operating conditions exist. 2 The inner surfaces of the 
duct are smooth. 3 Air is an ideal gas. 

Properties We do not know the exit temperature of the air in the duct, and 
thus we cannot determine the bulk mean temperature of air, which is the tem- 
perature at which the properties are to be determined. The temperature of air 
at the inlet is 80°C and we expect this temperature to drop somewhat as a re- 
suit of heat loss through the duct whose surface is at 60°C. At 80°C and 1 atm 
we read {Table A-l 5) 

p = 0.9994 kg/m 3 c p = 1008 J/kg • °C 

k = 0.02953 W/m • °C Pr = 0.7154 
v - - 2.097 X 10 5 in 2 /s 

Analysis The characteristic length (which is the hydraulic diameter), the 
mean velocity, and the Reynolds number in this case are 


D,= 


V = 

v avg 


Re -- 


P 4 a 


= a — 0.2 m 


V _ 0.15 m 3 /s ' 

T~ “ = 3.75 m/s 

A c (0.2 m) 2 

V™ s D h (3.75 m/s)(0.2 m) 

v ~~ 2.097 X 10“ 5 m 2 /s 


= 35,765 


which is greater than 10,000. Therefore, the flow is turbulent and the entry 
lengths in this case are roughly 

L h ** L ( ~ 106) - 10 X 0.2 m 2 in 


which is much shorter than the total length of the duct. Therefore, we can 
assume fully developed turbulent flow in the entire duct and determine the 
Nusselt number from 

■ Id),, 

Nil = = 0.023 Re 08 Pr°£ = 0.023(35,765)°- 8 (0.7 154) 0 - 3 = 91.4 


Then, 

n 


h = ~ Nu = 


D 


0.02953 W/m ■ °C 
0.2 m 


(91.4) = 13.5 W/m 2 • °C 


4 

771 


4aL = 4 X (0.2 m)(8 m) = 6.4 m 2 

pV= (0.9994 kg/m 3 )(0.15 m 3 /s) = 0.150 kg/s 


7 

) 


Next, we determine the exit temperature of air from 


T e = T s ~ (T s - 7)) exp (~hA s fmc p ) 


= 60°C - [(60 - 80)°C] exp 


(13.5 W/m 2 • °C)(6.4 m 2 ) ' 
(0.150 kg/s)(1008 J/kg * °C) 


= 71.3°C 


Then the logarithmic mean temperature difference and the rate of heat loss 
from the air become > 



T,~T t 


In 


T s ~T e 
T t ~ T, 


80 - 71.3 
60 - 71.3 
1 60-80 


15.2°C 


Q = hA s A 7 ln - (13.5 W/m 2 * °C)(6.4 m 2 )(-15.2°C) = -1313 W 


Therefore, air will lose heat at a rate of 1313 W as it flows through the duct in 
the attic. 

Discussion The average fluid temperature is (80 + 71.3)/2 = 75.7°C, which 
is sufficiently close to 80°C at which we evaluated the properties of air. There- 
fore, it is not necessary to re-evaluate the properties at this temperature and to 
repeat the calculations. 


TOPIC OF SPECIAL INTEFfES 



Transitional Flow in Tubes * 


Inlet section 



Flow 

from 

calming 

section 


Re-entrant 



Squared -edged 



Bell-mouth 


FIGURE 8-32 

Schematic of the three differemt inlet 
configurations. 


An important design problem in industrial heat exchangers arises when 
flow inside the tubes falls into the transition region. In practical engineer- 
ing design, the usual recommendation is to avoid design and operation in 
this region; however, this is not always feasible under design constraints. 
The usually cited transitional Reynolds number range of about 2300 (onset 
of turbulence) to 10,000 (fully turbulent condition) applies, strictly speak- 
ing, to a very steady and uniform entry flow with a rounded entrance. If the 
flow has a disturbed entrance typical of heat exchangers, in which there is 
a sudden contraction and possibly even a re-entrant entrance, the transi- 
tional Reynolds number range will be much different. 

Ghajar and coworkers in a series of papers (listed in the references) have 
experimentally investigated the inlet configuration effects on the fully de- 
veloped transitional pressure drop under isothermal and heating conditions; 
and developing and fully developed transitional forced and mixed con- 
vection heat transfer in circular tubes. Based on their experimental data, 
they have developed practical and easy to use correlations for the friction 
coefficient and the Nusselt number in the transition region between laminar 
and turbulent flows. This section provides a brief summary of their work in 
the transition region. 

Pressure Drop in the Transition Region 

Pressure drops are measured in circular tubes for fully developed flows in 
the transition regime for three types of inlet configurations shown in 
Fig. 8-32: re-entrant (tube extends beyond tubesheet face into head of 


*This section is contributed by Professor Afshin J. Ghajar of Oklahoma State University. 


CHARTERS 


distributor), square-edged (tube end is flush with tubesheet face), and bell- 
mouth (a tapered entrance of tube from tubesheet face) under isothermal 
and heating conditions, respectively. The widely used expressions for the 
friction factor / (also called the Darcy friction factor) or the friction coeffi- 
cient Cf (also called the Fanning friction factor) in laminar and turbulent 
flows with heating are 


/lam 


-/curb 


f 


4C />tam = 4 


v. 


_16 

Re 


r .. \ m 






4C /itab = 41 


0.0791 


\r-s ; 
\ 


Re 


0.25 


J 


(&Y 

j 


(8-79) 

(8-80) 


where the factors at the end account for the wall temperature effect on 
viscosity. The exponent m for laminar flows depends on a number of 
factors while for turbulent flows the most typically quoted value for heat- 
ing is —0.25. The transition friction factor is given as (Tam and Ghajar, 
1997) 


f 


trans 


—4 


1 + 


Re 


\ s 


A) 


lC /• \ m 

j U 


where 


m = nil ~ m i Gr"3 Pr*’* 


(8-81) 


(8-82) 


and the Grashof number (Gr) which is a dimensionless number represent- 
ing the ratio of the buoyancy force to the viscous force is defined as 
Gr = g[3D 3 (T s — T b )lv 2 (see Chapter 9 for more details). All properties ap- 
pearing in the dimensionless numbers Cpf Re, Pr, and Gr are all evaluated 
at the bulk fluid temperature T b , The values of the empirical constants 
in Eqsi8-81 and 8-82 are listed in Table 8—5. The range of application of 
Eq. 8^81 for the transition fription factor is as follows: 

t 

Re-entrant: 2700 < Re < 5500, 16 < Pr < 35, 7410 < Gr < 158,300, 

. 1.13 ^ jUj/zAj ^ 2.13 

Square-Hedged: 3500 < Re < 6900, 12 < Pr < 29, 6800 < Gr < 104,500, 

1.11 ^ jUiZ/r, ^ 1.89 

Bell-mouth: 5900 < Re < 9600, 8 <Pr < 15, 11,900 < Gr=s 353,000, 

1.05 < jifii s < 1.47 


TABLE 8-5 


Constants for transition friction coefficient correlation 


inlet Geometry 

A 

B 

C 

mi 

m 2 

m 3 

m 4 

Re-entrant 

5840 

-0.0145 

-6,23 

-1.10 

0.460 

-0.133 

4.10 

Square-edged 

4230 

-0.1600 

-6.57 

-1.13 

0.396 

-0.160 

5.10 

Beii-mouth 

5340 

-0.0990 

-6.32 

-2.58. 

0.420 

-0.410 

2.46 


4 





FIGURE 8-33 

Fully developed friction coeffficients for three different inlet configurations and heat fluxes (filled symbols designate the 

start and end of the transition region for each inlet. 

(From Tam and Ghajar, 1997 J 


These correlations captured about 82% of measured data within an error 
band of ±10%, and 98% of measured data with ±20%. For laminar flows 
with heating, Tam and Ghajar give the following constants for determining 
the exponent m in Eq. 8-79: ni\ — 1.65, m 2 = 0.013, m 3 — 0.170, and 
niA = 0.840, which is applicable over the following range of parameters: 

1100 < Re < 7400, 6 < Pr < 36, 17,100 < Gr < 95,600, 
and 1.25 < /VJx, *£ 2.40. 

The hilly developed friction coefficient results for the three different in- 
let configurations shown in Fig. 8—33 clearly establish the influence of 
heating rate on the beginning and end of the transition regions, for each in- 
let configuration. In the laminar and transition regions, heating seems to 
have a significant influence on the value of the friction coefficient. How- 
ever, in the turbulent region, heating did not affect the magnitude of the 
friction coefficient. The significant influence of heating on the values of 
friction coefficient in the laminar and transition regions is directly due to 

the effect of secondary flow. 

The isothermal friction coefficients for the three inlet types showed that 
the range of the Reynolds number values at which transition flow exists is 
strongly inlet-geometry dependent. Furthermore, heating caused an in- 
crease in the laminar and turbulent friction coefficients and an increase in 
the lower and upper limits of the isothermal transition regime boundaries. 
The friction coefficient transition Reynolds number ranges for the isother- 
mal and nonisothermal (three different heating rates) and the three differ- 
ent inlets used in their study are summarized in Table 8-6. 


TABLE 8-6 



Transition Reynolds numbers for friction coefficient 

Heat Flux Re-entrant Square-Edged 


0 kW/m 2 (isothermal) 
3 kW/m 2 
8 kW/m 2 
16 kW/m 2 


2870 < Re < 3500 
3060 < Re < 3890 
3350 < Re < 4960 
4090 < Re < 5940 


3100 < Re < 3700 
3500 < Re < 4180 
3860 < Re < 5200 
4450 < Re < 6430 



Belt-Mouth 

5100 < Re < 6100 
5930 < Re < 8730 
6480 < Re < 9110 
7320 < Re < 9560 
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Figure 8-34 shows the influence of inlet configuration on the beginning 
and end of the isothermal fully developed friction coefficients in the transi- 
tion region. 

Note that the isothermal fully developed friction coefficients in the 
laminar, turbulent, and transition regions can be obtained easily from 
Eqs. 8-79, 8-80, and 8-81, respectively, by setting the exponent on the 
viscosity ratio correction to unity (i.e, with m — 0). . 


EXAMPLES-? Nonisothermal Fully Developed Friction 
Coefficient in the Transition Region 

A tube with a bell-mouth inlet configuration is subjected to 8 kW/m 2 uniform 
wall heat flux. The tube has an inside diameter of 0.0158 m and a flow rate of 
1.32 x 10 -4 m 3 /s. The liquid flowing inside the tube is ethylene glycol- 
distilled water mixture with a mass fraction of 0.34. The properties of the 
ethylene glycol-distilled water mixture at the location of interest are Pr = 11.6, 
v = 1.39 x 10 -6 m 2 /s and p, b /p>$ = 1.14. Determine the fully developed 
friction coefficient at a location along the tube where the Grashof number 
is Gr = 60,800. What woufd the answer be if a square : edged inlet is used 
instead? 


SOLUTION A liquid mixture flowing in a tube is subjected to uniform wail 
heat flux. The friction coefficients are to be determined for the bell-mouth and 
square-edged inlet cases. 

Assumptions Steady operating conditions exist. 

Properties The properties of the ethylene giycol-distilled water mixture are 
given to be Pr = 11.6, v — 1.39 x 10 6 m 2 /s and 'p, b ffi s =1.14. T 
Analysis For the calculation of the nonisothermal fully developed friction 
coefficient, it is necessary to determine the flow regime before making any 
decision regarding which friction coefficient relation to use. The Reynolds 
number at the specified location is 




( VfA C )D f(l -32 X 1 0 " 4 m J /s)/( 1.96 1 X 1 0 ~ 4 nff )](0.0 1 58 m) 

v _ : 1.39 X IQ” 6 m 2 /s 


-4 


Re = 


= 7651 


since ‘ 

A c = rrD 2 /4 - 77(0.0158 m) 2 /4 - 1.961 X I0" 4 m 2 

From Table 8-6, we see that for a bell-mouth inlet and a heat flux of 8 kW/m 2 
the flow is in the transition region. Therefore, Eq. 8-81 applies. Reading 
the constants A, B, and Cand mi, m 2 , m 3 , and m 4 from Tabfe 8-5, the friction 
coefficient is determined to be 


C/,tram 



Re\*l c /W m 



1 + 


7651 

.5340, 


-0.099' 


- 6.32 


(1.14) 


-2.53 - 0.42 X 60.S0O _ajI XU.S^._ 


0.010 




FIGURE 8-34 
Influence of different inlet 
configurations on the isothermal fully 
developed friction coefficients (filled 
symbols designate the start and end of 
the transition region for each inlet). 

(From Tam and Ghajar, 1997 S) 


Sauare-Edged Inlet Case For this inlet shape, the Reynolds number of the .flow 
is the same as that of the bell-mouth inlet (Re = 7651), However, it is 
necessary to check the type of flow regime for this particular inlet with 
8 kW/m 2 of heating. From Table 8-6, the transition Reynolds number range for 
this case is 3860 < Re < 5200, which means that the flow m this case is 
turbulent and Eq. 8-80 is the appropriate equation to use. It gives 



0.0791 

Re 025 



0.0791 
.765 1 025 . 


(LM)" 023 = 0.0082 


Discussion Note that the friction factors fcan be determined by multiplying 
the friction coefficient values by 4. 


Heat Transfer in the Transition Region 

Ghajar and coworkers also experimentally investigated the inlet configura- 
tion effects on heat transfer in the transition region between laminar and 
turbulent flows in tubes for the same three inlet configurations shown in 
Fig. 8-32. They proposed some prediction methods for this regime to 
bridge between laminar methods and turbulent methods, applicable to 
forced and mixed convection in the entrance and fully developed regions 
for the three types of inlet configurations, which are presented next. The lo- 
cal heat transfer coefficient in transition flow is obtained from the transition 
Nusselt number, Nu^, which is calculated as follows at a distance x from 

the entrance: 

bhW = Nu bm + {exp[(a - Re)/f>] + Nu^f (fr * 83) 


where Nu lam is the laminar flow Nusselt number for entrance region lami- 
nar flows with natural convection effects, 




1.24 


RePrD 

x 


+ 0.025(GrPr)°* 75 



(8-84) 


TABLE 8-7 . .. , . . . ...... . 

Constants for transition heat transfer 
correlation 

Inlet Geometry a b c 

Re-entrant 1766 276 —0.955 
Square-edged 2617 207 —0.950 
Bell-mouth 6628 237 -0.980 


and Nu tob is the turbulent flow Nusselt number with developing flow 
effects, 


Nu^t, 


= 0.023Re os Pr OJS5 




(8-85)' 


The physical properties appearing in the dimensionless numbers Nu, Re, 
Pr, and Gr all are evaluated at the bulk fluid temperature T b . The values of 
the empirical constants a, b, and c in Eq. 8-83 depend on the inlet config- 
uration and are given in Table 8-7. The viscosity ratio accounts for the tem- 
perature effect on the process. The range of application of the heat transfer 
method based on their database of 1290 points (441 points for re-entrant 


inlet, 416 for square-edged inlet and 433 points for bell-mouth inlet) is as 
follows: 

Re-entrant: 3 x/D < 192, 1700 < Re ^ 9100, 5 ^ Pr ^ 51, 

4000 < Gr < 210,000, 1.2 < t± b /fi s < 2.2 

Square-edged: 3 < x/D 192, 1600 s Re ^ 10,700, 5 £ Pr £ 55, 

4000 < Gr < 250,000, 1.2 < ft b /fi s < 2.6 

Bell-mouth: 3 < x/D < 192, 3300 < Re < 11,100, 13<Pr<77, 

6000 < Gr < 1 10,000, 1 .2 • - fjL b //i s < 3. 1 


These correlations capture about 70% of measured data within an error 
band of ±10%, and 97% of measured data with ±20%, which is remark- 
able for transition flows. The individual expressions above for Nu Ianl and 
Nu turt) can be used alone for developing flows in jhose respective regimes. 
The lower and upper limits of the heat transfer transition Reynolds number 
ranges for the three different inlets are summarized in Table 8-8. The re- 
sults shown in this table indicate that the re-entrant inlet configuration 
causes the earliest transition from laminar flow into the transition regime 
(at about 2000) while the bell-mouth entrance retards this regime change 
(at about 3500). The square-edged entrance falls in between (at about 
2400), which is close to the often quoted value of 2300 in most textbooks. 

Figure 8-35 clearly shows the influence of inlet configuration on the be- 
ginning and end of the heat transfer transition region. This figure plots the 
local average peripheral heat transfer coefficients in terms of the Colburn j 
factor (j H = St Pr® 67 ) versus local Reynolds number for all flow regimes at 
the length-to-diameter ratio of 192, and St is the Stanton number, which is 
also a dimensionless heat transfer coefficient (see Chapter 6 for more de- 
tails), defined as St = Nu/(Re Pr). The filled symbols in Fig. 8-35 represent 
the start and end of the heat transfer transition region for each inlet config- 
uration. Note the large influence of natural convection superimposed on the 
forced convective laminar-flow heat transfer process (Nu = 4.364 for a 
fully developed laminar flow with a uniform heat-flux boundary condition 
without buoyancy effects), yielding a mixed convection value of about 
Nu = 14:5. Equation 8-84 includes this buoyancy effect through the 
Grashof number. 

In^a subsequent study, Tam and Ghajar (1998) experimentally investi- 
gated the behaviour of local heat transfer coefficients in the transition re- 
gion for a tube with a bell-mouth inlet. This type of inlet is used in some 
heat exchangers mainly to avoid the presence of eddies which are be- 
lieved to be one of the causes for erosion in the tube inlet region. For the 



Influence of different inlets on the heat 
transfer transition region at x/D — 192 
(filled symbols designate the start and 
end of the transition region for each 
inlet) between limits of Dittus-Boelter 
correlation (Nu — 0.023 Re 0 - 8 Prt) for 
fully developed turbulent flow (using 
n = 1/3 for heating) and Nu = 4.364 
for fully developed laminar flow with a 
uniform heat flux boundary condition. 

Note buoyancy effect on the laminar 
flow data giving the much larger mixed 
convection heat transfer coefficient. 

(From Ghajar and Tam, 1994.) 


TABLE 8-8 y' = y f . . y y -y t' V ' ' \ ' 

The lower and upper limits of the heat transfer transition Reynolds numbers 

Inlet Geometry Lower Limit Upper Limit 

Re-entrant Re, ovvy = 2157 - 0.651192 - (x/D)] Re uppe , = 8475 - 9.281192 - (x/D)} 

Square-edged Re taw = 2524 - 0.821192 - (x/D)} Re upper = 8791 - 7.691192 - (x/D)} 

Bell-mouth Re lwer = 3787 - 1.801192 - (x/D)} Re uppw = 10481 - 5.471192 - (x/D)} 


I 




bell-mouth inlet, the variation of the local heat transfer coefficient with 
length in the transition and turbulent flow regions is very unusual. For this 
inlet geometry, the boundary layer along the tube wall is at first laminar and 
then changes through a transition to the turbulent condition causing a dip in 
the Nu versus xjD curve. In their experiments with a fixed inside diameter 
of 15.84 mm, the length of the dip in the transition region was much longer 
(100 < xfD < 175) than in the turbulent region (x/D < 25). The presence 
of the dip in the transition region causes a significant influence in both the 
local and the average heat transfer coefficients. This is particularly impor- 
tant for heat transfer calculations in short tube heat exchangers with a bell- 
mouth inlet. Figure 8-36 shows the variation of local Nusselt number along 
the tube length in the transition region for the three inlet configurations at 
comparable Reynolds numbers. 



FIGURE 8-36 

Variation of local Nusselt number with 
length for the re-entrant, square- 
edged, and bell-mouth inlets in the 

transition region. 

(From Tam and C ha jar, 1993.) 


EXAMPLE 8-8 Heat Transfer in the Transition Region 

Ethylene glycoi-distilled water mixture with a mass fraction of 0.6 and a flow 
rate of 2.6 x 10 -4 m 3 /s flows inside a tube with an inside diameter of 
0.0158 m subjected to uniform wali heat flux. For this flow, determine the 
Nusselt number at the location xID = 90 if the inlet configuration of the tube 
is: (a) re-entrant, (b) square-edged, and (c) beli-mouth. At this location, the lo- 
cal Grashof number is Gr = 51,770. The properties of ethylene glycol-distilled 
water mixture at the location of interest are Pr = 29.2, v = 3.12 x 10 6 m 2 /s 
and (if/fis = 1.77. 



1 


B 


SOLUTION A liquid mixture flowing in a tube is subjected to uniform wall 
heat flux. The Nusselt number at a specified location is to be determined for 
three different tube inlet configurations. 





Assumptions - ) Steady operating conditions exist. 

Properties The properties of the ethylene glycoi-distilted water mixture are 
given to-be Pr = 29.2, v = 3.12 x 10~ 6 m 2 /s and 1.77. 

Analysis For a tube with a known diameter and volume flow rate, the type of 
flow regime is determined before making any decision regarding which Nusselt 
number correlation to use. The Reynolds number at the specified location is 

' (V/A C )D [(2.6 X 1 0~ 4 m 3 /s)(f.96i X 10~ 4 m 2 )](0.0158m) _ 

. Re “ v ” 342 X 1 (TSu z /s , 


i 
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since ' 

'.Ac'-= ttD 2 IA = 7t( 0.0158 m) 2 /4 = 1.961 X 10 4 m 2 

Therefore, the flow regime is in the transition region for all three inlet configu- 
rations (thus use the information given in Table 8-8 with x/D = 90) and there- 
fore Eq. 8-83 should be used with the constants a, b, c found in Table 8-7. 
However, Nu, am and Nu^ are the inputs to Eq. 8-83 and they need to be eval- 
uated first from Eqs. 8-84 and 8-85, respectively. It should be mentioned that 
the correlations for Nu telT1 and Nu turb have no inlet dependency. 




I 


From Eq, 8-84: 


Nu ]am = 1.24 


RePr D 


+ 0.025 (GrPr) 


0.75 


1/3 / ii. \ 0.14 



= 1.24 


17(6714X29.2)' 


90 


+ 0.025[(5 1,770)(29.2)] 


0.75 


1/3 


(1.77)°* 14 =19.9 


From Eq. 8-85: 


Nu 


/ v \ -0.005+ /„ \ 0-14 

iturt, = 0.023Re°' 8 Pr°‘ 385 ( — J 


V-V 

0.02 3 (67 1 4) 08 (29. 2)° 385 (9 0) “ 000i4 ( 1 .7 7)°- 14 = 102.7 

A 

Then the transition Nusseit number can be determined from Eq. 8-83, 

Niw = Nuja^ + {exp[(<2 Re)///] + Nu^} c 

Case T: For re-entrant inlet: 

Niw = 19.9 + {exp[(1766 - 6714)/276] + 102.7 °' W5 } ~ a955 - 88.2 
Case 2: For square-edged inlet: 

Ntw - 19.9 + {exp[(2617 - 6714)/207] 4- 102.7 ' a950 )" M5 ° - 85.3 
Case 3: For bell-mouth inlet: 

NiW = 19.9 + (exp[(6628 - 6714)/237] + 102.7 " 09S0 } “ 09S0 = 21.3 



Discussion it is worth mentioning that, for the re-entrant and square-edged in- 
lets, the flow behaves normally. For the bell-mouth inlet, the Nusseit number 
is low in comparison to the other two inlets. This is because of the unusual be- 
haviour of the bell-mouth inlet noted earlier (see Fig. 8-36); i.e., the boundary 
layer along the tube wall is at firsMaminar and then changes through a transi- 
tion region to the turbulent condition. 

T 
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SUMMA 






Internal flow is characterized by the fluid being completely 
confined by the inner surfaces of the tube. The mean or average 
velocity and temperature for a circular tube of radius R are 
expressed as 


V = — 

Y avg gz 


R 


u{r)rdr and 


r = — - — 
m V R 2 

* a.vg* v 


u{r)T{r)rdr 


The Reynolds number for internal flow and the hydraulic 
diameter are defined as 


Re = 


pViVg D 


Vm D 

v 


4A C 

and D h = 


The flow in a tube is laminar for Re < 2300, turbulent for 
about Re > 10,000, and transitional in between. 

The length of the region from the tube inlet to the point at 
which the boundary layer merges at the centerline is the hydrody- 
namic entry length L^. The region beyond the entrance region in 
which the velocity profile is fully developed is the hydrodynami- 
cally fully developed region. The length of the region of flow over 
which the thermal boundary layer develops and reaches the tube 
center is the thermal entry length L v The region in which the flow 
is both hydrodynamically and thermally developed is ihc fully de- 
veloped flow region. The entry lengths are given by 


Rfi. laminar ~ 0-0^ Re D 

Ef, laminar 0.05 Re Pf D — Pr Lj lt laminar 

h-k, turbulent turbulent 10D 

For q s = constant, the rate of heat transfer is expressed as 

Q = &A, = mc p (T e - 7}) 


For T s = constant, we have 


Q = A/ljATfo = mc p (T e - T t ) 

T e — T s — (T s - T^pi-hAJmep) 

T[ — T e _ A T e - A Ti 
Ar,n = Infer, - Tf)l(T s - J))] “ In(AT e /Ar f ) 

The irreversible pressure loss due to frictional effects and the 
required pumping power to overcome this loss for a volume 
flow rate of 1/ are 

/ pV* 

AP t = f ~ and hpump = 

For fully developed laminar flow in a circular pipe, we have: 


u{r) = 2V I¥g 



— u 


mas 






8 pH 


7 tR 4 A P 
8 pL 


ttR 4 &P 

128/x£. 


Circular tube, laminar (q s — constant): Nu — — 4.36, 

Circular tube, laminar (T s = constant): Nu — -jp = 3.66 


For developing laminar flow in the entrance region with con- 
stant surface temperature, we have 


0.065 (D/L) Re Pr 

Circular tube: Nu - 3.66 + ^ + 0 .04[(D/L) Re Pr] 2 ' 3 


j 



1 


Circular tube: 
Parallel plates: 


Nu = 1.86 
Nu - 7.54 + 


RePrP j 73 ^J * 14 

Q.03C D h lL) Re Pr 

1 + 0.016[(ZVL) RePrp 


For fully developed turbulent flow with smooth surfaces, 
we have 


The fluid properties are evaluated at the bulk mean fluid 
temperature T b - (7) + T e )j2. For liquid metal flow in the 
range of 10 4 < Re < 10 6 we have: 

T s = constant: Nu = 4.8 + 0.0156 Re 0 - 85 Pr°- 93 

q s = constant: Nu = 6.3 + 0.0167 Re 085 Pi?- 93 

For fully developed turbulent flow with rough surfaces, the fric- 
tion factor/is determined from the Moody chart or 


/= (0.790 In Re - 1.64)“ 2 10 4 < Re < 10 6 

Nu = 0.125/Re Pr 173 


Nu = 0.023 Re os Pr 173 


0.7 < Pr < 160 
Re > 10,000 


Nu = 0.023 Re 0 - 8 Pr 1 with n = 0.4 for heating and 0.3 for 
cooling of fluid 


{ //8)(Re - 1000) Pr / p 5 < p r < 2QQQ 

1 + 12.7(//8) w (Pr 273 -1)\3X 10 3 < Re < 5 X 10 6 


1 

Vf 


—2.0 log 


s/D 2,51 ^ 
3.7 Rev?, 


-1.8 log 


6 $ 

Re 


+ 



For a concentric annulus, the hydraulic diameter is D h = 
D 0 — D h and the Nusselt numbers are expressed as 


Nu/ = 


hjDfi 

k 


and 


Nu fl = 


K £>» 

k 


where the values for the Nusselt numbers are given in 
Table 8-4. 
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8-8C How does surface roughness affect the pressure drop in 


General Flow Analysis 

8-1 C Why are liquids usually transported in circular pipes? 

8-2C Show that the Reynolds number for flow in a circular 
tube of diameter D can be expressed as Re = 4m /(it Dpi). 

8-3C Which fluid at room temperature requires a larger 
pump to move at a specified velocity in a given tube: water or 
engine oil? Why? 

S-4C What is the generally accepted value of the Reynolds 
number above which the flow in smooth pipes is turbulent? 

8-5C What is hydraulic diameter? How is it defined? What is 
it equal to for a circular tube of diameter D1 

8-6C How is the hydrodynamic entry length defined for flow 
in a tube? Is the entry length longer in laminar or turbulent flow? 

8-7 C Consider laminar flow in a circular tube. Will the 
friction factor be higher near the inlet of the tube or near the 
exit? Why? What would your response be if the flow were 
turbulent? 




*Problems designated by a “C" are concept questions, and 
students are encouraged to answer them all. Problems vdth the 
icon 4- are solved using EES. Problems with the icon li are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


a tube if the flow is turbulent? What would your response be if 
the flow were laminar? 

8-9 C How does the friction factor/ vary along the flow di- 
rection in the fully developed region in (a) laminar flow and ( b ) 
turbulent flow? 

S-10C What fluid property is responsible for the develop- 
ment of the velocity boundary layer? For what kinds of fluids 
will there be no velocity boundary layer in a pipe? 

8-I1C What is the physical significance of the number of 
transfer units NTU - hAJmc p ? What do small and large NTU 
values tell about a heat transfer system? 

8-1 2C What does the logarithmic mean temperature differ- 
ence represent for flow In a tube whose surface temperature is 
constant? Why do we use the logarithmic mean temperature 
instead of the arithmetic mean temperature? 

8-13C How is the thermal entry length defined for flow in a 
tube? In what region is the flow in a tube fully developed? 

S-14C Consider laminar forced convection in a circular tube. 
Will the heat flux be higher near the inlet of the tube or near the 

exit? Why? 

8-1 5C Consider turbulent forced convection in a circulai 
tube. Will the heat flux be higher near the inlet of the tube oi 
near the exit? Why? 

8-16C In the fully developed region of flow in a circulai 
tube, will the velocity profile change in the flow direction? 
How about the temperature profile? 



g_17C Consider the flow of oil in a tube. How will the 
hydrodynamic and thermal entry lengths compare if the flow is 
laminar? How would they compare if the flow were turbulent? 

g-18C Consider the flow of mercury (a liquid metal) in a 
tube. How will the hydrodynamic and thermal entry lengths 
compare if the flow is laminar? How would they compare if the 
flow were turbulent? 

g_19C What do the average velocity V 3vg and the mean tem- 
perature r,„ represent in flow through circular tubes of constant 
diameter? 

i S-20C Consider fluid flow in a tube whose surface tempera- 
j ture remains constant. What is the appropriate temperature dif- 
ference for use in Newton’s law of cooling with an average 
heat transfer coefficient? 

8-21 Air enters a 25-cm-diameter 12-m-long underwater 
duct at 50°C and 1 atm at a mean velocity of 7 m/s, and is 
cooled by the water outside. If the average heat transfer coeffi- 
cient is S5 W/m 2 • °C and the tube temperature is nearly equal 
to the water temperature of 10°C, determine the exit tempera- 
ture of air and the rate of heat transfer. 

8-22 Cooling water available at 10°C is used to condense 
steam at 30°C in the condenser of a power plant at a rate of 
0.15 kg/s by circulating the cooling water through a bank of 
5-m-long 1 .2-cm-intemal-diameter thin copper tubes. Water 
enters the tubes at a mean velocity of 4 m/s, and leaves at a 
temperature of 24°C. The tubes are nearly isothermal at 30°C. 
Determine the average heat transfer coefficient between the 
water and the tubes, and the number of tubes needed to achieve 
the indicated heat transferrate in the condenser. 

8-23 Repeat Prob. 8-22 for steam condensing at a rate of 
0.60 kg/s. ^ ; . 

! S-24 Combustion gases passing through a 3-cm-internai- 

■ diameter circular tube are used to vaporize waste water at at- 
mospheric pressure. Hot gases enter tfie tube at 1 15 kPa and 
i 250°C at a mean velocity of 5 m/s, and leave at 150°C. If the 
| average heat transfer coefficient is 120 W/m 2 - °C and the inner 
! s u rfaceTtempera ture of the tube is 1 10°C, determine (a) the 
i tube length and (b) the rate of evaporation of water. 

8-25 Repeat Prob. 8—24 for a heat transfer coefficient of 
40 W/m 2 • °C. 

Laminar and Turbulent Flow in Tubes 

8-26 C How is the friction factor for flow in a tube related to 
the pressure drop? How is the pressure drop related to the 
pumping power requirement for a given mass flow rate? 

8-27C Someone claims that the shear stress at the center of 
a circular pipe during fully developed laminar flow is zero. 
Do you agree with this claim? Explain. 

8-28C Someone claims that in fully developed turbulent 
flow in a tube, the shear stress is a maximum at the tube sur- 
face. Do you agree with this claim? Explain. 




S— 29 C Consider fully developed flow in a circular pipe with 
negligible entrance effects. If the length of the pipe is doubled, 
the pressure drop will (a) double, (b) more than double, (c) less 
than double, (d) reduce by half, or (e) remain constant. 

S-30C Someone claims that the volume flow rate in a circu- 
lar pipe with laminar flow can be determined by measuring the 
velocity at the centerline in the fully developed region, multi- 
plying it by the cross sectional area, and dividing the result by 
2. Do you agree? Explain. 

8-31 C Someone claims that the average velocity in a circu- 
lar pipe in fully developed laminar flow can be determined by 
simply measuring the velocity at R{ 2 (midway between the 
wall surface and the centerline). Do you agree? Explain. 

8-32C Consider fully developed laminar flow in a circular 
pipe. If the diameter of the pipe is reduced by half while the 
flow rate and the pipe length are held constant, the pressure 
drop will ( a ) double, (6) triple, (c) quadruple, (d) increase by a 
factor of 8, or (e) increase by a factor of 16. 

8— 33C Consider fully developed laminar flow in a circular 
pipe. If the viscosity of the fluid is reduced by half by heating 
while the flow rate is held constant, how will the pressure drop 
change? 

S-34C How does surface roughness affect the heat transfer in 
a tube if the fluid flow is turbulent? 'What would your response 
be if the flow in the tube were laminar? 

8-35 Water at 15°C (p = 999.1 kg/m 3 and p = 1.138 X 1(T 3 
kg/m * s) is flowing in a 4-cm-diameter and 30-m long hori- 
zontal pipe made of stainless steel steadily at a rate of 5 L is. 
Determine (a) the pressure drop and ( b ) the pumping power 
requirement to overcome this pressure drop. 



H -30 m H 

FIGURE P8-35 

8-36 In fully developed laminar flow in a circular pipe, the 
velocity at Rfl (midway between the wall surface and the cen- 
terline) is measured to be 6 m/s. Determine the velocity at the 
center of the pipe. Answer. 8 m/s 

8-37 The velocity profile in fully developed laminar flow in 
a circular pipe of inner radius R ~ 10 cm, in m/s, is given by 
u(r) = 4(1 — j- 2 / R 2 ). Determine the mean and maximum veloc- 
ities in the pipe, and the volume flow rate. 
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8-3S Repeat Prob. 8-37 for a pipe of inner radius 5 cm, 

S-39 Determine the convection heat transfer coefficient for 
the flow of (a) air and (b) water at a velocity of 2 m/s in an 
8-cm-diameter and 7-m-long tube when the tube is subjected to 
uniform heat flux from all surfaces. Use fluid properties at 25°C. 



8-40 Air at 10°C enters a 12-cm-diameter and 5-m-tong 
pipe at a rate of 0.065 kg/s. The inner surface of the pipe 
has a roughness of 0.22 mm and the pipe is nearly isother- 
mal at 50°C. Determine the rate of heat transfer to air using 
the Nusselt number relation given by (a) Eq. 8-66 and 
(b) Eq. 8-71. 

8-41 An 8-m long, uninsulated square duct of cross sec- 
tion 0.2 m X 0.2 m and relative roughness 10 -3 passes through 
the attic space of a house. Hot air enters the duct at 1 atm and 
80°C at a volume flow rate of 0.15 m 3 /s. The duct surface is 
nearly isothermal at 60°C. Determine the rate of 
heat loss from the duct to the attic space and the pressure 
difference between the inlet and outlet sections of the duct. 

8-42 A 10-m long and 10-mm inner-diameter pipe made of 
commercial steel is used to heat a liquid in an industrial 
process. The liquid enters the pipe with 7} = 25°C, 
V = 0.8 m/s. A uniform heat flux is maintained by an electric 
resistance heater wrapped around the outer surface of the pipe, 
so that the fluid exits at 75°C. Assuming fully developed flow 
and taking the average fluid properties to be p = 1000 kg/m 3 , 
Cp = 4000 J/kg • K, /j, = 2 X 10“ 3 kg/m ■ s. k = 0.48 W/m ■ K, 
and Pr = 10, determine: 

(а) The required surface heat flux q s , produced by the heater 

(б) The surface temperature at the exit, T s 

(c) The pressure loss through the pipe and the minimum 
power required to overcome the resistance to flow. 

8-43 Water at 10°C (p = 999.7 kg/m 3 and p = 1.307 X 
10" 3 kg/m • s) is flowing in a 0.20-cm-diameter 15-m-long 
pipe steadily at an average velocity of 1.2 m/s. Determine 
(<z) the pressure drop and (6) the pumping power requirement 
to overcome this pressure drop. 

Answers: ( a ) 188 kPa, (b) 0,71 V/ 

8-44 Water is to be heated from 10°C to 80°C as it flows 
through a 2-cm-intemal-diameter, 13-m-long tube. The tube is 
equipped with an electric resistance heater, which provides 
uniform heating throughout the surface of the tube. The outer 
surface of the heater is well insulated, so that in steady op- 
eration all the heat generated in the heater is transferred to 


the water in the tube. If the system is to provide hot water at a 
rate of 5 L/min, determine the power rating of the resistance 
heater. Also, estimate the inner surface temperature of the pipe 
at the exit. 


8-45 Hot air at atmospheric pressure and 85°C enters a 
10-m-long uninsulated square duct of cross section 0.15 m X 
0.15 m that passes through the attic of a house at a rate of 
0.10 m 3 /s. The duct is observed to be nearly isothermal at 
70°C, Determine the exit temperature of the air and the rate of 
heat loss from the duct to the air space in the attic. 

Answers: 75,7°C, 941 W 



8-46 
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Reconsider Prob. 8-45. Using EES (or other) 
Bgaa software, investigate the effect of the volume 
flow rate of air on the exit temperature of air and the rate of 
heat loss. Let the flow rate vary from 0.05 m 3 /s to 0.15 m 3 /s. 
Plot the exit temperature and the rate of heat loss as a function 
of flow rate, and discuss the results. 


8-47 Consider an air solar collector that is 1 m wide and 5 m 
long and has a constant spacing of 3 cm between the glass 
cover and the collector plate. Air enters the collector at 30°C ai 
a rate of 0.15 m 3 /s tlrrough the 1-m-wide edge and flows along 
the 5-m-long passage way. If the average temperatures of the 
glass cover and the collector plate are 20°C and 60° C, respec- 
tively, determine (a) the net rate of heat transfer to the air in the 
collector and ( b ) the temperature rise of air as it flows througf 
the collector. 







8-4S Consider the flow of oil at 10°C in a 40-cm-diameter 
pipeline at an average velocity of 0.5 m/s. A 1500-m-long sec- 
tion of the pipeline passes through icy waters of a lake at 0°C. 
Measurements indicate that the surface temperature of the pipe 
js very nearly 0°C. Disregarding the thermal resistance of the 
pipe material, determine (a) the temperature of the oil when the 
pipe leaves the lake, (b) the rate of heat transfer from the oil, 
and (c) the pumping power required to overcome the pressure 
losses and to maintain the flow oil in the pipe. 


8-49 Consider laminar flow of a fluid through a square chan- 
nel maintained at a constant temperature. Now the mean veloc- 
ity of the fluid is doubled. Determine the change in the 
pressure drop and the change in the rate of heat transfer be- 
tween the fluid and the walls of the channel. Assume the flow 
regime remains unchanged. Assume fully developed flow and 
disregard any changes in A T ln . 


S-50 Repeat Prob. 8^19 for turbulent flow. 

8-51 A 15-cm X 20-cm printed circuit board whose compo- 
nents are not allowed to come into direct contact with air for relia- 
bility reasons is to be cooled by passing cool air through a 
20-cm-long channel of rectangular cross section 0.2 cm X 14 cm 
drilled into the board. The heat generated by the electronic com- 
ponents is conducted across the thin layer of the board to the 
channel, where it is removed by air that enters the channel at 15°C. 
The heat flux at the top surface of the channel can be considered to 
be uniform, and heat transfer tlirough other surfaces is negligible. 
If the velocity of the air at the inlet of the channel is not to exceed 
4 m/s and the surface temperature of the channel is to remain un- 
der 50°G, determine the maximum total power of the electronic 
components.that can safely be mounted on this circuit board. 



Air channel Electronic 
0.2 cm X 14 cm components 


FIGURE P8-51 


8-52^ Repeat Prob. 8-51 by replacing air with helium, which 
has six times the thermal conductivity of air. 


8-53 
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Reconsider Prob. 8-51. Using EES (or other) 
software, investigate the effects of air velocity at 
the inlet of the channel and the maximum surface temperature 
on the maximum total power dissipation of electronic compo- 
nents. Let the air velocity vary from 1 m/s to 10 m/s and the 
surface temperature from 30°C to 90°C. Plot the power dissi- 
pation as functions of air velocity and surface temperature, and 
discuss the results. 


8-54 Air enters a 7-m-long section of a rectangular duct of 
cross section 15 cm X 20 cm at 50°C at an average velocity of 
7 m/s. If the walls of the duct are maintained at 10°C, deter- 
mine (a) the outlet temperature of the air, ( b ) the rate of heat 
transfer from the air, and (c) the fan power needed to overcome 
the pressure losses in this section of the duct. 

Answers: (a) 34,2°C, ( b ) 3775 W, (c) 4.7 W 

8-55 j|p| Reconsider Prob. 8-54. Using EES (or other) 
y§§ software, investigate the effect of air velocity on 
the exit temperature of air, the rate of heat transfer, and the fan 
power. Let the air velocity vary from 1 m/s to 10 m/s. Plot the 
exit temperature, the rate of heat transfer, and the fan power as 
a function of the air velocity, and discuss the results. 

8-56 Hot air at 60°C leaving the furnace of a house enters a 
12-m-Iong section of a sheet metal duct of rectangular cross 
section 20 cm X 20 cm at an average velocity of 4 m/s. The 
thermal resistance of the duct is negligible, and the outer sur- 
face of the duct, whose emissivity is 0.3, Is exposed to the cold 
air at 10°C in the basement, with a convection heat transfer 
coefficient of 10 W/m 2 * °C. Taking the walls of the basement 
to be at 10°C also, determine (a) the temperature at which the 
hot air will leave the basement and (ft) the rate of heat loss 
from the hot air in the duct to the basement. 


I0°C 



4 m/s s = 0.3 

FIGURE P8-56 
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Reconsider Prob. 8-56. Using EES (or other) 
software, investigate the effects of atr velocity 
and the surface emissivity on the exit temperature of air and the 
rate of heat loss. Let the air velocity vary from 1 m/s to 10 m/s 
and the emissivity from 0.1 to 1.0. Plot the ex, l temperature 
and the rate of heat loss as functions of air velocity and emts- 
sivity, and discuss the results. 

8-58 The components of an electronic system dissipating 
180 W are located in a 1-m-long horizontal duct whose cross 
section is 16 cm X 16 cm. The components in the duct are 
cooled by forced air, which enters at 27°C at a rate of 
0.65 m 3 /min. Assuming 85 percent of the heat generated inside 
is transferred to air flowing through the duct and the remaining 
15 percent is lost through the outer surfaces of the duct, deter- 
mine (a) the exit temperature of air and (b) the highest compo- 
nent surface temperature in the duct. 

8-59 Repeat Prob. 8-58 for a circular horizontal duct of 
1 5-cm diameter. 


8-60 Consider a hollow-core printed circuit board 12 cin 
high and 18 cm long, dissipating a total of 20 W. The width of 
the air gap in the middle of the PCB is 0.25 cm. The coo mg air 
enters the 12-cm-wide core at 32°C at a rate of 0.8 L/s. Assum- 
ing the heat generated to be uniformly distributed over the two 
side surfaces of the PCB, determine ( a ) the temperature at 
which the air leaves the hollow core and (fe) the highest tem- 
perature on the inner surface of the core. 

Answers: (a) 54.0‘ 5 C, (£>) 72.2°C 


8-61 Repeat Prob. 8-60 for a hollow-core PCB dissipating 
35 W. 

8-62 Water at 15°C is heated by passing it through 2-cm- 
intemal-diameter thin-walled copper tubes. Heat is supplied to 
the water by steam that condenses outside the copper tubes at 
120°C If water is to be heated to 65°C at a rate of 0.2 kg/s, 
determine («) the length of the copper tube that needs to be 
used and (b) the pumping power required to overcome pressure 
losses. Assume the entire copper tube to be at the steam tem- 


perature of 120°C. 

8-63 A computer cooled by a fan contains eight PCBs, each 
dissipating 10 W of power. The height of the PCBs is 12 cm and 
the length is 18 cm. The clearance between the tips of the 
components on the PCB and the back surface of the adjacent PCB 
is 03 cm* The cooling air is supplied by a 10-W fan mounted at 
the inlet. If the temperature rise of air as it flows through the case 
of the computer is not to exceed 10°C, determine (a) the flow rate 
of the air that the fan needs to deliver, (b) the fraction of the tem- 
perature rise of air that Is due to the heat generated by the fan and 
its motor, and <c) the highest allowable inlet air temperature if the 
surface temperature of the components is not to exceed 70 C 
anywhere in the system. Use air properties at 25°C. 


Air 

outlet 



FIGURE P8-63 


Special Topic: Transitional Flow 

8-64 A tube with a square-edged inlet configuration is sub- 
jected to uniform wall heat flux of 8 kW/mT The tube has an 
inside diameter of 1.58 cm and a flow rate of 8.2 I7min. The 
liquid flowing inside the tube is ethylene glycol-distilled water 
mixture with a mass fraction of 2.27. Determine the friction co- 
efficient at a location along the tube where the Grashof number 
is Gr - 35,450. The physical properties of the ethylene glycol- 
distilled water mixture at the location of interest are Pr = 13.8, 
v = 1,71 X 10 -6 m 7 /s and /q/jiy = 1.12. Then recalculate the 
fully developed friction coefficient if the volume flow rate is 
increased by 50% while the rest of the parameters remain 
unchanged. Answers : 0,00859, 0.00776 

8-65 A tube with a bell-mouth inlet configuration is subjected 
to uniform wall heat flux of 3 kW/m 2 . The tube has an inside di- 
ameter of 0.0158 m and a flow rate of 1.43 X 10 m /s. The 
liquid flowing inside the tube is ethylene glycol-distilled water 
mixture with a mass fraction of 2.27. Determine the fully de- 
veloped friction coefficient at a location along the tube where 
the Grashof number is Gr = 16,600. The physical properties of 
the ethylene glycol-distilled water mixture at the location of in- 
terest are Pr - 14.85, v = 1-93 X 10^ 6 mVs and jV/A = ^1. 

8-66 Reconsider Prob. 8-65. Calculate the fully developed 
friction coefficient if the volume flow rate is increased by 
50 percent while the rest of the parameters remain unchanged. 

8-67 Ethylene glycol-distilled water mixture with a mass 
fraction of 0.72 and a flow rate of 2.05 X 10"* mVs flows in- 
side a tube with an inside diameter of 0.0158 m with a uniform 
wall heat flux boundary condition* For this flow, determine the 
Nusselt number at the location x/D = 10 for the inlet tube con- 
figuration of (a) bell-mouth and O) re-entrant. Compare the re- 
sults for parts (a) and ( b ). Assume the Grashof number is 
Gr = 60 000. The physical properties of ethylene glycol-dis- 
tilled water mixture are Pr = 33.46, v = 3.45 X 10 6 m 2 /s and 

Ma = 2 -°- 


S-6S Repeat Prob. 8-67 for the location xiD = 90. 

Review Problems 

8-69 A silicon chip is cooled by passing water through 
microchannel etched in the back of the chip, as shown in 
Fig* P8-69* The channels are covered with a silicon cap* 
Consider a 10-mm X 10-mm square chip in which N = 50 rec- 
tangular microchannels, each of width W — 50 gm and height 
H = 200 Atm have been etched. Water enters the microchannels 
at a temperature 7} = 290 K, and a total flow rate of 0,005 kg/s. 
The chip and cap are maintained at a uniform temperature of 
350 K, Assuming that the flow in the channels is fully devel- 
oped, all the heat generated by the circuits on the top surface of 
the chip is transferred to the water, and using circular tube cor- 
relations, determine: 

(а) The water outlet temperature, T e 

(б) The chip power dissipation, W e 



- 

8-70 Water is heated at a rate of 10 kg/s from a temperature 
of 15°C to 35°C by passing it through five identical tubes, each 
5.0 cm in diameter, whose surface temperature is 60.0°C. Esti- 
mate (a) the steady rate of heat transfer and ( b ) the length of 
tubes necessary to accomplish this task. 

8-7 1^/ Repeat Prob. 8-70 for a flow rate of 20 kg/s. 

•r \ 

8-72 Water at 1500 kg/h and 10 a C enters a 10-mm diameter 
smooth tube whose wall temperature is maintained at 49°C. Cal- 
culate (n) the tube length necessary to heat the water to 40°C, 
and ( b ) the water outlet temperature if the tube length is doubled. 
Assume average water properties to be the same as in (a). 

S-73 A geothermal district heating system involves the trans- 
port of geothermal water at 1 10°C from a geothermal well to a 
city at about the same elevation for a distance of 12 km at a rate 
of 1.5 m 3 /s in 60-cm -diameter stainless steel pipes. The fluid 


pressures at the wellhead and the arrival point in the city are to 
be the same. The minor losses are negligible because of the 
large length-to-diameter ratio and the relatively small number 
of components that cause minor losses. («) Assuming the 
pump-motor efficiency to be 65 percent, determine the electric 
power consumption of the system for pumping. ( b ) Determine 
the daily cost of power consumption of the system if the unit 
cost of electricity is $0.06/kWh. (c) The temperature of geo- 
thermal water is estimated to drop 0.5°C during this long flow. 
Determine if the frictional heating during flow can make up for 
this drop in temperature. 

8-74 Repeat Prob. 8-73 for cast iron pipes of the same 
diameter. 

8-75 The velocity profile in fully developed laminar flow in 
a circular pipe, in m/s, is given by u(r) = 6(1 — 100r 2 ) where 
r is the radial distance from the centerline of the pipe in m. De- 
termine { a ) the radius of the pipe, (b) the mean velocity 
through the pipe, and (c) the maximum velocity in the pipe. 

8-76 The compressed air requirements of a manufacturing fa- 
cility are met by a 150-hp compressor located in a room that is 
maintained at 20°C. In order to minimize the compressor work, 
the intake port of the compressor is connected to the outside 
through an 11-m-long, 20-cm-diameter duct made of thin alu- 
minum sheet. The compressor takes in air at a rate of 0.27 m 3 /s 
at the outdoor conditions of 1 0°C and 95 kPa. Disregarding the 
thermal resistance of the duct and taking the heat transfer coef- 
ficient on the outer surface of the duetto be 10 W/m 2 • °C, deter- 
mine (a) the power used by the compressor to overcome the 
pressure drop in this duct, ( b ) the rate of heat transfer to the in- 
coming cooler air, and (c) the temperature rise of air as it flows 
through the duct. 

Air, 0.27 m 3 /s 

10°C, 95 kPa 


mi 
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S-77 A house built on a riverside is to be cooled in summer by 
utilizing the cool water of the river, which flows at an average 
temperature of 15°C. A 15-m-long section of a circular duct of 
20-cm diameter passes through the water. Air enters the under- 
water section of the duct at 25°C at a velocity of 3 m/s. Assum- 
ing the surface of the duct to be at the temperature of the water, 
determine the outlet temperature of air as it leaves the under- 
water portion of the duct. Also, for an overall fan efficiency of 
55 percent, determine the fan power input needed to overcome 
the flow resistance in this section of the duct. 


Air 

25°C, 3 m/s 

i 



FIGURE P8-77 


8-78 Repeat Prob. 8-77 assuming that a 0.25-mm-thick layer 
of mineral deposit (Jt = 3 W/m ■ °C) formed on the inner sur- 
face of the pipe. 

g-79 sT&i The exhaust gases of an automotive engine leave 
xgfx the combustion chamber and enter ^ a 
2.4-m-long and 9-cm-diameter thin-walled steel exhaust pipe 
at 400°C and 107 kPa at a rate of 0.1 kg/s. The surrounding 
ambient air is at a temperature of 25°C, and the heat transfer 
coefficient on the outer surface of the exhaust pipe is 
17 W/m 2 • °C. Assuming the exhaust gases to have the proper- 
ties of air, determine (a) the velocity of the exhaust gases at the 
inlet of the exhaust pipe and ( b ) the temperature at which the 
exhaust gases will leave the pipe and enter the air. 

8-80 Hot water at 90°C enters a 15-m section of a cast iron pipe 
= 52 W/m • °C) whose inner and outer diameters are 4 and 
4.6 cm, respectively, at an average velocity of 1.2 m/s. The outer 
surface of the pipe, whose emissivity is 0.7, is exposed to the cold 
air at 10°C in a basement, with a convection heat transfer coeffi- 
cient of 12 W/m 2 • °C. Taking the walls of the basement to be at 
10°C also, determine (a) the rate of heat loss from the water and 
(h) the temperature at which the water leaves the basement. 


T =i 1G°C 

* ambient 1U ^ 

£ = 0/7 



FIGURE P8-80 


S-Sl Repeat Prob. 8-80 for a pipe made of copper (* - 
386 W/m ■ °C) instead of cast iron. 

8-82 D. E. Tuckerman and R. F. Pease of Stanford Univer- 
sity demonstrated in the early 1980s that integrated circuits can 
be cooled very effectively by fabricating a series of micro- 
scopic channels 0.3 mm high and 0.05 mm wide in the back of 
the substrate and covering them with a plate to confine the fluid 
flow within the channels. They were able to dissipate 790 W of 
power generated in a 1-cm 2 silicon chip at a junction-to-ambi- 
ent temperature difference of 71°C using water as the coolant 
flowing at a rate of 0.01 L/s through 100 such channels under a 
1-cm X 1-cm silicon chip. Heat is transferred primarily 
tlirough the base area of the channel, and it was found that the 
increased surface area and thus the fin effect are of lesser 
importance. Disregarding the entrance effects and ignoring any 
heat transfer from the side and cover surfaces, determine 
(a) the temperature rise of water as it flows through the micro- 
channels and (b) the average surface temperature of the base of 
the microchannels for a power dissipation of 50 W. Assume the 
water enters the channels at 20°C. 



on this side 

FIGURE P8-82 

8-83 Liquid-cooled systems have high heat transfer coeffi- 
cients associated with them, but they have the inherent disad- 
vantage that they present potential leakage problems. Therefore 
air is proposed to be used as the microchannel coolant. Repea 
Prob. 8-82 using air as the cooling fluid instead of water, en- 
tering at a rate of 0.5 L/s. 

8-84 Hot exhaust gases leaving a stationary diesel engine a 
450°C enter a I5-cm-diameter pipe at an average velocity o 
4.5 m/s. The surface temperature of the pipe is 180°C. Deter 
mine the pipe length if the exhaust gases are to leave the pip< 
at 250°C after transferring heat to water in a heat recovery unit 
Use properties of air for exhaust gases. 

8-85 Geothermal steam at 165°C condenses in the shell sidt 
of a heat exchanger over the tubes through which water flows 


Water enters the 4-cm-diameter, 14-m-long tubes at 20°C at a 
rate of 0.8 kg/s. Determine the exit temperature of water and 
the rate of condensation of geothermal steam. 

8-86 Cold air at 5°C enters a 12-cm-diameter 20-m-long 
isothermal pipe at a velocity of 2.5 m/s and leaves at 19°C. 
Estimate the surface temperature of the pipe. 

8-87 Oil at 15°C is to be heated by saturated steam at 1 atm 
in a double-pipe heat exchanger to a temperature of 25°C. The 
inner and outer diameters of the annular space are 3 cm and 
5 cm, respectively, and oil enters at with a mean velocity of 
0,8 m/s. The inner tube may be assumed to be isothermal at 
i00°C, and the outer tube is well insulated. Assuming fully de- 
veloped flow for oil, determine the tube length required to heat 
the oil to the indicated temperature. In reality, will you need a 
shorter or longer tube? Explain. 

S-SS A liquid hydrocarbon enters a 2.5-cm-diameter tube 
that is 5.0 m long. The liquid inlet temperature is 20°C and the 
tube wall temperature is 60 D C. Average liquid properties are 
c p = 2.0 kJ/kg ■ K, p = 10 mPa * s, and p = 900 kg/m 3 . At a 
flow rate of 1200 kg/h, the liquid outlet temperature is mea- 
sured to be 30°C. Estimate the liquid outlet temperature when 
the flow rate is reduced to 400 kg/h. Hint: For heat transfer in 
tubes, Nu a Re 1/3 in laminar flow and Nu ce R e 4/5 in turbulent 
flow. 

S-K9 100 kg/s of a crude oil is heated from 20°C to 40°C 
through the tube side of a multitube heat exchanger. The crude 
oil flow is divided evenly among all 100 tubes in the tube 
bundle. The ID of each tube is 10 mm, and the inside tube- wall 
temperature is maintained at 100°C. Average properties of 
the crude oil are: p = 950 kg/m 3 , c p = 1.9 kJ/kg * K, k = 
0.25 W/ni • K ,p = 12 mPa • s, and p n . = 4 mPa ■ s. Estimate 
the rate~of heat transfer and the tube length. 

S-90 Crude oil at 22°C enters a 20-cm-diameter pipe with an 
average velocity of 20 cm/s. The average pipe wall temperature 
is 2°C. Crude oil-properties are as given below. Calculate the 
rate of heat transfer and pipe length if the crude oil outlet tem- 
perature is 20°C. 


T 

P 

k 

P 


°C 

kg/m 3 

W/m - K 

mPa • s 

kJ/kg • K 

2.0 

900 

0.145 

60,0 

1.80 

22.0 

890 

0.145 

20.0 

1.90 


8-91 A heat exchanger with 12 tubes, each 1.0 cm in di- 
ameter and 2.0 m in length, is used for heating a liquid stream 
at the rate of 1 .0 kg/s. The tube- wall and liquid-inlet tempera- 
tures are 60°C and 20°C, respectively. Average liquid properties 
are: p = 950 kg/m 3 , p = 6 mPa ■ s, p^. = 4 mPa ■ s, k = 
0.5 W/m • K, and c p — 1.5 kJ/kg * K. (a) Estimate the liquid- 
outlet temperature and the rate of heat transfer. ( b ) How will 
the results in part (a) change if all but one tubes are plugged 
(i.e., the entire liquid stream is forced through a single tube)? 


CHAPTERS 



8-92 Internal force flows are said to be fully developed once the 

at a cross-section no longer changes in the direction of flow. 

(a) temperature distribution ( b ) entropy distribution 
(c) velocity distribution ( d) pressure distribution 

( e ) none of the above 


S-93 The bulk or mixed temperature of a fluid flowing 
through a pipe or duct is defined as 


ifl)T b 
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Fundamentals of Engineering (FE) Exam Problems 

S-94 Water (p = 9.0 X 10 -4 kg/m • s, p — 1000 kg/m 3 ) en- 
ters a 2-cm-diameter, and 3-m-long tube whose walls are main- 
tained at 100°C. The water enters this tube with a bulk 
temperature of 25°C and a volume flow rate of 3 m 3 /h. The 
Reynolds number for this internal flow is 
(a) 59,000 (6) 105,000 (c) 178,000 

(d) 236,000 (e) 342,000 

8-95 Water enters a 2-cm-diameter and 3-m-long tube whose 
walls are maintained at 100°C with a bulk temperature of 25°C 
and volume flow rate of 3 m 3 /h. Neglecting the entrance effects 
and assuming turbulent flow, the Nusselt number can be deter- 
mined from Nu = 0.023 Re 0 - 8 Pi 0 - 4 . The convection heat trans- 
fer coefficient in this case is 
(a) 4140 W/m 2 • K (i>)6160 W/m 2 • K 

(c) 8180 W/m 2 ■ K (d) 9410 W/m 2 • K 

0) 2870 W/m 2 ■ K 

(For water, use k = 0.610 W/m • °C, Pr = 6.0, p = 9.0 X 
10“ 4 kg/m • s, p = 1000 kg/m 3 ) 

8-96 Water enters a circular tube whose walls are maintained 
at constant temperature at a specified flow rate and tempera- 
ture. For fully developed turbulent flow, the Nusselt number 
can be determined from Nu = 0.023 Re 0 - 8 Pr 0 - 4 . The correct 
temperature difference to use in Newton s law of cooling in this 
case is 

(a) The difference between the inlet and outlet water bulk 
temperature. 

( b ) The difference between the inlet water bulk temperature 
and the tube wall temperature. 

(c) The log mean temperature difference. 

id) The difference between the average water bulk tempera- 
ture and the tube temperature, 

(e) None of the above. 



8-97 Water (c p = 41 80 J/kg * K) enters a 4-cm-diameter tube 
at 15°C at a rate of 0.06 kg/s. The tube is subjected to a uniform 
heat flux of 2500 W/m 2 on the surfaces. The length of the tube 
required in order to heat the water to 45°C is 
(a) 6 m ( b ) 12 m (c) 18 m (d) 24 m (e) 30 m 

8-98 Air ( c p = 1000 J/kg - K) enters a 20-cm-diameter and 
19-m-long underwater duct at 50°C and 1 atm at an average ve- 
locity of 7 m/s and is cooled by the water outside. If the aver- 
age heat transfer coefficient is 35 W/m 2 • °C and the tube 
temperature is nearly equal to the water temperature of 5 C, 
the exit temperature of air is 
(a) 8°C (b) 13°C (c) I8°C 

(d) 28°C (e) 3TC 

S-99 Water (c p = 4180 J/kg • K) enters a 12-cm-diameter 
and 8.5-m-long tube at 75°C at a rate of 0.35 kg/s, and is 
cooled by a refrigerant evaporating outside at - 10°C. If the 
average heat transfer coefficient on the inner surface is 
500 W/m 2 • °C, the exit temperature of water is 
(a) 18.4°C ( b ) 25.0°C (c) 33.8°C 

(d) 46.5°C (e) 60.2°C 

8-100 Air enters a duct at 20°C at a rate of 0.08 m 3 /s, and is 
heated to 1 50°C by steam condensing outside at 200°C. The er- 
ror involved in the rate of heat transfer to the air due to using 
arithmetic mean temperature difference instead of logarithmic 

mean temperature difference is 
( fl ) 0% (b) 5.4% (c) 8.1% (d) 10.6% (e) 13.3% 

8-101 Engine oil at 60°C (fi = 0.07399 kg/m - s, p = 
864 kg/m 3 ) flows in a 5-cm-diameter tube with a velocity of 
1.3 m/s. The pressure drop along a fully developed 6-m-long 
section of the tube is 

(a) 2.9 kPa (b) 5.2 kPa (c) 7.4 kPa 

(d) 10.5 kPa (e) 20.0 kPa 

8-102 Engine oil flows in a 1 5-cm-diameter horizontal tube 
with a velocity of 1.3 m/s, experiencing a pressure drop of 
12 kPa. The pumping power requirement to overcome this 
pressure drop is 

(a) 190 W (b) 276 W (c) 407 W 

(d) 655 W (e) 900 W 

8-103 Water enters a 5-mm-diameter and 13-m-long tube at 
15°C with a velocity of 0.3 m/s, and leaves at 45°C. The tube is 
subjected to a uniform heat flux of 2000 W/m 2 on its surface. 
The temperature of the tube surface at the exit is 
(a) 48.7°C (b) 49.4°C (c)51.1°C 

(d) 53.7°C (e) 55.2°C 

(For water, use k = 0.615 W/m • °C, Pr — 5.42, 
v = 0.801 X 10' 6 m 2 /s.) 

8-104 Water enters a 5-mm-diameter and 13-m-long tube at 
45°C with a velocity of 0.3 m/s. The tube is maintained at a 
constant temperature of 5°C. The exit temperature of water is 
(a) 7.5°C (6) 7.0°C (c) 6.5°C 

(d) 6.0°C (e) 5.5°C 


(For water, use k = 0.607 W/m • °C, Pr — 6.14, 
v = 0.894 X 10“ 6 m 2 /s, c p = 4180 J/kg • °C, p = 997 kg/m 3 ) 

8-105 Water enter a 5-mm-diameter and 13-m-long tube at 
45°C with a velocity of 0.3 m/s. The tube is maintained at a 
constant temperature of 5°C. The required length of the tube in 
order for the water to exit the tube at 25°C is 
(n) 1.55 m (b) 1.72 m (c) 1.99 m 

(d) 2.37 m (e) 2.96 m 

(For water, use k = 0.623 W/m ■ °C, Pr =4.83, 

v = 0.724 X 10“ 6 m 2 /s, c p = 4178 J/kg * °C, p = 994 kg/m 3 .) 

S-106 Air at 10°C enters an 18-m-long rectangular duct of 
cross section 0.15 m X 0.20 m at a velocity of. 4.5 m/s. The 
duct is subjected to uniform radiation heating throughout the 
surface at a rate of 400 W/m 2 . The wall temperature at the exit 
of the duct is 

(a) 58.8°C (b)61.9°C (c) 64.6°C 

(d) 69.1°C (e) 75.5°C 

(For air, use k = 0.02551 W/m C, Pr 0.7296, 

v = 1.562 X 10 _5 m 2 /s,c f) = 1007 J/kg *°€,p = 1.184 kg/m 3 .) 

8-107 Air at 1 10°C enters an 18-cm-diameter and 9-m-iong 
duct at a velocity of 3 m/s. The duct is observed to be nearly 
isothermal at 85°C. The rate of heat loss from the air in the 
duct is 

(a) 375 W (6) 510 W (c) 936 W 

(d) 965 W (e) 987 W 

(For air, use * = 0.03095 W/m • °C, Pr = 0.7111, 

v = 2.306 X 10“ 5 m 2 /s, c p = 1009 J/kg ■ °C.) 

8-108 Air enters a 7-cm-diameter and 4-m-long tube at 65°C 
and leaves at 15°C. The tube is observed to be' nearly isother- 
mal at 5°C. If the average convection heat transfer coefficient is 
20 W/m 2 * °C, the rate of heat transfer from the air is 
(a) 491 W (b) 616 W (c) 810 W 

(d) 907 W (e) 975 W 

8-109 Air (c p = 1007 J/kg • °C) enters a 1 7-cm-diameter and 
4-m-long tube at 65°C at a rate of 0.08 kg/s and leaves at 15°C. 
The tube is observed to be nearly isothermal at 5°C. The aver- 
age convection heat transfer coefficient is 
(a) 24.5 W/m 2 • °C ( b ) 46.2 W/m 2 - °C 

(c) 53.9 W/m 2 • °C (d) 67.6 W/m 2 ■ °C 

(e) 90.7 W/m 2 ■ °C 

8-110 Air at 40°C (jjl = 1.918 X 10“ 3 kg/m * s and p = 
1.127 kg/m 3 ) flows in a 25-cm diameter and 26-m-long hori- 
zontal tube at a velocity of 5 m/s. If the roughness of the inner 
surface of the pipe is 0.2 mm, the required pumping power to 
overcome the pressure drop is 

(a) 0.3 W (b) 0.9 W (c) 3.4 W 

(d) 5.5 W (c) 8.0 W 

Design and Essay Problems 

8-111 Electronic boxes such as computers are commonly 
cooled by a fan. Write an essay on forced air cooling of elec- 


tronic boxes and on the selection of the fan for electronic 
devices. 

g_112 Design a heat exchanger to pasteurize milk by steam 
in a dairy plant. Milk is to flow through a bank of 1.2-cm inter- 
nal diameter tubes while steam condenses outside the tubes at 
1 atm. Milk is to enter the tubes at 4°C, and it is to be heated to 
72°C at a rate of 15 L/s, Making reasonable assumptions, you 
are to specify the tube length and the number of tubes, and the 
pump for the heat exchanger, 

S-l. 13 A desktop computer is to be cooled by a fan. The elec- 
tronic components of the computer consume 80 W of power 


under full-load conditions. The computer is to operate in envi- 
ronments at temperatures up to 50°C and at elevations up to 
3000 m where the atmospheric pressure is 70.12 kPa. The exit 
temperature of air is not to exceed 60°C to meet the reliability 
requirements. Also, the average velocity of air is not to exceed 
120 m/min at the exit of the computer case, where the fan is in- 
stalled to keep the noise level down. Specify the flow rate of 
the fan that needs to be installed and the diameter of the casing 
of the fan. 



I n Chapters 7 and 8, we considered heat transfer by forced convection, where 
a fluid was forced to move over a surface or in a tube by external means 
such as a pump or a fan. In this chapter, we consider natural convection, 
where any fluid motion occurs by natural means such as buoyancy. The fluid 
motion in forced convection is quite noticeable, since a fan or a pump can 
transfer enough momentum to the fluid to move it in a certain direction. The 
fluid motion in natural convection, however, is often not noticeable because of 
the low velocities involved. 

The convection heat transfer coefficient is a strong function of velocity: the 
higher the velocity, the higher the convection heat transfer coefficient. The 
fluid velocities associated with natural convection are low, typically less than 
I m/s. Therefore, the heat transfer coefficients encountered in natural convec- 
tion are usually much lower than those encountered in forced convection. Yet 
several types of heat transfer equipment are designed to operate under natural 
convection conditions instead of forced convection, because natural convec- 
tion does not require the use of a fluid mover. 

We start this chapter with a discussion of the physical mechanism of natural 
convection md the Grashof number. We then present the correlations to eval- 
uate heat 1 transfer by natural convection for various geometries, including 
finned surfaces and enclosures, finally, we discuss simultaneous forced and 
natural convection. 

V 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

a Understand the physical mechanism of natural convection, 

a Derive the governing equations of natural convection, and obtain the dimensionless 
Grashof number by nondimensionalizing them, 

a Evaluate the Nusseit number for natural convection associated with vertical, horizon- 
tal, and inclined plates as well as cylinders and spheres, 

b Examine natural convection from finned surfaces, and determine the optimum fin spacing, 

a Analyze natural convection inside enclosures such as double-pane windows, and 

a Consider combined natural and forced convection, and assess the relative importance 

of each mode. 







NATURAL CONVECTION 


9-1 “ PHYSICAL MECHANISM OF NATURAL 
CONVECTION 


Warm 
air 



The cooling of a boiled egg in a cooler 
environment by natural convection. 


Warm 



The warming up of a cold drink 
in a warmer environment by 
natural convection. 


Many familiar heat transfer applications involve natural convection as the pri- 
mary mechanism of heat transfer. Some examples are cooling of electronic 
equipment such as power transistors, TVs, and DVDs; heat transfer from elec- 
tric baseboard heaters or steam radiators; heat transfer from the refrigeration 
coils and power transmission lines; and heat transfer from the bodies of ani- 
mals and human beings. Natural convection in gases is usually accompanied 
by radiation of comparable magnitude except for low-emissivity surfaces. 

We know that a hot boiled egg (or a hot baked potato) on a plate eventually 
cools to the surrounding air temperature (Fig. 9-1). The egg is cooled by 
transferring heat by convection to the air and by radiation to the surrounding 
surfaces. Disregarding heat transfer by radiation, the physical mechanism of 
cooling a hot egg (or any hot object) in a cooler environment can be explained 

as follows: 

As soon as the hot egg is exposed to cooler air, the temperature of the outer 
surface of the egg shell drops somewhat, and the temperature of the air adja- 
cent to the shell rises as a result of heat conduction from the shell to the air. 
Consequently, the egg is surrounded by a thin layer of warmer air, and heat is 
then transferred from this warmer layer to the outer layers of air. The cooling 
process in this case is rather slow since the egg would always be blanketed by 
warm air, and it has no direct contact with the cooler air farther away. We may 
not notice any air motion in the vicinity of the egg, but careful measurements 

would indicate otherwise. 

The temperature of the air adjacent to the egg is higher and thus its 
density is lower, since at constant pressure the density of a gas is inversely 
proportional to its temperature. Thus, we have a situation in which some low- 
density or “light” gas is surrounded by a high-density or “heavy” gas, and the 
natural laws dictate that the light gas rise. This is no different than the oil in a 
vinegar- and -oil salad dressing rising to the top (since /? 0 u Pvinegar)- phe 

no me non is characterized incorrectly by the phrase “heat rises," which is un- 
derstood to mean heated air rises. The space vacated by the warmer air in the 
vicinity of the egg is replaced by the cooler air nearby, and the presence of 
cooler air in the vicinity of the egg speeds up the cooling process. The rise 
of warmer air and the flow of cooler air into its place continues until the egg 
is cooled to the temperature of the surrounding air. The motion that results 
from the continual replacement of the heated air in the vicinity of the egg by 
the cooler air nearby is called a natural convection current, and the heal 
transfer that is enhanced as a result of this natural convection current is called 
natural convection heat transfer. Note that in the absence of natural con- 
vection currents, heat transfer from the egg to the air surrounding it would be 
by conduction only, and the rate of heat transfer from the egg would be mucl 

lower. 

Natural convection is just as effective in the heating of cold surfaces m £ 
warmer environment as it is in the cooling of hot surfaces in a cooler envi- 
ronment, as shown in Fig. 9-2. Note that the direction of fluid motion i: 

reversed in this case. 

In a gravitational field, there is a net force that pushes upward a light fluit 
placed in a heavier fluid. The upward force exerted by a fluid on a bod] 


completely or partially immersed in it is called the buoyancy force. The mag- 
nitude of the buoyancy force is equal to the weight of [he fluid displaced by 
the body. That is, 



^buoyancy P fluid S ^ry.iy 


(9-1) 


where p nuiA is the average density of the fluid (not the body), g is the gravita- 
tional acceleration, and \J hoAy is the volume of the portion of the body im- 
mersed in the fluid (for bodies completely immersed in the fluid, it is the total 
volume of the body). In the absence of other forces, the net vertical force 
acting on a body is the difference between the weight of the body and the 
buoyancy force. That is, 


* net ” tr 1 buoyancy 

‘ Pbody £^4>ody Pfluidg^jody (9—2) 

(pixtdy Pfluid) gbfcody 

Note that this force is proportional to the difference in the densities of the fluid’ 
and the body immersed in it. Thus, a body imm ersed in a fluid will experience 
a “weight loss” in an amount equal to the weight of the fluid it displaces. This 
is known as Archimedes’ principle. 

To have a better understanding of the buoyancy effect, consider an egg 
dropped into water. If the average density of the egg is greater than the density 
of water (a sign of freshness), the egg settles at the bottom of the container. 
Otherwise, it rises to the top. When the density of the egg equals the density 
of water, the egg settles somewhere in the water while remaining completely 
immersed, acting like a “weightless object” in space. This occurs when the 
upward buoyancy force acting on the egg equals the weight of the egg, which 
acts downward. 

The buoyancy effect has far-reaching implications in life. For one thing, 
without buoyancy, heat transfer between a hot (or cold) surface and the fluid 
surrounding it would be by conduction instead of by natural convection. The 
natural donvection currents encountered in the oceans, lakes, and the atmos- 
phere owe their existence to buoyancy. Also, light boats as well as heavy war- 
ships made of steel float on water because of buoyancy (Fig. 9—3). Ships are 
designed on the basis of the principle that the entire weight of a ship and its 
contents is equal to the weight of the water that the submerged volume of the 
ship can c'ontain. The “chimney effect” that induces the upward flow of hot 
combustion gases through a chimney is also due to the buoyancy effect, and 
the upward force acting on the gases in the chimney is proportional to the dif- 
ference between the densities of the hot gases in the chimney and the cooler 
air outside. Note that there is no noticable gravity in space, and thus there can 
be no natural convection heat transfer in a spacecraft, even if the spacecraft is 
filled with atmospheric air. 

In heat transfer studies, the primary variable is temperature, and it is desir- 
able to express the net buoyancy force (Eq. 9-2) in terms of temperature dif- 
ferences. But this requires expressing the density difference in terms of a 
temperature difference, which requires a knowledge of a property that repre- 
sents the variation of the density of a fluid with temperature at constant pres- 
sure, The property that provides that information is the volume expansion 
coefficient (3, defined as (Fig. 9-4) 



FIGURE 9-3 
It is the buoyancy force that 
keeps the ships afloat in water 
(W = for floating objects). 



(a) A substance with a large ft 



(b) A substance with a small p 

FIGURE 9-4 

The coefficient of volume expansion is 
a measure of the change in volume of 
a substance with temperature 
at constant pressure. 
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Zm to such cases, the volume expansion coefficient can be expressed ap- 
proximately by replacing differential quanm.es by differences 
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where p. is the density and T. is the temperature of the quiescent fluid away 
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experiments is the Mach-Zehnder interferometer, which gives a plot 
of isotherms in the fluid in the vicinity of a surface. The operation principle of 
interferometers is based on the fact that at low pressure, the lines of constant 
temperature for a gas correspond to the lines of constant density, and that the 
index of refraction of a gas is a function of its density. Therefore, the degree 
of refraction of light at some point in a gas is a measure of the tempera- 
ture gradient at that point. An interferometer produces a map of interference 
fringes, which can be interpreted as lines of constant temperature as shown 
in Fig. 9-5. The smooth and parallel lines in ( a ) indicate that the flow is 
laminar, whereas the eddies and irregularities in (b) indicate that the flow is 
turbulent. Note that the lines are closest near the surface, indicating a higher 
temperature gradient. 


9-2 * EQUATION OF MOTION AND THE 
GRASHOF NUMBER 

In this section we derive the equation of motion that governs the natural con- 
vection flow in laminar boundary layer. The conservation of mass and energy 
equations derived in Chapter 6 for forced convection are also applicable for 
natural convection, but the momentum equation needs to be modified to in- 
corporate buoyancy. 

Consider a vertical hot flat plate immersed in a quiescent fluid body. We as- 
sume the natural convection flow to be steady, laminar, and two-dimensional, 
and the fluid to be Newtonian with constant properties, including density, with 
one exception: the density difference p — p„ is to be considered since it is this 
density difference between the inside and the outside of the boundary layer 
that gives rise to buoyancy force and sustains flow. (This is known as the 
Boussinesq approximation.) We take the upward direction along the plate to 
be x, and thp direction normal to surface to be y, as shown in Fig. 9-6. There- 
fore, gratify acts in the —.r- direction. Noting that the flow is steady and two- 
dimensional, the a- and y- components of velocity within boundary layer are 
u — u(x, y) and v = v(x, y), respectively. 

The velocity and temperature profiles for natural convection over a vertical 
hot plate are also shown in Fig. 9-6. Note that as in forced convection, the 
thickness df the boundary layer increases in the flow direction. Unlike forced 
convection, however, the fluid velocity is zero at the outer edge of the veloc- 
ity boundary layer as well as at the surface of the plate. This is expected since 
the fluid beyond the boundary layer is motionless. Thus, the fluid velocity in- 
creases with distance from the surface, reaches a maximum, and gradually de- 
creases to zero at a distance sufficiently far from the surface. At the surface, 
the fluid temperature is equal to the plate temperature, and gradually de- 
creases to the temperature of the surrounding fluid at a distance sufficiently far 
from the surface, as shown in the figure. In the case of cold surfaces, the shape 
of the velocity and temperature profiles remains the same but their direction is 
reversed. 

Consider a differential volume element of height dx, length dy, and unit 
depth in the z-direction (normal to the paper) for analysis. The forces acting on 
this volume element are shown in Fig. 9-7. Newton’s second law of motion for 


(i a ) Laminar flow 



(i b ) Turbulent flow 

FIGURE 9-5 


Isotherms in natural convection over 

a hot plate in air. 



Typical velocity and temperature 
profiles for natural convection flow 
over a hot vertical plate at temperature 
T s inserted in a fluid at temperature 


1 



FIGURE 9-7 

Forces acting on a differential volume 
element in the natural convection 
boundary layer over a vertical flat 
plate. 
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this volume element can be expressed as 

Sut * a ± — F x (9-7) 


where 8m = p{dx - dy - 1) is the mass of the fluid within the volume element. 
The acceleration in the x-direction is obtained by taking the total differential 
of u(x, y), which is du = (dutdx)dx + (dufdy)dy, and dividing it by dt. We get 


_ du __ dudx , duff _ du, j.du 
a * - dt dx dt dy dt dx dy 


(9-8) 


The forces acting on the differential volume element in the vertical direction 
are the pressure forces acting on the top and bottom surfaces, the shear 
stresses acting on the side surfaces (the normal stresses acting on the top and 
bottom surfaces are small and are disregarded), and the force of gravity act- 
ing on the entire volume dement. Then the net surface force acting in the 

x-direction becomes 


F x = ( ^ dy ) {dx - 1) - [~dx)(dy * l) - pg(dx • dy ■ 1) 
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since r = p.(du/dy). Substituting Eqs. 9-8 and 9-9 into Eq. 9-7 and dividing 
by p • dx * dy • l gives the conservation of momentum in the x-direction as 
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Thex-momentum equation in the quiescent fluid outside the boundary layer can 
be obtained from the relation above as a special case by setting u = 0. It gives 


dR* 

dx 




(9-11) 


which is simply the relation for the variation of hydrostatic pressure in a 
quiescent fluid with height, as expected. Also, noting that v<it in the bound- 
ary layer and thus dvldx ~ dv!dy ~ 0, and that there are no body forces (in- 
cluding gravity) in the y-direction, the force balance in that direction gives 
SPfdy = 0. That is, the variation of pressure in the direction normal to the sur- 
face is negligible, and for a given x the pressure in the boundary layer is equal 
to the pressure in the quiescent fluid. Therefore, P = P(x) — P&(x) and 
dP/dx = dPJdx = -pscg- Substituting intoEq. 9-10, 
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The last term represents the net upward force per unit volume of the fluid (the 
difference between the buoyant force and the fluid weight). This is the force 

that initiates and sustains convection currents. 

From Eq. 9-5, we have p M - p = p/3(T - rj. Substituting it into the 

last equation and dividing both sides by p gives the desired form of the 

x-momentum equation, 
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This is the equation that governs the fluid motion in the boundary layer due to the 
effect of buoyancy. Note that the momentum equation involves the temperature, 
and thus the momentum and energy equations must be solved simultaneously. 

The set of three partial differential equations (the continuity, momentum, 
and the energy equations) that govern natural convection flow over vertical 
isothermal plates can be reduced to a set of two ordinary nonlinear differential 
equations by the introduction of a similarity variable. But the resulting equa- 
tions must still be solved numerically [Ostrach (1953)]. Interested readers are 
referred to advanced books on the topic for detailed discussions [e.g., Kays 
and Crawford (1993)). 


The Grashof Number 

The governing equations of natural convection and the boundary conditions 
can be nondimensionalized by dividing all dependent and independent vari- 
ables by suitable constant quantities: all lengths by a characteristic length L c , 
all velocities by an arbitrary reference velocity V (which, from the de fini tion 
of Reynolds number, is taken to be V = Re L v/L c ), and temperature by a suit- 
able temperature difference (which is taken to be T s ~ T^) as 

x y u v , T ~ T m 

x L c y L c V V T, - T* 


where asterisks are used to denote nondimensional variables. Substituting 
them into the momentum equation and simplifying give 
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The dimensionless parameter in the brackets represents the natural convection 
effects, and is called the Grashof number Gr^, 
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where 


g = gravitational acceleration, m/s 2 

t 

J t ft — coefficient of volume expansion, 1/K (J3 = 1 IT for ideal gases) 

* i 

Ts = temperature of the surface, °C 

7T = temperature of the fluid sufficiently far from the surface, °C 
L c = characteristic length of the geometry, m 
v = kinematic viscosity of the fluid, m 2 /s 


We mentioned in the preceding chapters that the flow regime in forced con- 
vection is governed by the dimensionless Reynolds number, which represents 
the ratio of inertial forces to viscous forces acting on the fluid. The flow 
regime in natural convection is governed by the dimensionless Grashof num- 
ber, which represents the ratio of the buoyancy force to the viscous force act- 
ing on the fluid (Fig. 9-8). 

The role played by the Reynolds number in forced convection is played by 
the Grashof number in natural convection. As such, the Grashof number pro- 
vides the main criterion in determining whether the fluid flow is laminar or 
turbulent in natural convection. For vertical plates, for example, the critical 


Hot 

surface 



Buoyancy 

force 


Cold 

fluid 


FIGURE 9-8 

The Grashof number Gr is a measure 
of the relative magnitudes of the 
buoyancy force and the opposing 
viscous force acting on the fluid. 


NATURAL CONVECTION 


Grashof number is observed to be about 10 9 . Therefore, the flow regime on a 
vertical plate becomes turbulent at Grashof numbers greater than 10 9 . 

When a surface is subjected to external flow, the problem involves both nat- 
ural and forced convection. The relative importance of each mode of heat 
transfer is determined by the value of the coefficient Gr L /Re£: Natural con- 
vection effects are negligible if Gr L /Re£ < 1, free convection dominates and 
the forced convection effects are negligible if Gr L /Re| > 1, and both effects 
are significant and must be considered if Gr L /Re£ ~ 1. 
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FIGURE 9-9 

Natural convection heat transfer 
correlations are usually expressed in 
terms of the Rayleigh number raised 
to a constant n multiplied by another 
constant C, both of which are 
determined experimentally. 


9-3 » NATURAL CONVECTION OVER SURFACES 

Natural convection heat transfer on a surface depends on the geometry of the 
surface as well as its orientation. It also depends on the variation of tempera- 
ture on the surface and the thermophysical properties of the fluid involved. 

Although we understand the mechanism of natural convection well, the 
complexities of fluid motion make it very difficult to obtain simple analytical 
relations for heat transfer by solving the governing equations of motion and 
energy. Some analytical solutions exist for natural convection, but such solu- 
tions lack generality since they are obtained for simple geometries under some 
simplifying assumptions. Therefore, with the exception of some simple cases, 
heat transfer relations in natural convection are based on experimental studies. 
Of the numerous such correlations of varying complexity and claimed accu- 
racy available in the literature for any given geometry, we present here the 
ones that are best known and widely used. 

The simple empirical correlations for the average Nusselt number Nu in nat- 
ural convection are of the form (Fig. 9-9) 

hi, 

Nu = -r 1 = C(Gr L Pr)" = C Ra£ (9-1 6) 
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where Ra L is the Rayleigh number, which is the product of the Grashof and 
Prandtl numbers: 
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The values of the constants C and n depend on the geometry of the surface and 
the flow regime, which is characterized by the range of the Rayleigh number. 
The value of n is usually i for laminar flow and i for turbulent flow. The value 
of the constant C is normally less than 1. 

Simple relations for the average Nusselt number for various geometries are 
given in Table 9-1, together with sketches of the geometries. Also given in this 
table are the characteristic lengths of the geometries and the ranges of 
Rayleigh number in which the relation is applicable. All fluid properties are to 
be evaluated at the film temperature 7} = ^{T s + T a ), 

When the average Nusselt number and thus the average convection coef- 
ficient is known, the rate of heat transfer by natural convection from a solid 
surface at a uniform temperature T s to the surrounding fluid is expressed by 
Newton’s law of cooling as 


Q conv = hA s (T s ~TJ (W) 


(9-18) 
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where A s is the heat transfer surface area and h is the average heat transfer co- 
efficient on the surface. 

Vertical Plates (L = constant) 

For a vertical flat plate, the characteristic length is the plate height L. In' Table 
9-1 we give three relations for the average Nusselt number for an isothermal 
vertical plate. The first two relations are very simple. Despite its complexity 
we suggest using the third one (Eq. 9-21) recommended by Churchill and 
Chu (1975) since it is applicable over the entire range of Rayleigh number. 
This relation is most accurate in the range of 10 5 < Ra L < 10 . 

Vertical Plates {q s = constant) 

In the case of constant surface heat flux, the rate of heat transfer is known (it 
is simply O - q s A s ), but the surface temperature T s is not. In fact, l s in- 
creases with height along the plate. It turns out that the Nusselt nu«a- 
tions for the constant surface temperature and constant surface heat flux cases 
are nearly identical [Churchill and Chu ( 1975 )]. Therefore, the relations fen: 
isothermal plates can also be used for plates subjected to i uniform . heat t flux, 
provided that the plate midpoint temperature T LI2 is used for T m the evalua- 
tion of the Film temperature, Rayleigh number, and the Nusselt number. - 
ing that h = qJ(T LI2 - 7*), the average Nusselt number m this case can be 

expressed as 

h L 

Nu " k k(T U2 - r„) 



FIGURE 9-10 

Natural convection flows on the 
upper and lower surfaces of 
an inclined hot plate. 


( 9 - 27 ) 


The midpoint temperature T in is determined by iteration so that the Nusselt 
numbers determined from Eqs. 9-21 and 9-27 match. 

Vertical Cylinders . , , . 

An outer surface of a vertical cylinder can be treated as a vertical plate when 
the diameter of the cylinder is sufficiently large so that the curvature effects 

are negligible. This condition is satisfied if 
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35 L 
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When this criteria is met, the relations for vertical plates can also be used for 
vertical cylinders. Nusselt number relations for slender cylinders that do not 

meet this criteria are available in the literature [e.g., Cebeci (1974)J. 

Inclined Plates u . . 

Consider an inclined hot plate that makes an angle 6 from the vertical, as 
shown in Fig. 9-10, in a cooler environment. The net force F - g(p» 
difference between the buoyancy and gravity) acting on a unit volume o t e 
fluid in the boundary layer is always in the vertical direction. In the case o 
inclined plate, this force can be resolved into two components: F y - p cos 
narallel to the plate that drives the flow along the plate, and F y - t sin 


F* 

'i 


normal to the plate. Noting that the force that drives the motion is reduced, we 
expect the convection currents to be weaker, and the rate of heat transfer to be 
lower relative to the vertical plate case. 

The experiments confirm what we suspect for the lower surface of a hot 
plate, but the opposite is observed on the upper surface. The reason for this cu- 
rious behavior for the upper surface is that the force component F y initiates 
upward motion in addition to the parallel motion along the plate, and thus the 
boundary layer breaks up and forms plumes, as shown in the figure. As a re- 
sult, the thickness of the boundary layer and thus the resistance to heat trans- 
fer decreases, and the rate of heat transfer increases relative to the vertical 
orientation. 

In the case of a cold plate in a warmer environment, the opposite occurs as 
expected: The boundary layer on the upper surface remains intact with weaker 
boundary layer flow and thus lower rate of heat transfer, and the boundary 
layer on the lower surface breaks apart (the colder fluid falls down) and thus 
enhances heat transfer. 

When the boundary layer remains intact (the lower surface of a hot plate or 
the upper surface of a cold plate), the Nusselt number can be determined from 
the vertical plate relations provided that g in the Rayleigh number relation is 
replaced by g cos 8 for 9 < 60°. Nusselt number relations for the other two sur- 
faces (the upper surface of a hot plate or the lower surface of a cold plate) are 
available in the literature [e.g., Fujiii and Imura (1972)]. 


Horizontal Plates 

The rate of heat transfer to or from a horizontal surface depends on whether 
the surface is facing upward or downward. For a hot surface in a cooler envi- 
ronment, the net force acts upward, forcing the heated fluid to rise. If the hot 
surface is facing upward, the heated fluid rises freely, inducing strong natural 
convection currents and thus effective heat transfer, as shown hi Fig. 9-11. 
But if the fitqt surface is facing downward, the plate blocks the heated fluid that 
tends to rise (except near the edges), impeding heat transfer. The opposite is 
true for a cold plate in a warmer environment since the net force (weight mi- 
nus buoyancy force) in this case a£ts downward, and the cooled fluid near the 
plate tends to descend. 

Th^average Nusselt number for horizontal surfaces can be determined from 
the simple power-law relations given in Table 9-1. The characteristic length 
for horizontal surfaces is calculated from 


L 


C 


A 

p 


( 9 - 29 ) 


where A s is the surface area and p is the perimeter. Note that L c = at 4 for a 
horizontal square surface of length a, and DIA for a horizontal circular surface 
of diameter D. 


Horizontal Cylinders and Spheres 

The boundary layer over a hot horizontal cylinder starts to develop at the bot- 
tom, increasing in thickness along the circumference, and forming a rising 
plume at the top, as shown in Fig. 9-12. Therefore, the local Nusselt number 
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Natural convection flows on the 
upper and lower surfaces of 
a horizontal hot plate. 
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Natural convection flow over a 
horizontal hot cylinder. 
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FIGURE 9-13 

Schematic for Example 9-1. 


is highest at the bottom, and lowest at the top of the cylinder when the bound- 
ary layer flow remains laminar. The opposite is true in the case of a cold hor- 
izontal cylinder in a warmer medium, and the boundary layer in this case 
starts to develop at the top of the cylinder and ending with a descending plume 
at the bottom. 

The average Nusselt number over the entire surface can be determined from 
Eq. 9-25 [Churchill and Chu (1975)] for an isothermal horizontal cylinder, 
and from Eq. 9-26 for an isothermal sphere [Churchill (1983)} both given in 
Table 9-1. 
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EXAMPLE 9-1 Heat Loss from Hot-Water Pipes 

A 6-m-long section of an 8-cm-diameter horizontal hot-water pipe shown in j 
Fig. 9-13 passes through a large room whose temperature is 20°C. If the outer | 
surface temperature of the pipe is 70°C, determine the rate of heat loss from | 
the pipe by natural convection. y 


SOLUTION A horizontal hot-water pipe passes through a large room. The rate 
of heat loss from the pipe by natural convection is to be determined. 
Assumptions 1 Steady operating conditions exist. 2 Air is an ideal gas. 3 The 
local atmospheric pressure is 1 atm. 

Properties The properties of air at the film temperature of T f = (T s + TJ/2 = 
(70 + 20)/2 = 20°C and 1 atm are (Table A-15) 


k = 0.02699 W/m • °C 
v = 1.750 X 10 5 m 2 /s 


Pr = 0.7241 


1 


8 


P T f 


1 


318 K 


Analysis The characteristic length in this case is the outer diameter of the 
pipe, L c = D = 0.08 m. Then the Rayleigh number becomes 

„ gfi(T, ~ 7-J/7 3 „ 

Ra D = „ — IT 


v 


(9.81 m/s 2 )[l/(318 K)](70 - 20 K)(0.08 m) ; 


(1.750 X 10" 5 m 2 /s) 2 


(0.7241) = 1.867 X 10 6 


The natural convection Nusselt number in this case can be determined from 
Eq. 9-25 to be 
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= 17.39 


Then, 


h = -|nu = °- 02 ~ ' ° C (17.39) = 5.867 W/m • °C 
A. = ttDL = ir(0.08 m)(6 m) = 1.508 m 2 


and 


Q = hA s (T s ~ TJ = (5.867 W/m 2 * "0(1.508 m 2 )(70 - 20)°C = 442 W 
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Therefore, the pipe loses heat to the air in the room at a rate of 442 W by nat- 
ural convection. 

Discussion The pipe loses heat to the surroundings by radiation as well as by 
natural convection. Assuming the outer surface of the pipe to be black (emis- 
sivity e = 1) and the inner surfaces of the walls of the room to be at room tem- 
perature, the radiation heat transfer is determined to be (Fig. 9-14) 


= eAMTl - r <*) 

= (1)(1.508 m 2 )(5.67 X ICT 3 W/m 2 ■ K 4 )[(70 + 273 K) 4 - (20 + 273 K) 4 ] 
- 553 W 

which is larger than natural convection. The emissivity of a real surface is less 
than 1, and thus the radiation heat transfer for a real surface will be less. But 
radiation will still be significant for most systems cooled by natural convection. 
Therefore, a radiation analysis should normally accompany a natural convec- 
tion analysis unless the emissivity of the surface is low. 


72 = 20’C 


Q 


nat conv 


= 442 W 




r s = 70°c 


= 553 W 


FIGURE 9-14 

Radiation heat transfer is usually 
comparable to natural convection in 
magnitude and should be considered in 

heat transfer analysis. 


EXAMPLE 9-2 Cooling of a Plate in Different Orientations 

Consider a 0.6-m x 0.6-m thin square plate in a room at 30°C. One side of the 
plate is maintained at a temperature of 90°C, while the other side is insulated, 
as shown in Fig. 9-15. Determine the rate of heat transfer from the plate by 
natural convection if the plate is (a) vertical, (b) horizontal with hot surface 
facing up, and (c) horizontal with hot surface facing down. 


SOLUTION A hot plate with an insulated back is considered. The rate of heat 
loss by natural convection is to be determined for different orientations. 
Assumptions 1 Steady operating conditions exist. 2 Air is an ideal gas. 3 The 
local atmospheric pressure is 1 atm. 

Properties ^ The properties of air at the film temperature of T f = (T s + FJ/2 
= (90 + 30)/2 - 60°C and 1 atm are (Table A 15) 


k = 0.02808 W/m • °C 

v 

V =1.896 X 10“ 5 m 2 /s 


Pr = 0.7202 


1 




1 


T f 333 K 


1 

Analysis (a) Vertical. The characteristic length in this case is the height of the 
plate, which is /. = 0.6 m. The Rayleigh number is 


8 f3(T s -TJL\ 

Ra £ = z Pr 

v 

(9.81 m/s^l/^ K)](90 - 30 K)(0.6 m) : 
(1.896 X 10“ 5 m 2 /s) 2 


(0.7202) = 7.649 X 10 s 


Then the natural convection Nusselt number can be determined from Eq. 9-21 
to be 


Nu = K 0.825 + 


0.387Rai w 


= s 0.825 + 


[1 + (0.492/Pr) 9 ' 16 ] 8 ^ 7 

0.387(7.649 X 10 3 ) 1 ' 6 
[1 + (0.492/0. 7202) 9/f6 ] 8m 


= 113.3 



72 = 30°C 


7777 / 77 / 77777/777777777 


(f?) Hot surface facing up 



(c) Hot surface facing down 

FIGURE 9-15 
Schematic for Example 9-2* 
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Note that the simpler relation Eq, 9-19 would give Nu = 0.59 Ra/ /4 = 98.12, 
which is 13 percent lower. Then, 


h = yNu = °- 02S08 W/m ' (H 3 . 3 ) = 5.302 W/m 2 ■ °C 

L U,o m 

A s — L 2 = (0,6 m) 2 = 0,36 m 2 


i 


i 


and 

Q = M £T S - T«) - (5.302 W/m 2 • °C)(0.36 m 2 )(90 ~ 30)°C = 115 W 

(b) Horizontal with hot surface facing up. The characteristic length and the 
Rayleigh number in this case are 



The natural convection Nusselt number can be determined from Eq. 9-22 to be 

Nu = 0.54Ra[' 4 = 0.54(1.195 X 10 7 ) 1 ' 4 = 31.75 


Then, 


and 



0.02808 W/m • °C 
0.15 m 


(31.75) = 5.944 W/m 2 * °C 


Q = hA s (T, ~ rj = (5.944 W/m 2 * °C)(0.36 m 2 )(90 - 30)°C = 128 W 

(c) Horizontal with hot surface facing down. The characteristic length and the 
Rayleigh number in this case are the same as those determined in (b). But the 
natural convection Nusselt number is to be determined from Eq. 9-24, 

Nu = 0.27Raj/ 4 = 0.27(1.195 X 10 7 ) ,M = 15.87 


Then, 


and 



Q = M S (T ; - r») = (2.971 W/m 2 • °C)(0.36 m 2 )(90 - 30)°C - 64.2 W 

Note that the natural convection heat transfer is the lowest in the case of the 
hot surface facing down. This is not surprising, since the hot air is “trapped" 
under the plate in this case and cannot get away from the plate easily. As a re- 
sult, the cooler air in the vicinity of the plate will have difficulty reaching the 
plate, which results in a reduced rate of heat transfer. 

Discussion The plate will lose heat to the surroundings by radiation as well as 
by natural convection. Assuming the surface of the plate to be black (emissivity 



s = 1) and the inner surfaces of the walls of the room to be at room tempera- 
ture, the radiation heat transfer in this case is determined to be 

= sA s a(V - T 4 „) 

= (i)(0.36 m 2 )(5.67 X 10“ 8 W/m 2 - K 4 )[(90 + 273 K) 4 - (30 + 273 K) 4 ] 
= 182 W 

which is larger than that for natural convection heat transfer for each case. 
Therefore, radiation can be significant and needs to be considered in surfaces 
cooled by natural convection. 



9-4 - NATURAL CONVECTION FROM FINNED 
SURFACES AND RGBs 


Natural convection flow through a channel formed by two parallel plates as 
shown in Fig. 9-16 is commonly encountered in practice. When the plates are 
hot (t; > r w ), the ambient fluid at T& enters the channel from the lower end, 
rises as it is heated under the effect of buoyancy, and the heated fluid leaves 
the channel from the upper end. The plates could be the fins of a finned heat 
sink, or the PCBs (printed circuit boards) of an electronic device. The plates 
can be approximated as being isothermal ( T s — constant) in the first case, and 
isoflux (q s = constant) in the second case. 

Boundary layers start to develop at the lower ends of opposing surfaces, and 
eventually merge at the midplane if the plates are vertical and sufficiently 
long. In this case, we will have fully developed channel flow after the merger 
of the boundary' layers, and the natural convection flow is analyzed as channel 
flow. But when the plates are short or the spacing is large, the boundary layers 
of opposing surfaces never reach each other, and the natural convection flow 
on a surfacefis not affected by the presence of the opposing surface. In that 
case, the problem should be analyzed as natural convection from two inde- 
pendent plates in a quiescent medium, using the relations given for surfaces, 
rather than natural convection flow through a channel. 

Natural Convection Cooling of Finned Surfaces 
( T s — constant) 

Finned surfaces of various shapes, called heat sinks , are frequently used in the 
cooling of electronic devices. Energy dissipated by these devices is transferred 
to the heat sinks by conduction and from the heat sinks to the ambient air by 
natural or forced convection, depending on the power dissipation require- 
ments. Natural convection is the preferred mode of heat transfer since it in- 
volves no moving parts, like the electronic components themselves. However, 
in the natural convection mode, the components are more likely to run at a 
higher temperature and thus undermine reliability. A properly selected heat 
sink may considerably lower the operation temperature of the components and 
thus reduce the risk of failure. 

Natural convection from vertical finned surfaces of rectangular shape has 
been the subject of numerous studies, mostly experimental. Bar-Cohen and 


Fully 





FIGURE 9-16 

Natural convection flow through a 
channel between two isothermal 

vertical plates. 



(A) 

FIGURE 9-17 

Heat sinks with (a) widely spaced and 
(b) closely packed fms. 



FIGURE 9-18 

Various dimensions of a finned surface 
oriented vertically. 


Rohsenow (1984) have compiled the available data under various boundary 
conditions, and developed correlations for the Nusselt number and optimum 
spacing. The characteristic length for vertical parallel plates used as fins is 
usually taken to be the spacing between adjacent fins S, although the fin height 
L could also be used. The Rayleigh number is expressed as 


„ gP<? t ~ TriS 3 ^ 
Rac = "x — — Pr 


. _ * 0 ( r ,- T.)£ 3 l 3 

and Ra L — — Pr — Ra 5 


(9-30) 


The recommended relation for the average Nusselt number for vertical 
isothermal parallel plates is 

0j5 


T. = constant: 


XT hS 
Nu = t = 


576 


+ 


2.873 


L(Ra 5 S/£) 2 (Ra s SfL)°* 


(9-31) 


A question that often arises in the selection of a heat sink is whether to se- 
lect one with closely packed fins or widely spaced fins for a given base area 
(Fig. 9-17). A heat sink with closely packed fins will have greater surface area 
for heat transfer but a smaller heat transfer coefficient because of the extra 
resistance the additional fms introduce to fluid flow through the interim 
passages. A heat sink with widely spaced fins, on the other hand, will have a 
higher heat transfer coefficient but a smaller surface area. Therefore, there 
must be an optimum spacing that maximizes the natural convection heat trans- 
fer from the heat sink for a given base area WL, where IT and L are the width 
and height of the base of the heat sink, respectively, as shown in Fig. 9-18. 
When the fins are essentially isothermal and the fin thickness t is small rela- 
tive to the fin spacing 5, the optimum fin spacing for a vertical heat sink is de- 
termined by Bar-Cohen and Rohsenow to be 

T 5 = constant: = = 2/714 R^ (9 “ 32) 


It can be shown by combining the three equations above that when S - 5 opt , 
the Nusselt number is a constant and its value is 1.307, 

hS opl 

S = S ■ Nu — — = 1.307 (9-33) 

O v> 0 p t * 11 ^ £ 

The rate of heat transfer by natural convection from the fins can be determined 
from 


Q = h(2nlB)(T s - T«) (9-34) 

where n -- W/(S + t) *= W1S is the number of fms on the heat sink and T s is the 
surface temperature of the fms. All fluid properties are to be evaluated at the 
average temperature T avg = (T s + T a )/2. 

Natural Convection Cooling of Vertical PCBs 
(q s = constant) 

Arrays of printed circuit boards used in electronic systems can often be mod- 
eled as parallel plates subjected to uniform heat flux q s (Fig. 9-19). The plate 
temperature in this case increases with height, reaching a maximum at the 


upper edge of the board. The modified Rayleigh number for uniform heat flux 
on both plates is expressed as 

gPi,s* 


Ra? = 


kv : 


Pr 


(9-35) 


The Nusselt number at the upper edge of the plate where maximum tempera 
ture occurs is determined from [Bar-Cohen and Rohsenow (1984)] 


h L S 

T 


48 


2.51 


Ra : %S/L (Ra fSiL) 


0.4 


- 0.5 


(9-36) 


The optimum fin spacing for the case of uniform heat flux on both plates is 
given as 

SHf " 2 


q s - constant: 


Sop, 2 - 12 \ Ra | 


(9-37) 
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FIGURE 9-19 
Arrays of vertical printed circuit 
boards (PCBs) cooled by natural 

convection. 


The total rate of heat transfer from the plates is 

Q = q t A t = q s (2nLH) (9-38) 

where n — Vf/(5 + /) ~ WIS is the number of plates. The critical surface tem- 
perature T l occurs at the upper edge of the plates, and it can be determined 
from 


q s = h L (T L ~ T a ) (9-39) 

All fluid properties are to be evaluated at the average temperature T mg — 
(T l + T„)/2. 

Mass Flow Rate through the Space between Plates 

As we mentioned earlier, the magnitude of the natural convection heat trans- 
fer is directly related to the mass flow rate of the fluid, which is established by 
the dynamic balance of two opposing effects: buoyancy and friction. 

The fins 6f a heat sink introduce both effects: inducing extra buoyancy as a 
result of the elevated temperature of the fin surfaces and slowing down the 
fluid by acting as an added obstacle on the flow path. As a result, increasing 
the nupiber of fins on a heat sink can either enhance or reduce natural convec- 
tion-depending on which effect is dominant. The buoyancy-driven fluid flow 
rate is established at the point where these two effects balance each other. The 
friction force increases as more and more solid surfaces are introduced, seri- 
ously disrupting fluid flow and heat transfer. Under some conditions, the in- 
crease in friction may more than offset the increase in buoyancy. This in turn 
will tend to reduce the flow rate and thus the heat transfer. For that reason, 
heat sinks with closely spaced fins are not suitable for natural convection 
cooling. 

When the heat sink involves closely spaced fins, the narrow channels 
formed tend to block or “suffocate” the fluid, especially when the heat sink is 
long. As a result, the blocking action produced overwhelms the extra buoy- 
ancy and downgrades the heat transfer characteristics of the heat sink. Then, 
at a fixed power setting, the heat sink runs at a higher temperature relative to 
the no-shroud case. When the heat sink involves widely spaced fins, the 



shroud does not introduce a significant increase in resistance to flow, and the 
buoyancy effects dominate. As a result, heat transfer by natural convection 
may improve, and at a fixed power level the heat sink may run at a lower 

temperature. 

When extended surfaces such as fins are used to enhance natural convection 
heat transfer between a solid and a fluid, the flow rate of the fluid in the vicin- 
ity of the solid adjusts itself to incorporate the changes in buoyancy and fric- 
tion. It is obvious that this enhancement technique will work to advantage 
only when the increase in buoyancy is greater than the additional friction in- 
troduced. One does not need to be concerned with pressure drop or pumping 
power when studying natural convection since no pumps or blowers are used 
in this case. Therefore, an enhancement technique in natural convection is 

evaluated on heat transfer performance alone. 

The failure rate of an electronic component increases almost exponen- 
tially with operating temperature. The cooler the electronic device operates, 
the more reliable it is. A rule of thumb is that the semiconductor failure rate 
is halved for each 10°C reduction injunction operating temperature. The de- 
sire to lower the operating temperature without having to resort to forced 
convection has motivated researchers to investigate enhancement techniques 
for natural convection. Sparrow and Prakash have demonstrated that, under 
certain conditions, the use of discrete plates in lieu of continuous plates of 
the same surface area increases heat transfer considerably. In other experi- 
mental work, using transistors as the heat source, Cengel and Zmg (1987) 
have demonstrated that temperature recorded on the transistor case dropped 
by as much as 30°C when a shroud was used, as opposed to the correspond- 
ing no-shroud case. 



W= 0.12 m 




Schematic for Example 9-3. 


EXAMPLE 9-3 Optimum Fin Spacing of a Heat Sink q 

A 12-cm-wide and 18-cm-high vertical hot surface in 30°C air is to be cooled by J 
a heat sink with equally spaced fins of rectangular profile (Fig. 9-20). The fins £ 
are 0 1 cm thick and 18 cm long in the vertical direction and have a height of £ 
2.4 cm from the base. Determine the optimum fin spacing and the rate of heat a 
transfer by natural convection from the heat sink if the base temperature is 80 C. | 

SOLUTION A heat sink with equally spaced rectangular fins is to be used to 1 
cool a hot surface. The optimum fin spacing and the rate of heat transfer are | 

to be determined. ^ i 

Assumptions 1 Steady operating conditions exist. 2 Air is an ideal gas. 3 The i 
atmospheric pressure at that location is 1 atm. 4 The thickness f of the fins is | 
very small relative to the fin spacing S so that Eq. 9-32 for optimum fin spac- ] 
ing is applicable. 5 Ail fin surfaces are isothermal at base temperature. i 

Properties The properties of air at the film temperature of T f — (T s + TJ/2 — 
(80 + 30)/2 = 55°C and 1 atm pressure are (Table A-15) 

jfc = 0.02772 W/m • °C Pr = 0.7215 

„= 1.847 X 10" 5 m 2 /s 0 = 1/2)= 1/328 K 

Analysis We take the characteristic length to be the length of the fins in the 
vertical direction (since we do not know the fin spacing). Then the Rayleigh 
number becomes 





R&L 


g(3(T s - 


v 2 


Pr 


(9.81 m/s 2 )[ 1/(328 K)](80 - 30 K)(0.18 m) 3 

(1 . 847 xl O-5 m ^ (0.7215) = 1.845 X 10’ 


The optimum fin spacing is determined from Eq. 9-32 to be 

L 0.18 m 


V 2.714 Ra o ; 25 


= 2.714 


(1.845 X 10 7 )° 


25 


- 7.45 X 10“ 3 m = 7.45 mm 


which is about seven times the thickness of the fins. Therefore, the assumption 
of negligible fin thickness in this case is acceptable. The number of fins and 
the heat transfer coefficient for this optimum fin spacing case are 


n 


W 


0.12 m 


5 + t (0.00745 + 0.001) m 


~ 14 fins 


The convection coefficient for this optimum fin spacing case is, from Eq. 9-33, 
h = Ntw = 1-307 - - 4.863 W/m 2 ■ °C 


■opt s 


opt 


0.00745 m 


Then the rate of natural convection heat transfer becomes 

Q = HA S (T S - = h(2nLff)(T s - T«) 

= (4.863 W/m 2 • °C)[2 X 14(0.18 m)(0.024 m)](80 - 30)°C = 29.4 W 

Therefore, this heat sink can dissipate heat by natural convection at a rate of 
29.4 W. 


9-5 » NATURAL CONVECTION INSIDE ENCLOSURES 

A considerable portion of heat loss from a typical residence occurs through 
the windows. We certainly would insulate the windows, if we could, in order 
to conserve energy. The problem is finding an insulating material that is trans- 
parent,- An examination of the thermal conductivities of the insulating materi- 
als reveals, that air is a better insulator than most common insulating 
materials. Besides, it is transparent. Therefore, it makes sense to insulate the 
windows with a layer of air. Of course, we need to use another sheet of glass 
to trap the air. The result is an enclosure, which is known as a double-pane 
window in this case. Other examples of enclosures include wall cavities, solar 
collectors, and cryogenic chambers involving concentric cylinders or spheres. 

Enclosures are frequently encountered in practice, and heat transfer through 
them is of practical interest. Heat transfer in enclosed spaces is complicated 
by the fact that the fluid in the enclosure, in general, does not remain station- 
ary. In a vertical enclosure, the fluid adjacent to the hotter surface rises and the 
fluid adjacent to the cooler one falls, setting off a rotationary motion within 
the enclosure that enhances heat transfer through the enclosure. Typical flow 
patterns in vertical and horizontal rectangular enclosures are shown in 
Figs. 9-21 and 9-22. 



Convective currents in a vertical 
rectangular enclosure. 
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FIGURE 9-22 
Convective currents in a horizontal 
enclosure with (a) hot plate at the top 
and ( b ) hot plate at the bottom. 


The characteristics of heat transfer through a horizontal enclosure depend 
on whether the hotter plate is at the top or at the bottom, as shown m 
Fie 9-22 When the hotter plate is at the top, no convection currents develop 
in the enclosure, since the lighter fluid is always on top of the ; heavier fluid. 
Heat transfer in this case is by pure conduction, and we have Nu 1. When 
the hotter plate is at the bottom, the heavier fluid will be on top of the bgbter 
fluid and there will be a tendency for the lighter fluid to topple the heavier 
fluid and rise to the top, where it comes in contact with the cooler plate and 
cools down. Until that happens, however, heat transfer is still by pure conduc- 
tion and Nu = 1. When Ra > 1708, the buoyant force overcomes the fluid re- 
sistance and initiates natural convection currents, which °b sei ^d to be in 
the form of hexagonal cells called Benard cells. For Ra > 3 X 10 , the cells 
break down and the fluid motion becomes turbulent. 

The Rayleigh number for an enclosure is determined from 


Ra / — ^ 


( 9 - 40 ) 


where the characteristic length L c is the distance between the hot and cold sur- 

faces and T, and are the temperatures of the hot and cold surfaces, respec- 
tiveTy All fluid properties are to be evaluated at the average fluid temperature 

T„ g = (n + T 2 )I2. 


Effective Thermal Conductivity 

When the Nusselt number is known, the rate 
closure can be determined from 


of heat transfer through the en- 


Q = 1iA 5 (Ti - T 2 ) = *NuA, 



( 9 - 41 } 


Nil = 3 



FIGURE 9-23 

A Nusselt number of 3 for an 
enclosure indicates that heat transfer 
through the enclosure by natural 
convection is three times that by pure 
conduction. 


since h = JtNu/L. The rate of steady heat conduction across a layer of thick- 
ness L c , area A„ and thermal conductivity k is expressed as 


QcQDd 



( 9 - 42 ) 


where T, and T 2 are the temperatures on the two sides of the layer. A compar- 
ison of this relation with Eq. 9-41 reveals that the convection heat transfer m 
an enclosure is analogous to heat conduction across the Auidlayer m the en- 
closure provided that the thermal conductivity k is replaced by kNu. That is, 
the fluid in an enclosure behaves like a fluid whose thermal conductivity ls 
kNu as a result of convection currents. Therefore, the quantity kNu is called 
the effective thermal conductivity of the enclosure. That is, 


Note that for the special case of Nu = 1, the effective thermal conductivity ol 
the enclosure becomes equal to the conductivity of the fluid. This is expectec 

since this case corresponds to pure conduction (Fig. 9-23). 

Natural convection heat transfer in enclosed spaces has been the subjec 
of many experimental and numerical studies, and numerous correlations fo 
the Nusselt number exist. Simple power-law type relations m the form o 



Nu = CRa£, where C and n are constants, are sufficiently accurate, but they 
are usually applicable to a narrow range of Prandtl and Rayleigh numbers 
and aspect ratios. The relations that are more comprehensive are naturally 
more complex. Next we present some widely used relations for various types 
of enclosures. 



Horizontal Rectangular Enclosures 

We need no Nusselt number relations for the case of the hotter plate being at 
the top, since there are no convection currents in this case and heat transfer is 
downward by conduction (Nu = 1). When the hotter plate is at the bottom, 
however, significant convection currents set in for Ra L > 1708, and the rate of 
heat transfer increases (Fig. 9-24). 

For horizontal enclosures that contain air, Jakob (1949) recommends the 
following simple correlations 

Nu = 0.195Ra) /4 10* < Ra L < 4 X 10 5 (9-44) 

Nu = 0.068Ra£ n 4 X 10 5 < Ra,. < 10 7 (3-45) 

These relations can also be used for other gases with 0.5 < Pr < 2. Using wa- 
ter, silicone oil, and mercury in their experiments, Globe and Dropkin (1959) 
obtained this correlation for horizontal enclosures heated from below, 

Nu = 0.069Ra) /3 Pr 0 074 3 X 10 5 < Ra t < 7 X 10 9 (9-48) 



A horizontal rectangular enclosure 
with isothermal surfaces. 


Based on experiments with air, Hollands et al. (1976) recommend this corre- 
lation for horizontal enclosures, 


Nu = 1 + 1.44 


1708’ 

+ 

r Ra i/ 3 i 

[ Ra rJ 

+ 

18 1 


Ra t < 10® (9-47) 


The notation [ ] + indicates that if the quantity in the bracket is negative, it should 
be set equal to zero. This relation also correlates data well for liquids with mod- 
erate Prandtl numbers for Ra t < 10 5 , and thus it can also be used for water. 

✓ 

* 

Inclined Rectangular Enclosures 

Air spaces between two inclined parallel plates are commonly encountered in 
flat -plate so'lar collectors (between the glass cover and the absorber plate) and 
the double-pane skylights on inclined roofs. Heat transfer through an inclined 
enclosure depends on the aspect ratio HIL as well as the tilt angle 9 from the 
horizontal (Fig. 9-25). 

For large aspect ratios {HIL S; 12), this equation [Hollands et al., 1976] cor- 
relates experimental data extremely well for tilt angles up to 70°, 

(Ra f . cos 9) m 1 1 + 

18 1 

(3-48) 


Nu = 1 + 1.44 


1 - 


1708 

Ra L cos 8 




1708(sin 1.89) 1 - 6 
Ra L cos 8 


for Ra L < 10 5 , 0 < $ < 70°, and HIL >12. Again any quantity in [ ] + should 
be set equal to zero if it is negative. This is to ensure that Nu = 1 for 
Ra L cos 9 < 1708. Note that this relation reduces to Eq. 9-47 for horizontal 
enclosures for 6 — 0°, as expected. 



An inclined rectangular enclosure 
with isothermal surfaces. 



Critical angles for inclined 
rectangular enclosures 


Aspect ratio, 
H/L 

Critical angle, 

o a 

1 

25° 

3 

53° 

6 

60° 

12 

67° 

>12 

70° 


For enclosures with smaller aspect ratios (H/L < 12), the next correlation 
can be used provided that the tilt angle is less than the critical value 0 cr lasted 

in Table 9-2 [Catton (1978)] 

<r<o<t>„ «M8) 

For tUt angles greater than the critical value (0 cr < 0 < 90°), the Nusselt 
number can be obtained by multiplying the Nusselt number for a vertical en- 
closure by (sin 6) w [Ayyaswamy and Catton (1973)], 

Nu = Nu 0 . ^(sm 9) m &«<Q< 90°, any H/L (^-50) 

For enclosures tilted more than 90°, the recommended relation is [Arnold et at. 
(1974)] 

Nu = i + (Nu e = 9a > - l)sin 6 90° < 6 < 180°, any H/L (9-51) 

More recent but more complex correlations are also available in the literature 
[e.g., and ElSherbiny et al. (1982)]. 
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FIGURE 9-26 

A vertical rectangular enclosure with 
isothermal surfaces. 



Tnner cylinder 
at 7} 

FIGURE 9-27 

Two concentric horizontal isothermal 
cylinders. 


Vertical Rectangular Enclosures 

For vertical enclosures (Fig. 9-26), Catton (1978) recommends these two cor- 
relations due to Berkovsky andPolevikov (1977), 


Nu = 0.18 


Pr 


,0.29 


0.2 + Pr 


Ra 


1 < H/L <2 
any Prandtl number 
Ra t Pr/(0.2 + Pr)> 10 3 


Nu = 0.22 


Pr 


0.2 + Pr 


Ra L 


w 


-IM 


2 <H/L< 10 
any Prandtl number 
Ra L < 10 10 


(9-52) 


(9-53) 


For vertical enclosures with larger aspect ratios, the following correlations can 
be used [MacGregor and Emery (1969)] 


Nu = 0.42Ral" Pr oot2 


H 

L 


-0.3 


10 < H/L < 40 
1 < Pr < 2 X 10 4 (9-54) 

10 4 < Ra L < 10 7 


l < H/L < 40 

Nu = 0.46Ra[' 3 1 < Pr < 20 (9-55) 

10 6 < Ra L < 10 9 


Again all fluid properties are to be evaluated at the average temperature 
(T, + 7V)/2. 


Concentric Cylinders 

Consider two long concentric horizontal cylinders maintained at uniform but 
different temperatures of T ; and T 0 , as shown in Fig. 9-27. The diameters of 
the inner and outer cylinders are D ; and D# respectively, and the characteris- 
tic length is the spacing between the cylinders, L c = (D 0 - D^)12. The rate of 
heat transfer through the annular space between the cylinders by natural 



convection per unit length is expressed as 


e = mW)< T ‘- T ° ) (W/m) <9 ^ 61 

The recommended relation for effective thermal conductivity is [Raithby and 
Hollands (1975)] 

k / p \i /4 

f = 0386 bdTTPr ^ 57) 


where the geometric factor for concentric cylinders F cyl is 



[ln(£> 0 /A)3 4 


( 9 - 58 ) 


The As relation in Eq. 9-57 is applicable for 0.70 < Pr < 6000 and 10 2 ^ 
F cyl Ra L < 10 7 . For F cyl Ra L < 100, natural convection currents are negligible 
and thus An ~ *• Note that An cannot be less than k, and thus we should set 
Aff — £ if k ef{ lk < 1. The fluid properties are evaluated at the average temper- 
ature Of (A + A)/2. 


Concentric Spheres 

For concentric isothermal spheres, the rate of heat transfer through the gap 
between the spheres by natural convection is expressed as (Fig. 9-28) 

irDjDg 

Q = (T, - TJ (W) ( 9 - 59 ) 


where L c — (D 0 — D^/2 is the characteristic length. The recommended rela- 
tion for effective thermal conductivity is [Raithby and Hollands (1975)] 



Pr 

0.861 + Pr 


1/4 

(F^RaH 1 ' 4 


( 9 - 60 ) 


where the geometric factor for concentric spheres F sph is 


U 


{ D & mr ™ + £>- 7 ' 3 ) 5 


( 9 - 61 ) 


The A/^relation in Eq. 9-60 is applicable for 0.70 < Pr < 4200 and 10 2 < 
F sph Ra L < ; 1(F. If Aff/* < 1, we should set An — *• 


Combined Natural Convection and Radiation 

Gases are nearly transparent to radiation, and thus heat transfer through a gas 
layer is by simultaneous convection (or conduction, if the gas is quiescent) and 
radiation. Natural convection heat transfer coefficients are typically very low 
compared to those for forced convection. Therefore, radiation is usually disre- 
garded in forced convection problems, but it must be considered in natural 
convection problems that involve a gas. This is especially the case for surfaces 
with high emissivities. For example, about half of the heat transfer through the 
air space of a double-pane window is by radiation. The total rate of heat trans- 
fer is determined by adding the convection and radiation components, 



FIGURE 9-28 

Two concentric isothermal spheres. 
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( 9 - 62 ) 



Radiation heat transfer from a surface at temperature T s surrounded by surfaces 
at a temperature T surr (both in K) is determined from 

g rcd - strAffTf ~ (W) 


where e is the emissivity of the surface, A s is the surface area, and or - 
5.67 X 1CT 8 W/m 2 ■ K 4 is the Stefan-Boltzmann constant. 

When the end effects are negligible, radiation heat transfer between two 
large parallel plates at temperatures T x and T 2 is expressed as (see Chapter 13 

for details) 

A a , t a (W) (9-64} 

where ej and s 2 316 the emissivities of the plates, and e effeetive is the effective 
emissivity defined as 


1 

e^ectivs i/ Et + i/e 2 - l 


£ 9 - 65 ) 


The emissivity of an ordinary glass surface, for example, is 0.84. Therefore, 
the effective emissivity of two parallel glass surfaces facmg each other is 0.72 
Radiation heat transfer between concentric cylinders and spheres is discussed 


in Chapter 13. , 

Note that in some cases the temperature of the surrounding medium may be 

below the surface temperature (T* < T s ), while the temperature of the sur- 
rounding surfaces is above the surface temperature (T surr > Tff In such cases, 
convection and radiation heat transfers are subtracted from each other instead 
of being added since they are in opposite directions. Also, for a metal surface, 

the radiation effect can be reduced to negligible levels by polishing the surface 
i i pi i tn a value near zero. 



FIGURE 9-29 

Schematic for Example 9-4* 


EXAMPLE 9-4 Heat Loss through a Double-Pane Window 

The vertical 0.8-m-high, 2-m-wide double-pane window shown in Fig. 9-29 
consists of two sheets of glass separated by a 2-cm air gap at atmospheric 
pressure. If the glass surface temperatures across the air gap are measured to 
be 12°C and 2°C, determine the rate of heat transfer through the window. 


SOLUTION Two glasses of a double-pane window are maintained at specified 
temperatures. The rate of heat transfer through the window is to be determined. 
Assumptions 1 Steady operating conditions exist. 2 Air is an ideal gas. 3 Ra- 
diation heat transfer is not considered. ■ : ' ; 

Properties The properties of air at the average temperature of T avg ^ 
iTi + T 2 )/2 = (12 + 2)12 = 7°C and 1 atm pressure are (Table A-15) 

■.■■■■ k = 0.02416 W/m °C Pr - 0.7344 

v = 1.400 X 10' 5 m 2 /s ■ ■; P = r ~ ~ 2 go K 

Analysis ;We have a rectangular enclosure filled with air. The characteristic 
length in this case is the distance between the two glasses, L c = L = 0.02 m. 

Then the Rayleigh number becomes 







R^i 


gm - t 2 )li 


Pr 


V 


(9.81 m/s 2 )[ 1/(280 K)](12 - 2 K)(0.02 m) : 
(1.400 X 1CT 5 m 2 /s) 2 


(0.7344) = 1.050 X 10 4 


The aspect ratio of the geometry is H/L = 0.8/0.02 = 40. Then the Nusselt 
number in this case can be determined from Eq. 9-54 to^be 



Nu = 0.42 R a [ /4 Pr 0012 


hY 03 


= 0.42(1.050 X 10 4 ) i/4 (0.7344) 00!2 



1.40 


A, = H X W = (0.8 m)(2 m) = 1.6 m 2 
and 

.Q = hAJLTy - Ty) = A’Nu/'t, 

(12 — 2)°C 

= (0.02416 W/m ■ °C)(1.40)(1.6 m 2 ) ^ Q2 ^ = 27.1 W 

e, heat is lost through the window at a rate of 27.1 W. 

Discussion Recaii that a Nusseit number of Nu = 1 for an enclosure corre- 
sponds to pure conduction heat transfer through the enclosure. The air in the 
enclosure in this case remains still, and no natural convection currents occur 
in the enclosure. The Nusselt number in our case is 1.40, which indicates that 
heat transfer through the enclosure is 1.40 times that by pure conduction. The 
increase in heat transfer is due to the natural convection currents that develop 
in the enclosure. 


Therefor 


t 

EXANiPLEB-5 Heat Transferlhrough a Spherical Enclosure 

The two concentric spheres of diameters £>,- = 20 cm and D 0 = 30 cm shown 
in Figt’ 9-30 are separated by air at 1 atm pressure. The surface temperatures 
of the two Spheres enclosing the air are T t = 320 K and T 0 ~ 280 K, respec- 
tively. Determine the rate of heat transfer from the inner sphere to the outer 
sphere by natural convection. 

SOLUTION Two surfaces of a spherical enclosure are maintained at specified 
temperatures. The rate of heat transfer through the enclosure is to be determined. 
Assumptions t Steady operating conditions exist. 2 Air is an ideal gas. 3 Ra- 
diation heat transfer is not considered. 

Properties The properties of air at the average temperature of 7^ = (7} + TJ/2 = 
(320 + 280J/2 = 300 K = 27°C and 1 atm pressure are (Table A-15) 

k = 0.02566 W/m • °C Pr - 0.7290 

v -• 1.580 X 10" 5 m 2 /s p = Y~ = * 'i-V-- 




7}=320K 

FIGURE 9-30 

Schematic for Example 9-5. 




Water 


FIGURE 9-31 

Schematic for Example 9-6. 


Analysis We have a spherical enclosure filled with air. The characteristic 
length in this case is the distance between the two spheres, 

L c = {D 0 - D,)/2 = (0.3 - 0.2)/2 - 0.05 m 


The Rayleigh number is 
zWi - To)Ll 


R a L = 


Pr 


V 


_ (9.81 m/s 2 ) [1/(300 K)](320 - 280 K)(0.05 m) 3 = ^ x 1QS 

(1.58 X 10“ 5 m 2 /s) 2 

The effective thermal conductivity is 



Lc 

(DfoYiDr™ + D; VS )S 

0,05 m 

[(0.2 m)(0.3 m)] 4 [(0.2 m)" 7/i + (0.3 m)- 7/5 ] 5 = °-°° 5229 


/ \ U 4 

= 0.74(0.02566 W/m • °C) ( 086 °' Lis) '^ 0 005229 X 4 - 775 X 10i) “ 

= 0.1105 W/m-°C 





1 



Then the rate of heat transfer between the spheres becomes 


' wDiD \T i - T 0 ) 


Q ktft ^ 

= (0. 1 105 W/m • °C) ,r(0 'o^ (0 : 3 "V o - 280) K = 16.7 W 


m 


Therefore, heat will be lost from the inner sphere to the outer one at a rate of 
16.7 W. 

Discussion Note that the air in the spherical enclosure acts like a stationary 
fluid whose thermal conductivity is k^k = 0.1105/0.02566 — 4.3 times that 
of air as a result of natural convection currents. Also, radiation heat transfer 
between spheres is usually significant, and should be considered in a complete 

analysis. 


EXAMPLE 9-6 Heating Water in a Tube by Solar Energy 

A solar collector consists of a horizontal aluminum tube having an outer di- 
ameter of 5 cm enclosed in a concentric thin glass tube of 10-cm-diameter 
(Fig. 9-31). Water is heated as it flows through the tube, and the annular 
space between the aluminum and the glass tubes is filled with air at 1 atm 
pressure. The pump circulating the water fails during a clear day, and the wa- 
ter temperature in the tube starts rising. The aluminum tube absorbs solar ra- 
diation at a rate of 30 W per meter length, and the temperature of the 
ambient air outside is 20°C. Disregarding any heat loss by radiation, deter- 
mine the temperature of the aluminum tube when steady operation is estab- 
lished (i.e., when the rate of heat loss from the tube equals the amount of 
solar energy gained by the tube). 


r 
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SOLUTION The circulating pump of a solar collector that consists of a hori- 
zontal tube and its glass cover fails. The equilibrium temperature of the tube 
is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The tube and its cover are 
isothermal. 3 Air is an ideal gas. 4 Heat loss by radiation is negligible. 
properties The properties of air should be evaluated at the average tempera- 
ture. But we do not know the exit temperature of the air; in the duct, and thus 
we cannot determine the bulk fluid and glass cover temperatures at this point, 
and we cannot evaluate the average temperatures. Therefore, we assume the 
glass temperature to be 40°C, and use properties at an anticipated average 
temperature of (20 + 40}/2 = 30°C (Table A 15), 


k = 0.02588 W/m • °C Pr 

v = 1.608 X 10 -5 m 2 /s [i 

Analysis We have a horizontal cylindrical enc iosure .fi lied with air at 1 atm 
pressure. The problem involves heat transfer from the aluminum tube to the 
glass cover and from the outer surface of the glass cover to the surrounding 
ambient air. When steady operation is reached, these two heat transfer rates 
must equal the rate of heat gain. That is, 

* • * 

Gmbe-gJiss ' figlass-ambknt £>sobr gain = 30 >V (per meter of tube) 

The heat transfer surface area of the glass cover is 

A 0 — - ( 7 tD 0 L) = tt( 0.1 m)(l m) — 0.3142 m 2 (per meter of tube) 


- 0.7282 
1 1 
T iyg 303 K 


To determine the Rayleigh number, we need to know the surface temperature 
of the glass, which is not available. Therefore, it is clear that the solution will 
require a trial-and-error approach. Assuming the glass cover temperature to be 
40°C, ihg Rayleigh number, the Nusseit number, the convection heat transfer 
coefficfentj'and the rate of natural convection heat transfer from the glass 
cover to -the ambient air are determined to be : 


Ran — ' 


r gP<Ts ~ TJD; 


Pr 


v 




Nu = 


(9.31 m/s 2 )(303 K)(40 - 20 K)(0. 1 m)~ 
\ (1.608X10 5 m 2 /s) 2 

0.387 Rap 6 


(0.7282) = 1.824 X10 ( 


0.6 + 


fl + ^^/Pr ) 9 ' 16 ] 3727 


2 

> =< 


0.6 


0.387(1.824X10°) 




[1 + (0.559/0.7282) 9/16 1 s/27 


= 17.29 


K = 


D, 


Nu = 


0.02588 W/m - °C 


0.1m 


(17.29) = 4.475 W/m 1 



- h 0 A 0 (T o ~ T„) = (4.475 W/m 2 • °C)(0.3142 m 2 )(40 - 20)°C . 
-•28.1 W 


which is less than 30 W. Therefore, the assumed temperature of 40°C for the 
glass cover is low. Repeating the calculations with higher temperatures, the 
glass cover temperature corresponding to 30 W is determined to be 41°C. 


1 

J 


The temperature of the aluminum tube is determined in a similar manner us- 
ing the natural convection relations for two horizontal concentric cylinders. The 
characteristic length in this case is the distance between the two cylinders, 

which is 

L c = (D 0 - D$ 2 = (10 - 5)/2 = 2.5 cm 

We start the calculations by assuming the tube temperature to be 90°C, and 
thus an average temperature of (41 + 90)/2 = 65.5°C = 338.5 K. Using air 
properties at this temperature gives 

sm ^TX Pt 

v 2 

_ (9. 8 1 m/s 2 )(338.5 K)(90 - 41 K)(0.025 mf m) = 4>mx iQ 4 

(1.950 XIO -5 m 2 /s) 2 

The effective thermal conductivity is 

[1 h ( O d / D ,-)] 4 


F o-i i? c (pi 3i5 + D~ Vi ) 5 

[ln(10/5)] 4 


(0.025 in) 2 [(0.05 m)~ 3 ' 5 + (0.1 m) 3/5 ) 5 


= 0.1466 


Pr 


, 1/4 


1 1/4 


^=°- 386 ^o^6rT^J c/r -‘ Raj: 

f 0.7188 


= 0.386(0.02848 W/m ■ °C) 
X (0.1466 X 4.194 X 10 4 ) 1 ' 4 
= 0.07995 W/m ■ °C 


\ 


1/4 


V 


0.861 + 0.7188 


Then the rate of heat transfer between the cylinders becomes 


Q = 


'lirk. 


eff 


In (ZVA) 


(T-, - T 0 ) 


_ 2^(0.07995 W/m • = s W 

In(10/5) 

which is more than 30 W. Therefore, the assumed temperature of 90°C for the 
tube is high. By trying other values, the tube temperature corresponding to 
30 W is determined to be 82°C. Therefore, the tube will reach an equilibrium 
temperature of 82°C when the pump fails. 

Discussion Note that we have not considered heat loss by radiation in the cal- 
culations, and thus the tube temperature determined is probably too high. This 
problem is considered in Chapter 13 by accounting for the effect of radiation 

heat transfer. 


9-6 ■ COMBINED NATURAL AND FORCED 
CONVECTION 

The presence of a temperature gradient in a fluid in a gravity field always gives 
rise to natural convection currents, and thus heat transfer by natural convection. 
Therefore, forced convection is always accompanied by natural convection. 


We mentioned earlier that the convection heat transfer coefficient, natural or 
forced, is a strong function of the fluid velocity. Heat transfer coefficients 
encountered in forced convection are typically much higher than those en- 
countered in natural convection because of the higher fluid velocities associ- 
ated with forced convection. As a result, we tend to ignore natural convection 
in heat transfer analyses that involve forced convection, although we recog- 
nize that natural convection always accompanies forced convection. The error 
involved in ignoring natural convection is negligible at high velocities but may 
be considerable at low velocities. Therefore, it is desirable to have a criterion 
to assess the relative magnitude of natural convection in the presence of forced 
convection. 

For a given fluid, it is observed that the parameter Gr/Re 2 represents the im- 
portance of natural convection relative to forced convection. This is not 
surprising since the convection heat transfer coefficient is a strong function of 
the Reynolds number Re in forced convection and the Grashof number Gr in 
natural convection. 

A plot of the nondimensionalized heat transfer coefficient for combined nat- 
ural and forced convection on a vertical plate is given in Fig. 9-32 for differ- 
ent fluids; We note from this figure that natural convection is negligible when 
Gr/Re 2 <0.1, forced convection is negligible when Gr/Re 2 > 10, and neither 
is negligible when 0.1 < Gr/Re 2 < 10. Therefore, both natural and forced 
convection must be considered in heat transfer calculations when the Gr and 
Re 2 are of the same order of magnitude (one is within a factor of 10 times the 
other). Note that forced convection is small relative to natural convection only 
in the rare case of extremely low forced flow velocities. 

Natural convection may help or hurt forced convection heat transfer, de- 
pending on the relative directions of buoyancy- induced and the forced con- 
vection motions (Fig. 9-33): 


'j- .. , 
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Gr/Re? 

FIGURE 9-32 

Variation of the local Nusselt number 
NUj for combined natural and forced 
convection from a hot isothermal 

vertical plate. 

(From Lloyd and Sparrow, 1970.) 
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(a) Assisting flow (b) Opposing flow (c) Transverse flow 

FIGURE 9-33 

Natural convection can enhance or inhibit heat transfer, depending on the relative 
directions of buoyancy-induced motion and the forced convection motion. 


1. In assisting flow, the buoyant motion is in the same direction as the 
forced motion. Therefore, natural convection assists forced convection 
and enhances heat transfer. An example is upward forced flow over a hot 
surface. 

2. In opposing flow, the buoyant motion is in the opposite direction to the 
forced motion. Therefore, natural convection resists forced convection 
and decreases heat transfer. An example is upward forced flow over a 
cold surface. 

3. In transverse flow, the buoyant motion is perpendicular to the forced 
motion. Transverse flow enhances fluid mixing and thus enhances heat 
transfer. An example is horizontal forced flow over a hot or cold 
cylinder or sphere. 

When determining heat transfer under combined natural and forced convec- 
tion conditions, it is tempting to add the contributions of natural and forced 
convection in assisting flows and to subtract them in opposing flows. How- 
ever, the evidence indicates differently. A review of experimental data sug- 
gests a correlation of the form 

Nu corafc:iKd = (Nu^ ± NiC™,) 1 '" (9-66) 

where Nu foftcd and Nu nalural are determined from the correlations for pure 
forced and pure natural convection, respectively. The plus sign is for assisting 
and transverse flows and the minus sign is for opposing flows. The value of 
the exponent n varies between 3 and 4, depending on the geometry involved. 
It is observed that n = 3 correlates experimental data for vertical surfaces 
well. Larger values of n are better suited for horizontal surfaces. 

A question that frequently arises in the cooling of heat-generating equip- 
ment such as electronic components is whether to use a fan (or a pump if the 
cooling medium is a liquid)— -that is, whether to utilize natural or forced con- 
vection in the cooling of the equipment. The answer depends on the maximum 
allowable operating temperature. Recall that the convection heat transfer rate 
from a surface at temperature T s in a medium at is given by 

Qconv ~ hAfTi ~ Ts) 

where h is the convection heat transfer coefficient and A s is the surface area. 
Note that for a fixed value of power dissipation and surface area, h and T s are 
inversely proportional. Therefore, the device operates at a higher temperature 
when h is low (typical of natural convection) and at a lower temperature when 

h is high (typical of forced convection). 

Natural convection is the preferred mode of heat transfer since no blowers 
or pumps are needed and thus all the problems associated with these, such as 
noise, vibration, power consumption, and malfunctioning, are avoided. Nat- 
ural convection is adequate for cooling low-power-output devices, especially 
when they are attached to extended surfaces such as heat sinks. For high- 
power-output devices, however, we have no choice but to use a blower or a 
pump to keep the operating temperature below the maximum allowable level. 
For very-high-power-output devices, even forced convection may not be suf- 
ficient to keep the surface temperature at the desirable levels. In such cases, 
we may have to use boiling and condensation to take advantage of the very 
high heat transfer coefficients associated with phase-change processes. 




Heat Transfer through Windows 


Windows are glazed apertures in the building envelope that typically con- 
sist of single or multiple glazing (glass or plastic), framing, and shading. In 
a building envelope, windows offer the least resistance to heat transfer. In a 
typical house, about one-third of the total heat loss in winter occurs through 
the windows. Also, most air infiltration occurs at the edges of the windows. 
The solar heat gain through the windows is responsible for much of the 
cooling load in summer. The net effect of a window on the heat balance of 
a building depends on the characteristics and orientation of the window as 
well as the solar and weather data. Workmanship is very important in the 
construction and installation of windows to provide effective sealing 
around the edges while allowing them to be opened and closed easily. 

Despite being so undesirable from an energy conservation point of view, 
windows are an essential part of any building envelope since they enhance 
the appearance of the building, allow daylight and solar heat to come in, 
and allow people to view and observe outside without leaving their home. 
For low-rise buildings, windows also provide easy exit areas during emer- 
gencies such as fire. Important considerations in the selection of windows 
are thermal comfort and energy conservation. A window should have a 
good light transmittance while providing effective resistance to heat trans- 
fer. The lighting requirements of a building can be minimized by maximiz- 
ing the use of natural daylight. Heat loss in winter through the windows can 
be minimized by using airtight double- or triple-pane windows with spec- 
trally selective films or coatings, and letting in as much solar radiation as 
possible. Heat gain and thus cooling load in summer can be minimized by 
using effective internal or external shading on the windows. 

Even in,-, die absence of solar radiation and air infiltration, heat transfer 
through the^vindows is more complicated than it appears to be. This is be- 
cause the structure and properties of the frame are quite different than the 
glazing. As a result, heat transfer through the frame and the edge section of 
the glazing adjacent to the frame is two-dimensional. Therefore, it is cus- 
tomary to consider the window in three regions when analyzing heat transfer 
through it: (1) the center-of-glass, (2) the edge-of-glass, and (3) the frame re- 
gions, as sliown in Fig. 9—34. Then the total rate of heat transfer through the 
window is determined by adding the heat transfer through each region as 


2 window Q center Q edge 2 fame 

fAindcr.v ^window 2 iiw ioois Toutdoots) 


( 9 - 67 ) 


where 

Window “ (Center + Adge^etlge + Ara/r.e AramAAvinckM.' (9-68) 

is the 17-factor or the overall heat transfer coefficient of the window; 
^window is the window area; A ce(lter , A edge , and A frame are the areas of the 


*Tftis section can be skipped without a loss of continuity. 
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FIGURE 9-34 

The three regions of a window 
considered in heat transfer analysis. 
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1GURE 9-35 

Tie thermal resistance network for 
eat transfer through a single glass. 



FIGURE 9-36 

The thermal resistance network 
for heat transfer through the center 
section of a double-pane window 
(the resistances of the glasses 
are neglected). 


center, edge, and frame sections of the window, respectively; and ^centen 
and t/ frarne are the heat transfer coefficients for the center, edge, and 

frame sections of the window. Note that A window = Center + A edge + A frame , 
and the overall [/-factor of the window is determined from the area- 
weighed [/-factors of each region of the window. Also, the inverse of the 
[/-factor is the R- value, which is the unit thermal resistance of the window 
(thermal resistance for a unit area). 

Consider steady one-dimensional heat transfer through a single-pane glass 
of thickness L and thermal conductivity k. The thermal resistance network 
of this problem consists of surface resistances on the inner and outer 
surfaces and the conduction resistance of the glass in series, as shown in 
Fig. 9-35, and the total resistance on a unit area basis can be expressed as 


//' l ■! R> 
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(9-69) 


Using common values of 3 mm for the thickness and 0.92 W/m * C for the 
thermal conductivity of the glass and the winter design values of 8.29 and 
34.0 W/m 2 • °C for the inner and outer surface heat transfer coefficients, the 
thermal resistance of the glass is determined to be 


1 0.003 m , 1 

Rm21 = 8.29 W/m 3 • °C + 0*92 W/m * °C 34.0 W/m 2 • °C 

= 0.121 + 0.003 + 0.029 - 0.153 m 2 ■ °CAV 


Note that the ratio of the glass resistance to the total resistance is 

Rgizss _ 0,003 m 2 • °CAV „ ^ 

0.153 m 2 * °CAV 

That is, the glass layer itself contributes about 2 percent of the total ther- 
mal resistance of the window, which is negligible. The situation would 
not be much different if we used acrylic, whose thermal conductivity is 
0.19 W/m • °C, instead of glass. Therefore, we cannot reduce the heat trans- 
fer through the window effectively by simply increasing the thickness of 
the glass. But we can reduce it by trapping still air between two layers of 
glass. The result is a double-pane window, which has become the norm in 
window construction. 

The thermal conductivity of air at room temperature is k air = 
0.025 W/m ■ °C, which is one-thirtieth that of glass. Therefore, the thermal 
resistance of 1-cm-thick still air is equivalent to the thermal resistance of a 
30-cm-thick glass layer. Disregarding the thermal resistances of glass lay- 
ers, the thermal resistance and [/-factor of a double-pane window can-be 
expressed as (Fig. 9-36) 

L_ — = 1 + j- (9-70) 

^double -pine (cert ter region) **i ** space 

where / Ispace - 5p3ee + space is the combined radiation and convec- 
tion heat transfer coefficient of the space trapped between the two glass 
layers. 
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Roughly half of the heat transfer through 'the air space of a double-pane 
window is by radiation and the other half is by conduction (or convection, 
if there is any air motion). Therefore, there are two ways to minimize fr space 
and thus the rate of heat transfer through a double-pane window: 

1. Minimize radiation heat transfer through the air space. This can be 
done by reducing the emissivity of glass surfaces by coating them with 
low-emissivity (or “low-e” for short) material. Recall that the effective 
emissivity of two parallel plates of emissivities and s 2 is given by 


®efiieeuvi 


1/e. + Ms-, — 1 


(9-71) 


The emissivity of an ordinary glass surface is 0.84. Therefore, the effective 
emissivity of two parallel glass surfaces facing each other is 0.72. But when 
the glass surfaces are coated with a fil m that has an emissivity of 0.1, the 
effective emissivity reduces to 0.05, which is one-fourteenth of 0.72. Then 
for the same surface temperatures, radiation heat transfer will also go down 
by a factor of 14. Even if only one of the surfaces is coated, the overall 
emissivity reduces to 0.1, which is the emissivity of the coating. Thus it is 
no surprise that about one-fourth of all windows sold for residences have a 
low-e coating. The heat transfer coefficient /i space for the air space trapped 
between the two vertical parallel glass layers is given in Table 9-3 for 
13-mm- and 6-mm-thick air spaces for various effective emissivities and 
temperature differences. 

It can be shown that coating just one of the two parallel surfaces facing each 
other by a material of emissivity e reduces the effective emissivity nearly to s. 


TABLE -0-3 


7 s" " T V — .7"-: > 


The heat transfer coefficient /? $pa;e for the air space trapped between the 
two vertical parallel glass layers for 13-mm- and 6-mm-thick air spaces 
(from Building Materials and Structures, Report 151, U.S. Dept, of 
Commerce). 


(a) j^'ir space thickness = 13 mm 


/We. W/m 2 • °C 


[b) Air space thickness = 6 mm 
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(a) Double-pane window 



(p) Triple-pane window 


FIGURE 9-37 , . x 

The variation of the f/-factor for the center section of double- and triple-pane 

panes (hom ASHRAE Handbook of Fundamentals, Chap. 27, big. lj. 


windows with uniform spacing between the 


Therefore, it is usually more economical to coat only one of the facmg sur- 
faces. Note from Fig. 9-37 that coating one of the interior surfaces of a dou- 
ble-pane window with a material having an emissivity of 0.1 reduces the rate 
of heat transfer through the center section of the window by half. 

2 Minimize conduction heat transfer through air space. This can be done 
by increasing the distance d between the two glasses. However, ^ cannot 
be done indefinitely since increasing the spacing beyond a critical value 
initiates convection currents in the enclosed air space, which increases the 
heat transfer coefficient and thus defeats the purpose. Besides, increasing 
the spacing also increases the thickness of the necessary fraimng and the 
cost of the window. Experimental studies have shown that when the spac- 
ing d is less than about 13 mm, there is no convection, and heat transfer 
through the air is by conduction. But as the spacing is increased further, 
convection currents appear in the air space, and the increase m heat trans- 
fer coefficient offsets any benefit obtained by the thicker air layer. As a re- 
sult the heat transfer coefficient remains nearly constant, as shown m 
Fig.' 9-37- Therefore, it makes no sense to use an air space thicker than 
13 mm in a double-pane window unless a thin polyester film is used to i- 
vide the air space into two halves to suppress convection currents. Thefilir 
provides added insulation without adding much to the weight or cost of the 
double-pane window. The thermal resistance of the window can be in- 
creased further by using triple- or quadruple-pane windows whenever it i. 


economical to do so. Note that using a triple-pane window instead of a 
double-pane reduces the rate of heat transfer through the center section of 
the window by about one- third. 

Another way of reducing conduction heat transfer through a double-pane 
window is to use a less-conducting fluid such as argon or krypton to fill the 
gap between the glasses instead of air. The gap in this case needs to be well 
sealed to prevent the gas from leaking outside. Of course, another alterna- 
tive is to evacuate the gap between the glasses completely, but it is not prac- 
tical to do so. 


Edge-of-Glass (/-Factor of a Window 

The glasses in double- and triple-pane windows are kept apart from each 
other at a uniform distance by spacers made of ‘metals or insulators like 
aluminum, fiberglass, wood, and butyl. Continuous spacer strips are placed 
around the glass perimeter to provide an edge seal as well as uniform spac- 
ing. However, the spacers also serve as undesirable “thermal bridges” 
between the glasses, which are at different temperatures, and this short 
circuiting may increase heat transfer through the window considerably. 
Heat transfer in the edge region of a window is two-dimensional, and lab 
measurements indicate that the edge effects are limited to a 6.5-cm-wide 
band around the perimeter of the glass. 

The [/-factor for the edge region of a window is given in Fig. 9-38 
relative to the [/-factor for the center region of the window. The curve 
would be a straight diagonal line if the two U - values were equal to each 
other. Note that this is alm ost the case for insulating spacers such as wood 
and fiberglass. But the [/-factor for the edge region can be twice that of the 
center region for conducting spacers such as those made of aluminum. Val- 
ues for steel spacers fall between the two curves for metallic and insulating 

spacers. The edge effect is not applicable to single-pane windows. 

* • > 

Frame iU- Factor 


The framing of a window consists of the entire window except the glazing. 
Heat transfer through the framing is difficult to determine because of the 
different window configurations, different sizes, different constructions, 
and different combination of materials used in the frame construction. The 
type of glazing such as single pane, double pane, and triple pane affects the 
thickness of the framing and thus heat transfer through the frame. Most 
frames are made of wood, aluminum, vinyl, or fiberglass. However, using a 
combination of these materials (such as aluminum-clad wood and vinyl- 
clad aluminum) is also co mm on to improve appearance and durability. 

Aluminum is a popular framing material because it is inexpensive, 
durable, and easy to manufacture, and does not rot or absorb water like 
wood. However, from a heat transfer point of view, it is the least desirable 
framing material because of its high thermal conductivity. It will come as 
no surprise that the [/-factor of solid aluminum frames is the highest, and 
thus a window with aluminum framing will lose much more heat than a 
comparable window with wood or vinyl fr amin g. Heat transfer through the 
aluminum framing members can be reduced by using plastic inserts between 



Center-of-glass (/-factor, W/m 2 ■ K 


FIGURE 9-38 

The edge-of-glass [/-factor relative to 
the center-of-glass [/-factor for 
windows with various spacers. 
(From ASHRAE Handbook ,of 
Fundamentals, Chap. 27, Fig. 2) 
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TABLE 9-4 


Representative frame [/-factors 
for fixed vertical winders (from 
ASHRAE Handbook of 
Fundamentals, Chag^AJaWe^J 


Frame material 


[/-factor, 
W/m 2 ■ °C 


Aluminum: 

Single glazing (3 mm) 10.1 
Double glazing (18 mm) 10.1 
Triple glazing (33 mm) IQ-1 — 

Wood or vinyl: 

Single glazing (3 mm) 2,9 

Double glazing (18 mm) 2.8 

Triple glazing (33 mm) 2.7 


TABLE 9-5 . . 

Combined convection and 
radiation heat transfer coefficient 
hi at the inner surface of a vertical 
glass under still air conditions 


(in W/m 2 
T; 

. °C) 




T g 

Glass emissivity, s s 

(°C) 

(°C) 

0.05 

0.20 

0.84 

20 

17 

2.6 

3.5 

7.1 

20 

15 

2.9 

3.8 

7.3 

20 

10 

3.4 

4.2 

7.7 

20 

5 

3.7 

4.5 

7.9 

20 

0 

4.0 

4.8 

8.1 

20 

— 5 

4.2 

5.0 

8.2 

20 

-10 

4.4 

5.1 

8.3 


^mnnnents to serve as thermal barriers. The thickness of these inserts 
really affects heat transfer through the frame. For aluminum taiMs wifc- 
ut the plastic strips, the primary resistance to heat transfer is due to th 
>rior surface heattransfer coefficient. The [/-factors for various frames are 
isted in Table 9-4 as a function of spacer materials and the glazing urn 
hicknesses Note that the [/-factor of metal framing and thus the rate of 
L transfer through a metal window frame is more than three times that of 

i wood or vinyl window frame. 

Interior and Exterior Surface Heat 

Transfer Coefficients , 

Heat transfer through a window is also affected by the convection and ra- 
diation heat transfer coefficients between the glass surfaces and surround- 
ings The effects of convection and radiation on the inner and outer surfaces 

combined into the combined convection and radia- 
coefficients /, and K respectively. Under still air condi- 
rioni the combined heat transfer coefficient at the inner surface of a 
vertical window can be determined from 


hi 




£*a(r; - 7?) 

/i«d - 1.77(7; - Tif * + 


(W/m 2 


’C) 

( 9 - 72 ) 


.here T = glass temperature in K, T, = indoor air temperature - in TC e - 

i'l J7 -ft « “ ' 'PtS? Sri SfS—- 

iHT— * * — -s- “ 

CSSaSSS3*‘J5!SSS==‘ 

h- = S 29 W/m 2 • °C (winter and summer) 

which corresponds to the winter design conditions of T, = 22°C and 
whmh_comesp ^ ^ ^ = Q g 4 But the sa me value of h, can 

L be used for summer design conditions as it corresponds to summer con- 
aiso be usee tor s * 3 2°C. The values of h, for vanous tempera- 

Sa^enS are given in Table 9-5. The commonly us£ 

values of l for peak load calculations are the ia “ if to summer), 
wall surfaces (34.0 W/m 2 • C for wmter and 22.7 W/m C for summer; 

Overall (/-Factor of Windows 

The overall {/-factors for various kinds of windows and 
anted using computer simulations and labomtoty to ®Mg fa wmter des.g _ 
conditions; representative values are given m Table 9-6. Test data may pr 
vide more accurate information for specific products and should be pre- 
ferred when available. However, the values listed in file table .can be u d 
tn ohtain satisfactory results under vanous conditions m the absence o 
product-specific data. The {/-factor of a fenestration product that differs 


TABLE 9-6 . . 

Overall 0- factors (heat transfer coefficients) for various windows and skylights in W/m 2 • °C 
(from ASHRAE Handbook of Fundamentals, Chap. 27, Table 5) 

Aluminum frame 


Glass section (without thermal 

(glazing) only break) Wood or vinyl frame 


Type -> 

Center - Edge-of- 

of-glass glass 

Fixed 

Double 

door 

Sloped 

skylight 

Double 
Fixed door 

Sloped 

skylight 

Frame width 

{Not applicable) 

32 mm 
(lim) 

53 mm 
(2 in) 

19 mm 
(fin) 

41 mm 88 mm 

(l§in) (3^ in) 

23 mm 

(g in) 

Spacer type 

— Metal Insul. 

All 

All 

All 

Metal Insul. Metal Insul. 

Metal Insul 


Glazing Type 



Single Glazing 
3 mm (^ in) glass 

6.30 

6.30 — 

6.63 

6.4 mm (f in) acrylic 

5.28 

5.28 — 

5.69 

3 mm (1 in) acrylic 

5.79 

5.79 — 

6.16 


7.16 

9.88 

5.93 

— 5.57 

— 7.57 

6.27 

8.86 

5.02 

— 4.77 

— 6.57 

6.71 

9.94 

5.48 

— 5.17 

— 7.63 


Double Glazing (no coating) 


6.4 mm air space 

3.24 

3.71 

3.34 

3.90 

4.55 

6.70 

3.26 

3.16 

3.20 

3.09 

4.37 

4.22 

12.7 mm air space 

2.78 

3.40 

2.91 

3.51 

4.18 

6.65 

2.88 

2.76 

2.86 

2.74 

4.32 

4.17 

6.4 mm argon space 

2.95 

3.52 

3.07 

3.66 

4.32 

6.47 

3.03 

2.91 

2.98 

2.87 

4.14 

3.97 

12.7 mm argon space 

2.61 

3.28 

2.76 

3.36 

4.04 

6.47 

2.74 

2.61 

2.73 

2.60 

4.14 

3.97 

Double Glazing [s = 0.1, coating on one 

of the surfaces of air space (surface : 

2 or 3, 

counting from the outside toward 

inside)] 

6.4 mm air space 

2.44 

3.16 

2.60 

3.21 

3.89 

6.04 

2.59 

2.46 

2.60 

2.47 

3.73 

3,53 

12.7 mm air space 

1.82 

2.71 

2.06 

2.67 

3.37 

6.04 

2.06 

1.92 

2.13 

1.99 

3.73 

3.53 

6.4 mm argon space 

1.99 

2.83 

2.21 

2.82 

3.52 

.5.62 

2.21 

2.07 

2.26 

2.12 

3.32 

3.09 

12.7 mm argon space 

1.53 

2.49 

1.83 

2.42 

3.14 

5.71 

1.82 

1.67 

1.91 

1.78 

3.41 

3.19 

Triple Glazing (no coating) 
6.4 mm ^Ikspace 2.16 

2.96 

2.35 

2.97 

3.66 

5.81 

2.34 

2.18 

2.36 

2.21 

3.48 

3.24 

12.7 mm air space 

1.76 

2.67 

2.02 

2.62 

3.33 

5.67 

2.01 

1.84 

2.07 

1.91 

3.34 

3.09 

6.4 mm afgon space 

1.93 

2.79 

2.16 

2.77 

3.47 

5.57 

2.15 

1.99 

2.19 

2.04 

3.25 

3.00 

12.7 mm argon space 

1.65 

2r58 

1.92 

2.52 

3.23 

5.53 

1.91 

1.74 

1.98 

1.82 

3.20 

2.95 

Triple Glazing [e = 0.1, 

coating 

on one of the surfaces of 

air spaces (surfaces 

3 and 5, counting from 

the outside toward 

in^de)] 

6.4 mm air space 

1.53 

2.49 

1.83 

2.42 

3.14 

5.24 

1.81 

1.64 

1.89 

1.73 

2.92 

2.66 

12.7 mm air space 

0.97 

2.05 

1.38 

1.92 

2.66 

5.10 

1.33 

1.15 

1.46 

1.30 

2.78 

2.52 

6.4 mm argon space 

1.19 

2.23 

1.56 

2.12 

2.85 

4.90 

1.52 

1.35 

1.64 

1.47 

2.59 

2.33 

12.7 mm argon space 

0.80 

1.92 

1.25 

1.77 

2,51 

4.86 

1.18 

1.01 

1.33 

1.17 

2.55 

2.28 


Notes: 

(1) Multiply by 0*176 to obtain U-factors in 8tu/ti - ft 2 - “F. 

{2} The (/-factors in this table include the effects of surface heat transfer coefficients and are based on winter conditions of -18°C outdoor 
air and 21°C indoor air temperature, with 24 km/h (15 mph) winds outdoors and zero solar flux. Small changes in indoor and outdoor tem- 
peratures will not affect the overall (/-factors much. Windows are assumed to be vertical, and the skylights are tilted 20° from the horizontal 
with upward heat flow. Insulation spacers are wood, fiberglass, or butyl. Edge-of-glass effects are assumed to extend the 65-mm band around 
perimeter of each glazing. The product sizes are 1.2 m x 1.8 m for fixed windows, 1.8 m x 2.0 m for double-door windows, and 1.2 m x 0.6 m 
for the skylights, but the values given can also be used for products of similar sizes. All data are based on 3-mm (i-in) glass unless noted oth- 
erwise. 



considerably from the ones in the table can be determined by (1) determin- 
ing the fractions of the area that are frame, center-of-glass, and edge-of- 
glass (assuming a 65-mm-wide band around the perimeter of each glazing), 

(2) determining the (/-factors for each section (the center-of-glass and edge- 
of-glass (/-factors can be taken from the first two columns of Table 9-6 
and the frame (/-factor can be taken from Table 9-5 or other sources), and 

(3) multiplying the area fractions and the (/-factors for each section and 

adding them up. 

Glazed wall systems can be treated as fixed windows. Also, the data for 
double-door windows can be used for single-glass doors. Several observa- 
tions can be made from the data in the table: 

1. Skylight (/-factors are considerably greater than those of vertical 
windows. This is because the skylight area, including the curb, can be 
13 to 240 percent greater than the rough opening area. The slope of 
the skylight also has some effect. 

2. The (/-factor of multiple-glazed units can be reduced considerably 
by filling cavities with argon gas instead of dry air. The 
performance of COj-filled units is similar to those filled with 
argon. The (/-factor can be reduced even further by filling the 
glazing cavities with krypton gas. 

3. Coating the glazing surfaces with low-e (low-emissivity) films 
reduces the (/-factor significantly. For multiple-glazed units, it is 
adequate to coat one of the two surfaces facing each other. 

4. The thicker the air space in multiple-glazed units, the lower the 
(/-factor, for a thickness of up to 13 mm (| in) of air space. For a 
specified number of glazings, the window with thicker air layers will 
have a lower (/-factor. For a specified overall thickness of glazing, the 
higher the number of glazings, the lower the (/-factor. Therefore, a 
triple-pane window with air spaces of 6.4 mm (two such air spaces) 
will have a lower (/-value than a double-pane window with an air 
space of 12.7 mm. 

5. Wood or vinyl frame windows have a considerably lower (/-value 
than comparable metal-frame windows. Therefore, wood or vinyl 
frame windows are called for in energy-efficient designs. 



Schematic of Example 9-7. 


EXAMPLE 9-7 U - Factor for Center-of-Glass Section of Windows 


Determine the (/-factor for the center-of-glass section of a double-pane window 
with a 6-mm air space for winter design conditions (Fig. 9-39). The glazings 
are made of clear glass that has an emissivity of 0.84. Take the average air | 
space temperature at design conditions to be 0°C. | 


SOLUTION The (/-factor for the center-of-glass section of a double-pane win- 
dow is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
window is one-dimensional. 3 The thermal resistance of glass sheets is negligible. 
Properties The emissivity of clear glass is 0.84. 
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^n^/ys/s Disregarding the thermal resistanceof glass sheets, which are small, 
the (/-factor for the center region of a double-pane window is determined from 


center 


= i + — 

hi ft. 


space 


where h it h^, and h 0 are the heat transfer coefficients at the inner surface of 
the window, the air space between the glass layers, and the outer surface of the 
window, respectively. The values of h t and h 0 for winter design conditions were 
given earlier to be h, = 8.29 W/m 2 • °C and h 0 = 34.0 W/m 2 • °C. The effective 
emissivity of the air space of the double-pane window is - : 


1 1 

Selective j/ fi + y^ _ J j/0.84 + 1/0.84 - 1 


0.72 


For this value of emissivity and an average air space temperature of 0°C, 
we read = 7.2 W/m 2 • °C from Table 9-3 for 6-mm-thick air space. 
Therefore, 


Center 


1,1,1 

8.29 7.2 34.0 


U. 


center 


= 3.46 W/m 2 • °C 


Discussion The center-of -glass //-factor value of 3.24 W/m 2 - °C in Table 9-6 
(fourth row and second column) is obtained by using a standard value of h 0 = 
29 W/m 2 * °C (instead of 34.0 W/m 2 • °C) and = 6.5 W/m 2 - °C at an av- 
erage air space temperature of -15°C. : : 


EXAMPLE 9-8 Heat Loss through Aluminum Framed Windows 

A fixed aluminum-framed window with glass glazing is being considered for an 
opening that is 1.2 m high and l.S m wide in the wall of a house that is main- 
tained^t ; 22°C (Fig. 9-40). Determine the rate of heat toss through the window 
and the inner surface temperature of the window glass facing the room when 
the outde^r air temperature is -10°C if the window is selected to be (a) 3-mm 
single glazing, ( b ) double glazing with an air space of 12.7 mm, and (c) iow-e- 
coated triple glazing with an air space of 12.7 mm. 

SOLUTION The rate of heat loss through an aluminum framed window and the 
inner surface temperature are to be determined from the cases of single-pane, 
doubie-pane, and low-e triple-pane windows. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
window is one-dimensional. 3 Thermal properties of the windows and the heat 
transfer coefficients are constant. 

Properties The (/-factors of the windows are given in Table 9-6. 

Analysis The rate of heat transfer through the window can be determined from 

(2 window ~ //overall 4 window (-/f To) 

where 7} and T 0 are the indoor and outdoor air temperatures, respectively; 
U atts I, is the (/-factor (the overall heat transfer coefficient) of the window; and 
A«n<tow Is the window area, which is determined to be 




1.2ml 


^'Aluminum Glazing 

frame 

FIGURE 9-40 

Schematic for Example 9-8. 


4 window = Height X Width = (1.2 m)(1.8 m) ■= 2.16 m : 


Edge Center 


Frame of glass of glass 



Schematic for Example 9-9. 


The U-f actors for the three cases can be determined directly from Table 9 6 to 
be 6.63, 3.51, and 1.92 W/m 2 ■ °C, respectively. Also, the inner surface tem- 
perature of the window glass can be determined from 

Q window 

2 window = A window U’i £ lass ' /l f A w i c dow 

where h- is the heat transfer coefficient on the inner surface of the window, 
which is determined from Table 9-5 to be h, = 8.3 W/m 2 - °C. Then the rate of 
heat loss and the interior glass temperature for each case are determined as 

follows; 

(a) Single glazing; 

= (6.63 W/m 2 • °CJ(2.l6 m 2 )[22 - ( - 10)]°C = 458 W 


T z=r. — ^ wij]dow = 22°C — 
£!i£5 ' h,A^ 


458 W 


(8.3 W/m 2 • °C)(2.16 nr) 


= — 3.5°C 


lb) Double glazing (12.7 mm air space): 

G wilMta , = (3.51 W/m 2 • °C)(2.16 m 2 )[22 - (“10)]°C - 243 W 


O - , n 243 W 

T *““ 7f Mwtodow (83 W/m 2 * °C)(2.16 m 2 ) 


=S-4°C 


m 




1 

I 

i 

a 

''i 


[c) Triple glazing (12.7 mm air space, low-e coated): 

^window = (1-92 W/m 2 • °C)(2.16 m 2 )[22 - (-lO)fC = 133 W 


. 7 . __ 2wii^4gw — 990 ^ . 133 W _ — ... ■ 

(8.3 W/m 2 • °C}(2.16m 2 ) 


=U.6°C 




I 

I 

s 

l 


Therefore, heat loss through the window will be reduced by 47 percent in the 
case of double glazing and by 71 percent in the case of triple glazing relative 
to the single-glazing case. Also, in the case of single glazing, the low inner- 
glass surface temperature will cause considerable discomfort in the occupants 
because of the excessive heat loss from the body by radiation. It is raisedTrom 
— 3.5°C, which is below freezing, to 8.4°C in the case of double glazing and to 

14.6°C in the case of triple glazing. 


t 

I 

0 
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EXAMPLE 9-9 (/-Factor of a Double-Door Window i 

Determine the overall (/-factor for a double-door-type, wood-framed double-| 
pane window with metal spacers, and compare your result to the value listed m | 
Table 9-6. The overall dimensions of the window are 1.80 m x 2.00 m, and | 
the dimensions of each glazing are 1.72 m x 0.94 m (Fig. 9-41). | 


SOLUTION The overall (/-factor for a double-door type window is to be deter- 
mined, and the result is to be compared to the tabulated value. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
window is one-dfmensional. 


i i.’r&i-i mu; wg? ; n ^ w / < jv 


I Properties The (/-factors for the various sections of windows are given in 
Tables 9-4 and 9-6. 

Analysis The areas of the window, the glazing, and the frame are 

= Height X Width = (1.8 m)(2.0 m) = 3.60 m 2 

A gkzing = 2 X (Height X Width) = 2(1 .72 m)(0.94 m) = 3.23 m 2 

- Ag^ = 3.60 - 3.23 - 0.37 m 2 

The edge-of -glass region consists of a 6.5-cm-wide band around the perimeter 
of the glazings, and the areas of the center and edge sections of the glazing are 
determined to be 


= 2 X (Height X Width) = 2(1.72-0.13 m)(0:94 - 0.13 m) = 2.58 m 2 
zW = 'W " = 3.23 - 2.58 = 0.65 m 2 

The (7-factor for the frame section is determined from Table 9-4 to be 
U ftms = 2.8 W/m 2 • °C. The (7-factors for the center and edge sections are de- 
termined from Table 9-6 (fifth row, second and third columns) to be (7 ce „t er — 
3.24 W/m 2 ■ °C and (7^ = 3.71 W/m 2 • °C. Then the overall (7-factor of the 

entire window becomes 

(/window “ (E/«nttr ^center + (/edge + (/frame Afa me )M wifflJow 

= (3.24 X 2.58 + 3.71 X 0.65 + 2.8 X 0.37)/3.60 
= 3.28 W/m 2 ’°C 

The overall (7-factor listed in Table 9-6 for the specified type of window is 
3.20 W/m 2 • °C, which is sufficiently close to the value obtained above. 


\ 



In this chapter, we have considered natural convection heat 
transfer where any fluid motion occurs by natural means such 
as buoyancy. The volume expansion coefficient of a substance 
represents the variation of the density of that substance with 
temperature at constant pressure, and for an ideal gas, it is ex- 
pressed as j8 = 1/r, where T is the absolute temperature in 
K or R. 

The flow regime in natural convection is governed by a di- 
mensionless number called the Grashof number, which repre- 
sents the ratio of the buoyancy force to the viscous force acting 
on the fluid and is expressed as 

„ *J3Cr, - tji * 

Or L = - 2 

where L c is the characteristic length, which is the height L for 
a vertical plate and the diameter D for a horizontal cylinder. 


The correlations for the Nusselt number Nu = hL c lk in natural 
convection are expressed in terms of the Rayleigh number 
defined as 


Ra*. = GiT Pr = 


gfXTs - tjlI n 

— — — - — — Pr 


Nusselt number relations for various surfaces are given in 
Table 9-1. All fluid properties are evaluated at the film tempera- 
ture of T f = \{T S + T x ), The outer surface of a vertical cylinder 
can be treated as a vertical plate when the curvature effects are 
negligible. The characteristic length for a horizontal surface is 
L c = AJp, where A s is the surface area and p is the perimeter. 

The average Nusselt number for vertical isothermal parallel 
plates of spacing S and height L is given as 



57 6 2.873 

(Ra 5 S/L) 2 (Ra s S/L) 0 ^ 


-os 


1 


NATURAL CONVECTION 


The optimum fin spacing for a vertical heat sink and the Nus- 
sell number for optimally spaced fins is 


'opt 


2.714 



0.25 


= 2.714 


L 

Ra£- 


hS. 


25 


and Nu = 


opt 


= 1.307 


where 


and 


= 0.386 


Pr 

0.861 + Pr 


1/4 

(fVRar ) 1 ' 4 


In a horizontal rectangular enclosure with the hotter plate at 
the top, heat transfer is by pure conduction and Nu = 1. When 
the hotter plate is at the bottom, the Nusselt number is 


Nu = 1 + 1.44 


1708 
Ra L 


Ra[° 

18 


+ 


Ra L < 10 s 


Dn(D 0 /P,.)]* 

For a spherical enclosure, the rate of heat transfer through 
the space between the spheres by natural convection is 

expressed as 


The notation [ ] + indicates that if the quantity in the bracket is 
negative, it should be set equal to zero. For vertical horizontal 
enclosures, the Nusselt number can be determined from 




ttAA 

u 




Nu = 0.18 


Pr 

0.2 + Pr 


R»l 


0.29 


1 < HIL < 2 
any Prandtl number 
Ra t Pr/(0.2 + Pr) > 10 3 


Nu = 0.22 



- 1/4 


2 < H!L < 10 
any Prandtl number 
Ra L < 10’° 


For aspect ratios greater than 10, Eqs. 9—54 and 9 55 should be 
used. For inclined enclosures, Eqs. 9-48 through 9-51 should 

be used. 

For concentric horizontal cylinders, the rate of heat transfer 
through the annular space between the cylinders by natural 
convection per unit length is 



In (DJDJ 


(Tt ~ T a ) 



0.74 


Pr 

0.861 + Pr 


1/4 

(F ;pb RaA /4 


he = Wo “ AV2 

h c 

Fsph (D t D 0 )XD^ 15 + D- 1/5 y 

The quantity JtNu is called the effective thermal conductivity of 
the enclosure, since a fluid in an enclosure behaves like a qui- 
escent fluid whose thermal conductivity is *Nu as a result of 
convection currents. The fluid properties are evaluated at the 

average temperature of (7) + T 0 )I2. 

For a given fluid, the parameter Gr/Re 2 represents the im- 
portance of natural convection relative to forced convection. 
Natural convection is negligible when Gr/Re 2 < 0.1, forced 
convection is negligible when Gr/Re 2 > 10, and neither is neg- 
ligible when 0.1 < Gr/Re 2 <10. 
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Physical Mechanism of Natural Convection 

9-1 C What is natural convection? How does it differ from 
forced convection? What force causes natural convection 
currents? 

9-2C In which mode of heat transfer is the convection heat 
transfer coefficient usually higher, natural convection or forced 
convection? Why? 

9-3C Consider a hot boiled egg in a spacecraft that is fdled 
with air at atmospheric pressure and temperature at all times. 
Will the egg cool faster or slower when the spacecraft is in 
space instead of on the ground? Explain. 

9-4C What is buoyancy force? Compare the relative magni- 
tudes of the buoyancy force acting on a body immersed in 
these mediums: (a) air, (b) water, (c) mercury, and (d) an evac- 
uated chamber. 

9-5 C When will the hull of a ship sink in water deeper: when 
the ship is sailing in fresh water or in seawater? Why? 

9-6C A person weighs himself on a waterproof spring scale 
placed at the bottom of a 1-m-deep swimming pool. Will the 
person weigh more or less in water? Why? 

9-7C Consider two fluids, one with a large coefficient of vol- 
ume expansion and the other with a small one. In what fluid 
will a hot surface initiate stronger natural convection currents? 
Why? Assume the viscosity of the fluids to be the same. 

9-8C Consider a fluid whose volume does not change with 
temperature at constant pressure. What can you say about nat- 
ural convection heat transfer in this medium? 

9-9C What do the lines on an interferometer photograph rep- 
resent? What do closely packed lines on the same photograph 
represent? 

9-10C Physically, what does the Grashof number represent? 
How does the Grashof number differ from the Reynolds number? 

9-11 Show that the volume expansion coefficient of an ideal 
gas is /J — 1 IT, where T is the absolute temperature. 

Natural Convection over Surfaces 

9-12C How does the Rayleigh number differ from the 
Grashof number? 

9-13C Under what conditions can the outer surface of a ver- 
tical cylinder be treated as a vertical plate in natural convection 
calculations? 

9-14 C Will a hot horizontal plate whose back side is insu- 
lated cool faster or slower when its hot surface is facing down 
instead of up? 

9-15C Consider laminar natural convection from a vertical 
hot-plate. Will the heat flux be higher at the top or at the bot- 
tom of the plate? Why? 


9-16 Consider a thin 16-cm-iong and 20-cm-wide horizontal 
plate suspended in air at 20°C. The plate is equipped with elec- 
tric resistance heating elements with a rating of 20 W. Now the 
heater is turned on and the plate temperature rises. Determine 
the temperature of the plate when steady operating conditions 
are reached. The plate has an emissivity of 0.90 and the sur- 
rounding surfaces are at 17°C. 

Air 

r a: =20°c 

L= 16 cm 

Resistance wire 

FIGURE P9-16 

9-17 Flue gases from an incinerator are released to atmos- 
phere using a stack that is 0.6 m in diameter and 10.0 m high. 
The outer surface of the stack is at 40°C and the surrounding 
air is at 10°C. Determine the rate of heat transfer from the stack 
assuming ( a ) there is no wind and (b) the stack is exposed to 
20 km/h winds. 

9-18 Thermal energy generated by the electrical resistance of 
a 5-mm-diameter and 4-m-long bare cable is dissipated to the 
surrounding air at 20°C, The voltage drop and the electric cur- 
rent across the cable in steady operation are measured to be 
60 V and 1.5 A, respectively. Disregarding radiation, estimate 
the surface temperature of the cable. 

9-19 A 10-m-Iong section of a 6-cm-diameter horizontal 
hot-water pipe passes through a large room whose temperature 
is 27°C. If the temperature and the emissivity of the outer sur- 
face of the pipe are 73°C and 0.8, respectively, determine the 
rate of heat loss from the pipe by (a) natural convection and 
(b) radiation. 

9-20 Consider a wall-mounted power transistor that dissi- 
pates 0.18 W of power in an environment at 35°C. The transis- 
tor is 0.45 cm long and has a diameter of 0.4 cm. The 
emissivity of the outer surface of the transistor is 0. 1 , and the 
average temperature of the surrounding surfaces is 25°C. Dis- 
regarding any heat transfer from the base surface, determine 


‘Problems designated by a "C 1 ' are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon £1 are 
comprehensive in nature, and are intended to be solved v/ith a 
computer, preferably using the EES software. 



surface temperature of the transistor* Use air properties at 
[Q0°C* Answer: 183°C 



0,4 cm 


9_21 Eggi Reconsider Prob, 9-20, Using EES (or other) soft- 
bllS ware, investigate the effect of ambient tempera- 
ture on the surface temperature of the transistor* Let the 
environment temperature vary from I0°C to 40°C and assume 
that the surrounding surfaces are 10°C colder than the environ- 
ment temperature* Plot the surface temperature of the transistor 
versus the environment temperature, and discuss the results* 


9-22 A 30G-W cylindrical resistance heater is 0,75 m long 
and 0,5 cm in diameter* The resistance wire is placed horizon- 
tally in a fluid at 20°C, Determine the outer surface tempera- 
ture of the resistance wire in steady operation if the fluid is (a) 
air and (b) water* Ignore any heat transfer by radiation* Use 
properties at 50Q°C for air and 40°C for water, 

:.i-i 

* 

£ 

9-23 Water is boiling in a 12-cm-deeg pan with an outer di- 
ameter of 25 cm that is placed on top of a stove* The ambient 
air and the surrounding surfaces are at a temperature of 25°C, 
and the emissivity of the outer surface of the pan is 0,80, As- 
suming the entire pan to be at an average temperature of 98°C, 
determine the rate of heat loss from the cylindrical side surface 
of the pan to the surroundings by (a) natural convection and 
( b ) radiation* (c) If water is boiling at a rate of 1*5 kg/h at 
" 1GG°C, determine the ratio of the heat lost from the side sur- 
faces of the pan to that by the evaporation of water. The en- 
thalpy of vaporization of water at 100°C is 2257 kJ/kg* 

Answers ; 46*2 W, 47*3 W, 0*099 


Vapor 
1*5 kg/h 


\ 25°C 

r, 



FIGURE P9-23 


9-24 Repeat Prob* 9-23 for a pan whose outer surface is pol- 
ished and has an emissivity of 0*1, 

9-25 In a plant that manufactures canned aerosol paints, the 
cans are temperature-tested in water baths at 55°C before they 
are shipped to ensure that they withstand temperatures up to 
55°C during transportation and shelving. The cans, moving on 
a conveyor, enter the open hot water bath, which is 0*5 m 
deep, 1 m wide, and 3*5 m long, and move slowly in the hot 
water toward the other end. Some of the cans fail the test and 
explode in the water bath* The water container is made of 
sheet metal, and the entire container is at about the same tem- 
perature as the hot water. The emissivity of the outer surface- 
of the container is 0,7, If the temperature of the surrounding 
air and surfaces is 20°C, determine the rate of heat loss from 
the four side surfaces of the container (disregard the top sur- 
face, which is open). 

The water is heated electrically by resistance heaters, and the 
cost of electricity is $0,085/kWh* If the plant operates 24 h a 
day 365 days a year and thus 8760 h a year, determine the an- 
nual cost of the heat losses from the container for this facility* 

Aerosol 



9-26 Reconsider Prob, 9-25. In order to reduce the heating cost 
of the hot water, it is proposed to insulate the side and bottom sur- 
faces of the container with 5 -cm- thick fiberglass insulation (k = 
0.035 \V/m - °C) and to wrap the insulation with aluminum foil 
(e = 0.1) in order to minimize the heat loss by radiation. An esti- 
mate is obtained from a local insulation contractor, who proposes 
to do the insulation job for $350, including materials and labor. 
Would you support this proposal? How long will it take for the 
insulation to pay for itself from the energy it saves? 

9-27 Consider a 15-cm X 20-cm printed circuit board 
(PCB) that has electronic components on one side. The board 


I 


MATURAL CONVECTION 


is placed in a room at 20°C. The heat loss from the back 
surface of the board is negligible. If the circuit board is dissi- 
pating 8 W of power in steady operation, determine the aver- 
age temperature of the hot surface of the board, assuming the 
board is (o) vertical; (b) horizontal with hot surface facing up; 
and (c) horizontal with hot surface facing down. Take the 
emissivity of the surface of the board to be 0.8 and assume the 
surrounding surfaces to be at the same temperature as the air 
in the room. Answers: (a) 46.6°C, (M 42.6°C, (c) 50.3 S C 
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9-28 


m 


Reconsider Prob. 9-27. Using EES (or other) 
software, investigate the effects of the room tem- 
perature and the emissivity of the board on the temperature 
of the hot surface of the board for different orientation sof the 
board. Let the room temperature vary from 5°C to 35°C and 
the emissivity from 0.1 to 1.0. Plot the hot surface temperature 
for different orientations of the board as the functions of the 
room temperature and the emissivity, and discuss the results. 


9-29 A manufacturer makes absorber plates that are . 

kgl? 1.2 m X 0.8 m in size for use in solar collectors. 
The back side of the plate is heavily insulated, while its front 
surface is coated with black chrome, which has an absorptiv- 
ity of 0.87 for solar radiation and an emissivity of 0.09. Con- 
sider such a plate placed horizontally outdoors in calm air at 
25°C. Solar radiation is incident on the plate at a rate of 
700 W/m 2 . Taking the effective sky temperature to be 10°C, 
determine the equilibrium temperature of the absorber plate. 


What would your answer be if the absorber plate is made of 
ordinary aluminum plate that has a solar absorptivity of 0.28 
and an emissivity of 0.07? 

9-30 Repeat Prob. 9-29 for an aluminum plate painted flat 
black (solar absorptivity 0.98 and emissivity 0.98) and also for 
a plate painted white (solar absorptivity 0.26 and emissivity 

0.90). 

9-31 The following experiment is conducted to determine the 
natural convection heat transfer coefficient for a horizontal cylin- 
der that is 80 cm long and 2 cm in diameter. A 80-cm-long resis- 
tance heater is placed along the centerline of the cylinder, and the 
surfaces of the cylinder are polished to minimize the radiation ef- 
fect. The two circular side surfaces of the cylinder are well insu- 
lated. The resistance heater is turned on, and the power 
dissipation is maintained constant at 60 W. If the average surface 
temperature of the cylinder is measured to be 120 C in the 20 C 
room air when steady operation is reached, determine the natural 
convection heat transfer coefficient. If the emissivity of the outer 
surface of the cylinder is 0. 1 and a 5 percent error is acceptable, 
do you think we need to do any correction for the radiation ef- 
fect? Assume the surrounding surfaces to be at 20°C also. 



FIGURE P9-31 


9-32 Thick fluids such as asphalt and waxes and the pipes in 
which they flow are often heated in order to reduce the viscosity 
of the fluids and thus to reduce the pumping costs. Consider the 
flow of such a fluid through a 100-m-Iong pipe of outer diame- 
ter 30 cm in calm ambient air at 0°C. The pipe is heated electri- 
cally, and a thermostat keeps the outer surface temperature of the 
pipe constant at 25°C. The emissivity of the outer surface of the 


Solar radiation 
700 W/m 2 




Absorber plate 
or, = 0.87 
£=0.09 
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pipe is 0.8, and the effective sky temperature is — 30°C. Deter- 
jnine the power rating of the electric resistance heater, in kW, 
that needs to be used. Also, determine the cost of electricity as- 
sociated with heating the pipe during a 10-h period under the 
above conditions if the price of electricity is $0.09/k\Vh. 

Answers: 29.1 kW, $26.2 

9-33 Reconsider Prob, 9-32. To reduce the heating cost of 
the pipe, it is proposed to insulate it with sufficiently thick 
fiberglass insulation (k = 0.035 W/m • °C) wrapped with alu- 
minum foil (e = 0.1) to cut down the heat losses by 85 percent. 
Assuming the pipe temperature to remain constant at 25°C, de- 
termine the thickness of the insulation that needs to be used. 
How much money will the insulation save during this 10-h 
period? Answers: 1.3 cm, $22,3 

9-34 Consider an industrial furnace that resembles a 4-m- 
long horizontal cylindrical enclosure 2.4 m in diameter whose 
end surfaces are well insulated. The furnace bums natural gas 
at a rate of 48 therms/h (1 therm = 105,500 kJ). The combus- 
tion efficiency of the furnace is 82 percent (i.e., 18 percent of 
the chemical energy of the fuel is lost through the flue gases as 
a result of incomplete combustion and the flue gases leaving 
the furnace at high temperature). If the heat loss from the outer 
surfaces of the furnace by natural convection and radiation is 
not to exceed 1 percent of the heat generated inside, determine 
the highest allowable surface temperature of the furnace. As- 
sume the air and wall surface temperature of the room to be 
24°C, and take the emissivity of the outer surface of the fur- 
nace to be 0.85. If the cost of natural gas is $1. 15/therm and the 
furnace operates 2800 h per year, determine the annual cost of 
this heat loss to the plant. 
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9-35 Consider a 1.2-m-high and 2-m-wide glass 
window with a thickness of 6 mm, thermal conductivity 
k — 0.78 W/m • °C, and emissivity e = 0.9. The room and the 
walls that face the window are maintained at 25°C, and the 
average temperature of the inner surface of the window is 
measured to be 5°C. If the temperature of the outdoors is 
— 5°C, determine (a) the convection heat transfer coefficient 
on the inner surface of the window, ( b ) the rate of total heat 
transfer through the window, and (c) the combined natural 
convection and radiation heat transfer coefficient on the outer 



surface of the window. Is it reasonable to neglect the thermal 
resistance of the glass in this case? 



Wall 


Room 

25°C 



Glass 
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FIGURE P9-35 

9-36 A 3-mm-diameter and 12-m-long electric wire is 
tightly wrapped with a 1.5-mm-thick plastic cover whose ther- 
mal conductivity and emissivity are k = 0.20 W/m - °C and 
e = 0.9. Electrical measurements indicate that a current of 
10 A passes through the wire and there is a voltage drop of 7 V 
along the wire. If the insulated wire is exposed to calm atmo- 
spheric air at 7’„ = 30°C, determine the temperature at the 
interface of the wire and the plastic cover in steady operation. 
Take the surrounding surfaces to be at about the same temper- 
ature as the air. 

9-37 During a visit to a plastic sheeting plant, it was ob- 
served that a 60-m-long section of a 2-tn nominal (6.03-cm- 
outer-diameter) steam pipe extended from one end of the plant 
to the other with no insulation on it. The temperature measure- 
ments at several locations revealed that the average tempera- 
ture of the exposed surfaces of the steam pipe was 170°C, 
while the temperature of the surrounding air was 20°C. The 
outer surface of the pipe appeared to be oxidized, and its emis- 
sivity can be taken to be 0.7. Taking the temperature of the sur- 
rounding surfaces to be 20°C also, determine the rate of heat 
loss from the steam pipe. 

Steam is generated in a gas furnace that has an efficiency of 
78 percent, and the plant pays $1.10 per therm (1 therm 
= 105,500 kJ) of natural gas. The plant operates 24 h a day 365 
days a year, and thus 8760 h a year. Determine the annual cost 
of the heat losses from the steam pipe for this facility. 




9-38 Reconsider Prob. 9-37- Using EES (or other) soft- 


j^sl ware, investigate the effect of the surface temper- 
ature of the steam pipe on the rate of heat loss from the pipe 
and the annual cost of this heat loss. Let the surface tempera- 
ture vary from 100°C to 200°C, Plot the rate of heat loss and 
the annual cost as a function of the surface temperature, and 
Hisrms thf* results. 


9-39 Reconsider Prob. 9-37. In order to reduce beat losses, it 
is proposed to insulate the steam pipe with 5-cm-thick fiber- 
glass insulation (k = 0.038 W/m ■ C) and to wrap it with alu- 
minum foil (e = 0. 1) in order to minimize the radiation losses. 
Also, an estimate is obtained from a local insulation contractor, 
who proposed to do the insulation job for $750, including ma- 
terials and labor. Would you support this proposal? How long 
will it take for the insulation to pay for itself from the energy it 
saves? Assume the temperature of the steam pipe to remain 

constant at 170°C. 

9-40 A 50-cm X 50-cm circuit board that contains 121 
square chips on one side is to be cooled by combined natural 
convection and radiation by mounting it on a vertical surface in 
a room at 25°C. Each chip dissipates 0. 1 8 W of power, and the 
emissivity of the chip surfaces is 0.7. Assuming the heat trans- 
fer from the back side of the circuit board to be negligible, and 
the temperature of the surrounding surfaces to be the same as 
the air temperature of the room, determine the surface temper- 
ature of the chips. Answer: 36.2°C 

9-41 Repeat Prob. 9^10 assuming the circuit board to be po- 
sitioned horizontally with («) chips facing up and (b) chips fac- 
ing down. 

9_42 /T&, The side surfaces of a 2-m-high cubic industrial 

furnace burning natural gas are not insulated, and 
the temperature at the outer surface of this section is measured 
to be 1 10°C. The temperature of the fttmace room, including its 
surfaces, is 30°C, and the emissivity of the outer surface of the 
furnace is 0.7. It is proposed that this section of the furnace wall 
be insulated with glass wool insulation (k = 0.038 W/m ■ °C) 
wrapped by a reflective sheet (e - 0.2) in order to reduce the 


Hot 

gases 
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heat loss by 90 percent. Assuming the outer surface temperature 
of the metal section still remains at about 1 10°C, determine the 
thickness of the insulation that needs to be used. 

The furnace operates continuously throughout the year and 
has an efficiency of 78 percent. The price of the natural gas is 
$0.55/therm (1 therm = 105,500 kJ of energy content). If the 
installation of the insulation will cost $550 for materials and la- 
bor, determine how long It will take for the insulation to pay for 
itself from the energy it saves. 

9-43 A 1,5-m-diameter, 4-m-long cylindrical propane tank is 
initially filled with liquid propane, whose density is 581 kg/m 3 . 
The tank is exposed to the ambient air at 25°C in calm weather. 
The outer surface of the tank is polished so that the radiation 
heat transfer is negligible. Now a crack develops at the top of 
the tank, and the pressure inside drops to 1 atm while the tem- 
perature drops to — 42°C, which is the boiling temperature of 
propane at 1 atm. The heat of vaporization of propane at 1 atm 
is 425 kJ/kg. The propane is slowly vaporized as a result of the 
heat transfer from the ambient air into the tank, and the 
propane vapor escapes the tank at -42°C through the crack. 
Assuming the propane tank to be at about the same temperature 
as the propane inside at alt times, determine how long it will 
take for the tank to empty if it is not insulated. 

Propane 

vapor 
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9_44 An average person generates heat at a rate of 70 W 
while resting in a room at 20°C. Assuming one-quarter of this 
heat is lost from the head and taking the emissivity of the skin 
to be 0.9, determine the average surface temperature of the head 
when it is not covered. The head can be approximated as a 
30-cm-diameter sphere, and the interior surfaces of the room 
can be assumed to be at the room temperature. 

9-45 An incandescent lightbulb is an inexpensive but highly 
inefficient device that converts electrical energy into light. It 
converts about 10 percent of the electrical energy it consumes 
into light while converting the remaining 90 percent into heat. 
The glass bulb of the lamp heats up very quickly as a result of 
absorbing all that heat and dissipating it to the surroundings by 
convection and radiation. Consider an 8-cm-diameter 60-W 
lightbulb in a room at 25°C. The emissivity of the glass is 
0.9. Assuming that 10 percent of the energy passes through the 
glass bulb as light with negligible absorption and the rest of 
the energy is absorbed and dissipated by the bulb itself by nat- 
ural convection and radiation, determine the equilibrium 


temperature of the glass bulb. Assume the interior surfaces of 
the room to be at room temperature. Answer; 169°C 



9_46 A 40-cm-diameter, 110-cm-high cylindrical hot-water 
tank is located in the bathroom of a house maintained at 20°C. 
The surface temperature of the tank is measured to be 44°C and 
its emissivity is 0.4. Taking the surrounding surface tempera- 
ture to be also 20°C, determine the rate of heat loss from all 
surfaces of the tank by natural convection and radiation. 

9-47 A 28-cm-high, 18-cm-long, and 18-cm-wide rectangu- 
lar container suspended in a room at 24°C is initially filled with 
cold water at 2°C. The surface temperature of the container is 
observed to be nearly the same as the water temperature inside. 
The emissivity of the container surface is 0.6, and the temper- 
ature of the surrounding surfaces is about the same as the air 
temperature. Determine the water temperature in the container 
after 3 h, and the average rate of heat transfer to the water. As- 
sume the heat transfer coefficient on the top and bottom sur- 
faces to be the same as that on the side surfaces. 

Reconsider Prob. 9-47. Using EES (or other) soft- 
ware, plot the water temperature in the container 
as a function of the heating time as the time varies from 30 min 
to 10 h, and discuss the results. '' 

9-49 A room is to be heated by a coal-burning stove, which 
is a cylindrical cavity with an outer diameter of 32 cm and a 
height of 70 cm. The rate of heat loss from the room Is esti- 
mated to be 1,5 kW when the air temperature in the room is 
maintained constant at 24°C. The emissivity of the stove sur- 
face is 0.85 and the average temperature of the surrounding 
wall surfaces is 14°C. Determine the surface temperature of the 
stove. Neglect the transfer from the bottom surface and take the 
heat transfer coefficient at the top surface to be the same as that 
on the side surface. 

The heating value of the coal is 30,000 kJ/kg, and the com- 
bustion efficiency is 65 percent. Determine the amount of coal 
burned a day if the stove operates 14 h a day. 

9-50 The water in a 40-L tank is to be heated from 15°C to 
45°C by a 6-cm-diameter spherical heater whose surface tem- 
perature is maintained at 85°C. Determine how long the heater 
should be kept on. 


9-48 


#2 




Natural Convection from Finned Surfaces and PCBs 

9-51C Why are finned surfaces frequently used in practice? 
Why are the finned surfaces referred to as heat sinks in the 
electronics industry? 

9-52C Why are heat sinks with closely packed fins not suit- 
able for natural convection heat transfer, although they increase 
the heat transfer surface area more? 

9-53 C Consider a heat sink with optimum fin spacing. Ex- 
plain how heat transfer from this heat sink will be affected by 
(a) removing some of the fins on the heat sink and ( b ) doubling 
the number of fins on the heat sink by reducing the fin spacing. 
The base area of the heat sink remains unchanged at all times. 

9-54 Aluminum heat sinks of rectangular profile are com- 
monly used to cool electronic components. Consider a 
7.62-cm-long and 9.68-cm-wide commercially available heat 
sink whose cross section and dimensions are as shown in Fig. 
P9-54. The heat sink is oriented vertically and is used to cool a 
power transistor that can dissipate up to 125 W of power. The 
back surface of the heat sink is insulated. The surfaces of the 
heat sink are untreated, and thus they have a low emissivity 
(under 0.1). Therefore, radiation heat transfer from the heat 
sink can be neglected. During an experiment conducted in 
room air at 22°C, the base temperature of the heat sink was 
measured to be 120°C when the power dissipation of the tran- 
sistor was 15 W. Assuming the entire heat sink to be at the base 
temperature, determine the average natural convection heat 
transfer coefficient for this case. Answer: 7.13 W/m 2 - C C 



.52 cm 
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FIGURE P9-54 


9-55 Reconsider the heat sink in Prob. 9-54. In order to en- 
hance heat transfer, a shroud (a thin rectangular metal plate) 
whose surface area is equal to the base area of the heat sink is 



7.62 

cm 
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placed very close to the dps of the fins such that the interfin 
spaces are converted into rectangular channels. The base tem- 
perature of the heat sink in this case was measured to be 108 C. 
Noting that the shroud loses heat to the ambient air from both 
sides, determine the average natural convection heat transfer 
coefficient in this shrouded case. (For complete details, see 
£engel and Zing.) 


9-56 A 15-cm-wide and 18-cm-high vertical hot surface in 
25°C air is to be cooled by a heat sink with equally spaced fins 
of rectangular profile. The fins are 0,1 cm thick and 18 cm long 
in the vertical direction. Determine the optimum fin height and 
the rate of heat transfer by natural convection from the heat 
sink if the base temperature is 85°C. 

The criteria fo r optimu m fin height H in the literature is 

given by H = V/i AJpk. Take the thermal conductivity of fin 
material to be 177 W/m • °C 

Natural Convection inside Enclosures 

9-57C The upper and lower compartments of a well- 
insulated container are separated by two parallel sheets of glass 
with an air space between them. One of the compartments is to 
be filled with a hot fluid and the other with a cold fluid. If it is 
desired that heat transfer between the two compartments 
be minimal, would you recommend putting the hot fluid into 
the upper or the lower compartment of the container? Why? 


9-58 C Someone claims that the air space in a double-pane 
window enhances the heat transfer from a house because of 
the natural convection currents that occur in the air space and 
recommends that the double-pane window be replaced by a 
single sheet of glass whose thickness is equal to the sum of the 
thicknesses of the two glasses of the double-pane window to 
save energy. Do you agree with this claim? 


9-59C Consider a double-pane window consisting of two 
glass sheets separated by a 1-cm-wide air space. Someone sug- 
gests inserting a thin vinyl sheet in the middle of the two 
glasses to form two 0,5 -cm- wide compartments in the window 
in order to reduce natural convection heat transfer through the 
window. From a heat transfer point of view, would you be in 
favor of this idea to reduce heat losses through the window? 


9-60C What does the effective conductivity of an enclosure 
represent? How is the ratio of the effective conductivity to ther- 
mal conductivity related to the Nusselt number? 


9-61 Show that the thermal resistance of a rectangular enclo- 
sure can be expressed as R = LJ{Ak Nu), where k is the ther- 
mal conductivity of the fluid in the enclosure. 

9-62 Determine the [/-factors for the center-of-glass section 
of a double-pane window and a triple-pane window. The heat 
transfer coefficients on the inside and outside surfaces are 
6 and 25 W/m 1 * °C, respectively. The thickness of the air layer 
is 1.5 cm and there are two such air layers in triple-pane win- 
dow. The Nusselt number across an air layer is estimated to be 
1 .2. Take the thermal conductivity of air to be 0.025 W/m ■ °C 
and neglect the thermal resistance of glass sheets. Also, assume 
that the effect of radiation through the air space is of the same 
magnitude as the convection. 

Considering that about 70 percent of total heat transfer 
through a window is due to center-of-glass section, estimate 
the percentage decrease in total heat transfer when triple-pane 
window is used in place of double-pane window. 

9-63 A vertical 1.5-m-high and 3.0-m-wide enclosure con- 
sists of two surfaces separated by a 0.4-m air gap at atmos- 
pheric pressure. If the surface temperatures across the air gap 
are measured to be 280 K and 336 K and the surface emissivi- 
des to be 0.15 and 0.90, determine the fraction of heat trans- 
ferred through the enclosure by radiation. Answer: 0.30 

9-64 A vertical 1.2-m-high and 1.8-m-wide double-pane 
window consists of two sheets of glass separated by a 2.5-cm 
air gap at atmospheric pressure. If the glass surface tempera- 
tures across the air gap are measured to be 18°C and 4°C, de- 
termine the rate of heat transfer through the window by (a) 
natural convection and (b) radiation. Also, determine the 15- 
value of insulation of this window such that multiplying the in- 
verse of the 15-value by the surface area and the temperature 
difference gives the total rate of heat transfer through the win- 
dow. The effective emissivity for use in radiation calculations 
between two large parallel glass plates can be taken to be 0.82. 



4-65 EflS! Reconsider Prob. 9-64. Using EES (or other) soft- 
^ ware, investigate the effect of the air gap thickness 

the rates of heat transfer by natural convection and radiation, 
° n £i (jy, R-valm of insulation. Let the air gap thickness vary 
j 1 " q 5 cm to 5 cm. Plot the rates of heat transfer by natural 
convection and radiation, and the fl-value of insulation as a 
function of the air gap thickness, and discuss the results. 

<ju 66 Two concentric spheres of diameters 15 cm and 25 cm 
m separated by air at 1 atm pressure. The surface temperatures 
of the two spheres enclosing the air are = 350 K and T 2 = 
275 K, respectively. Determine the rate of heat transfer from 
the inner sphere to the outer sphere by natural convection. 

9-67 E53 P- econs ider Prob. 9-66. Using EES (or other) soft- 


hgM W are, plot the rate of natural convection heat 
transfer as a function of the hot surface temperature of the' 
sphere as the temperature varies from 300 K to 500 K, and dis- 
cuss the results. 


9_68 Flat-plate solar collectors are often tilted up toward the 
sun in order to intercept a greater amount of direct solar radia- 
tion. The tilt angle from the horizontal also affects the rate of 
heat loss from the collector. Consider a 1.5-m-hlgh and 3-m- 
wide solar collector that is tilted at an angle 8 from the 
horizontal. The back side of the absorber is heavily insulated. 
The absorber plate and the glass cover, which are spaced 
2.5 cm from each other, are maintained at temperatures of 80°C 
and 40°C, respectively. Determine the rate of heat loss from the 
absorber plate by natural convection for 8 = 0°, 30°, and 90°. 



FIGURE P9-68 


9-69 A simple solar collector is built by placing a 5-cm- 
diameter clear plastic tube around a garden hose whose outer 
diameter is 1 .6 cm. The hose is painted black to maximize solar 
absorption, and some plastic rings are used to keep the spacing 
between the hose and the clear plastic cover constant. During a 
clear day, the temperature of the hose is measured to be 65°C, 
while the ambient air temperature is 26°C. Determine the rate 
of heat loss from the water in the hose per meter of its length 
by natural convection. Also, discuss how the performance of 
this solar collector can be improved. Answer: 8.2 W 
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9-70 


m 


Reconsider Prob. 9-69. Using EES (or other) soft- 
ware, plot the rate of heat loss from the water by 


natural convection as a function of the ambient air temperature 
as the temperature varies from 4°C to 40 D C, and discuss the 
results. 


9-71 A vertical 1.3-m-high, 2,8-m-wide double-pane window 
consists of two layers of glass separated by a 2 . 2 -cm air gap at 
atmospheric pressure. The room temperature is 26°C while the 
inner glass temperature is 18°C. Disregarding radiation heat 
transfer, determine the temperature of the outer glass layer and 
the rate of heat loss through the window by natural convection. 

9-72 Consider two concentric horizontal cylinders of diame- 
ters 55 cm and 65 cm, and length 125 cm. The surfaces of the 
inner and outer cylinders are maintained at 54°C and 106°C, re- 
spectively. Determine the rate of heat transfer between the 
cylinders by natural convection if the annular space is filled 
with (a) water and (b) air. 


Combined Natural and Forced Convection 

9-73C When is natural convection negligible and when is it 
not negligible in forced convection heat transfer? 

9_74C Under what conditions does natural convection en- 
hance forced convection, and under what conditions does it 
hurt forced convection? 

9-75C When neither natural nor forced convection is negli- 
gible, is it correct to calculate each independently and add them 
to determine the total convection heat transfer? 

9-76 Consider a 5-m-long vertical plate at 85°C in air at 
30°C. Determine the forced motion velocity above which nat- 
ural convection heat transfer from this plate is negligible. 
Answer: 9.04 m/s 

9-77 Reconsider Prob. 9-76. Using EES (or other) soft- 
uSSfei ware, plot the forced morion velocity above which 
natural convection heat transfer is negligible as a function of the 
plate temperature as the temperature varies from 50°C to 150 o C, 
and discuss the results. 

9-78 Consider a 5-m-long vertical plate at 60°C in water at 
25°C. Determine the forced motion velocity above which nat- 
ural convection heat transfer from this plate is negligible. 


1 



9-79 In a production facility, thin square plates 2 in X 2 m in 
size coming out of the oven at 270°C are cooled by blowing 
ambient air at 18°C horizontally parallel to their surfaces. 
Determine the air velocity above which the natural convection 
effects on heat transfer are less than 10 percent and thus are 

negligible. 



270°C 

FIGURE P9-79 


9-80 A 12-cm-high and 20-cm-wide circuit board houses 
100 closely spaced logic chips on its surface, each dissipating 
0.05 W. The board is cooled by a fan that blows air over the hot 
surface of the board at 35°C at a velocity of 0.5 m/s. The heat 
transfer from the back surface of the board is negligible. Deter- 
mine the average temperature on the surface of the circuit 
board assuming the air flows vertically upward along the 
12-cm-Iong side by (a) ignoring natural convection and 
( b ) considering the contribution of natural convection. Disre- 
gard any heat transfer by radiation. 


Special Topic: Heat Transfer through Windows 

9-81C Why are the windows considered in three regions 
when analyzing heat transfer through them? Name those re- 
gions and explain how the overall //-value of the window is de- 
termined when the heat transfer coefficients for all' three 
regions are known. 

9_82 C Consider three similar double-pane windows with air 
gap widths of 5, 10, and 20 mm. For which case will the heat 
transfer through the window will be a minimum? 

9-83 C In an ordinary double- pane window, about half of the 
heat transfer is by radiation. Describe a practical way of reduc- 
ing the radiation component of heat transfer. 

9-84C Consider a double-pane window whose air space 
width is 20 mm. Now a thin polyester Film is used to divide the 
air space into two 10-mm-wide layers. How will the film affect 
(a) convection and (b) radiation heat transfer through the 
window? 

9-85C Consider a double-pane window whose air space is 
flashed and filled with argon gas. How will replacing the air in 
the gap by argon affect («) convection and (b) radiation heat 
transfer through the window? 


9-86C Is the heat transfer rate through the glazing of a dou- 
ble-pane window higher at the center or edge section of the 
glass area? Explain. 

9-87C How do the relative magnitudes of //-factors of win- 
dows with aluminum, wood, and vinyl frames compare? As- 
sume the windows are identical except for the frames. 

9-88 Determine the //-factor for the center-of-glass section 
of a double-pane window with a 13-mm air space for winter 
design conditions- The glazings are made of clear glass having 
an emissivity of 0.84. Take the average air space temperature at 
design conditions to be 10°C and the temperature difference 
across the air space to be 15°C. 

9-89 A double-door wood-framed window with glass glaz- 
ing and metal spacers is being considered for an opening that is 
1.2 m high and 1.8 m wide in the wall of a house maintained at 
20°C. Determine the rate of heat loss through the window and 
the inner surface temperature of the window glass facing the 
room when the outdoor air temperature is — S°C if the window 
is selected to be (a) 3-mm single glazing, (b) double glazing 
with an air space of 13 mm, and (c) low-e-coated triple glazing 
with an air space of 13 mm. 


Double-door 

window Wood frame 



9-90 Determine the overall //-factor for a double-door-type 
wood-framed double-pane window with 13-mm air space and 
metal spacers, and compare your result to the value listed in 
Table 9-6. The overall dimensions of the window are 2.00 m X 
2.40 m, and the dimensions of each glazing are 1.92 m X 
1.14 m. 

9-91 Consider a house in Atlanta, Georgia, that is maintained 
at 22°C and has a total of 14 m 2 of window area. The windows 
are double-door-type with wood frames and metal spacers. The 
glazing consists of two layers of glass with 12.7 mm of air 
space with one of the inner surfaces coated with reflective film. 
The winter average temperature of Atlanta is 11.3°C. Determine 
the average rate of heat loss through the windows in winter. 
Answer: 319 W 

9-92 Consider an ordinary house with R- 2.3 walls (walls that 
have an //-value of 2.3 m 2 • °CAV). Compare this to the //-value 


0 f the common double-door windows that are double pane with 
6 4 mm of air space and have aluminum frames. If the windows 
occupy only 20 percent of the wall area, determine if more heat 
js lost through the windows or through the remaining 80 per- 
cent of die wall area. Disregard infiltration losses. 

9-93 The overall f/- factor of a fixed wood- framed window 
with double glazing is given by the manufacturer to be U = 
2.76 W/m 2 • °C under the conditions of still air inside and 
winds of 12 km/h outside. What will the f/-factor be when the 
wind velocity outside is doubled? Answer: 2.88 W/m 2 • °C 

9-94 The owner of an older house in Wichita, Kansas, is con- 
sidering replacing the existing double-door type wood-framed 
single-pane windows with vinyl-framed double-pane windows 
with an air space of 6.4 mm. The new windows are of double- 
door type with metal spacers. The house is maintained at S2°C 
at all times, but heating is needed only when the outdoor tem- 
perature drops below 18°C because of the internal heat gain 
from people, lights, appliances, and the sun. The average win- 
ter temperature of Wichita is 7.1°C, and the house is heated by 
electric resistance heaters. If the unit cost of electricity is 
$0.085/kWh and the total window area of the house is 17 m 2 , 
determine how much money the new windows will save the 
home owner per month in winter. 


Single pane 



Double pane 
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Review Problems 

9-95 A 10-cm-diameter and 10-m-Iong cylinder with a sur- 
face temperature of 10°C is placed horizontally in air at 40°C. 
Calculate the steady rate of heat transfer for the cases of 

(a) free-stream air velocity of 10 m/s due to normal winds and 

(b) no winds and thus a free stream velocity of zero. 


9-96 A spherical vessel, with 30.0-cm outside diameter, is 
used as a reactor for a slow endothermic reaction. The vessel is 
completely submerged in a large water-filled tank, held at a 
constant temperature of 30°C. The outside surface temperature 
of the vessel is 20°C. Calculate the rate of heat transfer in 
steady operation for the following cases: (n) the water in the 
tank is still, ( b ) the water in the tank is still (as in a part a), 
however, the buoyancy force caused by the difference in water 
density is assumed to be negligible, and (c) the water in the 
tank is circulated at an average velocity of 20 cm/s. 

9-97 A vertical cylindrical pressure vessel is 1.0 m in diam- 
eter and 3.0 m in height. Its outside average wall temperature is 
60°C, while the surrounding air is at 0°C. Calculate the rate of 
heat loss from the vessel’s cylindrical surface when there is 
(o) no wind and (b) a crosswind of 20 km/h. 

9-98 Consider a solid sphere, 50 cm in diameter embedded 
with electrical heating elements such that its surface temperature 
is always maintained constant at 60°C. The sphere is placed in a 
large pool of oil held at a constant temperature of 20°C. Using 
the oil properties tabulated below, calculate the rate of heat trans- 
fer in steady operation for each of the following scenarios. 

(«) Heat flow in the oil is assumed to occur only by 
conduction. 

(, b ) The oil is circulated across the sphere at an average 
velocity of 1.50 m/s. 

(c) The pump causing the oil circulation in part (b) has bro- 
ken down. 


t;°c 

k, W/m • K 

p, kg/m 3 

c p , J/kg • K 

fi, mPa * s 

ft K“ l 

20.0 

0.22 

888.0 

1880 

10.0 

0.00070 

40.0 

0.21 

876.0 

1965 

7.0 

0.00070 

60.0 

0.20 

864.0 

2050 

4.0 

0.00070 


9-99 An ice chest whose outer dimensions are 30 cm X 
40 cm X 40 cm is made of 3-cm-thick Styrofoam 
(k = 0.033 W/m * °C). Initially, the chest is filled with 30 kg 
of ice at 0°C, and the inner surface temperature of the ice 
chest can be taken to be 0°C at all times. The heat of fusion of 
water at 0°C is 333.7 kJ/kg, and the surrounding ambient air 
is at 20°C. Disregarding any heat transfer from the 40 cm X 
40 cm base of the ice chest, determine how long it will take 
for the ice in the chest to melt completely if the ice chest is 
subjected to (a) calm air and ( b ) winds at 50 km/h. Assume 
the heat transfer coefficient on the front, back, and top sur- 
faces to be the same as that on the side surfaces. 




9-100 An electronic box that consumes 200 W of power is 
cooled by a fan blowing air into the box enclosure. The dimen- 
sions of the electronic box are 15 cm X 50 cm X 50 cm, and all 
surfaces of the box are exposed to the ambient except the base 
surface. Temperature measurements indicate that the box is at 
an average temperature of 32°C when the ambient temperature 
and the temperature of the surrounding walls are 25 C. If the 
emissivity of the outer surface of the box is 0.75, determine the 
fraction of the heat lost from the outer surfaces of the elec- 
tronic box. 



FIGURE P9-100 


9-101 A 6-m-intemal-diameter spherical tank made of 1 ,5-cm- 
thick stainless steel (k = 15 W/m • °C) is used to store iced water 
at 0°C in a room at 20°C. The walls of the room are also at 20°C. 
The outer surface of the tank is black (emissivity s = 1), and heat 
transfer between the outer surface of the tank and the surround- 
ings is by natural convection and radiation. Assuming the entire 
steel tank to be at 0°C and thus the thermal resistance of the tank 
to be negligible, determine («) the rate of heat transfer to the iced 
water in the tank and (&) the amount of ice at 0°C that melts 
during a 24-h period. The heat of fusion of water is 333.7 kJ/kg 
Answers: (a) 15.4 kW, (b) 3988 kg 


9-102 Consider a 1.2-m-high and 2-m-wide double-pane 
window consisting of two 3-mm- thick layers of glass 
(k = 0.78 W/m * °C) separated by a 3-cm-wide air space. 
Determine the steady rate of heat transfer through this win- 
dow and the temperature of its inner surface for a day during 
which the room is maintained at 20°C while the tempera- 
ture of the outdoors is 0°C. Take the heat transfer coeffi- 
cients on the inner and outer surfaces of the window to be 
= 10 W/m 2 * °C and h 2 = 25 W/m 2 * °C and disregard any 
heat transfer by radiation. 


9-103 An electric resistance space heater is designed such 
that it resembles a rectangular box 50 cm high, 80 cm long, and 
15 cm wide filled with 45 kg of oil. The heater is to be placed 
against a wall, and thus heat transfer from its back surface is 
negligible. The surface temperature of the heater is not to 


exceed 75°C in a room at 25°C for safety considerations. Dis- 
regarding heat transfer from the bottom and top surfaces of 
the heater in anticipation that the top surface will be used as a 
shelf, determine the power rating of the heater in W. Take the 
emissivity of the outer surface of the heater to be 0.8 and 
the average temperature of the ceiling and wall surfaces to be 
the same as the room air temperature. 

Also, determine how long it will take for the heater to reach 
steady operation when it is first turned on (i.e., for the oil tem- 
perature to rise from 25°C to 75°C). State your assumptions in 
the calculations. 



9-104 Skylights or “roof windows” are commonly used in 
homes and manufacturing facilities since they let natural light 
in during day time and thus reduce the lighting costs. 
However, they offer little resistance to heat transfer, and 
large amounts of energy are lost through them in winter un- 
less they are equipped with a motorized insulating cover that 
can be used in cold weather and at nights to reduce heat 
losses. Consider a 1-m-wide and 2.5-m-long horizontal 
skylight on the roof of a house that is kept at 20°C. The glaz- 
ing of the skylight is made of a single layer of 0.5-cm-thick 
glass ( k = 0.78 W/m • °C and s = 0.9). Determine the rate of 


r £ky =-30°C 
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heat loss through the skylight when the air temperature out- 
side is — 10°C and the effective sky temperature is — 30°C. 
Compare your result with the rate of heat loss through an 
equivalent surface area of the roof that has a common R-5.34 
construction in SI units (Le., a thickness -to -effective-thermal- 
conductivity ratio of 5.34 m 2 • °CAV). 

9—105 A solar collector consists of a horizontal copper tube of 
outer diameter 5 cm enclosed in a concentric thin glass tube of 
9 cm diameter. Water is heated as it flows through the tube, and 
the annular space between the copper and glass tube is filled 
with air at 1 atm pressure. During a clear day, the temperatures 
of the tube surface and the glass cover are measured to be 60°C 
and 32°C, respectively. Determine the rate of heat loss from the 
collector by natural convection per meter length of the tube. 
Answer: 17.4 W 





9-106 A solar collector consists of a horizontal aluminum 
tube of outer diameter 5 cm enclosed in a concentric thin 
glass tube of 7 cm diameter. Water is heated as it flows 
through the aluminum tube, and the annular space between 
the aluminum and glass tubes is filled with air at 1 atm pres- 
sure. The puiljtp circulating the water fails during a clear day, 
and the water temperature in the tube starts rising. The alu- 
minum tube Absorbs solar radiation at a rate of 20 W per me- 
ter length, and the temperature of the ambient air outside is 
30°C. Approximating the surfaces of the tube and the glass 
cover ns being black (emissivity e — 1) in radiation cal- 
culations and taking the effective sky temperature to be 20°C, 
determine the temperature of the aluminum tube when equi- 
librium is established (i.e., when the net heat loss from the 
tube by convection and radiation equals the amount of solar 
energy absorbed by the tube). 

9-107 The components of an electronic system dissipating 
180 W are located m a 1.2-m-long horizontal duct whose cross 
section is 15 cm X 15 cm. The components in the duct are 
cooled by forced air, which enters at 30°C at a rate of 
0.62 m 3 /min and leaves at 38°C. The surfaces of the sheet 
metal duct are not painted, and thus radiation heat transfer from 
the outer surfaces is negligible. If the ambient air temperature 
is 27°C, determine (n) the heat transfer from the outer surfaces 
of the duct to the ambient air by natural convection and ( b ) the 
average temperature of the duct. 
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9-108 Repeat Prob. 9-107 for a circular horizontal duct of 
diameter 10 cm, 

9-109 Repeat Prob. 9-107 assuming the fan fails and thus 
the entire heat generated inside the duct must be rejected to the 
ambient air by natural convection through the outer surfaces of 
the duct. 

9-110 Consider a cold aluminum canned drink that is ini- 
tially at a uniform temperature of 5°C. The can is 12.5 cm high 
and has a diameter of 6 cm. The emissivity of the outer surface 
of the can is 0.6. Disregarding any heat transfer from the bot- 
tom surface of the can, determine how long it will take for the 
average temperature of the drink to rise to 7°C if the surround- 
ing air and surfaces are at 25°C. Answer: 12. 1 min 

9-111 Consider a 2-m-high electric hot-water heater that has 
a diameter of 40 cm and maintains the hot water at 60°C. The 
tank is located in a small room at 20°C whose walls and the 
ceiling are at about the same temperature. The tank is placed in 
a 44-cm-diameter sheet metal shell of negligible thickness, and 
the space between the tank and the shell is filled with foam in- 
sulation. The average temperature and emissivity of the outer 
surface of the shell are 40°C and 0.7, respectively. The price of 
electricity is $0.08/kWh. Hot-water tank insulation kits large 




enough to wrap the entire tank are available on the market for 
about $60. If such an insulation is installed on this water tank 
by the home owner himself, how long will it take for this addi- 
tional insulation to pay for itself? Disregard any heat loss from 
the top and bottom surfaces, and assume the insulation to re- 
duce the heat losses by 80 percent. 

9-112 During a plant visit, it was observed that a 1.5-m-high 
and I-m-wide section of the vertical front section of a natural 
gas furnace wall was too hot to touch. The temperature mea- 
surements on the surface revealed that the average temperature 
of the exposed hot surface was 1 10°C, while the temperature 
of the surrounding air was 25°C. The surface appeared to be 
oxidized, and its emissivity can be taken to be 0.7. Taking the 
temperature of the surrounding surfaces to be 25 C also, deter- 
mine the rate of heat loss from this furnace. 
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The furnace has an efficiency of 79 percent, and the plant 
pays $1.20 per therm of natural gas. If the plant operates 10 h a 
day, 310 days a year, and thus 3100 h a year, determine the an- 
nual cost of the heat loss from this vertical hot surface on the 
front section of the furnace wall. 

9-113 A group of 25 power transistors, dissipating 1.5 W 
each, are to be cooled by attaching them to a black-anodized 


Btack-anodi2ed 

aluminum 
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square aluminum plate and mounting the plate on the wall of a 
room at 30°C. The emissivity of the transistor and the plate sur- 
faces is 0.9. Assuming the heat transfer from the back side of 
the plate to be negligible and the temperature of the surrounding 
surfaces to be the same as the air temperature of the room, 
determine the size of the plate if the average surface temperature 
of the plate is not to exceed 50°C. Answer: 43 cm x 43 cm 

9-114 Repeat Prob. 9-1 13 assuming the plate to be posi- 
tioned horizontally with (a) transistors facing up and (b) tran- 
sistors facing down. 

9-115 Hot water is flowing at an average velocity of 1 .2 m/s 
through a cast iron pipe (k = 52 W/m ■ °C) whose inner and 
outer diameters are 2.5 cm and 3 cm, respectively. The pipe 
passes through a 15-m-Iong section of a basement whose tem- 
perature is 15°C. The emissivity of the outer surface of the pipe 
is 0.5, and the walls of the basement are also at about 15°C. If 
the inlet temperature of the water is 65°C and the heat transfer 
coefficient on the inner surface of the pipe is 170 W/m 2 ■ °C, 
determine the temperature drop of water as it passes through 

the basement. 

9-116 Consider a fiat-plate solar collector placed horizon- 
tally on the flat roof of a house. The collector is 1.5 m wide 
and 6 m long, and the average temperature of the exposed sur- 
face of the collector is 42°C. Determine the rate of heat loss 
from the collector by natural convection during a calm day 
when the ambient air temperature is 8°C. Also, determine the 
heat loss by radiation by taking the emissivity of the collector 
surface to be 0.9 and the effective sky temperature to be 
- 15°C. Answers: 1750 W, 2490 W 

9-117 Solar radiation is incident on the glass cover of a solar 
collector at a rate of 650 W/m 2 . The glass transmits 88 percent 
of the incident radiation and has an emissivity of 0.90. The hot 
water needs of a family in summer can be met completely by a 
collector 1 .5 m high and 2 m wide, and tilted 40° from the hor- 
izontal. The temperature of the glass cover is measured to be 
40°C on a calm day when the surrounding air temperature is 
20°C. The effective sky temperature for radiation exchange 
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j^tween the glass cover and the open sky is —40°C. Water en- 
ters the tubes attached to the absorber plate at a rate of 
1 fcg/min* Assuming the back surface of the absorber plate to 
heavily insulated and the only heat loss occurs through 
the “lass cover, determine (a) the total rate of heat loss from the 
collector; ( b ) the collector efficiency, which is the ratio of the 
amount of heat transferred to the water to the solar energy 
incident on the collector; and (c) the temperature rise of water 
as it flows through the collector. 


Fundamentals of Engineering (FE) Exam Problems 

9-118 Consider a hot, boiled egg in a spacecraft that is filled 
with air at atmospheric pressure and temperature at all times. 
Disregarding any radiation effect, will the egg cool faster or 
slower when the spacecraft is in space instead of on the 
ground? 

(a) faster (b) no difference (c) slower 
(d) insufficient information 

9-119 A hot object suspended by a string is to be cooled by 
natural convection in fluids whose volume changes differently 
with temperature at constant pressure. In which fluid will the 
rate of cooling be lowest? With increasing temperature, a fluid 
whose volume (a) increases a lot, ( b ) increases slightly, (c) does 
not change, {d) decreases slightly, or (e) decreases a lot. 


9-120 The primary driving force for natural convection is 
(a) shear stress forces ( b ) buoyancy forces 

<c) pressure forces (d) surface tension forces 
(e) none of them 

9-121 A spherical block of dry ice at — 79°C is exposed to at- 
mospheric am at 30°C. The general direction in which the air 
moves in this situation is 
(a) horizontal (b) up (c) down y 

(d) recirculation around the sphere 

(e) no motion 

n 

9- 122 Consider a horizontal 0.7-m-wide and 0.85-m-long 
plate in a room at 30°C. Top side of the plate is insulated while 
the bottom side is maintained at 0°C. The rate of heat transfer 
from the room air to the plate by natural convection is 

(a) 36.8 W ( b ) 43.7 W (c) 128.5 W 

(d) 92.7 W (e) 69.7 W 

{For air, use k = 0.02476 W/m • °C, Pr = 0.7323, v = 1.470 X 

10 - 5 m 2 /s) 


(For air, use k = 0.02588 W/m * °C, Pr = 0.7282, v = 1.608 X 
10~ 5 m 2 /s) 

r s 

* 

9-124 A 4-m-diameter spherical tank contains iced water at 
0°C. The tank is thin-shelled and thus its outer surface temper- 
ature may be assumed to be same as the temperature of the iced 
water inside. Now the tank is placed in a large lake at 20°C. 
The rate at which the ice melts is 

00 0.42 kg/s (b) 0.58 kg/s (c) 0.70 kg/s 
(d) 0.83 kg/s (e) 0.98 kg/s 

(For lake water, use k = 0.580 W/m • °C, Pr = 9.45, v = 
0.1307 X 10“ 3 m 2 /s, ft = 0.138 X 10" 3 K” 1 ) 

9-125 A 4-m-Iong section of a 5-cm-diameter horizontal pipe 
in which a refrigerant flows passes through a room at 20°C. The 
pipe is not well Insulated and the outer surface temperature of 
the pipe is observed to be ~-I0°C. The emissivity of the pipe 
surface is 0.85 and the surrounding surfaces are at 15°C. The 
fraction of heat transferred to the pipe by radiation is 

(«) 0.24 (b) 0.30 (c) 0.37 

(d) 0.48 (e) 0.58 

(For air, use k = 0.02401 W/m ■ °C, Pr = 0.735, v = 
1.382 X 10“ 5 m 2 /s) 

9- 126 A vertical 0.9-m-high and 1.8-m-wide double-pane 
window consists of two sheets of glass separated by a 2.2-cm 
air gap at atmospheric pressure. If the glass surface tempera- 
tures across the air gap are measured to be 20°C and 30°C, the 
rate of heat transfer through the window is 

(a) 19.8 W (b) 26.1 W (c) 30.5 W 

{d) 34.7 W (e) 55.0 W 

(For air, use k = 0.02551 W/m • °C, Pr = 0.7296, v = 1.562 X 

10 - 5 m 2 /s. Also, the applicable correlation is Nu = 0.42Ra 1M 
Pr 0 012 (H/L)-° 3 ) 

9-127 A horizontal 1.5-m-wide, 4.5-m-long double-pane 
window consists of two sheets of glass separated by a 3.5-cm 
gap filled with water. If the glass surface temperatures at the 
bottom and the top are measured to be 60°C and 40°C, respec- 
tively, the rate of heat transfer through the window is 

(a) 27.6 kW (b) 39.4 kW (c) 59.6 kW 
(d) 66.4 kW (e) 75.5 kW 

(For water, use k = 0.644 W/m ■ °C, Pr = 3.55, 

v = 0.554 X 10” 6 m 2 /s, p = 0.451 X 10“ 3 K“*. Also, the 
applicable correlation is Nu = 0.069Ra l/3 Pi 0 074 ). 


9-123 Consider a 0.3-m-diameter and 1,8-m-long horizontal 
cylinder in a room at 20°C. If the outer surface temperature 
of the cylinder is 40°C, the natural convection heat transfer 
coefficient is 

(a) 3.0 W/m 2 • °C (i>) 3.5 W/m 2 * °C (c) 3.9 W/m 2 • °C 
(d) 4.6 W/m 2 • °C (c) 5.7 W/m 2 * °C 


9-128 Two concentric cylinders of diameters D i = 30 cm 
and D a = 40 cm and length L = 5 m are separated by air at 
1 atm pressure. Heat is generated within the inner cylinder uni- 
formly at a rate of 1100 W/m 3 and the inner surface tempera- 
ture of the outer cylinder is 300 K. The steady-state outer 
surface temperature of the inner cylinder is 
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(a) 402 K ( b ) 415 K (c) 429 K 

(d) 442 K (e) 456 K 

(For air, use k = 0.03095 W/m ■ °C, Pr = 0.7111, v = 2.306 X 
1CT 5 nr/s) 

9-129 A vertical double-pane window consists of two sheets 
of glass separated by a 1 .5-cm air gap at atmospheric pressure. 
The glass surface temperatures across the air gap are measured 
to be 278 K and 288 K. If it is estimated that the heat transfer 
by convection through the enclosure is 1.5 times that by pure 
conduction and that the rate of heat transfer by radiation 
through the enclosure is about the same magnitude as the con- 
vection, the effective emissivity of the two glass surfaces is 
(a) 0.47 ( b ) 0.53 (c) 0.61 

(ri) 0.65 (e) 0.72 

Design and Essay Problems 

9-130 Write a computer program to evaluate the variation of 
temperature with time of thin square metal plates that are re- 
moved from an oven at a specified temperature and placed ver- 
tically in a large room. The thickness, the size, the initial 
temperature, the emissivity, and the thermophysical properties 
of the plate as well as the room temperature are to be specified 
by the user. The program should evaluate the temperature of 
the plate at specified intervals and tabulate the results against 
time. The computer should list the assumptions made during 
calculations before printing the results. 

For each step or time interval, assume the surface tempera- 
ture to be constant and evaluate the heat loss during that time 
interval and the temperature drop of the plate as a result of this 
heat loss. This gives the temperature of the plate at the end of a 
time interval, which is to serve as the initial temperature of the 
plate for the beginning of the next time interval. 


Try your program for 0.2-cm-thick vertical copper plates of 
40 cm X 40 cm in size initially at 300°C cooled in a room at 
25°C. Take the surface emissivity to be 0.9. Use a time interval 
of 1 s in calculations, but print the results at 10-s intervals for a 
total cooling period of 15 min. 

9-131 Write a computer program to optimize the spacing be- 
tween the two glasses of a double-pane window. Assume the 
spacing is filled with dry air at atmospheric pressure. The pro- 
gram should evaluate the recommended practical value of the 
spacing to minimize the heat losses and list it when the size of 
the window (the height and the width) and the temperatures of 
the two glasses are specified. 

9-132 Contact a manufacturer of aluminum heat sinks and 
obtain their product catalog for cooling electronic components 
by natural convection and radiation. Write an essay on how to 
select a suitable heat sink for an electronic component when its 
maximum power dissipation and maximum allowable surface 
temperature are specified. 

9-133 The top surfaces of practically all flat-plate solar col- 
lectors are covered with glass in order to reduce the heat losses 
from the absorber plate underneath. Although the glass cover 
reflects or absorbs about 15 percent of the incident solar radia- 
tion, it saves much more from the potential heat losses from the 
absorber plate, and thus it is considered to be an essential part 
of a well-designed solar collector. Inspired by the energy effi- 
ciency of double- pane windows, someone proposes to use 
double glazing on solar collectors instead of a single glass. In- 
vestigate if this is a good idea for the town in which you live. 
Use local weather data and base your conclusion on heat trans- 
fer analysis and economic considerations. 
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e know from thermodynamics that when the temperature of a liquid at 
a specified pressure is raised to the saturation temperature at that 
pressure, boiling occurs. Likewise, when the temperature of a vapor is 
lowered to T sa[ , condensation occurs. In this chapter we study the rates of heat 
transfer during such liquid- to -vapor and vapor-to-liquid phase transformations. 

Although boiling and condensation exhibit some unique features, they are con- 
sidered to be forms of convection heat transfer since they involve fluid motion 
(such as the rise of the bubbles to the top and the flow of condensate to the bot- 
tom), Boiling and condensation differ from other forms of convection in that they 
depend on the latent heat of vaporization h fg of the fluid and the surface tension 
a at the liquid-vapor interface, in addition to the properties of the fluid in each 
phase. Noting that under equilibrium conditions the temperature remains con- 
stant during a phase-change process at a fixed pressure, large amounts of heat 
(due to the large latent heat of vaporization released or absorbed) can be trans- 
ferred during boiling and condensation essentially at constant temperature. In 
practice, however, it is necessary to maintain some difference between the sur- 
face temperature T s and for effective heat transfer. Heat transfer coefficients h 
associated wiffi boiling and condensation are typically much higher than those 
encountered in other forms of convection processes that involve a single phase. 

We start this chapter with a discussion of the boiling curve and the modes of 
pool boiling such as free convection boiling, nucleate boiling, and film boiling. We 
then di^uss boiling in the presence of forced convection. In the second part of this 
chapter, we describe the physical mechanism of film condensation and discuss 
condensation heat transfer in several geometrical arrangements and orientations. 
Finally, we introduce dropwise condensation and discuss ways of maintaining it. 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

m Differentiate between evaporation and boiling, and gain familiarity with different types 
of boiling, 

® Develop a good understanding of the boiling curve, and the different boiling regimes 
corresponding to different regions of the boiling curve, 
b Calculate the heat flux and its critical value associated with nucleate boiling, and ex- 
amine the methods of boiling heat transfer enhancement, 
g Derive a relation for the heat transfer coefficient in laminar film condensation over a 
vertical plate, 

b Calculate the heat flux associated with condensation on inclined and horizontal plates, 
vertical and horizontal cylinders or spheres, and tube bundles, 
m Examine dropwise condensation and understand the uncertainties associated with them. 
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FIGURE 10-1 

A liquid-to-vapor phase change 
process is called evaporation if it 
originates at a liquid-vapor interface 
and boiling if it occurs at a 
solid-liquid interface* 


P - 1 atm 



FIGURE 10-2 

Boiling occurs when a liquid is 
brought into contact with a surface 
at a temperature above the saturation 
temperature of the liquid. 


10-1 s BOILING HEAT TRANSFER 

Many familiar engineering applications involve condensation and boiling heat 
transfer. In a household refrigerator, for example, the refrigerant absorbs heat 
from the refrigerated space by boiling in the evaporator section and rejects 
heat to the kitchen air by condensing in the condenser section (the long coils 
behind or under the refrigerator). Also, in steam power plants, heat is trans- 
ferred to the steam in the boiler where water is vaporized, and the waste heat 
is rejected from the steam in the condenser where the steam is condensed. 
Some electronic components are cooled by boiling by immersing them in a 

fluid with an appropriate boiling temperature. 

Boiling is a liquid-to-vapor phase change process just like evaporation, but 
there are significant differences between the two. Evaporation occurs at the 
liquid-vapor interface when the vapor pressure is less than the saturation 
pressure of the liquid at a given temperature. Water in a lake at 20°C, for 
example, evaporates to air at 20°C and 60 percent relative humidity since the 
saturation pressure of water at 20°C is 2.3 kPa and the vapor pressure of air at 
20°C and 60 percent relative humidity is 1-4 kPa (evaporation rates aie 
determined in Chapter 14). Other examples of evaporation are the drying of 
clothes, fruits, and vegetables; the evaporation of sweat to cool the human 
body; and the rejection of waste heat in wet cooling towers. Note that evapo- 
ration involves no bubble formation or bubble motion (Fig. 10— I). 

Boiling, on the other hand, occurs at the solid-liquid interface when a liq- 
uid is brought into contact with a surface maintained at a temperature T s suf- 
ficiently above the saturation temperature T Mt of the liquid (Fig. 10-2). At 
1 atm, for example, liquid water in contact with a solid surface at 1 10°C boils 
since the saturation temperature of water at 1 atm is 100°C. The boiling 
process is characterized by the rapid formation of vapor bubbles at the 
solid-liquid interface that detach from the surface when they reach a certain 
size and attempt to rise to the free surface of the liquid. When cooking, we do 
not say water is boiling until we see the bubbles rising to the top. Boiling is a 
complicated phenomenon because of the large number of variables involved 
in the process and the complex fluid motion patterns caused by the bubble for- 
mation and growth. 

As a form of convection heat transfer, the boiling heat flux from a solid 
surface to the fluid is expressed from Newton's law of cooling as 

= Mr, - !■„,) = (W/m 1 ) ' 1(M; 

where AT = T - T . is called the excess temperature, which represents 
the temperature excess of the surface above the saturation temperature ot the 

fluid. 

In the preceding chapters we considered forced and free convection heat 
transfer involving a single phase of a fluid. The analysis of such convectior 
processes involves the thermophysical properties p, p,, k, and c p of the fluid 
The analysis of boiling heat transfer involves these properties of the hquic 
(indicated by the subscript l) or vapor (indicated by the subscript v) as well a; 
the properties h fg (the latent heat of vaporization) and a (the surface tension) 
The h fg represents the energy absorbed as a unit mass of liquid vaporize: 



at a specified temperature or pressure and is the primary quantity of energy 
transferred during boiling heat transfer. The h /g values of water at various 
temperatures are given in Table A-9. 

Bubbles owe their existence to the surface-tension a at the liquid-vapor in- 
terface due to the attraction force on molecules at the interface toward the liq- 
uid phase. The surface tension decreases with increasing temperature and 
becomes zero at the critical temperature. This explains why no bubbles are 
formed during boiling at supercritical pressures and temperatures. Surface ten- 
sion has the unit N/m. 

The boiling processes in practice do not occur under equilibrium conditions, 
and normally the bubbles are not in thermodynamic equilibrium with the sur- 
rounding liquid. That is, the temperature and pressure of the vapor in a bubble 
are usually different than those of the liquid. The pressure difference between 
the liquid and the vapor is balanced by the surface'tension at the interface. The 
temperature difference between the vapor in a bubble and the surrounding liq- 
uid is the driving force for heat transfer between the two phases. When the liq- 
uid is at a lower temperature than the bubble, heat is transferred from the 
bubble into the liquid, causing some of the vapor inside the bubble to con- 
dense and the bubble eventually to collapse. When the liquid is at a higher 
temperature than the bubble, heat is transferred from the liquid to the 
bubble, causing the bubble to grow and rise to the top under the influence of 
buoyancy. 

Boiling is classified as pool boiling or flow boiling , depending on the pres- 
ence of bulk fluid motion (Fig. 10-3). Boiling is called pool boiling in the ab- 
sence of bulk fluid flow and flow boiling (or forced convection boiling ) in the 
presence of it. In pool boiling, the fluid body is stationary, and any motion of 
the fluid is due to natural convection currents and the motion of the bubbles un- 
der the influence of buoyancy. The boiling of water in a pan on top of a stove is 
an example of pool boiling. Pool boiling of a fluid can also be achieved by 
placing^afi eating coil in the fluid. In flow boiling, the fluid is forced to move in 
a heated pipe or over a surface by external means such as a pump. Therefore, 
flow boiling is always accompanied by other convection effects. 

Pool and flow boiling are further classified as subcooled boiling or satu- 
rated boiling, depending on the bulk liquid temperature (Fig. 10-4). Boiling 
is said to be sub cooled (or local) when the temperature of the main body of 
the liquid is below the saturation temperature (i.e., the bulk of the liquid is 
subcooled) and saturated (or bulk) when the temperature of the liquid is equal 
to T sat (i.e., the bulk of the liquid is saturated). At the early stages of boiling, 
the bubbles are confined to a narrow region near the hot surface. This is be- 
cause the liquid adjacent to the hot surface vaporizes as a result of being 
heated above its saturation temperature. But these bubbles disappear soon af- 
ter they move away from the hot surface as a result of heat transfer from the 
bubbles to the cooler liquid surrounding them. This happens when the bulk of 
the liquid is at a lower temperature than the saturation temperature. The bub- 
bles serve as “energy movers” from the hot surface into the liquid body by ab- 
sorbing heat from the hot surface and releasing it into the liquid as they 
condense and collapse. Boiling in this case is confined to a region in the lo- 
cality of the hot surface and is appropriately called local or subcooled boiling. 
When the entire liquid body reaches the saturation temperature, the bubbles 



(a) Pool boiling ( b ) Flow boiling 

FIGURE 10-3 

Classification of boiling on the basis 
of the presence of bulk fluid motion. 
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(a) Subcooled boiling (b) Saturated boiling 

FIGURE 10^1 

Classification of boiling 
on the basis of the presence of 
bulk liquid temperature. 
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start rising to the top. We can see bubbles throughout the bulk of the liquid, 
and boiling in this case is called the bulk or saturated boiling. Next, we con- 
sider different boiling regimes in detail. 
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(a) Natural convection 
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(i c ) Transition boiling 

FIGURE 10-5 
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( d) Film boiling 


Different boiling regimes 
in pool boiling. 


10-2 H POOL BOILING 

So far we presented some general discussions on boiling. Now we turn our 
attention to the physical mechanisms involved in pool boiling, that is, the 
boiling of stationary fluids. In pool boiling, the fluid is not forced to flow 
by a mover such as a pump, and any motion of the fluid is due to natural 
convection currents and the motion of the bubbles under the influence of 
buoyancy. 

As a familiar example of pool boiling, consider the boiling of tap water in a 
pan on top of a stove. The water is initially at about 15 C, far below the satura- 
tion temperature of 100°C at standard atmospheric pressure. At the early stages 
of boiling, you will not notice anything significant except some bubbles that 
stick to the surface of the pan. These bubbles are caused by the release of air 
molecules dissolved in liquid water and should not be confused with vapor 
bubbles. As the water temperature rises, you will notice chunks of liquid water 
rolling up and down as a result of natural convection currents, followed by the 
first vapor bubbles forming at the bottom surface of the pan. These bubbles get 
smaller as they detach from the surface and start rising, and eventually collapse 
in the cooler water above. This is subcooled boiling since the bulk of the liquid 
water has not reached saturation temperature yet. The intensity of bubble for- 
mation increases as the water temperature rises further, and you will notice 
waves of vapor bubbles coming from the bottom and rising to the top when 
the water temperature reaches the saturation temperature (100°C at standard 
atmospheric conditions). This full scale boiling is the saturated boiling. 


Boiling Regimes and the Boiling Curve 

Boiling is probably the most familiar form of heat transfer, yet it remains to be 
the least understood form. After hundreds of papers written on the subject, we 
still do not fully understand the process of bubble formation and we must still 
rely on empirical or semi-empirical relations to predict the rate of boiling heat 

transfer. 

The pioneering work on boiling was done in 1934 by S. Nukiyama, who 
used electrically heated nichrome and platinum wires immersed in liquids in 
his experiments. Nukiyama noticed that boiling takes different forms, de- 
pending on the value of the excess temperature Four different boiling 

regimes are observed: natural convection boiling, nucleate boiling, transition 
boiling, and film boiling (Fig. 10-5). These regimes are illustrated on the boil- 
ing curve in Fig. 10—6, which is a plot of boiling heat flux versus the excess 
temperature. Although the boiling curve given in this figure is for water, the 
general shape of the boiling curve remains the same for different fluids. The 
specific shape of the curve depends on the fluid-heating surface mate- 
rial combination and the fluid pressure, but it is practically independent of 
the geometry of the heating surface. We now describe each boiling regime 

in detail. 
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FIGURE 10-6 

Typical boiling curve for water 
at 1 atm pressure. 


Natural Convection Boiling (to Point A on the Boiling Curve) 

We know from thermodynamics that a pure substance at a specified pressure 
starts boiling when it reaches the saturation temperature at that pressure. But 
in practice we do not see any bubbles forming on the heating surface until the 
liquid is heated a few degrees above the saturation temperature (about 2 to 
6°C for water). Therefore, the liquid is slightly superheated in this case 
(a metastable condition) and evaporates when it rises to the free surface. 
The fluid motion in this mode of boiling is governed by natural convection 
currents, and heat transfer from the heating surface to the fluid is by natural 
convection. , 

Nuc I eat# Boiling (between Points A and C) 

The first bubbles start forming at point A of the boiling curve at various pref- 
erential sites on the heating surface. The bubbles form at an increasing rate at 
an increasing number of nucleation sites as we move along the boiling curve 
towafd point C. 

The nucleate boiling regime can be separated into two distinct regions. In 
region A-B, isolated bubbles are formed at various preferential nucleation 
sites on the heated surface. But these bubbles are dissipated in the liquid 
shortly after they separate from the surface. The space vacated by the rising 
bubbles is filled by the liquid in the vicinity of the heater surface, and the 
process is repeated. The stirring and agitation caused by the entrainment of the 
liquid to the heater surface is primarily responsible for the increased heat 
transfer coefficient and heat flux in this region of nucleate boiling. 

In region B-C, the heater temperature is further increased, and bubbles form 
at such great rates at such a large number of nucleation sites that they form 
numerous continuous columns of vapor in the liquid. These bubbles move all 
the way up to the free surface, where they break up and release their vapor 
content. The large heat fluxes obtainable in this region are caused by the com- 
bined effect of liquid entrainment and evaporation. 


At large values of AT„ cess , the rate of evaporation at the heater surface 
reaches such high values that a large fraction of the heater surface is covered 
by bubbles, making it difficult for the liquid to reach the heater surface and 
wet it. Consequently, the heat flux increases at a lower rate with increasing 
A T excess , and reaches a maximum at point C. The heat flux at this point is 




FIGURE 10-7 

Various boiling regimes during 
boiling of methanol on a horizontal 
1-cm-diameter steam-heated 
copper tube: («) nucleate boiling, 

(i b ) transition boiling, and (c) film 
boiling. 

(From J . \V. Westwater and J . G . Santongelo t 
University of Illinois at Chompaign-U rbona.) 




called the critical (or maximum) heat flux,. 4m- F° r water, the critical heat 
flux exceeds 1 MW/m 2 . 

Nucleate boiling is the most desirable boiling regime in practice because 
high heat transfer rates can be achieved in this regime with relatively small 
values of AT extxst , typically under 30°C for water. The photographs in Fig. 
fO-7 show the nature of bubble formation and bubble motion associated with 
nucleate, transition, and film boiling. 

Transition Boiling (between Points C and D ) 

As the heater temperature and thus the AF Mces5 is increased past point C, the 
heat flux decreases, as shown in Fig. 10-6. This is because a large fraction 
of the heater surface is covered by a vapor film, which acts as an insulation 
due to the low thermal conductivity of the vapor relative to that of the liquid. 
In the transition boiling regime, both nucleate and film boiling partially occur. 
Nucleate boiling at point C is completely replaced by film boiling at point D. 
Operation in the transition boiling regime, which is also called the unstable 
film boiling regime, is avoided in practice. For water, transition boiling occurs 
over the excess temperature range from about 30°C to about 120°C. 


Film Boiling (beyond Point D ) 

In this region the heater surface is completely covered by a continuous stable 
vapor film. Point D , where the heat flux reaches a minimum, is called the 
Leidenfrost point, in honor of J. C. Leidenfrost, who observed in 1756 that 
liquid droplets on a very hot surface jump around and slowly boil away. The 
presence of a vapor film between the heater surface and the liquid is responsi- 
ble for the low heat transfer rates in the film boiling region. The heat transfer 
rate increases with increasing excess temperature as a result of heat transfer 
from the heated surface to the liquid through the vapor film by radiation, 
which becomes significant at high temperatures. 

A typical foiling process does not follow the boiling curve beyond point C, 
as Nukiyariia has observed during his experiments. Nukiyama noticed, with 
surprise, that when the power applied to the nichrome wire immersed in water 
exceeded q m3X even slightly, the wire temperature increased suddenly to the 
melting point of the wire and burnout occurred beyond hts control. When 
he repeated the experiments with platinum wire, which has a much higher 
melting point, he was able to avoid burnout and maintain heat fluxes higher 
than q m3X . When he gradually reduced power, he obtained the cooling curve 
shown in Fig. 10-8 with a sudden drop in excess temperature when q m - m 
is reached. Note that the boiling process cannot follow the transition boiling 
part of the boiling curve past point C unless the power applied is reduced 
suddenly. 

The burnout phenomenon in boiling can be explained as follows: In order to 
move beyond point C where 4m occurs, we must increase the heater surface 
temperature T s , To increase 7), however, we must increase the heat flux. But 
the fluid cannot receive this increased energy at an excess temperature just be- 
yond point C. Therefore, the heater surface ends up absorbing the increased 
energy, causing the heater surface temperature T s to rise. But the fluid can re- 
ceive even less energy at this increased excess temperature, causing the heater 
surface temperature T s to rise even further. This continues until the surface 


k 

w 



Sudden jump 
in temperature 

^^Bypassed 
\ part of the 
\ boiling 
* cune// 

. 

Sudden drop 
in temperature 



1 


10 

AT 

excess 


100 

T - 7^, °C 


1000 


FIGURE 1 0-8 

The actual boiling curve obtained 
with heated platinum wire in water 
as the heat flux is increased and 

then decreased. 
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FIGURE 10-9 

An attempt to increase the boiling heat 
flux beyond the critical value often 
causes the temperature of the heating 
element to jump suddenly to a value 
that is above the melting point, 
resulting in burnout. 


TABLE 1 0-1 


Surface tension of liquid-vapor 
interface for water 


r, °c 

a, N/m 

0 

0.0757 

20 

0.0727 

40 

0.0696 

60 

0.0662 

so 

0.0627 

100 

0.0589 

120 

0.0550 

140 

0.0509 

160 

0.0466 

180 

0.0422 

200 

0,0377 

220 

0.0331 

240 

0.0284 

260 

0.0237 

280 

0.0190 

300 

0.0144 

320 

0.0099 

340 

0.0056 

360 

0.0019 

374 

0.0 


temperature reaches a point at which it no longer rises and the heat supplied 
can be transferred to the fluid steadily. This is point E on the boiling curve, 
which corresponds to very high surface temperatures. Therefore, any attempt 
to increase the heat flux beyond q m3X will cause the operation point on the boil- 
ing curve to jump suddenly from point C to point E. However, surface tem- 
perature that corresponds to point E is beyond the melting point of most heater 
materials, and burnout occurs. Therefore, point C on the boiling curve is also 
called the burnout point, and the heat flux at this point the burnout heat flux 
(Fig. 10-9). 

Most boiling heat transfer equipment in practice operate slightly below q m3X 
to avoid any disastrous burnout. However, in cryogenic applications involving 
fluids with very low boiling points such as oxygen and nitrogen, point E usu- 
ally falls below the melting point of the heater materials, and steady film boil- 
ing can be used in those cases without any danger of burnout. 

Heat Transfer Correlations in Pool Boiling 

Boiling regimes discussed above differ considerably in their character, and 
thus different heat transfer relations need to be used for different boiling 
regimes. In the natural convection boiling regime, boiling is governed by nat- 
ural convection currents, and heat transfer rates in this case can be determined 
accurately using natural convection relations presented in Chapter 9. 

Nucleate Boiling 

In the nucleate boiling regime, the rate of heat transfer strongly depends on 
the nature of nucleation (the number of active nncleation sites on the surface, 
the rate of bubble formation at each site, etc.), which is difficult to predict. The 
type and the condition of the heated surface also affect the heat transfer. These 
complications made it difficult to develop theoreti cal relations for heat trans- 
fer in the nucleate boiling regime, and we had to rely on relations based on ex- 
perimental data. The most widely used correlation for the rate of heat transfer 
in the nucleate boiling regime was proposed in 1952 by Rohsenow, and 
expressed as 
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nucleate boiling heat flux, W/m 2 

viscosity of the liquid, kg/m * s 

enthalpy of vaporization, J/kg 

gravitational acceleration, m/s 2 

density of the liquid, kg/m 3 

density of the vapor, kg/m 3 

surface tension of liquid-vapor interface, N/m 

specific heat of the liquid, J/kg ■ °C 

surface temperature of the heater, °C 

saturation temperature of the fluid, °C 

experimental constant that depends on surface-fluid combination 

Prandtl number of the liquid 

experimental constant that depends on the fluid 


j t can be shown easily that using property, values in the specified units in 
the Rohsenow equation produces the desired unit W/m 2 for the boiling heat 
fl U x, thus saving one from having to go through tedious unit manipulations 

{Fig- 10-10). 

The surface tension at the vapor-liquid interface is given in Table 10-1 for 
water, and Table 10-2 for some other fluids. Experimentally determined val- 
ues of the constant C 5/ are given in Table 10-3 for various fluid-surface com- 
binations. These values can be used for any geometry since it is found that the 
rate of heat transfer during nucleate boiling is essentially independent of the 
geometry and orientation of the heated surface. The fluid properties in 
Eq. 10-2 are to be evaluated at the saturation temperature r sat . 

The condition of the heater surface greatly affects heat transfer, and the 
Rohsenow equation given above is applicable to clean and relatively smooth 
surfaces. The results obtained using the Rohsenow equation can be in error by 
+ 100% for the heat transfer rate for a given excess temperature and by ±30% 
for the excess temperature for a given heat transfer rate. Therefore, care 
should be exercised in the interpretation of the results. 

Recall from thermodynamics that the enthalpy of vaporization h fg of a pure 
substance decreases with increasing pressure (or temperature) and reaches 
zero at the critical point. Noting that h fs appears in the denominator of the 
Rohsenow equation, we should see a significant rise in the rate of heat trans- 
fer at high pressures during nucleate boiling. 



Equation 10-2 gives the 
boiling heat flux in W/m 2 when 
the quantities are expressed in the 
units specified in their descriptions. 




Peak Heat Flux 

In the design of boiling heat transfer equipment, it is extremely important for 
the designer to have a knowledge of the maximum heat flux in order to avoid 
the danger of burnout. The maximum (or critical) heat flux in nucleate pool 
boiling was determined theoretically by S. S. Kutateladze in Russia in 1948 
and N. Zuber in the United States in 1958 using quite different approaches, 
and is expressed as (Fig. 10-11) 

f. 4n« = Or h fs [trgp}. [p t - p,.)] 1/4 (10-3) 

y 

where C cr is a constant whose value depends on the heater geometry. Exhaus- 
tive experimental studies by Lienhard and his coworkers indicated that the 
valud'of C cr is about 0.15. Specific values of C cr for different heater geome- 
tries are listed in Table 10-4. Note that the heaters are classified as being large 
or small based on the value of the parameter T*. 

Equation 10-3 will give the maximum heat flux in W/m 2 if the properties 
are used in the units specified earlier in their descriptions following Eq. 10-2. 
The maximum heat flux is independent of the fluid— heating surface combina- 
tion, as well as the viscosity, thermal conductivity, and the specific heat of the 
liquid. 

Note that p v increases but cr and h fg decrease with increasing pressure, and 
thus the change in <? m „ with pressure depends on which effect dominates. The 
experimental studies of Cichelli and Bonilla indicate that increases with 
pressure up to about one-third of the critical pressure, and then starts to de- 
crease and becomes zero at the critical pressure. Also note that £ max is propor- 
tional to h fg , and large maximum heat fluxes can be obtained using fluids with 
a large enthalpy of vaporization, such as water. 


TABLE 10-2 

Surface tension of some fluids (from 
Suryanarayana, originally based on 
data from Jasper) 

Substance 

and Temp. Surface Tension, 

Range tr, N/m (Tin °C) 

Ammonia, -75 to -40°C: 

0.0264 + 0.0002237" 
Benzene, 10 to 80°C: 

0.0315 - 0.0001297" 
Butane, -70 to -20°C: 

0.0149 — 0.0001217", 
Carbon dioxide, —30 to -20°C: 

0.0043 - 0.0001607" 
Ethyl alcohol, 10 to 70°C: 

0.0241 - 0.0000837 
Mercury, 5 to 200°C: 

0.4906 - 0.0002057" 
Methyl alcohol, 10 to 60°C: 

0.0240 - 0.0000777" 
Pentane, 10 to 30°C: 

0.0183 - 0.000110 T 
Propane, -90 to -10 0 C: 

0.0092 - 0.0000877" 


1 



TABLE 10-3 

Values of the coefficient C sf and n for various fluid-surface combinations 


Fluid-Heating Surface Combination _ 

Water-copper (polished) 

Water-copper (scored) 

Water-stainless steel (mechanically polished) 

Water-stainless steel (ground and polished) 

Water-stainless steel (teflon pitted) 

Water-stainless steel (chemically etched) 

Water-brass 

Water-nickel 

Water-platinum 

n-Pentane-copper (polished) 

n-Pentane-chromium 

Benzene-chromium 

Ethyl alcohol-chromium 

Carbon tetrachloride-copper 

I so propanol-copper 


Csf 

n 

0.0130 

1.0 

0.0068 

1.0 

0.0130 

1.0 

0.0060 

1.0 

0.0058 

1.0 

0.0130 

1.0 

0.0060 

1.0 

0.0060 

1.0 

0.0130 

1.0 

0.0154 

1.7 

0.0150 

1.7 

0.1010 

1.7 

0.0027 

1.7 

0.0130 

1.7 

0.0025 

1.7 
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TABLE 10-4 .... . . 

Values of the coefficient C CT for use in Eq. 10-3 for maximum heat flux 
(dimensionless parameter L* = Ugtp, - 


Charac. 

Dimension 

C„ of Heater, L Range of L* 


Heater Geometry 


0.149 
18.9#! 

0.12 
0 . 12L*- 0 - 25 
0.11 

0.227L*- 0 - 5 


Width or diameter L* > 27 
Width or diameter 9 < L* < 20 
Radius L* > 1.2 

Radius 0.15 < L* < 1.2 
Radius L* > 4.26 

Radius 0.15 < L* < 4.26 


Large horizontal flat heater 
Small horizontal flat heater 1 
Large horizontal cylinder 
Small horizontal cylinder 
Large sphere 
Small sphere 


— c rflgtpi 


Minimum Heat Flux . . r . 

Minimum heat flux, which occurs at the Leidenfrost point, is of practical in- 
terest since it represents the lower limit for the heat flux in the film boiling 
regime. Using the stability theory, Zuber derived the following expression for 
the minimum heat flux for a large horizontal plate, 


Vrain — 0.09p v hf s 


<Jg(pi ~ Pv) 


in 


. (p/ + Pv) J 


( 10 - 4 ) 


FIGURE 10-11 

Different relations are 
used to determine the heat 
flux in different boiling regimes. 


where the constant 0.09 was determined by Berensen in 1961. He replaced the 
theoretically determined value of ^ by 0.09 to match the expenmental data 
better. Still, the relation above can be in error by 50 percent or more. 
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Film Boiling 

Using a n analysis si mi lar to Nusselt’s theory on filmwise condensation pre- 
sented in the next section, Bromley developed a theory for the prediction of 
heat flux for stable film boiling on the outside of a horizontal cylinder. The 
jjgat flux for film boiling on a horizontal cylinder or sphere of diameter D is 

given by 


^hlm 


c 


film 


Pr <P, - P<)V‘ fs + 0.4 V (T s - 7^)1 


p, D(T ; - T m ) 


m 


(T s - T s ,_ t ) (10-51 


where k v is the thermal conductivity of the vapor in W/m ■ °C and 


^ _ jO.62 for horizontal cylinders) 

film T 0.67 for spheres * J 


Other properties are as listed before in connection with Eq. 10-2. We used a 
modified latent heat of vaporization in Eq. 10-5 to account for the heat trans- 
fer associated with the superheating of the vapor. 

The vapor properties are to be evaluated at the film temperature Tf — (T s + 
T ml )l2, which is the average temperature of the vapor film. The liquid proper- 
ties and hf g are to be evaluated at the saturation temperature at the specified 
pressure. Again, this relation gives the film boiling heat flux in W/m 2 if the 
properties are used in the units specified earlier in their descriptions following 
Eq. 10-2. 

At high surface temperatures (typically above 300°C), heat transfer across 
the vapor film by radiation becomes significant and needs to be considered 
(Fig. 10-12). Treating the vapor film as a transparent medium sandwiched be- 
tween two large parallel plates and approximating the liquid as a blackbody, 
radiation heat transfer can be determined from 

' *" f = S(7 (Tf - Tf) (10-6) 

< f 

where e is the emissivity of the heating surface and a — 5.67 X 10~ 8 W/m 2 • K 4 
is the Stefan-Boltzman constant. Note that the temperature in this case must 
be expressed in K, not °C, and that surface tension and the Stefan-Boltzman 
constant share the same symbol. 

You may be tempted to simply add the convection and radiation heat trans- 
fers to determine the total heat transfer during film boiling. However, these 
two mechanisms of heat transfer adversely affect each other, causing the total 
heat transfer to be less than their sum. For example, the radiation heat transfer 
from the surface to the liquid enhances the rate of evaporation, and thus 
the thickness of the vapor film, which impedes convection heat transfer. For 
4ad < (7fiSmi Bromley determined that the relation 
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FIGURE 10-12 


At high heater surface temperatures, 
radiation heat transfer becomes 
significant during film boiling. 
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(10-7) 


correlates experimental data well. 

Operation in the transition boiling regime is normally avoided in the design 
of heat transfer equipment, and thus no major attempt has been made to de- 
velop general correlations for boiling heat transfer in this regime. 



Note that the gravitational acceleration g, whose value is approximately 9.81 m/s : 
at sea level, appears in all of the relations above for boiling heat transfer. Thf 
effects of low and high gravity (as encountered in aerospace applications anc 
turbomachinery) are studied experimentally. The studies confirm that the critica 
heat flux and heat flux in film boiling are proportional to g m . However, thei 
indicate that heat flux in nucleate boiling is practically independent of gravity g 
instead of being proportional to g 1/2 , as dictated by Eq. 10-2. 



FIGURE 10-13 

The cavities on a rough surface act as 
nucleation sites and enhance 
boiling heat transfer. 


Enhancement of Heat Transfer in Pool Boiling 

The pool boiling heat transfer relations given above apply to smooth surfaces 
Below we discuss some methods to enhance heat transfer in pool boiling. 

We pointed out earlier that the rate of heat transfer in the nucleate boilinj 
regime strongly depends on the number of active nucleation sites on the sur 
face, and the rate of bubble formation at each site. Therefore, any modificatioi 
that enhances nucleation on the heating surface will also enhance heat traits 
fer in nucleate boiling. It is observed that irregularities on the heating surface 
including roughness and dirt, serve as additional nucleation sites during boil 
ing, as shown in Fig. 10-13. For example, the first bubbles in a pan fillei 
with water are most likely to form at the scratches at the bottom surface 
These scratches act like “nests” for the bubbles to form and thus increase th 
rate of bubble formation. Berensen has shown that heat flux in the nucleat. 
boiling regime can be increased by a factor of 10 by roughening the heatinj 
surface. However, these high heat transfer rates cannot be sustained for Ion; 
since the effect of surface roughness is observed to decay with time, and tb 
heat flux to drop eventually to values encountered on smooth surfaces. The ef 
feet of surface roughness is negligible on the critical heat flux and the hea 

flux in film boiling. 

Surfaces that provide enhanced heat transfer in nucleate boiling perma 
nently are being manufactured and are available in the market. Enhancemen 
in nucleation and thus heat transfer in such special surfaces is achieved eithe 
by coating the surface with a thin layer (much less than 1 mm) of very porou 
material or by forming cavities on the surface mechanically to facilitate con 
tinuous vapor formation. Such surfaces are reported to enhance heat transfe 


FIGURE 10-14 

The enhancement of boiling heat 
transfer in Freon-12 by a mechanically 
roughened surface, thermoexcel-E. 
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in the nucleate boiling regime by a factor of up to 10, and the critical heat flux 
by a factor of 3. The enhancement provided by one such material prepared by 
machine roughening, the thermoexcel-E, is shown in Fig. 10-14. The use of 
finned surfaces is also known to enhance nucleate boiling heat transfer and the 
critical heat flux. 

Boiling heat transfer can also be enhanced by other techniques such as me- 
chanical agitation and surface vibration. These techniques are not practical, 
however, because of the complications involved. 
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EXAMPLE 10-1 Nucleate Boiling of Water in a Pan 

Water is to be boiled at atmospheric pressure in a mechanically polished stain- 
less steel pan placed on top of a heating unit, as shown in Fig. 10-15. The 
inner surface of the bottom of the pan is maintained at 108°C. if the diameter 
of the bottom of the pan is 30 cm, determine (a) the rate of heat transfer to the 
water and (b) the rate of evaporation of water. 


n 


ffi 


SOLUTION Water is boiled at 1 atm pressure on a stainless steel surface. The 
rate of' heat transfer to the water and the rate of evaporation of water are to be 
I determined. 

Assumptions 1 Steady operating conditions exist. 2 Heat losses from the 
heater and the pan are negligible. 

Properties The properties of water at the saturation temperature of 100°C are 
| o = 0.0589 N/m (Table 10-1) and, from Table A-9, 


p, = 957.9 kg/m 3 
p y — 0.6 kg/m 3 
Pr, = 1.75 


h fg = 2257 X 10 3 J/kg 

Pi = 0.282 X 10~ 3 kg/m * s 
c p! = 4217 J/kg • °C 


Also, C^jr .0.0130 and n = 1.0 for the boiling of water on a mechanically pol- 
ished stainless steel surface (Table 10-3). Note that we expressed the proper- 
ties in Units specified under Eq. 10-2 in connection with their definitions in 
order to aVoid unit manipulations. 

Analysis (a) The excess temperature in this case is AT = T s — I ^ = 
108 - 100 = 8°C which is relatively low (less than 30°C). Therefore, nucleate 
boihng wilt occur. The heat flux in this case can be determined from the 
Ronsenow relation to be 


P = 1 atm 
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FIGURE 10-15 


Schematic for Example 10—1 . 


^nucleate ” bt hfg 


i 

s 

m 

~Cpt (T, - TaJ 

L . 


. c tfh f gPr" _ 


= (0.282 X 10“ 3 )(2257 X 10 3 ) 
4217(108 - 100) 


9.81 X (957.9 -0.6) 
0.0589 . 


m 


x 


.0.0130(2257 X 1 0 3 ) 1 .75, 

= 7.21 X lOHV/m 2 

The surface area of the bottom of the pan is 

A = ir&IA = tt( 0.3 m) 2 /4 = 0.07069 m 2 


t 
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Then the rate of heat transfer during nucleate boiling becomes 

Gboinnj = = (0.07069 m 2 )(7.21 X lonv/m 2 ) = 5097 W 

( b ) The rate of evaporation of water is determined from 


fijotUng 


5097 J/s 


* 


VS 


2257 X 10 3 J/kg 


= 2.26 x 10“ 3 kg/s 


That is, water in the pan will boil at a rate of more than 2 grams per second. 


P = 1 atm 



FIGURE 10-16 

Schematic for Example 10-2. 


EXAMPLE 10-2 Peak Heat Flux in Nucleate Boiling 

Water in a tank is to be boiled at sea ievei by a 1-cm-diameter nickel plated 
steel heating element equipped with electrical resistance wires inside, as 
shown in Fig. 10-16. Determine the maximum heat flux that can be attained 
in the nucleate boiling regime and the surface temperature of the heater in 

that case. 

SOLUTION Water is boiled at 1 atm pressure on a nickel plated steel 
surface. The maximum heat flux and the surface temperature are to be 

determined. 

Assumptions 1 Steady operating conditions exist. 2 Heat losses from the boiler 
are negligible. 

Properties The properties of water at the saturation temperature of 100°C are 
a = 0.0589 N/m (Table 10-1) and, from Table A-9, 

Pt = 957.9 kg/m 3 h fg = 2257 X 10 3 J/kg 

p v = 0.6 kg/m 3 it, = 0.282 X 10~ 3 kg/m* s 

Pr, = 1.75 c pl = 4217 J/kg * °C 

Also, C sf = 0.0060 and n = 1.0 for the boiling of water on a nickel plated sur- 

face (Table 10-3). Note that we expressed the properties in units specified 
under Eqs. 10-2 and 10-3 in connection with their definitions in order to 

avoid unit manipulations. 

Analysis The heating element in this case can be considered to be a short 
cylinder whose characteristic dimension is its radius. That is, L = r = 0.005 m. 
The dimensionless parameter L* and the constant C cr are determined from 

Table 10-4 to be 


- l(^T - (0.00 5) r«|^r - *00 > 1.2 


which corresponds to C cr = 0.12. 

Then the maximum or critical heat flux is determined from Eq. 10-3 to be 

4n« = Ccrhft [o-gpHpt - Pv)] m 

- 0.12(2257 X lO^O.OSSO X 9.81 X (0.6) 2 (957.9 - 0.6)] 1/4 
= 1.017 x 10 6 W/m 2 



The Rohsenow relation, which gives the nucleate boiling heat flux for a spec- 
ified surface temperature, can also be used to determine the surface tempera- 
ture when the heat flux is given. Substituting the maximum heat flux into 
Eq. 10-2 together with other properties gives 


Enucleate P-l ^ fg 


's(Pl - Pv) 

m 


a 

j 

1 

j 

<0 

£ 
i 


1.017 X 10 s = (0.282 X 10“ 3 )(2257 X 10 3 ) 

4217(7; - 100) 


9.81(957.9 -0.6) 
0.0589 


1/2 


X 


LO.0 130(2257 X 10 3 ) 1.75J 
T s = 119°C 


Discussion Note that heat fluxes on the order of 1 MW/m 2 can be obtained in 
nucleate boiling with a temperature difference of less than 20°C. 


EXAMPLE 10-3 Film Boiling of Water on a Heating Element 

| Water is boiled at atmospheric pressure by a horizontal polished copper heat- 
ing element of diameter D = 5 mm and emissivity e = 0.05 immersed in wa- 
ter, as shown in Fig. 10-17. If the surface temperature of the heating wire is 
| 350 a C, determine the rate of heat transfer from the wire to the water per unit 
length of the wire. 


SOLUTION Water is boiled at 1 atm by a horizontal polished copper heating 
element. The rate of heat transfer to the water per unit length of the heater is 
to be-detfermined. 

Assumptions 1 Steady operating conditions exist. 2 Heat losses from the boiler 
are negligible. 

Properties The properties of water at the saturation temperature of 100°C are 
h fg = 2257 X 10 3 J/kg and p s = 957.9 kg/m 3 (Table A-9). The properties of 
vapor at the film temperature of 7) = (T^t + T)/2 = (100 + 350)/2 = 225°C 
are, frorq Table A-16, 


P = 1 atm 


p v = 0.444 kg/m 3 

fp. = 1.75 X 10" 5 kg/m • s 


c pr = 1951 J/kg ■ °C 


k v = 0.0358 W/m • °C 


Note that we expressed the properties in units that cancel each other in 
boiling heat transfer relations. Also note that we used vapor properties at 
1 atm pressure from Table A-16 instead of the properties of saturated vapor 
from Table A-9 at 225°C since the latter are at the saturation pressure of 
2.55 MPa. 

Analysis The excess temperature in this case is AT = T s — T aat = 
350 — 100 = 250°C, which is much larger than 30°C for water. Therefore, 
film boiling will occur. The film boiling heat flux in this case can be deter- 
mined from Eq. 10-5 to be 



Schematic for Example 10-3. 




4fi[ 


m 


- 0.62 


gk\. p, (p/ - Pv)[/ift + °' 4c pv ~ T’sat)] 


1 1/4 


= 0.62 


P>. TO “ ^:) 

9.81 (0.035 8) 3 (0,444)(957.9 - 0.441) 
X [(2257 X 10 3 + 0.4 X 1951(250)] 


CTt - T at ) 


1/4 


(1.75 X 10“ s )(5 X 10" 3 )(250) 
= 5.93 X lOnV/m 2 


X 250 


The radiation heat flux is determined from Eq. 10-6 to be 
Przd = ecr (r 4 - T 4 t ) 

= (0.05)(5.67 X 1(T 8 W/m 2 • K 4 )[(350 + 273 K) 4 - (100 + 273 K) 4 ] 
- 372 W/m 2 


Note that heat transfer by radiation is negligible in this case because of the low 
emissivity of the surface and the relatively low surface temperature of the heat- 
ing element. Then the total heat flux becomes (Eq. 10-7) 

<7,«„ = + ] 4* = 5.93 X 10* + ] X 372 = 5.96 X 10* W/ra ! 

Finally, the rate of heat transfer from the heating element to the water is de- 
termined by multiplying the heat flux by the heat transfer surface area, 

Q total — ^Tiotal — ('Jr-OL)<j I p [a i 

= (tt X 0.005 m X 1 m)(5.96 X 10 4 W/m 2 ) 

= 936 W 



The effect of forced convection on 
external flow boiling for different 
flow velocities. 


Discussion Note that the 5-mm-diameter copper heating element consumes 
about 1 kW of electric power per unit length in steady operation in the film 
boiling regime. This energy is transferred to the water through the vapor film 
that forms around the wire. 


10-3 » FLOW BOILING 

The pool boiling we considered so far involves a pool of seemingly motion- 
less liquid, with vapor bubbles rising to the top as a result of buoyancy effects. 
In flow boiling, the fluid is forced to move by an external source such as a 
pump as it undergoes a phase-change process. The boiling in this case exhibits 
the combined effects of convection and pool boiling. The flow boiling is also 
classified as either external and internal flow boiling depending on whether 
the fluid is forced to flow over a heated surface or inside a heated tube. 

External flow boiling over a plate or cylinder is similar to pool boiling, but 
the added motion increases both the nucleate boiling heat flux and the critical 
heat flux considerably, as shown in Fig. 10-18. Note that the higher the 
velocity, the higher the nucleate boiling heat flux and the critical heat flux. In 
experiments with water, critical heat flux values as high as 35 MW/m 2 have 
been obtained (compare this to the pool boiling value of 1 .02 MW/m 2 at 1 atm 
pressure) by increasing the fluid velocity. 


Internal flow boiling is much more complicated in nature because there is 
no free surface for the vapor to escape, and thus both the liquid and the vapor 
are forced to flow together. The two-phase flow in a tube exhibits different 
flow boiling regimes, depending on the relative amounts of the liquid and the 
vapor phases. This complicates the analysis even further. 

The different stages encountered in flow boiling in a heated tube are illus- 
trated in Fig. 10-19 together with the variation of the heat transfer coeffi- 
cient along the tube. Initially, the liquid is subcooled and heat transfer to the 
liquid is by forced convection. Then bubbles start forming on the inner sur- 
faces of the tube, and the detached bubbles are drafted into the mainstream. 
This gives the fluid flow a bubbly appearance, and thus the name bubbly flow 
regime. As the fluid is heated further, the bubbles grow in size and eventually 
coalesce into slugs of vapor. Up to half of the volume in the tube In this slug- 
flow regime is occupied by vapor. After a while the core of the flow consists 
of vapor only, and the liquid is confined only in the annular space between the 
vapor core and the tube walls. This is the annular-flow regime, and very high 
heat transfer coefficients are realized in this regime. As the heating continues, 
the annular liquid layer gets thinner and thinner, and eventually dry spots start 
to appear on the inner surfaces of the tube. The appearance of dry spots is ac- 
companied by a sharp decrease in the heat transfer coefficient. This transition 
regime continues until the inner surface of the tube is completely dry. Any liq- 
uid at this moment is in the form of droplets suspended in the vapor core, 
which resembles a mist, and we have a mist-flow regime until all the liquid 
droplets are vaporized. At the end of the mist-flow regime we have saturated 
vapor, which becomes superheated with any further heat transfer. 

Note that the tube contains a liquid before the bubbly flow regime and a 
vapor after the mist-flow regime. Heat transfer in those two cases can be 
determined using the appropriate relations for single-phase convection heat 
transfer. Many correlations are proposed for the determination of heat transfer 
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FIGURE 10-19 
Different flow regimes 
encountered in flow boiling 
in a tube under forced convection. 
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FIGURE 10-20 

When a vapor is exposed to a 
surface at a temperature below T^ v 
condensation in the form of a liquid 
film or individual droplets occurs 
on the surface. 



Film condensation on a vertical plate. 


in the two-phase flow (bubbly flow, slug-flow, annular-flow and ims -^w) , 

cases but they are beyond the scope of this introductory text. A crude estimate 
for heat flux in flow boiling can be obtained by simply adding the forced con- 

vection and pool boiling heat fluxes- 

10-4 * CONDENSATION HEAT TRANSFER 

Condensation occurs when the temperature of a vapor is reduced below its 
saturation temperature r sal . This is usually done by bringing the vapor into 
contact with a solid surface whose temperature 7, is below the saturation tem- 
perature T t of the vapor. But condensation can also occur on the free surface 
Tf a li"uW or elen in a gas when .he temperature of the liquid or the gas o 
Which the vapor is exposed is below T sa , In the latter case the liquid droplets 
suspended in the gas form a fog. In this chapter, we consider condensation on 

S °Two U distinct forms of condensation are observed: film condensation and 
dropwise condensation. In film condensation, the condensate 'wete the sur- 
face an d forms a liquid film on the surface that slides down under the influ- 
ence oTgravity. The thickness of the liquid film increases in the flow direction 
as more vapor condenses on the film. This is how condensation normally oc- 
curs in practice: In dropwise condensation, the condensed vapor fo 
droplets on the surface instead of a continuous film and the surface is covered 

bv countless droplets of varying diameters (Fig. 10-20). 
y in film condensation, the surface is blanketed by a liquid film of increasing 
thickness and this “liquid wall” between solid surface and the vapor serves as 
a resistance to heat transfer. The heat of vaporization h fg released as the vapor 
condenses must pass through this resistance before it can reach the solid sur- 
face and be transferred to the medium on the other side. In dropwise conden- 
sation however, the droplets slide down when they reach a certain size, 
clearing the surface and exposing it to vapor. There is no liquid film in this 
case to resist heat transfer. As a result, heat transfer rates that are more than 
10 times larger than those associated with film condensation can be achieved 
wi,h drapw?se condensation. Therefore, dropwise condensation ,s the pre- 
ferred mode of condensation in heat transfer applications, and people have 
long tried to achieve sustained dropwise condensation by using various vapor 
additives and surface coatings. These attempts have not been very successful, 
however, since the dropwise condensation achieved did not last long and con- 
verted to film condensation after some time. Therefore, it is common practi 
to be conservative and assume film condensation in the design of heat transfer 

equipment. 

10-5 * FILM CONDENSATION 

We now consider film condensation on a vertical plate, as shown m Fig. 
10-21 The liquid film starts forming at the top of the plate and flows down 
ward under the influence of gravity. The thickness of the film 8 “ 

the flow direction x because of continued condensation at the liquid vapor i 
terface. Heat in the amount h fg (the latent heat of vaporization) is released dur 
ing condensation and is transferred through the film to the plate surface a 
temperature T s . Note that T s must be below the saturation temperature T sat of 

the vapor for condensation to occur. 









I Typical velocity and temperature profiles of the condensate are also given in 
i Fig* 10-21. Note that the velocity of the condensate at the wall is zero because 
| of the “no-slip” condition and reaches a maximum at the liquid- vapor inter- 
; face. The temperature of the condensate is T sat at the interface and decreases 
! gradually to at the wall. 

j As was the case in forced convection involving a single phase, heat transfer 
; in condensation also depends on whether the condensate flow is laminar or 
turbulent. Again the criterion for the flow regime is provided by the Reynolds 
| number, which is defined as 
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D, Pi V, 
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ppi 


4 p/V t 8 __ 4 ^ 

Pt pp, 


(10-81 


where 


D h = 4A c /p = 45 = hydraulic diameter of the condensate flow, m 
p = wetted perimeter of the condensate, m 

A c — pS = wetted perimeter X film thickness, m 2 , cross-sectional area of the 
condensate flow at the lowest part of the flow 

p t = density of the liquid, kg/m 3 

Pi = viscosity of the liquid, kg/m * s 

Vj = average velocity of the condensate at the lowest part of the flow, m/s 
m = p t V t A c = mass flow rate of the condensate at the lowest part, kg/s 


The evaluation of the hydraulic diameter D h for some common geometries is 
illustrated in Fig. 10-22. Note that the hydraulic diameter is again defined 
such that it reduces to the ordinary diameter for flow in a circular tube, as was 
done in Chapter 8 for internal flow, and it is equivalent to 4 times the thickness 
of the condensate film at the location where the hydraulic diameter is evalu- 
ated. That i§ ; D h = 45. 

The latent ;heat of vaporization h fg is the heat released as a unit mass of 
vapor condenses, and it normally represents the heat transfer per unit mass of 
condensate formed during condensation. However, the condensate in an actual 




(c) Horizontal cylinder 


FIGURE 10-22 

The wetted perimeter p, the 
condensate cross-sectional area A c , 
and the hydraulic diameter D h for 
some common geometries. 
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FIGURE 10-23 

Flow regimes during film 
condensation on a vertical plate. 


condensation process is cooled further to some average temperature between 
T t and Tj, releasing more heat in the process. Therefore, the actual heat trans- 
fer wUl be larger. Rohsenow showed in 1956 that the cooling of the liquid be- 
low the saturation temperature can be accounted for by replacing h fg by the 
modified latent heat of vaporization h%, defined as 


hf s = hj g + 0.68c,, Cf sa! T s ) 


(10-9a) 


where c„, is the specific heat of the liquid at the average film temperature 
We can have a similar argument for vapor that enters the condenser as 
superheated vapor at a temperature T, instead of as saturated vapor. In this 
caL the vapor must be cooled first to T„, before it can condense, and this hea 
must be transferred to the wait as well. The amount of heat released as a unit 
mass of superheated vapor at a temperature T,. is cooled to is simp y 
c (T T .), where c is the specific heat of the vapor at the average tem- 
perature of (T,. + tJi. The modified latent heat of vaponzat.on in this case 

becomes 

h% = h fg + 0.68c, ; (T m - T s ) + C pv (T v - T Mt ) 0 0-9b) 

With these considerations, the rate of heat transfer can be expressed as 


= M,(7W - T s ) = mh% 


( 10 - 10 ) 


where A, is the heat transfer area (the surface area on which condensation oc- 
curs), Solving form from the equation above and substituting it into Eq. 10-8 
gives yet another relation for the Reynolds number, 


Re - 


4Qcor,den _ 4A J /l(T at T s ) 
PM; h % P^ 1 


( 10 - 11 ) 


This relation is convenient to use to determine the Reynolds number when the 
condensation heat transfer coefficient or the rate of heat transfer is : known . 

The temperature of the liquid film varies from T szt on the ^^d-vapor in- 
terface to T at the wall surface. Therefore, the properties of the liquid shou c 

beeviduateiiat the^n temperature T f = + TJB. which is approximate,, 

the average temperature of the liquid. The h f! , however, should be evaluated 
T since it is not affected by the subcooling of the liquid. 

Flow Regimes 

The Reynolds number for condensation on the outer surfaces ° f ve ^ tU ^' 
or plates increases in the flow direction due to the increase of the liquid filn 
thickness S. The flow of liquid film exhibits different regimes, depending oi 
the value of the Reynolds number. It is observed that the outer surface of tb 
liquid film remains smooth and wave-free for about Re < 30, as shown u 
Fie 10-23 and thus the flow is clearly laminar. Ripples or waves appear oi 
the free surface of the condensate flow as the Reynolds number ™ 

the condensate flow becomes fully turbulent at about Re ~ 1800. The con 
densate flow is called wavy-laminar in the range of 450 < Re < 1800 a 
turbulent for Re > 1800. However, some disagreement exists about the vatu 
of Re at which the flow becomes wavy-laminar or turbulent. 


Heat Transfer Correlations for Film Condensation 

Below we discuss relations for the average heat transfer coefficient h for the 
case of laminar film condensation for various geometries. 


1 Vertical Plates 

Consider a vertical plate of height L and width b maintained at a constant tem- 
perature T s that is exposed to vapor at the saturation- temperature T iit . The 
downward direction is taken as the positive x- direct! on with the origin placed 
at the top of the plate where condensation initiates, as shown in Fig. 10-24. 
The surface temperature is below the saturation temperature ( T s < T Mt ) and 
thus the vapor condenses on the surface. The liquid film flows downward un- 
der the influence of gravity. The film thickness 5 and thus the mass flow rate 
of the condensate increases with x as a result of continued condensation on the 
existing film. Then heat transfer from the vapor to the plate must occur 
through the film, which offers resistance to heat transfer. Obviously the 
thicker the film, the larger its thermal resistance and thus the lower the rate of 
heat transfer. 

The analytical relation for the heat transfer coefficient in film condensation 
on a vertical plate described above was first developed by Nusselt in 1916 
under the following simplifying assumptions: 

1. Both the plate and the vapor are maintained at constant temperatures of 
T s and T %zl , respectively, and the temperature across the liquid film varies 
linearly. 

2. Heat transfer across the liquid film is by pure conduction (no convection 
currents in the liquid film). 

3. The velocity of the vapor is low (or zero) so that it exerts no drag on the 
condensate (no viscous shear on the liquid-vapor interface). 

4. The flow of the condensate is laminar and the properties of the liquid 
are constant. 

5. The acceleration of the condensate layer is negligible. 

£ 

v 

Then Newton’s second law of motion for the volume element shown in 
Fig. 10-24 in the vertical x- direction can be written as 


Shear force 



Weight 
PtS{5~y){bdx)l 



The volume element of condensate 
on a vertical plate considered 
in Nusselt’s analysis. 


y = >na x = 0 

since the acceleration of the fluid is zero. Noting that the only force acting 
downward is the weight of the liquid element, and the forces acting upward 
are the viscous shear (or fluid friction) force at the left and the buoyancy force, 
the force balance on the volume element becomes 


^downward A 

Weight = Viscous shear force + Buoyancy force 
Pig(S ~ y)(bdx) = p-i (bdx) + p v g(S - y){bdx) 


Canceling the plate width b and solving for dit/dy gives 


Integrating from y = 0 where u = 0 (because of the no-slip boundary condi- 
tion) to y = y where u = u(y ) gives 


BOILING AND CONDENSATION 


, , S(P; - l’M ( , 

“W" — ^ (,tM2 > 

The mass flow rate of the condensate at a location x, where the boundary layer 
thickness is 8, is determined from 


Substituting the u(y) 


m(x) = f p,u(y)dA = f p t u{y)bdy 
5 A Jy=0 


( 10 - 13 ) 


relation from Equation 10-12 into Eq. 10-13 gives 


m(x) = 


gbptipi ~ pv)g 

3 Pt 


( 10 - 14 ) 


whose derivative with respect to x is 

dm _8^£lPs^P^_d8 
dx Pi dx 


( 10 - 15 ) 


which represents the rate of condensation of vapor over a vertical distance dx. 
The rate of heat transfer from the vapor to the plate through the liquid film is 
simply equal to the heat released as the vapor is condensed and is expressed as 


dQ = h fg dth = ki(bdx) 


T. 


sat 


T, 


8 




dm _ h 8 T su T s 
dx h fg 8 


( 10 - 16 ) 


Equating Eqs. 10-15 and 10-16 for dmidx to each other and separating the 
variables give 


&db = P ' lk f Tt * If - dx ( 10 - 17 ) 

SPt (Pi “ p v )h A 

Integrating from x = 0 where 6 = 0 (the top of the plate) to x = x where 
6 = 8(x), the liquid film thickness at any location x is determined to be 


500 = 

The heat transfer rate from the 
expressed as 


4/x ; k ; (T a , - T s )x 
. gPliPt ~ Pv) h fg . 


( 10-18 


vapor to the plate at a location a: can be 


4 , = hJT* t - T,) = ki 


Tsx-T, 




h “ 

* 5(.r) 


(10-19 


Substituting the 5(a) expression from Eq, 10-18, the local heat transfer coef- 
ficient h x is determined to be 



8Pt (fit ~ Py) li fg 


11/4 


4j tit - T t )x 


(10-20 
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The average heat transfer coefficient over the entire plate is determined from 
its definition by substituting the h x relation and performing the integration. 
It gives 


h = K s = z\ a h * ^ = |*x-L=0. 


943 


SPtipt ~ P0h fg 


L Pi cr*, - T s )t j 


1/4 


(10-21) 


Equation 10-21, which is obtained with the simplifying assumptions stated 
earlier, provides good insight on the functional dependence of the condensa- 
tion heat transfer coefficient. However, it is observed to underpredict heat 
transfer because it does not take into account the effects of the nonlinear tem- 
perature profile in the liquid film and the cooling of the liquid below the satu- 
ration temperature. Both of these effects can be accounted for by replacing 
by hf g given by Eq. 10-9. With this modification, the average heat transfer 
coefficient for laminar film condensation over a vertical flat plate of height L 
is determined to be 


K iR = 0.943 


8 Pi (Pi ~ py)h% kj 


l Pi (T m - Tffi 


1/4 


(W/m 2 * °C), 0 < Re < 30 (10-22) 


K 


vvhere 

g = gravitational acceleration, m/s 2 
pi, p v = densities of the liquid and vapor, respectively, kg/m 3 
Pi — viscosity of the liquid, kg/m • s 

hf s = hf g + 0.68c p/ (T m — T s ) = modified latent heat of vaporization, J/kg 
k[ — thermal conductivity of the liquid, W/m ■ °C 
L = height of the vertical plate, m 
T 3 = surface temperature of the plate, °C 
fit — saturation temperature of the condensing fluid, °C 

At a given temperature, p v < p ( aijd thus p 7 — p v ~ p { except near the critical 
point of the substance. Using this approximation and substituting Eqs. 10-14 
and 10-1 8 at x = L into Eq. 10-8 by noting that 8 X = , = kJh x = , and h,.. n = t 
K = L^Eqs. 1 0-1 9 and 1 0-2 1 ) give 


Re = 


^8 Pi ( Pt ~ Pv)8 3 4 gp] ( k, V 4 g f k t 




3 pj \h x =L/ \3h v J4 


( 10 - 23 ) 


Then the heat transfer coefficient /i ve(t in terms of Re becomes 


a 'U3 

A wrt = 1.47kj Re" 1/3 ( 


0 < Re < 30 
P v <Pi 


( 10 - 24 ) 


The results obtained from the theoretical relations above are in excellent 
agreement with the experimental results. It can be shown easily that using 
property values in Eqs. 10-22 and 10-24 in the specified units gives the con- 
densation heat transfer coefficient in W/m 2 ■ °C, thus saving one from having 





Equation 10-22 gives the 
condensation heat transfer coefficient 
in W/m 2 * °C when the quantities are 
expressed in the units specified in their 
descriptions. 


to go through tedious unit manipulations each time (Fig. 10-25). This is also 
true for the equations below. All properties of the liquid are to be evaluated at 
the film temperature 7) — (T m + T s )/2. The hj s and p v are to be evaluated at the 

saturation temperature T^ v 

Wavy Laminar Flow on Vertical Plates 

At Reynolds numbers greater than about 30, it is observed that waves form at 
the liquid-vapor interface although the flow in liquid film remains laminar. 
The flow in this case is said to be wavy laminar. The waves at the liquid- 
vapor interface tend to increase heat transfer. But the waves also complicate 
the analysis and make it very difficult to obtain analytical solutions. There- 
fore, we have to rely on experimental studies. The increase in heat transfer due 
to the wave effect is, on average, about 20 percent, but it can exceed 50 per- 
cent. The exact amount of enhancement depends on the Reynolds number. 
Based on his experimental studies, Kutateladze (1963) recommended . the 
following relation for the average heat transfer coefficient in wavy laminar 
condensate flow for p v < p t and 30 < Re < 1800, 


Re ki fg y° 30 < Re < 1800 {1Q25} 

/ivert. «vy ~ 1.08 Re 122 - 5.2 \iy) ’ P v < Pt 

A simpler alternative to the relation above proposed by Kutateladze (1963) is 

^ct. wvy = °* 8 Re °' U Avert (smooth) (JO-26) 

which relates the heat transfer coefficient in wavy laminar flow to that in 
wave-free laminar flow. McAdams (1954) went even further and suggested 
accounting for the increase in heat transfer in the wavy region by simply 
increasing the heat transfer coefficient determined from Eq. 10-22 for 
the laminar case by 20 percent. It is also suggested using Eq. 10—22 
for the wavy region also, with the understanding that this is a conservative 
approach that provides a safety margin in thermal design. In this book we use 

Eq. 10-25. 

A relation for the Reynolds number in the wavy laminar region can be 
determined by substituting the h relation in Eq. 10-25 into the Re relation in 
Eq. 10-1 1 and simplifying. It yields 


Re 


vert, wavy 


3.10 Lkj(T m — T s ) f gY 73 

4.81 -I rz { i 

Pi h k \v. 


0,820 


p v <Pi ( 10 - 27 ) 


Turbulent Flow on Vertical Plates 

At a Reynolds number of about 1800, the condensate flow becomes turbulent. 
Several empirical relations of varying degrees of complexity are proposed for 
the heat transfer coefficient for turbulent flow. Again assuming p v < P/ for 
simplicity, Labuntsov (1957) proposed the following relation for the turbulent 
flow of condensate on vertical plates: 

Re kj fg\ m Re >1800 

hvm. tinbutem = 8750 + 58 Pr -0 - 5 (Re 0 75 - 253) \vj) ' Pv ^ Pt 


( 10 - 28 ) 






FIGURE 10-26 

Nondimensionalized heat transfer 
coefficients for the wave- free laminar, 
wavy laminar, and turbulent flow 
of condensate on vertical plates. 


The physical properties of the condensate are again to be evaluated at the film 
temperature = (T m + T s )!2. The Re relation in this case is obtained by sub- 
stituting the h relation above into the Re relation in Eq. 10-11, which gives 


Re 


vert, turbulent 


Pi h fs \vV 


4/3 


(10-29) 


Nondimensionalized heat transfer coefficients for the wave-free laminar, wavy 
laminar, and turbulent flow of condensate on vertical plates are plotted in 
Fig. 10-26. 


2 Inclined Plates 

Equation lp-22 was developed for vertical plates, but it can also be used for 
laminar fimfc ondensation on the upper surfaces of plates that are inclined by 
an angle 0/from the vertical, by replacing g in that equation by g cos 9 
(Fig. 10-27). This approximation gives satisfactory results especially for 
0 ^ 60°. Note that the condensation heat transfer coefficients on vertical and 
inclined plates are related to each other by 

? , Alined = Kn ( cos 0) Irt (laminar) (10-30) 

Equation 10-30 is developed for laminar flow of condensate, but it can also be 
used for wavy laminar flows as an approximation. 

3 Vertical Tubes 

Equation 10-22 for vertical plates can also be used to calculate the average 
heat transfer coefficient for laminar film condensation on the outer surfaces of 
vertical tubes provided that the tube diameter is large relative to the thickness 
of the liquid film. 

4 Horizontal Tubes and Spheres 

Nusselt’s analysis of film condensation on vertical plates can also be extended 
to horizontal tubes and spheres. The average heat transfer coefficient for film 
condensation on the outer surfaces of a horizontal tube is determined to be 



Film condensation on 
an inclined plate. 


(W/m 2 • °C) 


(10-31} 
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0.729 


SPi (Pi ~ P>)h%# 
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where D is the diameter of the horizontal tube. Equation 10-31 can easily be 
modified for a sphere by replacing the constant 0.729 by 0.815. 

A comparison of the heat transfer coefficient relations for a vertical tube of 

height L and a horizontal tube of diameter D yields 

JbsL = 1 29 (— Y (10-32} 

/W W 

Setting gives L = 1.29 >D = 2.77D, which implies that for a 

tube whose length is 2.77 times its diameter, the average heat transfer coeffi- 
cient for laminar film condensation will be the same whether the tube is posi- 
tioned horizontally or vertically. For L > 2.77 D, the heat transfer coefficient 
is higher in the horizontal position. Considering that the length of a tube in 
any practical application is several times its diameter, it is common practice to 
place the tubes in a condenser horizontally to maximize the condensation heat 
transfer coefficient on the outer surfaces of the tubes. 



FIGURE 10-28 

Film condensation on a 
vertical tier of horizontal tubes. 


5 Horizontal Tube Banks 

Horizontal tubes stacked on top of each other as shown in Fig. 10-28 are 
commonly used in condenser design. The average thickness of the liquid film 
at, the lower tubes is much larger as a result of condensate failing on top of 
them from the tubes directly above. Therefore, the average heat transfer coef- 
ficient at the lower tubes in such arrangements is smaller. Assuming the con- 
densate from the tubes above to the ones below drain smoothly, the average 
film condensation heat transfer coefficient for all tubes in a vertical tier can be 

expressed as 


TrQfiz, N tubes 


, - 0.729 


gpi(pi ~ Pv) h%kj 


- T s ) ND \ 




N 


[/4 ^boriz, 1 tubs 


(10-33) 


Note that Eq. 10-33 can be obtained from the heat transfer coefficient relation 
for a horizontal tube by replacing D in that relation by ND. This relation does 
not account for the increase in heat transfer due to the ripple formation and 
turbulence caused during drainage, and thus generally yields conservative 

results. 


Effect of Vapor Velocity 

In the analysis above we assumed the vapor velocity to be small and thus the 
vapor drag exerted on the liquid film to be negligible, which is usually the 
case. However, when the vapor velocity is high, the vapor will "pull” the liq- 
uid at the interface along since the vapor velocity at the interface must drop to 
the value of the liquid velocity. If the vapor flows downward (i.e., in the same 
direction as the liquid), this additional force will increase the average velocity 
of the liquid and thus decrease the film thickness. This, in turn, will decrease 
the thermal resistance of the liquid film and thus increase heat transfer. 
Upward vapor flow has the opposite effects: the vapor exerts a force on the 


liquid in the opposite direction to flow, thickens the liquid film, and thus 
decreases heat transfer. Condensation in the presence of high vapor flow is 
studied [e.g., Shekriladze and Gomelauri (1966)] and heat transfer relations 
are obtained, but a detailed analysis of this topic is beyond the scope of this 
introductory text. 

The Presence of Noncondensable Gases in Condensers 

Most condensers used in steam power plants operate at pressures well below 
the atmospheric pressure (usually under 0.1 atm) to maximize cycle thermal 
efficiency, and operation at such low pressures raises the possibility of air (a 
noncondensable gas) leaking into the condensers. Experimental studies show 
that the presence of noncondensable gases in the vapor has a detrimental ef- 
fect on condensation heat transfer. Even small amounts of a noncondensable 
gas in the vapor cause significant drops in heat transfer coefficient during con- 
densation. For example, the presence of less than 1 percent (by mass) of air in 
steam can reduce the condensation heat transfer coefficient by more than half. 
Therefore, it is common practice to periodically vent out the noncondensable 
gases that accumulate in the condensers to ensure proper operation. 

The drastic reduction in the condensation heat transfer coefficient in the 
presence of a noncondensable gas can be explained as follows: When the va- 
por mixed with a noncondensable gas condenses, only the noncondensable 
gas remains in the vicinity of the surface (Fig. 10-29). This gas layer acts as a 
barrier between the vapor and the surface, and makes it difficult for the vapor 
to reach the surface. The vapor now must diffuse through the noncondensable 
gas first before reaching the surface, and this reduces the effectiveness of the 
condensation process. 

Experimental studies show that heat transfer in the presence of a noncon- 
densable gas strongly depends on the nature of the vapor flow and the flow 
velocity. As you would expect, a high flow velocity is more likely to remove 
the stagnant noncondensable gas from the vicinity of the surface, and thus 
improve he at transfer. 


EXAMPLE 10-4 Condensation of Steam on a Vertical Plate 

y 

Saturated steam at atmospheric pressure condenses on a 2-m-high and 
^-m-wide vertical plate that is maintained at 80°C by circulating cooling water 
through the other side (Fig, 10-30). Determine (a) the rate of heat transfer by 
condensation to the plate and (b) the rate at which the condensate drips off the 
plate at the bottom. 

1 SOLUTION Saturated steam at 1 atm condenses on a vertical plate. The rates 

I of heat transfer and condensation are to be determined. 

I Assumptions 1 Steady operating conditions exist. 2 The plate is isothermal. 
8 3 The condensate flow is wavy-laminar over the entire plate (will be verified). 
I 4 The density of vapor is much smaller than the density of liquid, p v < p h 
I Properties The properties of water at the saturation temperature of 100°C are 
I Pfg ~ 2257 x 10 1 * 3 J/kg and p„ = 0.60 kg/m 3 . The properties of liquid water 
I at the film temperature of 7} = { T sst + Tfl 2 = (100 + 80)/2 = 90°C are 
I (Table A-9) 
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FIGURE 10-29 

The presence of a noncondensable 
gas in a vapor prevents the vapor 
molecules from reaching the cold 
surface easily, and thus impedes 
condensation heat transfer. 




FIGURE 10-30 

Schematic for Example 10-4. 





FIGURE 10-31 

Schematic for Example 10-5. 


p t = 965.3 kg/m 3 

pL t = 0.315 X 10“ 3 kg/m ■ s 

v, = p.,fp, = 0.326 X 10~ 6 m 2 /s 


c pl = 4206 J/kg • °C 
k t = 0.675 W/m • °C 


Analysis (a) The modified latent heat of vaporization is 
h% = h ft + 0.68c pI (T S2t - T s ) 

= 2257 X 10 3 J/kg + 0.68 X (4206 J/kg * “0(100 - 80)°C 
= 2314 X 10 3 J/kg 

For wavy-laminar flow, the Reynolds number is determined from Eq. 10-27 
to be 


Re = Re 


■ C1 ^ 3JQ Lk t <T^~T,) (g\vi 
Pth% w . 


vertical, wavy 

3.70(2 m)(0.675 W/m • °C)(100 - 80)°C 


0,820 


4.81 + 


(0.315 X 10~ 3 kg/m • s)(2314 X 10 3 J/kg) 


X 


9.81 m/s' 


1/3 


.(0.326 X 10“ 6 m7s) 


0.820 


= 1287 

which is between 30 and 1800, and thus our assumption of wavy laminar flow 
is verified. Then the condensation heat transfer coefficient is determined from 
Eq. 10-25 to be 


h = h 


Re kt 


S 


1/3 


vertical, v?ivy ^Qg R gU 2 _ 5 2 \ v j t 

1287 X (0.675 W/m • °C) ( 9.81 m/s 2 


m 


1.08(1287) U2 - 5.2 V(0.326 X 10 6 m 2 /s) 2 


= 5850 W/m 2 • °C 


The heat transfer surface area of the plate is A $ = W x L - {3 m){2 m) - 
6 m 2 . Then the rate of heat transfer during this condensation process becomes 

Q = M/r al - n = (5850 W/m 2 • °Q(6 m 2 )(100 - 80)°C - 7.02 x 10 s W 

(fa) The rate of condensation of steam is determined from 

Q 7.02 X 10 s J/s 

m condensation /,* 2314 X 10 3 J/kg ' & 


That is, steam will condense on the surface at a rate of 303 grams per second. 


EXAMPLE 10-5 Condensation of Steam on a Tilted Plate 

What would your answer be to the preceding example problem if the plate were 
tilted 30° from the vertical, as shown in Fig. 10-31? 





SOLUTION (a) The heat transfer coefficient in this case can be determined 
from the vertical plate relation by replacing g by g cos 0, But we will use 
Eq. 10-30 instead since we already know the value for the vertical plate from 
the preceding example: 


S' 


h = /i [nclined = h ytn (cos B) m = (5850 W/m 2 ■ °C)(cos 30 °) 1 Ui = 5643 W/m 2 • X 


The heat transfer surface area of the plate is still 6 m 2 . Then the rate of con- 
densation heat transfer in the tilted plate case becomes 

Q = hA£T^ - T s ) = (5643 W/m 2 • °C)(6 m 2 )(100 - 80)°C = 6.77 X 10 s W 

(6) The rate of condensation of steam is again determined from 


^condensation 



6.77 X 10 3 J/s 
2314 X 10 3 J/kg 


= 0.293 kg/s 


Discussion Note that the rate of condensation decreased by about 3.3 percent 
when the plate is tilted. 



f'T 


EXAMPLE 10-6 Condensation of Steam on Horizontal Tubes 

The condenser of a steam power plant operates at a pressure of 7.38 kPa, 
Steam at this pressure condenses on the outer surfaces of horizontal tubes 
through which cooling water circulates. The outer diameter of the pipes is 
3 cm, and the outer surfaces of the tubes are maintained at 30°C (Fig. 10-32). 
Determine (a) the rate of heat transfer to the cooling water circulating in the 
tubes and { b ) the rate of condensation of steam per unit length of a horizontal 


SOLUTION Saturated steam at a pressure of 7.38 kPa condenses on a hori- 
zontal tube at 30°C. The rates of^eat transfer and condensation are to be de- 
termined. 

Assumptions 1 Steady operating conditions exist. 2 The tube is isothermal. 
Properties The properties of water at the saturation temperature of 40°C 
corresponding to 7.38 kPa are h fg = 2407 x 10 3 J/kg and p'= 0,05 kg/m 3 . 
The properties of liquid water at the film temperature of T f = (7^ t + T s )/2 = 
(40 + 30)/2 = 35°C are (Table A-9) 


Pi = 994 kg/m 3 Cpt = 4178 J/kg * °C 

fit = 0.720 X 10~ 3 kg/m • s k, = 0.623 W/m * °C 

Analysis (a) The modified latent heat of vaporization is 

h % = h H + 0.68c„ (7^ - T s ) 

= 2407 X 10 3 J/kg + 0.68 X (4178 J/kg * °C)(40 - 30)°C 
= 2435 X 10 3 J/kg 

Noting that p v < p t (since 0.05 < 994), the heat transfer coefficient for con- 
densation on a single horizontal tube is determined from Eq. 10-31 to be 



FIGURE 10-32 

Schematic for Example 10-6. 





h = /w = 0.729 


' gplipi ~ Pv) 

1/4 

S 0.729 

gpf h% kj 

[ fL(T^ - TV) D J 


k (T SU ~T S )D\ 


1/4 


(9.81 rn/s 2 )(994 kg/m 3 ) 2 (2435 X 10 J J/kg)(0.623 W/m • °C)- 
rn 7on v i n^ 3 w/m • ci/in — inwvn m m'i 


= 0.729 


1/4 


= 9294 W/m 2 ■ °C 

The heat transfer surface area of the pipe per unit of its length is A, = -nDL = 
tt( 0.03 m)(l m) = 0.09425 m 2 . Then the rate of heat transfer during this con- 
densation process becomes 

Q = hA£T m - T s ) = (9292 W/m 2 ■ °C)(0.09425 m 2 )(40 - 30)°C = 8760 W 
( b ) The rate of condensation of steam is 


m 


cortdefi^ioa 



8760 J/s 

2435 X 10 3 J/kg 


0,00360 kg/s 



Therefore, steam will condense on the horizontal tube at a rate of 3.6 g/s or 
13.0 kg/h per meter of its length. 



FIGURE 10-33 

Schematic for Example 10-7. 


EXAMPLE 10-7 Condensation of Steam on Horizontal Tube 

Banks 

Repeat the preceding example problem for the case of 12 horizontal tubes 
arranged in a rectangular array of 3 tubes high and 4 tubes wide, as shown in 
Fig. 10-33. 

SOLUTION (a) Condensation heat transfer on a tube is not influenced by the 
presence of other tubes in its neighborhood unless the condensate from other 
tubes drips on it. In our case, the horizontal tubes are arranged in four vertical 
tiers, each tier consisting of 3 tubes. The average heat transfer coefficient for 
a vertical tier of N horizontal tubes is related to the one for a single horizontal 
tube by Eq, 10-33 and is determined to be 

^ 'W. . «< = 3IS (9294 W/m 1 ■ »C) = 7062 W/m’ • °C 

Each vertical tier consists of 3 tubes, and thus the heat transfer coefficient de- 
termined above is valid for each of the four tiers. In other words, this value can 
be taken to be the average heat transfer coefficient for all 12 tubes. 

The surface area for all 12 tubes per unit length of the tubes is 

A s = N toul ttDL = 12tt( 0.03 m)(l m) - 1.1310 m 2 

Then the rate of heat transfer during this condensation process becomes 

Q = hA&T^ - T s ) = (7062 W/m 2 • °C)(1.13l m 2 )(40 - 30)°C = 79,870 W 






hi 


(fa) The rate of condensation of steam is again determined from 

Q 79,870 J/s 


^ condensation 


h% 2435 X I0 3 I/kg 


= 0.0328 kg/s 


Therefore, steam wit! condense on the horizontal pipes at a rate of 32.8 g/s per 
meter length of the tubes. 


10-6 ■ FILM CONDENSATION 

INSIDE HORIZONTAL TUBES 

So far we have discussed film condensation on the outer surfaces of tubes and 
other geometries, which is characterized by negligible vapor velocity and the 
unrestricted flow of the condensate. Most condensation processes encountered 
in refrigeration and air-conditioning applications, however, involve condensa- 
tion on the inner surfaces of horizontal or vertical tubes. Heat transfer analy- 
sis of condensation inside tube's is complicated by the fact that it is strongly 
influenced by the vapor velocity and the rate of liquid accumulation on the 
walls of the tubes (Fig. 10-34). 

For low vapor velocities, Chato (1962) recommends this expression for 
condensation 


h 


ntemal 


= 0.555 


sPt(Pi-pM ( h + 1 CJ[T 

ti,( t^-t s ) V /s8M " 


1/4 


T t ) 


(10-34) 


for 

Re - = < 35 '°°° 

-y 

where the Reynolds number of the vapor is to be evaluated at the tube inlet con- 
ditions using the internal tube diaipeter as the characteristic length. Heat trans- 
fer coefficient correlations for higher vapor velocities are given by Rohsenow. 
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FIGURE 10-34 

Condensate flow in a horizontal tube 
with large vapor velocities. 


10^7 DROPWISE CONDENSATION 

Dropwise condensation, characterized by countless droplets of varying diam- 
eters on the condensing surface instead of a continuous liquid film, is one of 
the most effective mechanisms of heat transfer, and extremely large heat trans- 
fer coefficients can be achieved with this mechanism (Fig. 10-35). 

In dropwise condensation, the small droplets that form at the nucleation 
sites on the surface grow as a result of continued condensation, coalesce into 
large droplets, and slide down when they reach a certain size, clearing the sur- 
face and exposing it to vapor. There is no liquid film in this case to resist heat 
transfer. As a result, with dropwise condensation, heat transfer coefficients can 
be achieved that are more than 10 times larger than those associated with film 
condensation. Large heat transfer coefficients enable designers to achieve a FIGURE 10-35 

specified heat transfer rate with a smaller surface area, and thus a smaller (and Dropwise condensation of steam on a 
less expensive) condenser. Therefore, dropwise condensation is the preferred vertical surface, 

mode of condensation in heat transfer applications. Hampton and dz&k.) 



1 

1 



The challenge in drop wise condensation is not to achieve it, but rather, to 
sustain it for prolonged periods of time. Drop wise condensation is achieved 
by adding a promoting chemical into the vapor, treating the surface with a 
promoter chemical, or coating the surface with a polymer such as teflon or a 
noble metal such as gold, silver, rhodium, palladium, or platinum. The pro- 
moters used include various waxes and fatty acids such as oleic, stearic, and 
linoic acids. They lose their effectiveness after a while, however, because of 
fouling, oxidation, and the removal of the promoter from the surface. It is pos- 
sible to sustain dropwise condensation for over a year by the combined effects 
of surface coating and periodic injection of the promoter into the vapor. How- 
ever, any gain in heat transfer must be weighed against the cost associated 
with sustaining dropwise condensation. 

Dropwise condensation has been studied experimentally for a number of 
surface-fluid combinations. Of these, the studies on the condensation of steam 
on copper surfaces has attracted the most attention because of their wide- 
spread use in steam power plants. P. Griffith (1983) recommends these simple 
correlations for dropwise condensation of steam on copper surfaces: 


_ (51,104 + 2044 T m 22°C < T m < 100°C (10-36) 

(255,310 ’ T at > 100°C (10-37) 

where T m is in °C and the heat transfer coefficient /i dropwi5e is in W/m 2 * °C. 

The very high heat transfer coefficients achievable with dropwise conden- 
sation are of little significance if the material of the condensing surface is not 
a good conductor like copper or if the thermal resistance on the other side of 
the surface is too large. In steady operation, heat transfer from one medium to 
another depends on the sum of the thermal resistances on the path of heat 
flow, and a large thermal resistance may overshadow all others and dominate 
the heat transfer process. In such cases, improving the accuracy of a small re- 
sistance (such as one due to condensation or boiling) makes hardly any differ- 
ence in overall heat transfer calculations. 



Heat Pipes 


A heat pipe is a simple device with no moving parts that can transfer large 
quantities of heat over fairly large distances essentially at a constant tem- 
perature without requiring any power input. A heat pipe is basically a 
sealed slender tube containing a wick structure lined on the inner surface 
and a small amount of fluid such as water at the saturated state, as shown in 
Fig. 10-36. It is composed of three sections: the evaporator section at 
one end, where heat is absorbed and the fluid is vaporized; a condenser 
section at the other end, where the vapor is condensed and heat is rejected; 
and the adiabatic section in between, where the vapor and the liquid phases 
of the fluid flow in opposite directions through the core and the wick, 
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*This section can be skipped without a loss in continuity. 
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respectively, to complete the cycle with no significant heat transfer between 
the fluid and the surrounding medium. 

The type of fluid and the operating pressure inside the heat pipe depend 
on the operating temperature of the heat pipe. For example, the triple- and 
critical-point temperatures of water are 0.01°C and 374.1°C, respectively. 
Therefore, water can undergo a liquid-to-vapor or vapor-to-liquid phase 
change process in tliis temperature range only, and thus it is not a suitable fluid 
for applications involving temperatures beyond this range. Furthermore, wa- 
ter undergoes a phase-change process at a specified temperature only if its 
pressure equals the saturation pressure at that temperature. For example, if a 
heat pipe with water as the working fluid is designed to remove heat at 70°C, 
the pressure inside the heat pipe must be maintained at 31.2 kPa, which is the 
boiling pressure of water at this temperature. Note that this value is well below 
the atmospheric pressure of 101 kPa, and thus the heat pipe operates in a vac- 
uum environment in this case. If the pressure inside is maintained at the local 
atmospheric pressure instead, heat transfer would result in an increase in the 
temperature of the water instead ofjevaporation. 

Although water is a suitable fluid to use in the moderate temperature 
range encountered in electronic equipment, several other fluids can be used 
in th^ construction of heat pipes to enable them to be used in cryogenic as 
well as high-temperature applications. The suitable temperature ranges for 
some co mm on heat pipe fluids are given in Table 10-5. Note that the over- 
all temperature range extends from almost absolute zero for cryogenic flu- 
ids such as helium to over 1600°C for liquid metals such as lithium. The 
ultimate temperature limits for a fluid are the triple - and critical-point tem- 
peratures. However, a narrower temperature range is used in practice to 
avoid the extreme pressures and low heats of vaporization that occur near 
the critical point. Other desirable characteristics of the candidate fluids are 
having a high surface tension to enhance the capillary effect and being 
compatible with the wick material, as well as being readily available, 
chemically stable, nontoxic, and inexpensive. 

The concept of heat pipe was originally conceived by R. S.-Gaugler of 
the General Motors Corporation, who filed a patent application for it in 


TABLE 10-5 


Suitable temperature ranges for 
some fluids used in heat pipes 


Fluid 

Temperature 
Range, °C 

Helium 

-271 to -268 

Hydrogen 

-259 to -240 

Neon 

-248 to -230 

Nitrogen 

-210 to -150 

Methane 

-182 to -82 

Ammonia 

-78 to -130 

Water 

5 to 230 

Mercury 

200 to 500 

Cesium 

400 to 1000 

Sodium 

500 to 1200 

Lithium 

850 to 1600 


1942. However, it did not receive much attention until 1962, when it was 
suggested for use in space applications. Since then, heat pipes have found 
a wide range of applications, including the cooling of electronic equipment. 

The Operation of a Heat Pipe 

The operation of a heat pipe is based on the following physical principles: 

• At a specified pressure, a liquid vaporizes or a vapor condenses at a 
certain temperature, called the saturation temperature. Thus, fixing the 
pressure insides a heat pipe fixes the temperature at which phase 
change occurs. 

* At a specified pressure or temperature, the amount of heat absorbed as 
a unit mass of liquid vaporizes is equal to the amount of heat rejected 
as that vapor condenses. 

• The capillary pressure developed in a wick moves a liquid in the wick 
even against the gravitational field as a result of the capillary effect. 

* A fluid in a channel flows in the direction of decreasing pressure. 

Initially, the wick of the heat pipe is saturated with liquid and the core 
section is filled with vapor. When the evaporator end of the heat pipe is 
brought into contact with a hot surface or is placed into a hot environment, 
heat transfers into the heat pipe. Being at a saturated state, the liquid in the 
evaporator end of the heat pipe vaporizes as a result of this heat transfer, 
causing the vapor pressure there to rise. This resulting pressure difference 
drives the vapor through the core of the heat pipe from the evaporator to- 
ward the condenser section. The condenser end of the heat pipe is in a 
cooler environment, and thus its surface is slightly cooler. The vapor that 
comes into contact with this cooler surface condenses, releasing the heat a 
vaporization, which is rejected to the surrounding medium. The liquid then 
returns to the evaporator end of the heat pipe through the wick as a result of 
capillary action in the wick, completing the cycle. As a result, heat is ab- 
sorbed at one end of the heat pipe and is rejected at the other end, with the 
fluid inside serving as a transport medium for heat. 

The boiling and condensation processes are associated with extremely 
high heat transfer coefficients, and thus it is natural to expect the heat pipe 
to be a very effective heat transfer device, since its operation is based on 
alternative boiling and condensation of the working fluid. Indeed, heat 
pipes have effective conductivities several hundred times that of copper 
or silver. That is, replacing a copper bar between two mediums at differ- 
ent temperatures by a heat pipe of equal size can increase the rate of 
heat transfer between those two mediums by several hundred times. A 
simple heat pipe with water as the working fluid has an effective thermal 
conductivity of the order of 100,000 W/m • °C compared with about 
400 W/m ■ °C for copper. For a heat pipe, it is not unusual to have an 
effective conductivity of 400,000 W/m • °C, which is 1000 times that of 
copper. A 15-cm-long, 0.6-cm-diameter horizontal cylindrical heat pipe 
with water inside, for example, can transfer heat at a rate of 300 W. There- 
fore, heat pipes are preferred in some critical applications, despite their 
high initial cost. 


There is a small pressure difference between the evaporator and condenser 
ends, and thus a small temperature difference between the two ends of the 
heat pipe. This temperature difference is usually between 1°C and 5°C. 

The Construction of a Heat Pipe 

The wick of a heat pipe provides the means for the return of the liquid to 
the evaporator. Therefore, the structure of the wick has a strong effect on the 
performance of a heat pipe, and the design and construction of the wick are 
the most critical aspects of the manufacturing process. 

The wicks are often made of porous ceramic or woven stainless wire 
mesh. They can also be made together with the tube by extruding axial 
grooves along its inner surface, but this approach presents manufacturing 
difficulties. 

The performance of a wick depends on its structure. The characteristics 
of a wick can be changed by changing the size and the number of the pores 
per unit volume and the continuity of the passageway. Liquid motion in the 
wick depends on the dynamic balance between two opposing effects: the 
capillary pressure, which creates the suction effect to draw the liquid, ’and 
the internal resistance to flow as a result of friction between the mesh sur- 
faces and the liquid. A small pore size increases the capillary action, since 
the capillary pressure is inversely proportional to the effective capillary ra- 
dius of the mesh. But decreasing the pore size and thus the capillary radius 
also increases the friction force opposing the motion. Therefore, the core 
size of the mesh should be reduced so long as the increase in capillary force 
is greater than the increase in the friction force. 

Note that the optimum pore size is different for different fluids and dif- 
ferent orientations of the heat pipe. An improperly designed wick results in 
an inadequate liquid supply and eventual failure of the heat pipe. 

Capplary action permits the heat pipe to operate in any orientation in a 
gravity field. However, the performance of a heat pipe is best when the cap- 
illary and gravity forces act in the same direction (evaporator end down) 
and is worst when these two fprces act in opposite directions (evaporator 
end up). Gravity does not affect the capillary force when the heat pipe is in 
the horizontal position. The heat removal capacity of a horizontal heat pipe 
cdh be doubled by installing it vertically with evaporator end down so that 
gravity kelps the capillary action. In the opposite case, vertical orientation 
with evaporator end up, the performance declines considerably relative the 
horizontal case since the capillary force in this case must work against the 
gravity force. 

Most heat pipes are cylindrical in shape. However, they can be manufac- 
tured in a variety of shapes involving 90° bends, S-tums, or spirals. They 
can also be made as a flat layer with a thickness of about 0.3 cm. Flat heat 
pipes are very suitable for cooling high-power-output (say, 50 W or greater) 
PCBs. In this case, flat heat pipes are attached directly to the back surface of 
the PCB, and they absorb and transfer the heat to the edges. Cooling fins are 
usually attached to the condenser end of the heat pipe to improve its effec- 
tiveness and to eliminate a bottleneck in the path of heat flow -from the com- 
ponents to the environment when the ultimate heat sink is the ambient air. 


Evaporator end 


FIGURE 10-37 

Variation of the heat removal 
capacity of a heat pipe with tilt angle 
from the horizontal when the liquid 
flows in the wick against gravity 
(from Steinberg). 



TABLE 10-6 

Typical heat removal capacity of 
various heat pipes 


Outside 
Diameter, 
cm (in) 

0.64$) 

0.95(f) 

1.27(f) 


Length, 
cm (in) 

15.2(6) 

30.5(12) 

45.7(18) 

15.2(6) 

30.5(12} 

45.7(18) 

15.2(6) 

30.5(12) 

45.7(18) 


Heat 
Removal 
Rate, W 

300 

175 

150 

500 

375 

350 

700 

575 

550 


Ar=3°c 


180 W, — — 

f Heat 



(MS cm 

_L_ 



L - 30 cm 

FIGURE 10-38 

Schematic for Example 10-8. 


The decline in the performance of a 122-cm-long water heat pipe with the 
tilt angle from the horizontal is shown in Fig. 10-37 for heat pipes with 
coarse, medium, and fine wicks. Note that for the horizontal case, the heat 
pipe with a coarse wick performs best, but the performance drops off sharply 
as the evaporator end is raised from the horizontal. The heat pipe with a fine 
wick does not perform as well in the horizontal position but maintains its 
level of performance greatly at tilted positions. It is clear from this figure that 
heat pipes that work against gravity must be equipped with jin e wicks. The 
heat removal capacities of various heat pipes are given in Table 10-6. 

A major concern about the performance of a heat pipe is degradation 
with time. Some heat pipes have failed within just a few months after they 
are put into operation. The major cause of degradation appears to be con- 
tamination that occurs during the sealing of the ends of the heat pipe tube 
and affects the vapor pressure. This form of contamination has been mini- 
mized by electron beam welding in clean rooms. Contamination of the 
wick prior to installation in the tube is another cause of degradation. Clean- 
liness of the wick is essential for its reliable operation for a long time. Heat 
pipes usually undergo extensive testing and quality control process before 
they are put into actual use. 

An important consideration in the design of heat pipes is the compatibil- 
ity of the materials used for the tube, wick, and fluid. Otherwise, reaction 
between the incompatible materials produces noncondensable gases, which 
degrade the performance of the heat pipe. For example, the reaction be- 
tween stainless steel and water in some early heat pipes generated hydro- 
gen gas, which destroyed the heat pipe. 


EXAMPLE 10-8 Replacing a Heat Pipe by a Copper Rod 

A 30-cm-long cylindrical heat pipe having a diameter of 0,6 cm is dissipating 
heat at a rate of 180 W, with a temperature difference of 3°C across the heat 
pipe, as shown in Fig. 10—38, If we were to use a 30-cm-long copper rod 


CHAPTER 10 


instead to remove heat at the same rate, determine the diameter and the mass 
of the copper rod that needs to be installed. 

1 SOLUTION A cylindrical heat pipe dissipates heat at a specified rate. The 
diameter and mass of a copper rod that can conduct heat at the same rate are 
to be determined. 

Assumptions Steady operating conditions exist. 

Properties The properties of copper at room temperature are p = 8933 kg/m 3 
and k = 401 W/m • °C (Table A-3). 

Analysis The rate of heat transfer through the copper rod can be expressed as 

Q = 


where /c is the thermal conductivity, L is the length, and AT is the temperature 
difference across the copper bar. Solving for the cross-sectional area A and 
substituting the specified values gives 


A = 


4 

Q = 


0.3 m 


A- AT * (401 W/m • °C)(3°C) 


(180 W) = 0.04489 m 2 = 448.9 cm : 


Then the diameter and the mass of the copper rod become 


A = \ttD 2 > D = V4 Ahr = V4(466.3 cm 2 )/7T = 24,4 cm 

4 





m = p\J = pAL = (8533 kg/m 3 )(0.044S9 m 2 )(0.3 m) = 120 kg 

Therefore, the diameter of the copper rod needs to be almost 40 times that of 
the heat pipe to transfer heat at the same rate. Also, the rod would have a mass 
of 120 kg, which is impossible' for an average person to lift. 







Boiling occurs when a liquid is in contact with a surface main- 
tained at a temperature T, sufficiently above the saturation tem- 
perature T sat of the liquid. Boiling is classified as pool boiling 
or flow boiling depending on the presence of bulk fluid motion. 
Boiling is called pool boiling in the absence of bulk fluid flow 
and flow boiling (or forced convection boiling) in its presence. 
Pool and flow boiling are further classified as subcooled boil- 
ing and saturated boiling depending on the bulk liquid temper- 
ature. Boiling is said to be subcooled (or local) when the 
temperature of the main body of the liquid is below the satura- 
tion temperature T M[ and saturated (or bulk) when the temper- 
ature of the liquid is equal to T iU . Boiling exhibits different 
regimes depending on the value of the excess temperature 
Four different boiling regimes are observed: natural convection 
boiling, nucleate boiling, transition boiling, and film boiling. 


These regimes are illustrated on the boiling curve. The rate of 
evaporation and the rate of heat transfer in nucleate boiling in- 
crease with increasing AT eaces; and reach a maximum at some 
point. The heat flux at this point is called the critical (or maxi- 
mum) heat flux, <y mai . The rate of heat transfer in nucleate pool 
boiling is determined from 
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The maximum (or critical) heat flux in nucleate pool boiling is 
determined from 

= C cr h fs [agpl ip; - p v )] ,/4 


BOILING AND CONDENSATION a 


where the value of the constant C c , is about 0, 15. The minimum 
heat flux is given by 


rmtn 


0.09p v . h fg 


o-g(p f - p v ) 
- (pf + Pv) 1 • 


1/4 


The heat flux for stable film boiling on the outside of a hori- 
zontal cylinder or sphere of diameter D is given by 


tfrilm Cfilmj 

^ (fs ~ ^S2l) 


gki p v (pi - Pv)[h fs + 0.4 c pv (T s - r 51[ )' 


1/4 


Pv D( Js - ^sat) 


where the constant C film = 0.62 for horizontal cylinders and 
0.67 for spheres. The vapor properties are to be evaluated at the 
film temperature T f = (T Eat + T s )/ 2, which Is the average 
temperature of the vapor film. The liquid properties and h fg are 
to be evaluated at the saturation temperature at the specified 
pressure. 

Two distinct forms of condensation are observed in nature: 
film condensation and dropwise condensation. In film conden- 
sation, the condensate wets the surface and forms a liquid film 
on the surface that slides down under the influence of gravity. 
In dropwise condensation, the condensed vapor forms count- 
less droplets of varying diameters on the surface instead of a 
continuous film. 

The Reynolds number for the condensate flow is defined as 


Re = 


Df, Pi Vi 
P t 


4 A c p t V f _ 4 ifi 
PPt PPt 
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where hf g is the modified latent heat of vaporization, defined as 

h% = h fg + O.fiScpj (T^ - T s ) 

and represents heat transfer during condensation per unit 
mass of condensate. 

Using some simplifying assumptions, the average heat 
transfer coefficient for film condensation on a vertical plate of 
height L is determined to be 


h 


vert 


= 0.943 


gptipt ~ pJhfgffi 
Pi T m )L 
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about Re /£ 30, wavy- laminar in the range of 30 < Re < 1800, 
and turbulent for Re > 1800, Heat transfer coefficients in the 
wavy-laminar and turbulent flow regions are determined from 

_ Refr (£\ m 30 < Re < 1800 

*"“*■ wavy " 1 .08 Re L22 - 5.2 \vf) ’ Pv < Pi 

Rely ( g y* 

"vmturfcokrtt 8750 + 5 g p r -0J ( Re 0.75 - 253) \vfj ’ 

Re > 1800 
P v <Pt 

Equations for vertical plates can also be used for laminar 
film condensation on the upper surfaces of the plates that are 
inclined by an angle 6 from the vertical, by replacing g in that 
equation by g cos d. Vertical plate equations can also be used to 
calculate the average heat transfer coefficient for laminar film 
condensation on the outer surfaces of vertical tubes provided 
that the tube diameter is large relative to the thickness of the 
liquid film. 

The average heat transfer coefficient for film condensation 
on the outer surfaces of a horizontal tube is determined to be 


h 


horiz 


= 0.729 


gptipt - Pv) h%kf 
Pi (T s - TJ)D _ 
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where D is the diameter of the horizontal tube. This relation 
can easily be modified for a sphere by replacing the constant 
0.729 by 0.815. It can also be used for N horizontal tubes 
stacked on top of each other by replacing D in the denominator 
by ND. 

For low vapor velocities, film condensation heat transfer 
inside horizontal tubes can be determined from 


& 


internal 


= 0.555 
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Re 


vapor 


PvVyD 
. Pv . 


< 35,000 

inlet 


where the Reynolds number of the vapor is to be evaluated at 
the tube inlet conditions using the internal tube diameter as the 
characteristic length. Finally, the heat transfer coefficient for 
dropwise condensation of steam on copper surfaces is given by 

, _ [51,104 + 20447^ 22°C < T sat < 100°C 

“dropwise |255,310 ’ T m > 100°C 


All properties of the liquid are to be evaluated at the film tem- 
perature T f = (T m + Tffil. The h fg and p v are to be evaluated at 
T Condensate flow is smooth and wave-free laminar for 


where T iU is in °C and the heat transfer coefficient is in 

W/m 2 • °C or its equivalent W/m 2 ■ K. 
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Boiling Heat Transfer 

10-1 C What is boiling? What mechanisms are responsible 
for the very high heat transfer coefficients in nucleate boiling? 

10-2C Does the amount of heat absorbed as 1 kg of saturated 
liquid water boils at 100°C have to be equal to the amount of 
heat released as 1 kg of saturated water vapor condenses at 
100°C? 


^Problems designated by a "C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon £ are solved using EES, Problems with the icon H are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 




X0-3C What is the difference between evaporation and boiling? 
J 0 - 4 C What is the difference between pool boiling and flow 
boiling? 

10-5 C What is the difference between subcooled and satu- 
rated boiling? 

10-6 C Draw the boiling curve and identify the different boil- 
ing regimes. Also, explain the characteristics of each regime. 

10-7C How does film boiling differ from nucleate boiling? 
Is the boiling heat flux necessarily higher in the stable film 
boiling regime than it is in the nucleate boiling regime? 

10-8C Draw the boiling curve and identify the burnout point 
on the curve. Explain how burnout is caused. Why is the 
burnout point avoided in the design of boilers? 

10-9 C Discuss some methods of enhancing pool boiling heat 
transfer permanently. 

10-10 C Name the different boiling regimes in the order they 
occur in a vertical tube during flow boiling. 

10-11 Water is boiled at 120°C in a mechanically polished 
stainless-steel pressure cooker placed on top of a heating unit. 
The inner surface of the bottom of the cooker is maintained at 
130°C. Determine the heat flux on the surface. 

Answer: 228.4 kW/m 2 

10-12 Water is boiled at 90°C by a horizontal brass heating 
element of diameter 7 mm. Determine the maximum heat flux 
that can be attained in the nucleate boiling regime. 

10-13 Water is boiled at 90°C by a horizontal brass heating 
element of diameter 7 mm. Determine the surface temperature 
of the heater for the minimum heat flux case. 

10—14 Water is to be boiled at atmospheric pressure in a me- 
chanically polished steel pan placed on top of a heating unit. The 
inner surface of the bottom of the pan is maintained at 1 10°C, If 
the diameter of the bottom of the pan is 30 cm, determine (a) the 
rate of heat transfer to the water and (b) the rate of evaporation. 

1 atm 


10-15 Water is to be boiled at atmospheric pressure on a 
3-cm-diameter mechanically polished steel heater. Determine 
the maximum heat flux that can be attained in the nucleate 
boiling regime and the surface temperature of the heater sur- 
face in that case. 


10-16 Fp^fj Reconsider Prob. 10-15. Using EES (or other) 
fehdl software, investigate the effect of local at- 
mospheric pressure on the maximum heat flux and the temper- 
ature difference T s ~ T M . Let the atmospheric pressure vary 
from 70 kPa to 101 .3 kPa. Plot the maximum heat flux and the 
temperature difference as a function of the atmospheric pres- 

- - J _J t 


10-17 Water is to be boiled at sea level in a 30-cm-diameter 
mechanically polished AISI 304 stainless steel pan placed on 
top of a 3-kW electric burner. If 60 percent of the heat gener- 
ated by the burner is transferred to the water during boiling, 
determine the temperature of the inner surface of the bottom 
of the pan. Also, determine the temperature difference between 
the inner and outer surfaces of the bottom of the pan if it is 
6-mm thick. 


1 atm 



FIGURE P10-17 
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10-18 Repeat Prob. 10-17 for a location at an elevation of 
1500 m where the atmospheric pressure is 84.5 kPa and thus 
the boiling temperature of water is 95°C. 

Answers: 100.9°C, 10.3°C 


10-19 Water is boiled at sea level in a coffee maker equipped 
with a 20-cm-long 0.4-cm-diameter immersion-type electric 
heating element made of mechanically polished stainless steel. 
The coffee maker initially contains 1 L of water at 14°C. Once 
boiling starts, it is observed that half of the water in the coffee 
maker evaporates in 25 min. Determine the power rating of the 
electric heating element immersed in water and the surface 


j 


> 




AVent 


temperature of the heating element. Also determine how long it 
will take for this heater to raise the temperature of 1 L of cold 
water from 14°C to the boiling temperature. 


1 atm 



FIGURE PI 0-1 9 


10-20 Repeat Prob. 10-19 for a copper heating element. 

10-21 A 65-cm-long, 2-cm-diameter brass heating element is 
to be used to boil water at 120°C. If the surface temperature of 
the heating element is not to exceed 125°C, determine the 
highest rate of steam production in the boiler, in kg/h. 

Answer: 19.4 kg/h 


10-22 To understand the burnout phenomenon, boiling ex- 
periments are conducted in water at atmospheric pressure using 
an electrically heated 30-cm-long, 3-mm-diameter nickel- 
plated horizontal wire. Determine (a) the critical heat flux and 
(b) the increase in the temperature of the wire as the operating 
point jumps from the nucleate boiling to the film boiling 
regime at the critical heat flux. Take the emissivity of the wire 
to be 0.5. ' 7 


10-23 Reconsider Prob. 10-22. Using EES (or other) 

software, investigate tljp effects of the local 
atmospheric pressure and the emissivity of the wire on the 
critical heat flux and the temperature rise of wire. Let the at- 
mospheric pressure vary from 70 kPa to 101.3 kPa and 
the emissivity 1 from 0.1 to 1.0. Plot the critical heat flux and the 
temperature rise as functions of the atmospheric pressure and 
the emissivity, and discuss the results. 


10-24 Water is boiled at 1 atm pressure in a 20-cm-intemal- 
diameter teflon-pitted stainless-steel pan on an electric range. 
If it is observed that the water level in the pan drops by 10 cm 
in 15 min, determine the inner surface temperature of the pan. 
Answer: 105.3 D C 


10-25 Repeat Prob. 10-24 for a polished copper pan. 

10-26 In a gas-fired boiler, water is boiled at 150°C by hot 
gases flowing through 50-m-Iong, 5-cm-outer-diameter me- 
chanically polished stainless-steel pipes submerged in water. If 
the outer surface temperature of the pipes is 165°C, determine 
(a) the rate of heat transfer from the hot gases to water, (b) the 



rate of evaporation, (c) the ratio of the critical heat flux to the 
present heat flux, and (d) the surface temperature of the pipe at 
which critical heat flux occurs. 

Tlnsv/ers: (a) 10,865 kW, (6) 5.139 kg/s, (c> 1.34, (d) 166.5°C 

10-27 Repeat Prob. 10-26 for a boiling temperature of 
160°C. 

10-28 Water is boiled at 120°C by a 0.6-m-Iong and 1.3-m 
diameter nickel-plated electric heating element maintained 
at 140°C. Determine (a) the boiling heat transfer coefficient, 

(b) the electric power consumed by the heating element, and 

(c) the rate of evaporation of water. 

10-29 Repeat Prob. 10-28 for a platinum-plated heating ele- 
ment. 

10-30 Reconsider Prob. 10-28. Using EES (or other) 

software, investigate the effect of surface tem- 
perature of the heating element on the boiling heat transfer co- 
efficient, the electric power, and the rate of evaporation of 
water. Let the surface temperature vary from 125°C to 150°C. 
Plot the boiling heat transfer coefficient, the electric power 
consumption, and the rate of evaporation of water as a function 
of the surface temperature, and discuss the results. 

10-31 Cold water enters a steam generator at 15°C and 
leaves as saturated steam at 200°C. Determine the fraction of 
heat used to preheat the liquid water from 15°C to the satura- 
tion temperature of 200°C in the steam generator. 

Answer: 28.7 percent 

10-32 Cold water enters a steam generator at 20°C and leaves 
as saturated steam at the boiler pressure. At what pressure will 
the amount of heat needed to preheat the water to saturation 


WW&H: 


temperature be equal to the heat needed to vaporize the liquid 
at the boiler pressure? 

10-33 ^ Reconsider Prob. 10-32. Using EES (or other) 
fed! software, plot the boiler pressure as a function 
of the cold water temperature as the temperature 
varies from 0°C to 30°C, and discuss the results. 

10-34 A 50-cm-long, 2-mm-diameter electric resistance 
wire submerged in water is used to determine the boiling 
heat transfer coefficient in water at 1 atm experimentally. The 
wire temperature is measured to be 130°C when a wattmeter 
indicates the electric power consumed to be 3.8 kW. Using 
Newton’s law of cooling, determine the boiling heat transfer 

coefficient. 



10-35 Water is boiled at 120°C in a mechanically polished 
stainless-steel pressure cooker placed on top of a heating unit. 
If the inner surface of the bottom of the cooker is maintained at 
132°C, determine the boiling heat transfer coefficient. 

Answer: 32.9 kW/m 2 * °C 

10-36 Water is boiled at 100°C by a spherical platinum heat- 
ing element of diameter 15 cm and emissivity 0.10 immersed 
in the water. If the surface temperature of the heating element 
is 350°C, determine the rate of heat transfer from the heating 
element to the water. 

Condensation Heat Transfer 

10-37 C What is condensation? How does it occur? 

10-38 C What is the difference between film and dropwise 
condensation? Which is a more effective mechanism of heat 
transfer? 

10-39C In condensate flow, how is the wetted perimeter 
defined? How does wetted perimeter differ from ordinary 
perimeter? 

10-40C What is the modified latent heat of vaporization? For 
what is it used? How does it differ from the ordinary latent heat 
of vaporization? 

10-41C Consider film condensation on a vertical plate. Will 
the heat flux be higher at the top or at the bottom of the plate? 
Why? 

10-42C Consider film condensation on the outer surfaces of 
a tube whose length is 10 times its diameter. For which ori- 
entation of the tube will the heat transfer rate be the highest: 


horizontal or vertical? Explain. Disregard the base and top 
surfaces of the tube. 

10-43C Consider film condensation on the outer surfaces of 
four long tubes. For which orientation of the tubes will the con- 
densation heat transfer coefficient be the highest: (n) vertical, 
(b) horizontal side by side, (c) horizontal but in a vertical tier 
(directly on top of each other), or ( d) a horizontal stack of two 
tubes high and two tubes wide? 

10-44C How does the presence of a noncondensable gas in a 
vapor influence the condensation heat transfer? 

10-45 The Reynolds number for condensate flow is defined 
as Re = 4 m/p fa, where p is the wetted perimeter. Obtain sim- 
plified relations for the Reynolds number by expressing p and 
tii by their equivalence for the following geometries: (a) a ver- 
tical plate of height L and width w, (b) a tilted plate of height L 
and width W inclined at an angle 0 from the vertical, (c) a ver- 
tical cylinder of length L and diameter D, (d) a horizontal 
cylinder of length L and diameter D , and (e) a sphere of di- 
ameter D. 

10-46 Consider film condensation on the outer surfaces of 
N horizontal tubes arranged in a vertical tier. For what value of 
N will the average heat transfer coefficient for the entire stack 
of tubes be equal to half of what it is for a single horizontal 

tube? 

10-47 Saturated steam at 1 atm condenses on a 3-m-high and 
8-m-wide vertical plate that is maintained at 90°C by circulat- 
ing cooling water through the other side. Determine (a) the rate 
of heat transfer by condensation to the plate, and (b) the rate at 
which the condensate drips off the plate at the bottom. 

/Dssvers; (a) 1507 kW, (b) 0.659 kg/s 



10-48 Repeat Prob. 10-47 for the case of the plate being 
tilted 60° from the vertical. 

10-49 Saturated steam at 30°C condenses on the outside of 
a 4-cm-outer-diameter, 2-m-long vertical tube. The tempera- 
ture of the tube is maintained at 20°C by the cooling water. 
Determine (a) the rate of heat transfer from the steam to the 


cooling water, ( b ) the rate of condensation of steam, and (c) the 
approximate thickness of the liquid film at the bottom of 
the tube. 



Steam 

30 5 C 


= 2 m 


10-50 Saturated steam at 35°C is condensed on the outer sur- 
faces of an array of horizontal pipes through which cooling wa- 
ter circulates. The outer diameter of the pipes is 2.5 cm and the 
outer surfaces of the pipes are maintained at 15°C. Determine 
(a) the rate of heat transfer to the cooling water circulating in 
the pipes and ( b ) the rate of condensation of steam per unit 
length of a single horizontal pipe. 

10-51 Repeat Prob. 10-50 for the case of 32 horizontal pipes 
arranged in a rectangular array of 4 pipes high and 8 pipes 
wide. 


10-52 Saturated steam at 55 °C is to be condensed at a rate of 
10 kg/h on the outside of a 3-cm-outer-diameter vertical tube 
whose surface is maintained at 45 °C by the cooling water. De- 
termine the required tube length. 

10-53 'Reppt Prob. 10-52 for a horizontal tube. 

Answer: 0.70 m 

10-54 Saturated steam at 100°C condenses on a 2-m X 2-m 
plate that is tilted 40° from the vertical. The plate is maintained 
at 80°C by cooling it from the other side. Determine (a) the av~ 
erageJieat transfer coefficient over the entire plate and (b) the 
rate at which the condensate drips off the plate at the bottom. 


10-55 j?g|J Reconsider Prob. 10-54. Using EES (or other) 
software, investigate the effects of plate tem- 
perature and the angle of the plate from the vertical on the 
average heat transfer coefficient and the rate at which the con- 
densate drips off. Let the plate temperature vary from 40°C to 
90°C and the plate angle from 0° to 60°. Plot the heat transfer 
coefficient and the rate at which the condensate drips off as 
functions of the plate temperature and the tilt angle, and dis- 
cuss the results. 


10-56 Saturated ammonia vapor at 10°C condenses on the 
outside of a 4-cm-outer-diameter, 15-m-long horizontal tube 
whose outer surface is maintained at — 10°C. Determine (a) the 
rate of heat transfer from the ammonia and ( b ) the rate of con- 
densation of ammonia. 


10-57 The condenser of a steam power plant operates at a 
pressure of 4.25 kPa. The condenser consists of 100 horizontal 
tubes arranged in a 10 X 10 square array. The tubes are S m 
long and have an outer diameter of 3 cm. If the tube surfaces 
are at 20°C, determine (a) the rate of heat transfer from the 
steam to the cooling water and ( b ) the rate of condensation of 
steam in the condenser. Answers: (a) 3678 kW, (6) 1.496 kg/s 


Saturated 

steam 



10-58 figgi Reconsider Prob. 10-57. Using EES (or other) 
iNHII software, investigate the effect of the condenser 
pressure on the rate of heat transfer and the rate of condensa- 
tion of the steam. Let the condenser pressure vary from 3 kPa 
to 15 kPa. Plot the rate of heat transfer and the rate of conden- 
sation of the steam as a function of the condenser pressure, and 
discuss the results. 

10-59 A large heat exchanger has several columns of tubes, 
with 33 tubes in each column. The outer diameter of the tubes 
is 1.5 cm. Saturated steam at 50°C condenses on the outer sur- 
faces of the tubes, which are maintained at 20°C. Determine 
(u) the average heat transfer coefficient and ( b ) the rate of con- 
densation of steam per m length of a column. 

10-60 Saturated refrigerant- 1 34a vapor at 30°C is to be 
condensed in a 5-m-long, 1-cm-diameter horizontal tube 
that is maintained at a temperature of 20°C. If the refriger- 
ant enters the tube at a rate of 2.5 kg/mrn, determine the 
fraction of the refrigerant that is condensed at the end of the 
tube. 

10-61 Repeat Prob. 10--60 for a tube length of 8 m. 

Ansy/en 17.2 percent 

10-62 Reconsider Prob. 10-60. Using EES (or other) 

sS5»l software, plot the fraction of the refrigerant con- 
densed at.the end of the tube as a function of the temperature 
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of the saturated R-134a vapor as the temperature varies from 
25°C to 50°C, and discuss the results. 

10-63 A horizontal condenser uses a 4 X 4 array of tubes 
that have an outer diameter of 5.0 cm and length 2.0 m. Satu- 
rated steam at 101.3 kPa condenses on the outside tube surface 
held at a temperature of 80°C. Calculate the steady rate of 
steam condensation in kg/h. 

10-64 Saturated ammonia vapor at 30°C is passed over 20 
vertical flat plates, each of which is 10 cm high and 15 cm 
wide. The average surface temperature of the plates is 10°C. 
Estimate the average heat transfer coefficient and the rate of 
ammonia condensation. 

Special Topic: Heat Pipes 

10-65C What is a heat pipe? How does it operate? Does it 
have any moving parts? 

10-66C A heat pipe with water as the working fluid is said to 
have an effective thermal conductivity of 100,000 W/m • °C, 
which is more than 100,000 times the conductivity of water. 
How can this happen? 

10-67 C What is the effect of a small amount of noncondens- 
able gas such as air on the performance of a heat pipe? 

10-68C Why do water-based heat pipes used in the cooling 
of electronic equipment operate below atmospheric pressure? 

10-69 C What happens when the wick of a heat pipe is too 
coarse or too fine? 

10-70 C Does the orientation of a heat pipe affect its perfor- 
mance? Does it matter if the evaporator end of the heat pipe is 
up or down? Explain. 

10-71C How can the liquid in a heat pipe move up against 
gravity without a pump? For heat pipes that work against grav- 
ity, is it better to have coarse or fine wicks? Why? 

10-72C What are the important considerations in the design 
and manufacture of heat pipes? 

10-73C What is the major cause for the premature degrada- 
tion of the performance of some heat pipes? 


10-74 A 40-cm-long cylindrical heat pipe having a diameter 
of 0.5 cm is dissipating heat at a rate of 150 W, with a tem- 
perature difference of 4°C across the heat pipe. If we were 
to use a 40-cm-long copper rod (k = 401 W/m ■ °C and p ~ 
8933 kg/m 3 ) instead to remove heat at the same rate, determine 
the diameter and the mass of the copper rod that needs to be 
installed. 

10-75 Repeat Prob. 10-74 for an aluminum rod instead of 
copper. 

Review Problems 

10-76 Water is boiled at 100°C by a spherical platinum heat- 
ing element of diameter 15 cm and emissivity 0.10 immersed in 
the water. If the surface temperature of the heating element is 
350°C, determine the convective boiling heat transfer coefficient. 

10-77 Water is boiled at 120°C in a mechanically polished 
stainless-steel pressure cooker placed on top of a heating unit. 
The inner surface of the bottom of the cooker is maintained at 
130°C. The cooker that has a diameter of 20 cm and a height of 
30 cm is half filled with water. Determine the time it will take 
for the tank to empty. 

Answer: 22.8 min 

10-78 Saturated ammonia vapor at 25 °C condenses on the 
outside surface of 16 thin- walled tubes, 2.5 cm in diameter, 
arranged horizontally in a 4 X 4 square array. Cooling water 
enters the tubes at 14°C at an average velocity of 2 m/s and 
exits at 17°C. Calculate (a) the rate of NH 3 condensation, 
(, b ) the overall heat transfer coefficient, and (c) the tube length. 

10-79 Steam at 40°C condenses on the outside of a 3 -cm di- 
ameter thin horizontal copper tube by cooling water that enters 
the tube at 25°C at an average velocity of 2 m/s and leaves at 
35°C. Determine the rate of condensation of steam, the average 
overall heat transfer coefficient between the steam and the 
cooling water, and the tube length. 


Steam 

40°C 



FIGURE PI 0-79 


10-80 Saturated ammonia vapor at 25°C condenses on the 
outside of a 2-m-long, 3.2-cm-outer-diameter vertical tube 
maintained at 15°C. Determine (a) the average heat transfer co- 
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efficient, ( b ) the rate of heat transfer, and (c) the rate of con- 
densation of ammonia* 

10-81 Saturated isobutane vapor in a binary geothermal 
power plant is to be condensed outside an array of eight hori- 
zontal tubes. Determine the ratio of the condensation rate for 
the cases of the tubes being arranged in a horizontal tier versus 
in a vertical tier of horizontal tubes* 

10-82 The condenser of a steam power plant operates at a 
pressure of 7*38 kPa* The condenser consists of 144 horizontal 
tubes arranged in a 12 X 12 square array* The tubes are 4,5 m 
long and have an outer diameter of 3 cm* If the outer surfaces 
of the tubes are maintained at 30°C, determine (a) the rate of 
heat transfer from the steam to the cooling water and ( b ) the 
rate of condensation of steam in the condenser* 

10-83 Repeat Prob* 10-82 for a tube diameter of 5 cm. 

10-84 Water is boiled at 100°C electrically by an 80-cm- 
long, 2-mm-diameter horizontal resistance wire made of chem- 
ically etched stainless steel* Determine (a) the rate of heat 
transfer to the water and the rate of evaporation of water if the 
temperature of the wire is 1 15°C and (b) the maximum rate of 
evaporation in the nucleate boiling regime. 

Answers: (a) 2387 W, 3*81 kg/h, {b) 1280 kW/m 2 



10-85 Saturated steam at 35°C is condensed on a l*2-m-high 
vertical plate that is maintained at 25°C. Determine the rate of 
heat transfer from the steam to the plate and the rate of con- 
densation per meter width of the plate* 


10-86 Saturated refrigerant- 134a vapor at 35°C is to be con- 
densed on the outer surface of a 7-m-long, l*5-cm-diameter 
horizontal tube that is maintained at a temperature of 25°C* 
Determine the rate at which the refrigerant will condense, in 
kg/min. 


10-87 Repeat Prob. 10-86 for a tube diameter of 3 cm. 

10-88 Saturated steam at 270.1 kPa condenses inside a hori- 
zontal, 10-m-Iong, 2,5-cm-mtemahdiameter pipe whose sur- 
face is maintained at 110°C. Assuming low vapor velocity. 



determine the average heat transfer coefficient and the rate of 
condensation of the steam inside the pipe. 

Answers: 3345 W/m 2 - °C r 0.0242 kg/s 


10-89 /Tfe A l*5-cm-diameter silver sphere initially at 
30°C is suspended in a room filled with satu- 
rated steam at 100°C* Using the lumped system analysis, de- 
termine how long it will take for the temperature of the ball to 
rise to 50°C* Also, determine the amount of steam that con- 
denses during this process and verify that the lumped system 
analysis is applicable. 

10-90 Repeat Prob* 10-89 for a 3-cm-diameter copper 
ball* 


10-91 You have probably noticed that water vapor that con- 
denses on a canned drink slides down, clearing the surface for 
further condensation* Therefore, condensation in this case can 
be considered to be dropwise* Determine the condensation heat 
transfer coefficient on a cold canned drink at 2°C that is placed 
in a large container filled with saturated steam at 95°C* 


Steam 
95 °C 



10-92 A resistance heater made of 2-mm-diameter nickel 
wire is used to heat water at 1 atm pressure. Determine the 
highest temperature at which this heater can operate safely 
without the danger of burning out* Answer - 109.6X 

10-93 Atmospheric-pressure steam is to be generated in the 
shell side of a horizontal heat exchanger. There are 100 tubes, 
each with 5,0 cm in outer diameter and 2*0 m in length* The 
heat transfer coefficient on the tube surface can be expressed in 
W/m 2 * K as h = 5.56(7^ — T^) 3 , where T s is the tube surface 
temperature and T^ t is the boiling temperature. Estimate the 
tube surface temperature for producing 50 kg/min of steam* 

10-94 An electrical heating rod, 1*0 cm in diameter and 
30*0 cm in length, is rated at 1*5 kW* It is immersed horizon- 
tally In a vessel filled with water at 101*3 kPa* The heat trans- 
fer coefficient on the heater surface can be expressed in 
W/m 2 - K as h — 5,56(7^ — T Mt ) 3 , where T s is the heater surface 
temperature and T^ t is the boiling temperature* Calculate the 
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heater surface temperature and the rate of steam generation 
after the water starts boiling. 

10-95 Shown in Fig. P10-95 is the tube layout for a horizontal 
condenser that is used for liquefying 900 kg/h of saturated ammo- 
nia vapor at 37°C. There are 14 copper tubes, each with inner di- 
ameter Dj = 3.0 cm and outer diameter D a = 3.8 cm. A coolant 
flows through the tubes at an average temperature of 20°C such 
that it yields a heat transfer coefficient of 4.0 kW/m 2 ■ K. For this 
condenser, estimate (a) the average value of the overall heat 
transfer coefficient and ( b ) the tube length. 
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FIGURE PI 0-95 


Fundamentals of Engineering {FE) Exam Problems 

10-96 Saturated water vapor at 40°C is to be condensed as it 
flows through a tube at a rate of 0.2 kg/s. The condensate 
leaves the tube as a saturated liquid at 40°C. The rate of heat 
transfer from the tube is 
(a) 34 ki/s (b) 268 kJ/s (c) 453 kJ/s 

(d) 481 kJ/s (e) 515 kJ/s 

10-97 Heat transfer coefficients for a vapor condensing on a 
surface can be increased by promoting 

(a) film condensation (b) dropwise condensation 

(c) rolling action (d) none of them 

10-98 At a distance x down a vertical, isothermal flat plate 
on which a saturated vapor is condensing in a continuous film, 
the thickness of the liquid condensate layer is S. The heat trans- 
fer coefficient at this location on the plate is given by 
(a) k/S (b) Sh f (c) 8h fg 

(d) 8h g (e) none of them 

10-99 When a saturated vapor condenses on a vertical, 
isothermal flat plate in a continuous film, the rate of heat trans- 
fer is proportional to 

(a) (7; - T m ) m (b) (7j - T^ m (c) (fy - T^) 3 ' 4 

(d) ( T, ~ T S J (e) (T s - T^ t ) m 

10-100 Saturated water vapor is condensing on a 0.5 m 2 ver- 
tical flat plate in a continuous film with an average heat trans- 
fer coefficient of 7 kW/m 2 ■ K. The temperature of the water is 
80°C (hf s = 2309 kJ/kg) and the temperature of the plate is 
60°C. The rate at which condensate is being formed is 
(a) 0.03 kg/s (&) 0.07 kg/s (c) 0.15 kg/s 
(d) 0.24 kg/s (c) 0.28 kg/s 


10-101 An air conditioner condenser in an automobile con- 
sists of 2 m 2 of tubular heat exchange area whose surface tem- 
perature is 30°C. Saturated refrigerant- 134a vapor at 50°C 
{hf S = 152 kJ/kg) condenses on these tubes. What heat transfer 
coefficent must exist between the tube surface and condensing 
vapor to produce 1.5 kg/min of condensate? 

(a) 95 W/m 2 ■ K (b) 640 W/m 2 * K 
(c) 727 W/m 2 • K (d) 799 W/m 2 • K 
(e) 960 W/m 2 • K 

10-102 When boiling a saturated liquid, one must be careful 
while increasing the heat flux to avoid burnout. Burnout occurs 

when the boiling transitions from boiling. 

(a) convection to nucleate (b) convection to film 
(c) film to nucleate (d) nucleate to film 

(e) none of them 

10-103 Steam condenses at 50°C on a 0.8-m-high and 
2.4-m-wide vertical plate that is maintained at 30°C. The con- 
densation heat transfer coefficient is 
(a) 3975 W/m 2 - °C (6) 5150 W/m 2 • °C 

(c) 8060 W/m 2 *°C (d) 11,300 W/m 2 ■ °C 

(e) 14,810 W/m 2 * °C 

(For water, use p, ~ 992.1 kg/m 3 , p s = 0.653 X 10 -3 kg/m • s, 
k, = 0.631 W/m • °C, c„j = 4179 J/kg ■ °C, h A9Tni = 
2383 kJ/kg) 

10-104 Steam condenses at 50°C on the outer surface of a 
horizontal tube with an outer diameter of 6 cm. The outer sur- 
face of the tube is maintained at 30°C. The condensation heat 
transfer coefficient Is 

(a) 5493 W/m 2 • °C (b) 5921 W/m 2 ■ °C 

(c) 6796 W/m 2 • °C (d) 7040 W/m 2 ■ °C 

(«) 7350 W/m 2 • °C 

(For water, use p f = 992.1 kg/m 3 , p { = 0.653 X 10 -3 kg/m - s, 
k, = 0.631 W/m - °C, Cpi = 4179 J/kg * °C, h fs@Tm = 2383 kJ/kg) 

10-105 Steam condenses at 50°C on the tube bank consisting 
of 20 tubes arranged in a rectangular array of 4 tubes high and 
5 tubes wide. Each tube has a diameter of 6 cm and a length of 
3 m and the outer surfaces of the tubes are maintained at 30°C. 
The rate of condensation of steam is 
(a) 0.054 kg/s (6) 0.076 kg/s (c) 0.115 kg/s 

(d) 0.284 kg/s (e) 0.446 kg/s 

(For water, use p t = 992,1 kg/m 3 , p, = 0.653 X 10“ 3 kg/m • s, 
= 0.631 W/m ■ °C, c p , = 4179 J/kg • °C, h fs@T ^ = 2383 kJ/kg) 

Design and Essay Problems 

10-106 Design the condenser of a steam power plant that has 
a thermal efficiency of 40 percent and generates 10 MW of net 
electric power. Steam enters the condenser as saturated vapor at 
10 kpa, and it is to be condensed outside horizontal tubes 
through which cooling water from a nearby river flows. The 
temperature rise of the cooling water is limited to 8°C, and the 
velocity of the cooling water in the pipes is limited to 6 m/s to 
keep the pressure drop at an acceptable level. Specify the pipe 


diameter, total pipe length, and the arrangement of the pipes to 
minimize the condenser volume. 

10-107 The refrigerant in a household refrigerator is con- 
densed as it flows through the coil that is typically placed 
behind the refrigerator. Heat transfer from the outer surface of 
the coil to the surroundings is by natural convection and radia- 
tion. Obtaining information about the operating conditions of 
the refrigerator, including the pressures and temperatures of the 
refrigerant at the inlet and the exit of the coil, show that the coil 
is selected properly, and determine the safety margin in the 
selection, 

10-108 Water-cooled steam condensers are commonly used 
in steam power plants. Obtain information about water-cooled 
steam condensers by doing a literature search on the topic and 
also by contacting some condenser manufacturers. In a report, 
describe the various types, the way they are designed, the lim- 
itation on each type, and the selection criteria. 

10-109 Steam boilers have long been used to provide process 
heat as well as to generate power. Write an essay on the history 
of steam boilers and the evolution of modem supercritical 
steam power plants. What was the role of the American Society 
of Mechanical Engineers in this development? 

10-110 The technology for power generation using geother- 
mal energy is well established, and numerous geothermal 
power plants throughout the world are currently generating 
electricity economically. Binary geothermal plants utilize a 
volatile secondary fluid such as isobutane, n-pentane, and 
R-114 in a closed loop. Consider a binary geothermal plant 
with R-114 as the working fluid that is flowing at a rate of 
600 kg/s. The R-114 is vaporized in a boiler at l I5°C by the 
geothemialfluid that enters at 165°C and is condensed at 30°C 
outside thefubes by cooling water that enters the tubes at 1 8°C. 
Design the condenser of this binary plant. 

Specify («) the length, dtameter^and number of tubes and 
their arrangement in the condenser, ( b ) the mass flow rate of 
cooling water, and (c) the flow rate of make-up water needed if 
a coaling tower is used to reject the waste heat from the cool- 
ing' water. The liquid velocity is to remain under 6 m/s and the 
length of the tubes is limited to 8 m. 

10-111 A manufacturing facility requires saturated steam at 
120°C at a rate of 1.2 kg/min. Design an electric steam boiler 
for this purpose under these constraints: 

• The boiler will be in cylindrical shape with a height-to- 
diameter ratio of 1.5. The boiler can be horizontal or vertical. 

• The boiler will operate in the nucleate boiling regime, 
and the design heat flux will not exceed 60 percent of the 
critical heat flux to provide an adequate safety margin. 

• A commercially available plug-in type electrical heating 
element made of mechanically polished stainless steel will 
be used. The diameter of the heater cannot be between 
0.5 cm and 3 cm. 


• Half of the volume of the boiler should be occupied by 
steam, and the boiler should be large enough to hold 
enough water for 2 h supply of steam. Also, the boiler 
will be well insulated. 

You are to specify the following: (n) The height and inner di- 
ameter of the tank, ( b ) the length, diameter, power rating, and 
surface temperature of the electric heating element, (c) the 
maximum rate of steam production during short periods of 
overload conditions, and how it can be accomplished. 



10-112 RepeatProb. 10-111 for a boiler that produces steam 
at 150°C at a rate of 2.5 kg/min. 

10-113 Conduct this experiment to determine the boiling 
heat transfer coefficient. You will need a portable immersion- 
type electric heating element, an indoor-outdoor thermometer, 
and metal glue (all can be purchased for about $15 in a hard- 
ware store). You will also need a piece of string and a ruler to 
calculate the surface area of the heater. First, boil water in a 
pan using the heating element and measure the temperature of 
the boiling water away from the heating element, leased on 
your reading, estimate the elevation of your location, and com- 
pare it to the actual value. Then glue the tip of the thermocou- 
ple wire of the thermometer to the midsection of the heater 
surface. The temperature reading in this case will give the sur- 
face temperature of the heater. Assuming the rated power of the 
heater to be the actual power consumption during heating {you 
can check this by measuring the electric current and voltage), 
calculate the heat transfer coefficients from Newton’s law of 
cooling. 



' FIGURE P10-113 




H eat exchangers axe devices that facilitate the exchange of heat between 
two fluids that are at different temperatures while keeping them from 
mixing with each other. Heat exchangers are commonly used in prac- 
tice in a wide range of applications, from heating and air-conditioning systems 
in a household, to chemical processing and power production in large plants. I 
Heat exchangers differ from mixing chambers in that they do not allow the 
two fluids involved to mix. 

Heat transfer in a heat exchanger usually involves convection in each fluid 
and conduction through the wall separating the two fluids. In the analysis of 
heat exchangers, it is convenient to work with an overall heat transfer coeffi- 
cient U that accounts for the contribution of all these effects on heat transfer. 
The rate of heat transfer between the two fluids at a location in a heat ex- 
changer depends on the magnitude of the temperature difference at that 
location, which varies along the heat exchanger. 

Heat exchangers are manufactured in a variety of types, and thus we start 
this chapter with the classification of heat exchangers. We then discuss the de- 
termination .of the overall heat transfer coefficient in heat exchangers, and the 
logariihmicfmean temperature difference (LMTD) for some configurations. 
We then infroduce the correction factor F to account for the deviation of the 
mean temperature difference from the LMTD in complex configurations. Next 
we discuss the effect iveness-NTU method, which enables us to analyze heat 
exchangers when the outlet temperatures of the fluids are not known. Finally, 
we discuss the selection of heat exchangers. 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

m Recognize numerous types of heat exchangers, and classify them, 

b Develop an awareness of fouling on surfaces, and determine the overall heat transfer 
coefficient for a heat exchanger, 

h Perform a general energy analysis on heat exchangers, 

a Obtain a relation for the logarithmic mean temperature difference for use in the LMTD 
method, and modify it for different types of heat exchangers using the correction factor, 

n Develop relations for effectiveness, and analyze heat exchangers when outlet tempera- 
tures are not known using the effectiven ess-NTU method, 

m Know the primary considerations in the selection of heat exchangers. 





HEAT EXCHANGERS 


11-1 ■ TYPES OF HEAT EXCHANGERS 

Different heat transfer applications require different types of hardware and 
different configurations of heat transfer equipment. The attempt to match the 
heat transfer hardware to the heat transfer requirements within the specified 
constraints has resulted in numerous types of innovative heat exchanger 

designs. 

The simplest type of heat exchanger consists of two concentric pipes of dif- 
ferent diameters, as shown in Fig. 11-1, called the double-pipe heat 
exchanger. One fluid in a double-pipe heat exchanger flows through the 
smaller pipe while the other fluid flows through the annular space between 
the two pipes. Two types of flow arrangement are possible in a double-pipe 
heat exchanger; in parallel flow, both the hot and cold fluids enter the heat 
exchanger at the same end and move in the same direction. In counter flow, 
on the other hand, the hot and cold fluids enter the heat exchanger at opposite 
ends and flow in opposite directions. 

Another type of heat exchanger, which is specifically designed to realize a 
large heat transfer surface area per unit volume, is the compact heat ex- 
changer. The ratio of the heat transfer surface area of a heat exchanger to its 
volume is called the area density J3. A heat exchanger with (3 > 700 m 2 /m 3 
(or 200 ft 2 /ft 3 ) is classified as being compact. Examples of compact heat 
exchangers are car radiators Q3 1000 m 2 /m 3 ), glass-ceramic gas turbine 
heat exchangers Q3 =* 6000 m 2 /m 3 ), the regenerator of a Stirling engine 
(0 « 15,000 m 2 /m 3 ), and the human lung Q3 20,000 m 2 /m 3 ). Compact heat 


FIGURE 11-1 

Different flow regimes and 
associated temperature profiles in 
a double-pipe heat exchanger. 
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exchangers enable us to achieve high heat transfer rates between two fluids in 
a small volume, and they are commonly used in applications with strict limi- 
tations on the weight and volume of heat exchangers (Fig. 1 1-2). 

The large surface area in compact heat exchangers is obtained by attaching 
closely spaced thin plate or corrugated fins to the walls separating the two flu- 
ids. Compact heat exchangers are commonly used in gas-to-gas and gas-to- 
liquid (or liquid-to-gas) heat exchangers to counteract the low heat transfer 
coefficient associated with gas flow with increased surface area. In a car radi- 
ator, which is a water-to-air compact heat exchanger, for example, it is no sur- 
prise that fins are attached to the air side of the tube surface. 

In compact heat exchangers, the two fluids usually move perpendicular to 
each other, and such flow configuration is called cross-flow. The cross-flow is 
further classified as unmixed and mixed flow, depending on the flow configu- 
ration, as shown in Fig. 1 1-3. In (a) the cross-flow is said to be unmixed since 
the plate fins force the fluid to flow through a particular interim spacing and 
prevent it from moving in the transverse direction (i.e., parallel to the tubes). 
The cross-flow in (. b ) is said to be mixed since the fluid now is free to move in 
the transverse direction. Both fluids are unmixed in a car radiator. The pres- 
ence of mixing in the fluid can have a significant effect on the heat transfer 
characteristics of the heat exchanger. 

Perhaps the most common type of heat exchanger in industrial applications 
is the shell-and-tube heat exchanger, shown in Fig. 1 1-4. Shell-and-tube heat 
exchangers contain a large number of tubes (sometimes several hundred) 
packed in a shell with their axes parallel to that of the shell. Heat transfer takes 
place as one fluid flows inside the tubes while the other fluid flows outside the 
tubes through the shell. Baffles are commonly placed in the shell to force the 
shell-side fluid to flow across the shell to enhance heat transfer and to main- 
tain uniform spacing between the tubes. Despite their widespread use, shell- 
and-tube heat exchangers are not suitable for use in automotive and aircraft 
applications because of their relatively large size and weight. Note that the 
tubes in a shell-and-tube heat exchanger open to some large flow areas called 
headers zlboth ends of the shell, where the tube-side fluid accumulates before 
entering the tubes and after leaving them. 

Shell-and-tube heat exchangers are further classified according to the 
number of shell and tube passes involved. Heat exchangers in which all the 
tub^fe make one U-tum in the shell, for example, are called one-shell-pass and 



FIGURE 11-2 
A gas-to-liquid compact heat 
exchanger for a residential air- 
conditioning system. 
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FIGURE 11-3 

Different flow configurations in 
cross-flow heat exchangers. 


FIGURE 11^ 

The schematic of 
a shell- and- tube 
heat exchanger 
(one-shell pass 
and one-tube 
pass). 
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FIGURE 11-5 

Multipass flow arrangements in 
shell-and-tube heat exchangers. 


two-tube-passes heat exchangers. Likewise, a heat exchanger that involves 
two passes in the shell and four passes in the tubes is called a two-shell-passes 
and four-tube-passes heat exchanger (Fig. 1 1—5). 

An innovative type of heat exchanger that has found widespread use is the 
plate and frame (or just plate) heat exchanger, which consists of a series of 
plates with corrugated flat flow passages (Fig. 1 1-6). The hot and cold fluids 
flow in alternate passages, and thus each cold fluid stream is surrounded by two 
hot fluid streams, resulting in very effective heat transfer. Also, plate heat ex- 
changers can grow with increasing demand for heat transfer by simply mounting 
more plates. They are well suited for liquid-to-liquid heat exchange applications, 
provided that the hot and cold fluid streams are at about the same pressure. 

Another type of heat exchanger that involves the alternate passage of the hot 
and cold fluid streams through the same flow area is the regenerative heat ex- 
changer. The static-type, regenerative heat exchanger is basically a porous 
mass that has a large heat storage capacity, such as a ceramic wire mesh. Hot 
and cold fluids flow through this porous mass alternatively. Heat is transferred 
from the hot fluid to the matrix of the regenerator during the flow of the hot 
fluid, and from the matrix to the cold fluid during the flow of the cold fluid. 
Thus, the matrix serves as a temporary heat storage medium. 

The dynamic-type regenerator involves a rotating drum and continuous flow 
of the hot and cold fluid through different portions of the drum so that any 
portion of the drum passes periodically through the hot stream, storing heat, 
and then through the cold stream, rejecting this stored heat. Again the drum 
serves as the medium to transport the heat from the hot to the cold fluid 
stream. 

Heat exchangers are often given specific names to reflect the specific appli- 
cation for which they are used. For example, a condenser is a heat exchanger 
in which one of the fluids is cooled and condenses as it flows through the heat 
exchanger. A boiler is another heat exchanger in which one of the fluids ab- 
sorbs heat and vaporizes. A space radiator is a heat exchanger that transfers 
heat from the hot fluid to the surrounding space by radiation. 


11-2 ■ THE OVERALL HEAT TRANSFER COEFFICIENT 

A heat exchanger typically involves two flowing fluids separated by a solid 
wall. Heat is first transferred from the hot fluid to the wall by convection, 
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A plate-and-frame liquid- to-Hqu id 

heat exchanger. 
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through the wall by conduction , and from the wall to the cold fluid again by 
convection. Any radiation effects are usually included in the convection heat 
transfer coefficients. 

The thermal resistance network associated with this heat transfer process 
involves t\yo convection and one conduction resistances, as shown in 
Fig. 1 1-7. Here the subscripts i and o represent the inner and outer surfaces of 
the inner tube. For a double-pipe heat exchanger, the thermal resistance of the 
tube wall is y 

In (D 0 fD,) 

if = ^ fer- 

w * 

where k is the thermal conductivity of the wall material and L is the length of 
the tube. Then the total thermal resistance becomes 


R = R loa \ = A,- + R^u + R, 


j In {DJDj) ; 
Mr 2 t rkL h 0 A 0 


(11-2} 



The is the area of the inner surface of the wall that separates the two fluids, 
and A 0 is the area of the outer surface of the wall. In other words, A f and A 0 are 
surface areas of the separating wall wetted by the inner and the outer fluids, 
respectively. When one fluid flows inside a circular tube and the other outside 
of it, we have A; = 7rD f Z. and A 0 = ttD 0 L (Fig. 1 1-8). 

In the analysis of heat exchangers, it is convenient to combine all the ther- 
mal resistances in the path of heat flow from the hot fluid to the cold one into 
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FIGURE 11-7 
Thermal resistance network 
associated with heat transfer 
in a double-pipe heat exchanger. 
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FIGURE 1 1-8 

The two heat transfer surface areas 
associated with a double-pipe heat 
exchanger (for thin tubes, D t ~ D a 
and thus ~ A a ), 


a single resistance R, and to express the rate of heat transfer between the two 
fluids as 



AT 

R 


= C/AAT 


u i A i AT = U 0 A 0 AT 


( 11 - 3 ) 


where U is the overall heat transfer coefficient, whose unit is W/m 2 • °C, 
which is identical to the unit of the ordinary convection coefficient h. Cancel- 
ing AT, Eq. 1 1-3 reduces to 


_L = = _L-= a = J_ + R + JL 

UA S UjAj U 0 A 0 K Ml KK 


(11-4) 


Perhaps you are wondering why we have two overall heat transfer coefficients 
U { and U Q for a heat exchanger. The reason is that every heat exchanger has 
two heat transfer surface areas A- t and A 0 , which, in general, are not equal to 
each other. 

Note that UjA-, = U o A 0 , but f/ f + U 0 unless A t — A a . Therefore, the overall 
heat transfer coefficient U of a heat exchanger is meaningless unless the area 
on which it is based is specified. This is especially the case when one side of 
the tube wall is finned and the other side is not, since the surface area of the 
finned side is several times that of the unfinned side. 

When the wail thickness of the tube is small and the thermal conductivity of 
the tube material is high, as is usually the case, the thermal resistance of the 
tube is negligible (i? wall ~ 0) and the inner and outer surfaces of the tube are 
almost identical (A f « A 0 = X). Then Eq. 1 1-4 for the overall heat transfer 
coefficient simplifies to 
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where [/=[/,-= U a . The individual convection heat transfer coefficients 
inside and outside the tube, /i f and h Q , are determined using the convection 
relations discussed in earlier chapters. 

The overall heat transfer coefficient U in Eq. 11-5 is dominated by the 
smaller convection coefficient, since the inverse of a large number is small. 
When one of the convection coefficients is much smaller than the other (say, 
h- t ^ h 0 ), we have 1 lh; > l/h 0 , and thus U = /z,-. Therefore, the smaller heat 
transfer coefficient creates a bottleneck on the path of heat transfer and 
seriously impedes heat transfer. This situation arises frequently when one of 
the fluids is a gas and the other is a liquid. In such cases, fins are commonly 
used on the gas side to enhance the product UA and thus the heat transfer on 
that side. 

Representative values of the overall heat transfer coefficient U are given In 
Table 1 1-1. Note that the overall heat transfer coefficient ranges from about 
10 W/m 2 • °C for gas-to-gas heat exchangers to about 10,000 W/m 2 • °C for 
heat exchangers that involve phase changes. This is not surprising, since gases 
have very low thermal conductivities, and phase-change processes involve 
very high heat transfer coefficients. 


TABLE 11-1 

Representative values of the overall heat transfer coefficients in 
heat exchangers 


Type of heat exchanger 

U, W/m 2 ■ °C 

Wate Mo- water 

850-1700 

Water-to-oll 

100-350 

Water-to-gasoline or kerosene 

300-1000 

Feedwater heaters 

1000-8500 

Steam-to-light fuel oil 

200-400 

Steam-to- heavy fuel oil 

50-200 

Steam condenser 

1000-6000 

Freon condenser (water cooled) 

300-1000 

Ammonia condenser (water cooled) 

800-1400 

Alcohol condensers (water cooled) 

250-700 

Gas-togas 

10-40 

Water-to-air in finned tubes (water in tubes) 

30-60* 

400-850* 

Steam-to-air in finned tubes (steam in tubes) 

30-300* 

400—4000* 


♦Based on air-side surface area. 

♦Based on water- or steam-side surface area. 


When the tube is ./wined on one side to enhance heat transfer, the total heat 
transfer surface area on the finned side becomes 

rt [j n "t* ^unfinned 01-6) 

■fj ^ t 

where A Rn if the surface area of the fins and A m rinned is the area of the unfinned 
portion of the tube surface. For short fins of high thermal conductivity, we can 
use this total area in the convection resistance relation R com = \ihA s since the 
fins in this case will be very nearly isothermal. Otherwise, we should deter- 
mine the effective surface area A from 
'/ 

T 1 

A i ^unfinned F fin (11—7) 

where Tj fin is the fin efficiency. This way, the temperature drop along the fins 
is accounted for. Note that = 1 for isothermal fins, and thus Eq. 11-7 
reduces to Eq. 1 1-6 in that case. 

Fouling Factor 

The performance of heat exchangers usually deteriorates with time as a result 
of accumulation of deposits on heat transfer surfaces. The layer of deposits 
represents additional resistance to heat transfer and causes the rate of heat 
transfer in a heat exchanger to decrease. The net effect of these accumulations 
on heat transfer is represented by a fouling factor R f , which is a measure of 
the thermal resistance introduced by fouling. 


The most common type of fouling is the precipitation of solid deposits in 
a fluid on the heat transfer surfaces. You can observe this type of fouling 
even in your house. If you check the inner surfaces of your teapot after pro- 
longed use, you will probably notice a layer of calcium-based deposits on 
the surfaces at which boiling occurs. This is especially the case in areas where 
the water is hard. The scales of such deposits come off by scratching, and the 
surfaces can be cleaned of such deposits by chemical treatment. Now_ imagine 
those mineral deposits forming on the inner surfaces of fine tubes in a heat 
exchanger (Fig. 1 1-9) and the detrimental effect it may have on the flow 
passage area and the heat transfer. To avoid this potential problem, water in 
power and process plants is extensively treated and its solid contents are 
removed before it is allowed to circulate through the system. The solid ash 
particles in the flue gases accumulating on the surfaces of air preheaters cre- 
ate similar problems. 

Another form of fouling, which is common in the chemical process 
industry, is corrosion and other chemical fouling. In this case, the surfaces are 
fouled by the accumulation of the products of chemical reactions on the sur- 
faces. This form of fouling can be avoided by coating metal pipes with glass 
or using plastic pipes instead of metal ones. Heat exchangers may also be 
fouled by the growth of algae in warm fluids. This type of fouling is called 
biological fouling and can be prevented by chemical treatment. 

In applications where it is likely to occur, fouling should be considered m 
the design and selection of heat exchangers. In such applications, it may be 
necessary to select a larger and thus more expensive heat exchanger to ensure 
that it meets the design heat transfer requirements even after fouling occurs. 
The periodic cleaning of heat exchangers and the resulting down time are ad- 
ditional penalties associated with fouling. 

The fouling factor is obviously zero for a new heat exchanger and increases 

with time as the solid deposits build up on the heat exchanger surface. The 
fouling factor depends on the operating temperature and the velocity of the 
fluids, as well as the length of service. Fouling increases with increasing tem- 
perature and decreasing velocity . 


FIGURE 11-9 

Precipitation fouling of 

ash particles on superheater tubes. 

(From Steam: Its Generation, and Use , Babcock 
and Wilcox Co., 197S. Reprinted by permission.) 




The overall heat transfer coefficient relation given above is valid for clean 
surfaces and needs to be modified to account for the effects of fouling on both 
the inner and the outer surfaces of the tube. For an unfinned shell-and-tube 
heat exchanger, it can be expressed as 


t = 1 
UA S U-A r 



1 R fJ ln(ZVA) ho 1 

hi A-, A ; 2wkL A 0 h 0 A o 


( 1 1 - 8 ) 


whereof and R f o are the fouling factors at those surfaces. 

Representative values of fouling factors are given in Table 11-2. More com- 
prehensive tables of fouling factors are available in handbooks. As you would 
expect, considerable uncertainty exists in these values, and they should be 
used as a guide in the selection and evaluation of heat exchangers to account 
for the effects of anticipated fouling on heat transfer. Note that most fouling 
factors in the table are of the order of 1CT 4 m 2 ■ °CAV, which is equivalent to 
the thermal resistance of a 0.2-mm- thick limestone layer (k = 2.9 W/m • °C) 
per unit surface area. Therefore, in the absence of specific data, we can as- 
sume the surfaces to be coated with 0.2 mm of limestone as a starting poin^ to 
account for the effects of fouling. 




EXAMPLE 11-1 Overall Heat Transfer Coefficient of a 

Heat Exchanger 

Hot oil is to be cooled in a double-tube counter-flow heat exchanger. The. cop- 
per inner tubes have a diameter of 2 cm and negligible thickness. The inner 
diameter of the outer tube (the shell) is 3 cm. Water flows through the tube 
at a rate of 0.5 kg/s, and the oil through the shell at a rate of 0.8 kg/s. Taking 
the average temperatures of the water and the oil to be 45°C and 80°C, 
respectively; determine the overall heat transfer coefficient of this heat 

exchanger/ 

4 


i TABLE 1 1-2 

Representative fouling 
factors (thermal resistance due 
to fouling for a unit surface area) 


Fluid 

R f , m 2 * °CA V 

Distilled water, sea- 


water, river water, 


boiler feedwater: 


Below 50°C 

0.0001 

Above 50°C 

0.0002 

Fuel oil 

0,0009 

Steam (oil-free) 

0.0001 

Refrigerants (liquid) 

0.0002 

Refrigerants (vapor) 

0.0004 

Alcohol vapors 

0.0001 

Air 

0.0004 


[Source: Tubular Exchange Manufacturers 
Association.) 


SOLUTION Hot oil is cooled by water in a double-tube counter-flow heat 
exchanger. The overall heat transfer coefficient is to be determined. 
Assumptions 1 The thermal resistance of the inner tube is negligible since 
the tube material is highly conductive and its thickness is negligible. 2 Both 
the oil and water flow are fully developed. 3 Properties of the oil and water are 
constant. 

Properties The properties of water at 45°C are (Table A -9) 


p = 990.1 kg/m 3 Pr — 3.91 
k = 0.637 W/m • °C v = pJp = 0.602 X lO^mVs 


The properties of oil at 80°C are (Table A-13) 


p = 852 kg/m 3 Pr — 499.3 

k = 0.138 W/m • °C v = 3.794 X 10“ 5 m 2 /s 


i 




.Vi Jr.V.-i ^ *- 1 - 1 p •' 


6 18 

HEAT EXCHANGERS 



Hot oil 
0-8 kg/s | 



FIGURE 11-10 

Schematic for Example 1 1-1. 


Analysis The schematic of the heat exchanger is given in Fig. 11-10. The 
overall heat transfer coefficient U can be determined from Eq. 1 1-5: 

1-1 + 1 

U ht h 0 


where /?,- and h 0 a re the convection heat transfer coefficients inside and outside 
the tube, respectively, which are to be determined using the forced convection 
relations. 

The hydraulic diameter for a circular tube is the diameter of the tube itself, 
D h = D= 0.02 m. The average velocity of water in the tube and the Reynolds 
number are 


V = 


m 


m 


0.5 kg/s 


pA c p(\irD 2 ) (990.1 kg/m 3 )[^r(0.02 m) 2 ] 


3\ri 


-- 1.61 m/s 


and 


VD (1.61 m/s)(0.02 m) 

Re — = — 7 — r-~ — 53,490 

v 0.602 X 10 6 m 2 /s 


which is greater than 10,000. Therefore, the flow of water is turbulent. Assum- 
ing the flow to be fully developed, the Nusselt number can be determined from 

Nu = ^ - 0.023 Re°- s Pr 0 - 4 = 0.023 (53 ,490) 08 (3.9 1 ) 04 = 240.6 

K 


TABLE 11-3 




Nusselt number for fully developed 
laminar flow in a circular annulus 


with one surface insulated and the 
other isothermal (Kays and Perkins) 


0,ID o 

Nu,- 

Nu„ 

0.00 

— 

3.66 

0.05 

17.46 

4.06 

0.10 

11.56 

4.11 

0.25 

7.37 

4.23 

0.50 

5.74 

4.43 

1.00 

4.86 

4,86 


Then, 

h = ™ Nu = °' 63 q pYm ‘ °° (240 ‘ 6) = 7663 W/m2 * ° C 
Now we repeat the analysis above for oil. The properties of oil at 80°C are 


p = 852 kg/m 3 v = 37.5 X 10 6 m 2 /s 

k = 0.138 W/m • °C Pr = 490 


The hydraulic diameter for the annular space is 

D h = D 0 - D, = 0.03 - 0.02 = 0.01 m 

The average velocity and the Reynolds number in this case are 

m _ m °- 8 k S /s 

pA c p[\tt{DI - D 2 )] (852 kg/m 3 ) [577 (0.03 2 — 0.02 2 )] m 2 


= 2.39 m/s 


and 


VD 

Re = ■ — - 
v 


(2.39 m/s)(0.01 m) 
3.794 X 10" 5 m 2 /s 


which is less than 2300. Therefore, the flow of oil is laminar. Assuming fully 
developed flow, the Nusselt number on the tube side of the annular space 
Nu,- corresponding to D- t ID 0 = 0.02/0.03 = 0.667 can be determined from 
Table 11-3 by interpolation to be 


Nu = 5.45 




I 

l 


and 






K^~ Nu = P- 13 ^ /m '° Q (5.45) = 75.2 W/m 2 ■ °C 
O h 0.01 m 

Then the overall heat transfer coefficient for this heat exchanger becomes 


U = 


1 


N 




1+1 

h ; h B 


1 


+ 


1 


.74,5 W/m 2 • °C 


7663 W/m 2 • °C 75.2 W/m 2 - °C 


ft 



Discussion Note that U ~ h 0 in this case, since hj h Q . This confirms our ear- 
lier statement that the overall heat transfer coefficient in a heat exchanger is 
dominated by the smaller heat transfer coefficient when the difference be- 
tween the two values is large. 

To improve the overall heat transfer coefficient and thus the heat transfer in 
this heat exchanger, we must use some enhancement techniques on the oil 
side, such as a finned surface. 


EXAMPLE 11-2 Effect of Fouling on the Overall Heat 

Transfer Coefficient 

A double-pipe (shell-and-tube) heat exchanger is constructed of a stainless steel 
(k= 15.1 W/m • °C) inner tube of inner diameter D s = 1,5 cm and outer diam- 
eter D 0 = 1.9 cm and an outer shell of inner diameter 3,2 cm. The convection 
heat transfer coefficient is given to be h s = 800 W/m 2 * °C on the inner surface 
of the tube and h 0 = 1200 W/m 2 • °C on the outer surface. For a fouling factor 
of R fi i = 0,0004 m 2 • °C/W on the tube side and R fw 0 = 0.0001 m 2 • °C/W on 
the shell side, determine (a) the thermal resistance of the heat exchanger per 
unit length ^nd (b) the overall heat transfer coefficients, Uj and U 0 based on the 

inner and outer surface areas of the tube, respectively. 

' 1 

SOLUTION The heat transfer coefficients and the fouling factors on the tube 
and shell sides of a heat exchanger are given. The thermal resistance and the 
overall heat transfer coefficients based on the inner and outer areas are to be 
determined. 

Assumptions The heat transfer coefficients and the fouling factors are con- 
stant and uniform. 

Analysis ( a ) The schematic of the heat exchanger is given in Fig. 11-11. The 
thermal resistance for an unfinned shell-and-tube heat exchanger with fouling 
on both heat transfer surfaces is given by Eq. 11-8 as 


R = 


1 


1 


1 


1 , R/j , In (ZVA) l 


UA S U,A t 


U 0 A o 


+ 


+ 


hjAi A t 2irkL 


+ 


+ 


b 0 A 0 


where 


A, = 'rrDiL = 7r(0.015 m)(l m) - 0.0471 m 2 
A 0 - ttD 0 L = tt( 0.019 m)(l m) — 0.0597 m 2 

Substituting, the total thermal resistance is determined to be 


Cold fluid 

Outer layer of fouling 
Tube wall 

Inner layer of fouling 
Cold fluid 



a— 


R 


7.0 


19 


Dj = 1.5 cm 

A f = 800 W/m 2 * °C 

R fi = 0.0004 m 2 ■ °C/A 
= 1.9 cm } ' 

= 1200 W/m 2 -°C 

= 0.0001 m 2 * °C/\V 

FIGURE 11-1 

Schematic for Example 11 -j 


1 


0,0004 m 2 • °C/W 
0.0471 m 2 


R = 


(800 W/m 2 ■ °C)(0.G47 1 m 2 ) 
In (0.019/0.015) 


— + 


+ 


2-77(15.1 W/m - °C)(1 m) 


. 0.0001 m 2 - °C/W , 
+ — — — — — = — — + 


0.0597 m 2 (1200 W/m 2 • °C)(0.0597 m 2 ) 

= (0.02654 + 0.00849 + 0.0025 + 0.00168 + 0.01396)°C/W 


A A I1TT 


Note that about 19 percent of the total thermal resistance in this case is due 
to fouling and about 5 percent of it is due to the steel tube separating the two 
fluids. The rest (76 percent) is due to the convection resistances. 


( & ) Knowing the total thermal resistance and the heat transfer surface areas, 
the overall heat transfer coefficients based on the inner and outer surfaces of 

the tube are 

if = JL = „ 1 — - = 399 W/m 2 • °C 

Ui RAi (0.0532 °C/\V)(0.0471m 2 ) 

and 

n = -1 — - = 315 W/m 2 ■ °C 

U ° RA 0 (0.0532 °a W)(0.0597 m 2 ) 

Discussion Note that the too overall heat transfer coefficients differ signifi- 
cantly (by 27 percent) in this case because of the considerable difference be- 
tween the heat transfer surface areas on the inner and the outer sides of the 
tube. For tubes of negligible thickness, the difference between the two overall 
heat transfer coefficients would be negligible. 


!?| 

sj 




11-3 - ANALYSIS OF HEAT EXCHANGERS 

Heat exchangers are commonly used in practice, and an engineer often finds 
himself or herself in a position to select a heat exchanger that will achieve a 
specified temperature change in a fluid stream of known mass flow rate, or to 
predict the outlet temperatures of the hot and cold fluid streams in a specified 

heat exchanger. . 

In upcoming sections, wc discuss the two methods used in the anElysis ol 

heat exchangers. Of these, the tog mean temperature difference (or LMTD) 
method is best suited for the first task and the effectiveness-NTU method for 
the second task. But first we present some general considerations. 

Heat exchangers usually operate for long periods of time with no change in 
their operating conditions. Therefore, they can be modeled as steady-flow de- 
vices. As such, the mass flow rate of each fluid remains constant, and the fluid 
properties such as temperature and velocity at any inlet or outlet remain the 
same. Also, the fluid streams experience little or no change in their velocities 
and elevations, and thus the kinetic and potential energy changes are negligi- 
ble. The specific heat of a fluid, in general, changes with temperature. But, in 


a specified temperature range, it can be treated as a constant at some average 
value with little loss in accuracy. Axial heat conduction along the tube is usu- 
ally insignificant and can be considered negligible. Finally, the outer surface 
of the heat exchanger is assumed to be perfectly insulated, so that there is no 
heat loss to the surrounding medium, and any heat transfer occurs between the 
two fluids only. 

The idealizations stated above are closely approximated in practice, and 
they greatly simplify the analysis of a heat exchanger with little sacrifice from 
accuracy. Therefore, they are commonly used. Under these assumptions, the 
first law of thermodynamics requires that the rate of heat transfer from the hot 
fluid be equal to the rate of heat transfer to the cold one. That is, 

Q di c Cp i: (T Ci out T Ci j„) (1 1—9) 

and 
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where the subscripts c and h stand for cold and hot fluids, respectively, and 

dt c> m h = mass flow rates 
C pc> c P h = specific heats 
T Cj0ut , = outlet temperatures 
Tr, in t Th, in “ inlet temperatures 

Note that the heat transfer rate Q is taken to be a positive quantity, and its di- 
rection is understood to be from the hot fluid to the cold one in accordance 
with the second law of thermodynamics. 

In heat exchanger analysis, it is often convenient to combine the product of 
the mass flow rate and the specific heat of a fluid into a single quantity. This 
quantity is called the heat capacity rate and is defined for the hot and cold 
fluid streams as 


' ” f C h = ™ h c ph and C c = m c c pc (11-11) 

The heat capacity rate of a fluid stream represents the rate of heat transfer 
needed to change the temperature of the fluid stream by 1°C as it flows 
through a heat exchanger. Note that in a heat exchanger, the fluid with a large 
heat capacity rate experiences a small temperature change, and the fluid with 
a snufH heat capacity rate experiences a large temperature change. Therefore, 
doubling the mass flow rate of a fluid while leaving everything else un- 
changed will halve the temperature change of that fluid. 

With the definition of the heat capacity rate above, Eqs. 1 1-9 and 1 1-10 can 


also be expressed as 




Q = C c (T C ' 0at - r f , in ) 

(11-12) 

and 




Q = Cu<J h , in - T, u ow ) 

(11-13) 


That is, the heat transfer rate in a heat exchanger is equal to the heat capacity 
rate of either fluid multiplied by the temperature change of that fluid. Note 
that the only time the temperature rise of a cold fluid is equal to the tempera- 
ture drop of the hot fluid is when the heat capacity rates of the Wo fluids are 
equal to each other (Fig. 1 1-12). 



capacity rates experience the same 
temperature change in a well-insulated 

heat exchanger. 




{b) Boiler (C e -» “) 

FIGURE 11-13 

Variation of fluid temperatures in a 
heat exchanger when one of the fluids 
condenses or boils. 


Two special types of heat exchangers commonly used in practice are con- 
densers and boilers. One of the fluids in a condenser or a boiler undergoes a 
phase-change process, and the rate of heat transfer is expressed as 

Q=mh h (11-14) 

where m is the rate of evaporation or condensation of the fluid and hf g is the 
enthalpy of vaporization of the fluid at the specified temperature or pressure. 

An ordinary fluid absorbs or releases a large amount of heat essentially 
at constant temperature during a phase-change process, as shown in Fig. 

1 1-13. The heat capacity rate of a fluid during a phase-change process must 
approach infinity since the temperature change is practically zero. That is, 
C = me co when AT 0, so that the heat transfer rate Q = mc p AT is a fi- 
nite quantity. Therefore, in heat exchanger analysis, a condensing or boiling 
fluid is conveniently modeled as a fluid whose heat capacity rate is infinity. 

The rate of heat transfer in a heat exchanger can also be expressed in an 
analogous manner to Newton’s law of cooling as 

Q = UA S AT„ (11-15) 

where U is the overall heat transfer coefficient, A, is the heat transfer area, and 
AT m is an appropriate average temperature difference between the two fluids. 
Here the surface area A s can be determined precisely using the dimensions of 
the heat exchanger. However, the overall heat transfer coefficient U and the 
temperature difference AT between the hot and cold fluids, in general, may 
vary along the heat exchanger. 

The average value of the overall heat transfer coefficient can be determined 
as described in the preceding section by using the average convection coeffi- 
cients for each fluid. It turns out that the appropriate form of the average tem- 
perature difference between the two fluids is logarithmic in nature, and its 
determination is presented in Section 1 1-4. 


1 1-4 ■ THE LOG MEAN TEMPERATURE 
DIFFERENCE METHOD 

Earlier, we mentioned that the temperature difference between the hot and 
cold fluids varies along the heat exchanger, and it is convenient to have a mean 
temperature difference A T m for use in the relation Q — UA S A T m . 

In order to develop a relation for the equivalent average temperature differ- 
ence between the two fluids, consider the parallel-flow double-pipe heat 
exchanger shown in Fig. 1 1-14. Note that the temperature difference AT 
between the hot and cold fluids is large at the inlet of the heat exchanger but 
decreases exponentially toward the outlet. As you would expect, the tempera- 
ture of the hot fluid decreases and the temperature of the cold fluid increases 
along the heat exchanger, but the temperature of the cold fluid can never 
exceed that of the hot fluid no matter how long the heat exchanger is. 

Assuming the outer surface of the heat exchanger to be well insulated so 
that any heat transfer occurs between the two fluids, and disregarding any 


1 


changes in kinetic and potential energy, an energy balance on each fluid in a 
differential section of the heat exchanger can be expressed as 

SQ = -m h c ph dT h (11-16) 


and 


SQ — m c c pc dT c 


(11-17) 


That is, the rate of heat loss from the hot fluid at any section of a heat ex- 
changer is equal to the rate of heat gain by the cold fluid in that section. The 
temperature change of the hot fluid is a negative quantity, and so a negative 
sign is added to Eq. 1 1-16 to make the heat transfer rate q a positive quantity. 
Solving the equations above for dT h and dT c gives 


and 



(11-18) 


dT c = 


SQ 

mfpc 


(11-19) 


Taking their difference, we get 


dT h - dT c = d(T h - T c ) = 



nuc 


+ 


n c ph 


m c Cpc 


( 1 1 - 20 ) 




t 

Cold fluid 


FIGURE 11-14 
Variation of the fluid temperatures in a 
parallel-flow double-pipe heat 

exchanger. 


The rate of heat transfer in the differential section of the heat exchanger can 
also be expressed as 


SQ = U(T h - T c ) dA s 


Substitutingfthis 

' r 


equation into Eq. 1 1-20 and rearranging give 


d(T h - T c ) 
T h -T c 


-UdA s 


1 

Q h Cph 


+ A-) 

m c C pcJ 


(11-21) 


( 11 - 22 ) 


i 


Integrating from the inlet of the heat exchanger to its outlet, we obtain 




in _ ■ ■ ■ = — UA S 

h 3 in * c* in 


i 


+ - 


l 


Jftji Cpfj fll c Cpt 


(11-23) 


Finally, solving Eqs. 1 1-9 and 1 1-10 for >h c c pc and m h c ph and substituting into 
Eq. 11-23 give, after some rearrangement, 

Q = UA 5 AT Jm (11-24) 


where 


Ar A7,-Ar 2 
Im In (Ar i /AT’ 2 ) 


(11-25) 


is the log mean temperature difference, which is the suitable form of the 
average temperature difference for use in the analysis of heat exchangers. 
Here AT, and A T 2 represent the temperature difference between the two fluids 
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(a) Parallel-flow heat exchangers 
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{b) Counter-flow heat exchangers 

FIGURE 11-15 

The A 7\ and AT 2 expressions in 
parallel-flow and counter-flow heat 
exchangers. 


at the two ends (inlet and outlet) of the heat exchanger. It makes no difference 
which end of the heat exchanger is designated as the inlet or the outlet 

(Fig. 11-15). 

The temperature difference between the two fluids decreases from AT) at 
the inlet to AT) at the outlet. Thus, it is tempting to use the arithmetic mean 
temperature AT^ = { (AT) + AT)) as the average temperature difference. The 
logarithmic mean temperature difference A7) m is obtained by tracing the ac- 
tual temperature profile of the fluids along the heat exchanger and is an exact 
representation of the average temperature difference between the hot and 
cold fluids. It truly reflects the exponential decay of the local temperature 

difference. 

Note that A7) m is always less than AT^. Therefore, using AT flm in calcula- 
tions instead of Ar, m will overestimate the rate of heat transfer in a heat ex- 
changer between the two fluids. When A 7) differs from AT) by no more than 
40 percent, the error in using the arithmetic mean temperature difference is 
less than 1 percent. But the error increases to undesirable levels when AT) 
differs from A7) by greater amounts. Therefore, we should always use the 
logarithmic mean temperature difference when determining the rate of heat 
transfer in a heat exchanger. 


Counter-Flow Heat Exchangers 

The variation of temperatures of hot and cold fluids in a counter-flow heat ex- 
changer is given in Fig. 1 1 — 16. Note that the hot and cold fluids enter the heat 
exchanger from opposite ends, and the outlet temperature of the cold fluid in 
this case may exceed the outlet temperature of the hot fluid. In the limiting 
case, the cold fluid will be heated to the inlet temperature of the hot fluid. 
However, the outlet temperature of the cold fluid can never exceed the inlet 
temperature of the hot fluid, since this would be a violation of the second law 

of thermodynamics. 

The relation already given for the log mean temperature difference is devel- 
oped using a parallel-flow heat exchanger, but we can show by repeating the 
analysis for a counter-flow heat exchanger that is also applicable to counter- 
flow heat exchangers. But this time, AT) and A T 2 are expressed as shown in 

Fig. 11-15. 

For specified inlet and outlet temperatures, the log mean temperature 
difference for a counter-flow heat exchanger is always greater than that for a 
parallel-flow heat exchanger. That is, Ar lm>C F > AT lm>PF , fhus a smaller 
surface area (and thus a smaller heat exchanger) is needed to achieve a speci- 
fied heat transfer rate in a counter-flow heat exchanger. Therefore, it is com- 
mon practice to use counter-flow arrangements in heat exchangers. 

In a counter-flow heat exchanger, the temperature difference between the 
hot and the cold fluids remains constant along the heat exchanger when 
the heat capacity rates of the two fluids are equal (that is, AT* — constant 
when C h = C c or m h c ph = m cCp f). Then we have A 7) - A T 2 , and the log mean 
temperature difference relation gives A!T Ini = §, which is indeterminate. It 
can be shown by the application of THopital’s rule that in this case we have 
AT^ = AT) = AT), as expected. 

A condenser or a boiler can be considered to be either a parallel- or counter- 
flow heat exchanger since both approaches give the same result. 


Multipass and Cross-Flow Heat Exchangers: 

Use of a Correction Factor 

The log mean temperature difference AT lm relation developed earlier is limited 
to parallel-flow and counter- flow heat exchangers only. Similar relations are 
also developed for cross-flow and multipass shell-and-tube heat exchangers, 
but the resulting expressions are too complicated because of the complex flow 
conditions. 

In such cases, it is convenient to relate the equivalent temperature dif- 
ference to the log mean temperature difference relation for the counter-flow 
case as 


A7’ Ini = f AT^cf (11-26) 

where F is the correction factor, which depends on the geometry of the heat 
exchanger and the inlet and outlet temperatures of the hot and cold fluid 
streams. The Ar lm CF is the log mean temperature difference for the case of 
a counter-flow heat exchanger with the same inlet and outlet temperatures 
and is determined from Eq. 11-25 by taking AT) = T h ia — T c out and 
AT 2 - T ht00l - r cJn (Fig. 11-17). 

The correction factor is less than unity for a cross-flow and multipass 
shell-and-tube heat exchanger. That is, F ^ 1. The limiting value of F = 1 
corresponds to the counter-flow heat exchanger. Thus, the correction factor 
F for a heat exchanger is a measure of deviation of the A T Xm from the corre- 
sponding values for the counter-flow case. 

The correction factor F for common cross-flow and shell-and-tube heat ex- 
changer configurations is given in Fig. 11-18 versus two temperature ratios 
P and R defined as 



FIGURE 11-16 

The variation of the fluid temperatures 
in a counter-flow double-pipe heat 

exchanger. 


and 





P = 


h 

Tx-h 


✓ 


^2 ‘ 1 (uiCplshe 1] si(Je 



Heat transfer rate: 


where the subscripts 1 and 2 represent the inlet and outlet, respectively. Note 
that for a shell-and-tube heat exchanger, T and t represent the shell- and 
tube-side temperatures, respectively, as shown in the correction factor 
charts. It makes no difference whether the hot or the cold fluid flows 
through the shell or the tube. The determination of the correction factor F 
requires the availability of the inlet and the outlet temperatures for both the 
cold and hot fluids. 

Note that the value of P ranges from 0 to 1. The value of R, on the other 
hand, ranges from 0 to infinity, with R = 0 corresponding to the phase-change 
(condensation or boiling) on the shell -side and R — > co to phase-change on the 
tube side. The correction factor is F = 1 for both of these limiting cases. 
Therefore, the correction factor for a condenser or boiler is F = 1, regardless 
of the configuration of the heat exchanger. 


Q - UA s FAT im CP 


where 


AT, 


Im, CF 


ATt-AT, 
In (ATj/ATj) 


_ T’r.out 


A7 2 -7 A.out“ r c.in 


and F= ... (Fig. 11-18) 

FIGURE 11-17 

The determination of the heat transfer 
rate for cross-flow and multipass 
shell-and-tube heat exchangers 
using the correction factor. 


HEAT EXCHANGERS 


FIGURE 11-18 

Correction factor F charts 
for common shell-and-tube and 
cross-flow heat exchangers. 

(From Bowman, Mueller, and Nagle) 
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I EXAMPLE 11-3 The Condensation of Steam in a Condenser 

| Steam in the condenser of a power plant is to be condensed at a temperature 
| of 30°C with cooling water from a nearby lake, which enters the tubes of the 
| condenser at 14°C and leaves at 22°C. The surface area of the tubes is 45 m 2 , 
| and the overall heat transfer coefficient is 2100 W/m 2 • °C. Determine the 
I mass flow rate of the cooling water needed and the rate of condensation of the 
| steam in the condenser. 


SOLUTION Steam is condensed by cooling water in the condenser of a power 
plant. The mass flow rate of the cooling water and the rate of condensation are 
to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The heat exchanger is well 
insulated so that heat loss to the surroundings is negligible. 3 Changes in the 
kinetic and potential energies of fluid streams are negligible. 4 There is no 
fouling. 5 Fluid properties are constant. 

Properties The heat of vaporization of water at 30°C is h fg = 2431 kJ/kg 
and the specific heat of cold water at the average temperature of 18°C is 
c p = 4184 J/kg ■ °C (Table A-9). 

Analysis The schematic of the condenser is given in Fig. 11-19. The con- 
denser can be treated as a counter-flow heat exchanger since the temperature 
of one of the fluids (the steam) remains constant. 

The temperature difference between the steam and the cooling water at the 
two ends of the condenser is 

ATj = T hin — T fi0ut = (30 — 22)°C = 8°C 
Ar 2 = T Koal - J cM = (30 - 14)°C - I6°C 


That is, the temperature difference between the two fluids varies from 8°C at 
one end to 16°C at the other. The proper average temperature difference be- 
tween the-; two fluids is the logarithmic mean temperature difference (not the 
arithmeticj^which is determined from 


• i 



ATi - A r 2 
In (AT/AYj) 


8-16 
In (8/16) 


11.5°C 


This^fs a little less than the arithmetic mean temperature difference of |(8 + 
16) = 12°C. Then the heat transfer rate in the condenser is determined 
from 


Q = UA S A = (2100 W/m 2 - °C)(45 m 2 )/! 1.5°C) - 1.087 X 10 6 W = 1087 kW 


Therefore, steam will lose heat at a rate of 1087 kW as it flows through the 
condenser, and the cooling water will gain practically all of it, since the con- 
denser is well insulated. 

The mass flow rate of the cooling water and the rate of the condensation of 
the steam are determined from Q = [mc p (T aiJt - TJ\ mtins Mtof 
to be 


m 


cooling water 



1087 kJ/s 

(4*184 kJ/kg * °C)(22 - 14)°C 


= 32,5 kg/s 



Steam 

30°C 

1 



FIGURE 11-19 

Schematic for Example 1 1-3. 




-'t 


and 


• =&- 
steam /, 

n te 


1087 kJ/s 
2431 kJ/kg 


= 0.45 kg/s 


Therefore we need to circulate about 72 kg of cooling water for each 1 kg of 
steam condensing to remove the heat released during the condensation process. 


EXAMPLE 11~4 Heating Water in a Counter-Flow 

Heat Exchanger 

A counter-flow double-pipe heat exchanger is to heat water from 20°Cto 80°C 
at a rate of 1.2 kg/s. The heating is to be accomplished by geothermal water 
available at 160°C at a mass flow rate of 2 kg/s. The inner tube is thin-walled 
and has a diameter of 1.5 cm. If the overall heat transfer coefficient of the 
heat exchanger is 640 W/m 2 • °C, determine the length of the heat exchanger 

required to achieve the desired heating. 


Hot 

geothermal 

water 


160°C 



FIGURE 11-20 

Schematic for Example 1 1-4. 


SOLUTION Water is heated in a counter-flow double-pipe heat exchanger by 
geothermal water. The required length of the heat exchanger is to be determined. 
Assumptions 1 Steady operating conditions exist. 2 The heat exchanger is well 
insulated so that heat loss to the surroundings is negligible. 3 Changes m the 
kinetic and potential energies of fluid streams are negligible. 4 There is no foul- 
ing 5 Fluid properties are constant. 

Properties We take the specific heats of water and geothermal fluid to be 

4.18 and 4.31 kJ/kg • °C, respectively. t . , , TU . 

Analysis The schematic of the heat exchanger is given in Fig. 1 1-20. The rate 
of heat transfer in the heat exchanger can be determined from 

Q = [mc p (T out - r in )W = (l- 2 kg/s)(4.18 kJ/kg - °C)(80 - 20)°C = 301 kW 

Noting that all of this heat is supplied by the geothermal water, the outlet 
temperature of the geothermal water is determined to be 


Q — [lhc p (T- m Tout)! geothermal 



JL 

ItlCp 


= 16Q°C - 


301 kW 

(2 kg/s) (4. 31 kJ/kg - °C) 


= 125°C 


Knowing the inlet and outlet temperatures of both fluids, the logarithmic mean 
temperature difference for this counter-flow heat exchanger becomes 

AT! = T hM - TV,** = (1®> “ 80)°C - 80°C 
A T 2 = T Km - T cM = (125 - 20)°C = 105°C 

and 

ATi ~ AT 2 80- 105 _ ^ 

Ar,m ~ In (ATj/ATj) in (80/105) 

Then the surface area of the heat exchanger is determined to be 

Q _ 301,000 w 

Q = CM, A7 !m > u “ (640 W/m 1 ■ ®C)(91.TO 



To provide this much heat transfer surface area, the length of the tube must be 


A s = 7 rDL 


A t 5,12m 2 
ttD 7r(0.015 m) 


109 m 


Discussion The inner tube of this counter-flow heat exchanger (and thus the 
heat exchanger itself) needs to be over 100 m long to achieve the desired heat 
transfer, which is impractical. In cases like this, we need to use a plate heat 
exchanger or a multipass shell-and-tube heat exchanger with multiple passes 
of tube bundles. 


\ 


EXAMPLE 11-5 Heating of Glycerin in a 

Multipass Heat Exchanger 

A 2-shell passes and 4-tube passes heat exchanger is used to heat glycerin 
from 20°C to 50°C by hot water, which enters the thin-walfed 2-cm-diameter 
tubes at 80°C and leaves at 40°C (Fig. 11-21). The total length of the tubes in 
the heat exchanger is 60 m. The convection heat transfer coefficient is’ 
25 W/m 2 • °C on the glycerin (shell) side and 160 W/m 2 * °C on the water (tube) 
side. Determine the rate of heat transfer in the heat exchanger (a) before any 
fouling and (6) after fouling with a fouling factor of 0.0006 m 2 • °C/W occurs 
on the outer surfaces of the tubes. 


0 


SOLUTION Glycerin is heated in a 2-shell passes and 4-tube passes heat 
exchanger by hot water. The rate of heat transfer for the cases of fouling and 
no fouling are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The heat exchanger is well 
insulated so that heat loss to the surroundings is negligible. 3 Changes in the 
kinetic aijd potential energies of fluid streams are negligible. 4 Heat transfer 
coefficibntsJand fouling factors are constant and uniform. 5 The thermal resis- 
tance of th^ inner tube is negligible since the tube is thin-walled and highly 
conductive. 

Analysis The tubes are said to b£ thin-walled, and thus it is reasonable to 
assume the inner and outer surface areas of the tubes to be equal. Then the 
heat transfer surface area becomes 

A, - t tDL = tt( 0.02 m)(60 m) = 3.77 m 2 


The rate of heat transfer in this heat exchanger can be determined from 



£3 




Q = UA;FAT lmiCF 

where F is the correction factor and A7j mi CF is the log mean temperature dif- 
ference for the counter-flow arrangement. These two quantities are determined 
from 


AT! = r Ma - T Ct out = (80 - 50)°C 
- T htM - TV, in = (40 - 20)°C 
AT, - A T 2 30 - 20 


AT) 


^ CF In (AT,/AT 2 ) In (30/20) 


= 30°C 
= 20°C 

- 24.7°C 


Cold 


glycerin. 

20°C 



50°C 


FIGURE 11-21 

Schematic for Example 11-5. 


K 



and 


P = 


R = 


/l 

r, -r 2 
^ -r. 


40 -so 


20 

20 


80 

50 


40-80 


= 0.67 


= 0.75 


F = 0.91 


(Fig. 11-18/0 


(a) in the case of no fouling, the overall heat transfer coefficient U is 


U = 


1 


1 


1 


- + 


1 


— = 21.6 W/m 2 ■ °C 


1 , i. __ 

ft, + ft„ 160 W/m 2 • °C 25 W/m 2 ■ °C 


Then the rate of heat transfer becomes 

q = VA S F A7 lm , CF - (21.6 W/m 2 *°C)(3.77 m 2 )(0.91)(24.7°C) = 1830 W 

(b) When there is fouling on one of the surfaces, we have 

1 _ - 


1 


U = 


1 . 1 


1 


+ 


h. t + ~h 0 + Rf 160 W/m 2 • °C ‘ 25 W/m 2 • °C 
= 21,3 W/m 2 • °C 


and 


+ 0.0006 m 2 -°C/W 


Q = UA S F AT lm CF = (21.3 W/m 2 * °C)(3.77 m 2 )(0.91)(24.7 C) 1805 W 

Discussion Note that the rate of heat transfer decreases as a result of fouling, 
as expected. The decrease is not dramatic, however, because of the relatively 
low convection heat transfer coefficients involved. 


9G-C 


Air flow 
(u/wtixed) 
20=C 



40’C 


65 C C 

Water flow 
{unmixed) 


FIGURE 11-22 

Schematic for Example 1 1-6. 


EXAMPLE 11-6 Cooling of Water in an Automotive Radiator 

A test is conducted to determine the overall heat transfer coefficient in an au- 
tomotive radiator that is a compact cross-flow water-to-air heat exchanger wi 
both fluids (air and water) unmixed (Fig. 11-22). The radiator has 40 tubes of 
internal diameter 0.5 cm and length 65 cm in a closely spaced plate-finned 
matrix Hot water enters the tubes at 90°C at a rate of 0.6 kg/s and leaves a 
65°c. Air flows across the radiator through the interfin spaces and is heated 
from 20°C to 40°C. Determine the overall heat transfer coefficient Uj of this ra- 
diator based on the inner surface area of the tubes. 

SOLUTION During an experiment involving an automotive radiator, the inlet 
and exit temperatures of water and air and the mass flow rate of water are mea- 
sured. The overall heat transfer coefficient based on the inner surface area is 

to be determined. . .. . . .. 

Assumptions 1 Steady operating conditions exist. 2 Changes m the kinetic 
and potential energies of fluid streams are negligible. 3 Fluid properties are 

constant. 


r r - ~ 


t 


• * . 


u 


Properties The specific heat of water at the average temperature of (90 + 65}/ 
2 = 77.5°C is 4. 195 kJ/kg • °C (Table A-9). 

Analysis The rate of heat transfer in this radiator from the hot water to the air 
is determined from an energy balance on water flow, 

Q = imc p (T in - = (0.6 kg/s)(4. 195 kJ/kg * °Q(90 - 65J°C 

= 62.93 kW ' 

The tube-side heat transfer area is the total surface area of the tubes, and is 
determined from 

Aj = mrD i L = (40)tt( 0.005 m)(0.65 m) - 0.408 m 2 

Knowing the rate of heat transfer and the surface area, the overall heat trans- 
fer coefficient can be determined from 


Q = UtAtFAT^cs 


U,= 


Q 


A;F 


where F is the correction factor and A7i mrCF is the log mean temperature dif-, 
ference for the counter-flow arrangement. These two quantities are found to be 

AT, = T hM - T Ci0vl = (90 - 40)°C - 50°C 
A T 2 - T k out - r c , in = (65 - 20)°C = 45 °C 

, A?'! M\ 50-45 

A T lmX? = , = 47.5°C 


In (ATj/AT;) In (50/45) 


and 


P = 


h ~h 65 - 90 


TWi 

~ ~t 2 

R - 7 h ~ h ”65-90 


20 

20 


90 

40 


= 0.36 


= 0.80 


> F = 0.97 


(Fig. 11-1 8c) 


Substituting, the overall heat transfer coefficient U t - is determined to be 


tA- 


Q 


62,930 W 


A/ F A7’ lmi CF (0.408 m 2 )(0.97)(47.5°C) 


= 3347 W/m 


2 . Oi 


Discussion Note that the overall heat transfer coefficient on the air side will 
be much lower because of the large surface area involved on that side. 


1 1-5 ■ THE EFFECTIVENESS-NTU METHOD 

The log mean temperature difference (LMTD) method discussed in Section 
11-4 is easy to use in heat exchanger analysis when the inlet and the outlet 
temperatures of the hot and cold fluids are known or can be determined 
from an energy balance. Once Ar )m , the mass flow rates, and the overall heat 


transfer coefficient are available, the heat transfer surface area of the heat 
exchanger can be determined from 

Q = UA S A T lm 


Therefore, the LMTD method is very suitable for determining the size 
of a heat exchanger to realize prescribed outlet temperatures when the mass 
flow rates and the inlet and outlet temperatures of the hot and cold fluids are 

specified. 

With the LMTD method, the task is to select a heat exchanger that will meet 
the prescribed heat transfer requirements. The procedure to be followed by the 

selection process is: 

1. Select the type of heat exchanger suitable for the application. 

2. Determine any unknown inlet or outlet temperature and the heat transfer 

rate using an energy balance. 

3. Calculate the log mean temperature difference A T lm and the correction 
factor F, if necessary. 

4. Obtain (select or calculate) the value of the overall heat transfer 
co-efficient U. 

5. Calculate the heat transfer surface area A s . 

The task is completed by selecting a heat exchanger that has a heat transfer 

surface area equal to or larger than A s . 

A second kind of problem encountered in heat exchanger analysis is the de- 
termination of the heat transfer rate and the outlet temperatures of the hot and 
cold fluids for prescribed fluid mass flow rates and inlet temperatures when 
the type and size of the heat exchanger are specified. The heat transfer surface 
area of the heat exchanger in this case is known, but the outlet tempei atures 
are not. Here the task is to determine the heat transfer performance of a spec- 
ified heat exchanger or to determine if a heat exchanger available in storage 

will do the job. 

The LMTD method could still be used for this alternative problem, but the 
procedure would require tedious iterations, and thus it is not practical. In an 
attempt to eliminate the iterations from the solution of such problems, Kays 
and London came up with a method in 1955 called the effectiveness-NTU 
method, which greatly simplified heat exchanger analysis. 

This method is based on a dimensionless parameter called the heat trans- 
fer effectiveness e, defined as 

__ Q __ Actual heat transfer rate {1 

£ ~~ ~ Maximum possible heat transfer rate 

The actual heat transfer rate in a heat exchanger can be determined from an 
energy balance on the hot or cold fluids and can be expressed as 

Q = CfT Ct - T c> in ) - C h (T h ' ~ T hi ^ m -30) 

where C c = m c c pc and C h = m c c ph are the heat capacity rates of the cold and 
hot fluids, respectively. 


To determine the maximum possible heat transfer rate in a heat exchanger, 
we first recognize that the maximum temperature difference in a heat ex- 
changer is the difference between the inlet temperatures of the hot and cold 
fluids. That is, 


Ar m * = 7i. ta -r c , ia 01-31) 

The heat transfer in a heat exchanger will reach its maximum value when 
(1) the cold fluid is heated to the inlet temperature of the hot fluid or (2) the 
hot fluid is cooled to the inlet temperature of the cold fluid. These two limit- 
ing conditions will not be reached simultaneously unless the heat capacity 
rates of the hot and cold fluids are identical (i.e., C c = Q). When C c # C h , 
which is usually the case, the fluid with the smaller heat capacity rate will ex- 
perience a larger temperature change, and thus it will be the first to experience 
the maximum temperature, at which point the heat transfer will come to a halt. 
Therefore, the maximum possible heat transfer rate in a heat exchanger is 
(Fig. 11-23) 


Grm* = C min (T, h in ) 01-32) 

where C ^ is the smaller of C h and C c This is further clarified by 
Example 1 1-7. 


20° C 
25 kg/s 




Cold 

water 



C = 104.5 k\V/°C 

f C pc 

C h = m c c ph = 92kW/°C 
= 92 kW/°C 

^ mtt = r 4ht -T r<iB =lI0“C 
C mi , = C m;n A7’ m , v = 10,120 kW 


nun mix 


FIGURE 11-23 
The determination of the maximum 
rate of heat transfer in a heat 

exchanger. 


EXAMPLE 1 1-7 


Upper limit for Heat Transfer in a 
Heat Exchanger 






Cold water enters a counter-flow heat exchanger at 10°C at a rate of 8 kg/s, 
where it j ( s heated by a hot-water stream that enters the heat exchanger at 70°C 
at a ram $12 kg/s. Assuming the specific heat of water to remain constant at 
c p = 4.18&J/kg * °C, determine the maximum heat transfer rate and the outlet 
temperatures of the cold- and the hot-water streams for this limiting case. 


SOLUTION Cold- and hot-water streams enter a heat exchanger at specified 
ter^peratures and flow rates. The maximum rate of heat transfer in the heat ex- 
changer dnd the outlet temperatures are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The heat exchanger is well 
insulated so that heat loss to the surroundings is negligible. 3 Changes in the 
kinetic and potential energies of fluid streams are negligible. 4 Fluid properties 
are constant. 

Properties The specific heat of water is given to be c p = 4.18 kJ/kg • °C. 
Analysis A schematic of the heat exchanger is given in Fig. 11-24. The heat 
capacity rates of the hot and cold fluids are 

C h = m h c ph = (2 kg/s)(4.18 kJ/kg ■ °C) = 8.36 kW/°C 

and 


C c = m^c pc = (8 kg/s)(4.18 kJ/kg • °C) = 33.4 kW/°C 


i 


10°C Cold 
8 kg/s { water 


Hot 

water 




70°C 
2 kg/s 


r 


IV 


FIGURE 11-24 

Schematic for Example 1 1-7. 


1 



m 


Cold 
'V | fluid 



= m c c pc AT C 


If m c c p ^m h c ph 


then AT h = AF C 

FIGURE 11-25 

The temperature rise of the cold fluid 
in a heat exchanger will be equal to 
the temperature drop of the hot fluid 
when the heat capcity rates of the hot 
and cold fluids are identical. 


Therefore, 


Qnin = C A — 8.36 kW/°C 

which is the smaller of the two heat capacity rates. Then the maximum heat 
transfer rate is determined from Eq. 11-32 to be 

Qmax “ in — Tc.in) 

= (8.36 k\V/°C)(70 - 10)°C 
- 502 kW 

That is, the maximum possible heat transfer rate in this heat exchanger is 
502 kW. This value would be approached in a counter-flow heat exchanger with 
a very large heat transfer surface area. 

The maximum temperature difference in this heat exchanger is A 7^ = T hi En - 
T Ci jn = {70 - 10}°C = 60°C. Therefore, the hot water cannot be cooled by more 
than 60°C (to 10°C) in this heat exchanger, and the cold water cannot be heated 
by more than 60°C (to 70°C), no matter what we do. The outlet temperatures of 
the cold and the hot streams in this limiting case are determined to be 


Q “ C c {T c . out — Tc, i J 

Q = C h {T hM - T Km d 


Q 

C e 


502 lcW 

2 = T eM + fr= 10°C + . ^ - 25°C 


Q 


33.4 k\V/°C 
502 kW 


v 7 ^ — ^ — = 7 — 

hAa C h 8.38 kW/°C 


10°C 


Discussion Note that the hot water is cooled to the limit of 10°C (the inlet 
temperature of the cold-water stream), but the cold water is heated to 25°C 
only when maximum heat transfer occurs in the heat exchanger. This is not sur- 
prising, since the mass flow rate of the hot water is only one-fourth that of the 
cold water, and, as a result, the temperature of the cold water increases by 
0.25°C for each rc drop in the temperature of the hot water. 

You may be tempted to think that the cold water should be heated to 70°C 
in the limiting case of maximum heat transfer. But this will require the tem- 
perature of the hot water to drop to -170°C (below 10°C), which is impossible. 
Therefore, heat transfer in a heat exchanger reaches its maximum value when 
the fluid with the smaller heat capacity rate (or the smaller mass flow rate 
when both fluids have the same specific heat value) experiences the maximum 
temperature change. This example explains why we use C min in the evaluation 
of instead of C m3X . 

We can show that the hot water will leave at the inlet temperature of the cold 
water and vice versa in the limiting case of maximum heat transfer when the 
mass flow rates of the hot- and cold-water streams are identical (Fig. 11-25). 
We can also show that the outlet temperature of the cold water will reach the 
70°C limit when the mass flow rate of the hot water is greater than that of the 
cold water. 


The determination of Q max requires the availability of the inlet temperature 
of the hot and cold fluids and their mass flow rates, which are usually speci- 
fied. Then, once the effectiveness of the heat exchanger is known, the actual 
heat transfer rate Q can be determined from 


Q 


sQ 


ma* 


sC m JT h/in - 7;. J 


t 

A 


n i-33) 




Therefore, the effectiveness of a heat exchanger enables us to determine the 
heat transfer rate without knowing the outlet temperatures of the fluids. 

The effectiveness of a heat exchanger depends on the geometry of the heat 
exchanger as well as the flow arrangement. Therefore, different types of heat 
exchangers have different effectiveness relations. Below we illustrate the de- 
velopment of the effectiveness e relation for the double-pipe parallel-flow 
heat exchanger. 

Equation 11-23 developed in Section 11—4 for a parallel-flow heat ex- 
changer can be rearranged as 



i 


In 


out -^r,out 

*T „ _ 7* 

* h t in ± c, in 


C, V C. 


Also, solving Eq. 1 1-30 for T bt gives 


Tf, t out “ A m „ (T c _ QJJ, T c _ j n ) 
*-h 


( 1 1 - 34 ) 


( 1 1 - 35 ) 


Substituting this relation into Eq. 11-34 after adding and subtracting 
T Ci in gives 


In 


A, in ~T <in + t Cj in - out - ^ CTc DUt - A. j 


r, 


K in 


T 

c T m 


UA, 

C c 


1 + 


which simplifies to 


c; 

c. 


In 


i-n+§'' 7 "“ T " 


Ch) in T Ci ^ 


C, V C. 


( 1 1 - 36 ) 


We now manipulate the de fini tion of effectiveness to obtain 




Q C c (Tc, due T Ci j n ) 


E - 1 


£?max in 7^ n ) 


T —T- 

* c, out A c, m 

_ qr 

* h t in ± c, in 


c 


mm 


c e 


Substituting this result into Eq. 1 1-36 and solving for e gives the following 
relattoy for the effectiveness of a parallel-flow heat exchanger: 


^paialid flow 



UA st 

r cm 

1 — exp 

r c, ( 

1 

"k? 

+ 


1 -h 


CA 


( 11 - 37 ) 


cj C c 


Taking either C c or C h to be C min (both approaches give the same result), the 
relation above can be expressed more conveniently as 


1 - exp 


^parallel flow 


UA s { C min 

1 “T 


c * 


c 


mak, 


1 + 


c < 
c 


(11 “ 38 ) 


Again C^n is the smaller heat capacity ratio and C m ^ is the larger one, and it 
makes no difference whether C min belongs to the hot or cold fluid. 


'.1. 
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HEAT EXCHANGERS 


Effectiveness relations of the heat exchangers typically involve the dimen - 
sionless group UAJC^. This quantity is called the number of transfer units 
NTU and is expressed as 

NTU =~^= UA * (11-39) 

where U is the overall heat transfer coefficient and A s is the heat transfer surface 
area of the heat exchanger. Note that NTU is proportional to A*. Therefore, for 
specified values of U and C^, the value of NTU is a measure of the heat trans- 
fer surface area A s . Thus, the larger the NTU, the larger the heat exchanger. 

In heat exchanger analysis, it is also convenient to define another dimen- 
sionless quantity called the capacity ratio c as 


c = 


r . 

^miii 

c 


(1 140) 


It can be shown that the effectiveness of a heat exchanger is a function of the 
number of transfer units NTU and the capacity ratio c. That is, 

e = function (UA S /C min , = function (NTU, c) 

Effectiveness relations have been developed for a large number of heat ex- 
changers, and the results are given tn Table 1 1-4. The effectivenesses of some 
common types of heat exchangers are also plotted in Fig. 1 1—26. 




TABLE 1 1-4 




Effectiveness relations for heat exchangers: NTU = UA s IC m]n and 

C — 6ft, j (dlCpJmir/frnCp)^* 


Heat exchanger 

type Effectiveness relation 



1 Double pipe: 
Para l lei -flow 

Counter-flow 

2 Shell-and-tube: 
One-shell pass 
2, 4, . . . tube 
passes 

3 Cross-flow 
[single-pass) 

Both fluids 
unmixed 

Cmax mixed, 

C min unmixed 

C min mixed, 

C ma * un mixed 

4 All heat 
exchangers 
with c = 0 


1-exp [— NTU(1 + c)3 
1 + c 

1-exp f-NTUU-c)] 

1 -cexp f-NTUU-c}] 


s = 



1+C+Vl + C 2 


1 + exp f— NTU V 1 + c 2 3 
1 — exp [-NTU Vl + c z ] 


-1 


£ = 1 — exp <; [exp (_ c NTU 0 - 78 ) - 11 

e = i(l - exp {1-ctl - exp (-NTU)]}) 


e = 1 - exp < 


^[1 - exp (— c NTU)] 


e = 1 - exp(-NTU) 


From V/* M, Kays and A, L London. Compact Heat Exchangers, 3/e. McGraw-Hill, 1984. Reprinted by 
permission of William M. Kays. 
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( fl ) Parallel -flow (*> Counter-flow 



(c) One-shell pass and 2, 4, 6, ... tube passes 



(e) Cross- flow with both fluids unmixed 



00 Two-shell passes and 4, 8, 12, ... tube passes 



) Cross-flow with one fluid mixed and the 
other unmixed 

FIGURE 11-26 

Effectiveness for heat exchangers. 

(From Kays and London) 





HEAT EXCHANGERS 



0 1 2 3 4 5 


NTU = UAJC^ 

FIGURE 11-27 

For a specified NTU and capacity 
ratio c, the counter-flow heat 
exchanger has the highest 
effectiveness and the parallel-flow the 
lowest. 



Oi i— J i i I 

0 1 2 3 4 5 

NTU = UAJC^ 

FIGURE 11-28 

The effectiveness relation reduces to 
e = e max = 1 - exp(-NTU) for all 
heat exchangers when the capacity 
ratio c — 0. 


More extensive effectiveness charts and relations are available in the litera- 
ture. The dashed lines in Fig. 1 1-26/ are for the case of C min unmixed and C mas 
mixed and the solid lines are for the opposite case. The analytic relations for 
the effectiveness give more accurate results than the charts, since reading er- 
rors in charts are unavoidable, and the relations are very suitable for comput- 
erized analysis of heat exchangers. 

We make these observations from the effectiveness relations and charts al- 
ready given: 

1. The value of the effectiveness ranges from 0 to 1. It increases rapidly 
with NTU for small values (up to about NTU — 1.5) but rather slowly 
for larger values. Therefore, the use of a heat exchanger with a large 
NTU (usually larger than 3) and thus a large size cannot be justified 
economically, since a large increase in NTU in this case corresponds 
to a small increase in effectiveness. Thus, a heat exchanger with a 
very high effectiveness may be desirable from a heat transfer point of 
view but undesirable from an economical point of view. 

2. For a given NTU and capacity ratio c ~ C min /C mM , the counter-flow 
heat exchanger has the highest effectiveness, followed closely by the 
cross-flow heat exchangers with both fluids unmixed. As you might 
expect, the lowest effectiveness values are encountered in parallel- flow 
heat exchangers (Fig. 1 1-27). 

3. The effectiveness of a heat exchanger is independent of the capacity 
ratio c for NTU values of less than about 0.3. 

4. The value of the capacity ratio c ranges between 0 and 1. For a given 
NTU, the effectiveness becomes a maximum for c — 0 and a minimum 
for c = 1. The case c — C min /C max -o 0 corresponds to C raax — » °°, which 
is realized during a phase-change process in a condenser or boiler. All 
effectiveness relations in this case reduce to 

s — = 1 — exp(— NTU) (11-41) 

regardless of the type of heat exchanger (Fig. 1 1—28). Note that the 
temperature of the condensing or boiling fluid remains constant in 
this case. The effectiveness is the lowest in the other limiting case of c = 
C mir /C max = 1, which is realized when the heat capacity rates of the two 
fluids are equal. 

Once the quantities c ~ C min /C mAX and NTU = UAJC min have been evalu- 
ated, the effectiveness e can be determined from either the charts or the effec- 
tiveness relation for the specified type of heat exchanger. Then the rate of heat 
transfer Q and the outlet temperatures T h out and T Ct 01K can be determined from 
Eqs. 1 1—33 and 1 1-30, respectively. Note that the analysis of heat exchangers 
with unknown outlet temperatures is a straightforward matter with the effec- 
tiveness-NTU method but requires rather tedious iterations with the LMTD 
method. 

We mentioned earlier that when all the inlet and outlet temperatures 
are specified, the size of the heat exchanger can easily be determined 
using the LMTD method. Alternatively, it can also be determined from the 
effectiveness-NTU method by first evaluating the effectiveness s from its 
definition (Eq. 1 1—29) and then the NTU from the appropriate NTU relation 
in Table 11-5. 


TABL E 11-5 ^ ; : j'_: _ : J : V • ; L ^ j: ■ ; ; ; : ; 

NTU relations for heat exchangers: NTU = UA S /C min and c = C mir ,/C ma * = 

{/7J CpJffijr/trnCp) 

max 

Heat exchanger type NTU relation 


1 Double-pipe: 
Paraliel-ffow 

Counter-flow 

2 Shell and tube: 
One-shell pass 

2, 4, . . . tube passes 

3 Cross-flow ( single-pass ): 
C m3( mixed, 

C min unmixed 

C min mixed, 

C mat unmixed 

4 All heat exchangers 
with c - 0 


NTU = 
NTU = 

NTU = 


In [1— e(1 + c)] 


1 


In 


1 + c 
e - 1 


c - 1 \ec - 1 


1 


In 


2/e - 1 - c - Vl +c 2 


Vl+c 2 \ 21s — 1 - c + Vl+c 2 


/ 


NTU = -In 


1 + 


In {1 - ec) 


NTU = 


In [cln(l-e)+l] 


NTU = -ind - e) 


From V/. M. Kays and A. L. London. Compact Heat Exchangers, 3/e , McGraw-Hill, 1984. Reprinted by 
permission of William M. Kays. 


Note that the relations in Table 1 1-5 are equivalent to those in Table 1 1-4. 
Both sets of relations are given for convenience. The relations in Table 1 1-4 
give the effectiveness directly when NTU is known, and the relations in 
Table 1 1-5 give the NTU directly when the effectiveness s is known. 


EXAMPLE 11-8 Using the Effectiveness-NTU Method 

Repeat "Example 11-4, which was solved with the LMTD method, using the 
effectivene^-NTU method. 

SOLUTION The schematic of the Fieat exchanger is redrawn in Fig. 11-29, 
and the same assumptions are utilized. 

Analysis in the effectiveness-NTU method, we first determine the heat ca- 
pacity rates of the hot and cold fluids and identify the smaller one: 


Therefore, 


and 


C h = m h c ph = (2 kg/s){4.31 kJ/kg • °C) = 8.62 kW/°C 
C c = = (1.2 kg/s)(4.18 kJ/kg ■ °C) = 5.02 kW/°C 

= c c = 5.02 mrc 


c = C m JC^ = 5.02/8.62 = 0.582 


Then the maximum heat transfer rate is determined from Eq. 1 1-32 to be 


Geuu CminUft, i n 


T - ) 

■* C*Ui/ 


= (5.02 kWrC)(160 - 20)°C 
= 702.8 kW 


Cold 

water 


Hot 

geothermal . 160°C 
brine j 
2 kg/s p| 




20°C 
1.2 kg/s 






80°C 


D= 1.5 cm 


FIGURE 11-29 

Schematic for Example 1 1-8. 



That is, the maximum possible heat transfer rate in this heat exchanger is 
702.8 kW. The actual rate of heat transfer is 

Q = bhc p {T mX - r ;n )W - (1.2 kg/s)(4.18 kJ/kg - °C)(80 - 20)°C= 301.0 kW 

Thus, the effectiveness of the heat exchanger is 

Q 301.0kW 


4 

Q 


max 


702.8 kW 


0.428 


Knowing the effectiveness, the NTU of this counter-flow heat exchanger can be 
determined from Fig. 11-266 or the appropriate relation from Table 11-5. We 
choose the latter approach for greater accuracy: 


NTU = 


1 


In 


e — 1 


1 


In 


0.428 - 1 


1 m Vec - l 0.582 - 1 1 0.428 X 0.582 - 1 


0.651 


Then the heat transfer surface area becomes 


NTU = 


UA S 
r ■ 

'“'rtnn 


* A s = 


NTU (0.651X5020 W/°C) 


U 


640 W/m 2 ■ °C 


= 5.11 m 2 


To provide this much heat transfer surface area, the length of the tube must be 

A s 5.11 m 2 


A s = 7 tDL 


■* L 


ttD 7t( 0.015 m) 


= 108 m 


Discussion Note that we obtained practically the same result with the 
effective ness-NTU method in a systematic and straightforward manner. 


EXAMPLE 11-9 Cooling Hot Oil by Water in a Multipass 

Heat Exchanger 

Hot oil is to be cooled by water in a 1-shell-pass and 8-tube-passes heat 
exchanger. The tubes are thin-walled and are made of copper with an internal 
diameter of 1.4 cm. The length of each tube pass in the heat exchanger is 5 m, 
and the overall heat transfer coefficient is 310 W/m 2 • °C. Water flows through 
the tubes at a rate of 0.2 kg/s, and the oil through the shell at a rate of 
0.3 kg/s. The water and the oil enter at temperatures of 20°C and 150°C, re- 
spectively. Determine the rate of heat transfer in the heat exchanger and the 
outlet temperatures of the water and the oil. 

SOLUTION Hot oil is to be cooled by water in a heat exchanger. The mass flow 
rates and the inlet temperatures are given. The rate of heat transfer and the 
outlet temperatures are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The heat exchanger is well 
insulated so that heat ioss to the surroundings is negligible. 3 The thickness of 
the tube is negligible since it is thin-wailed. 4 Changes in the kinetic and 
potential energies of fluid streams are negligible. 5 The overall heat transfer 
coefficient is constant and uniform. 

Properties We take the specific heats of water and oil to be 4.18 and 
2.13 kJ/kg * °C, respectively. 




jf 


i 


I I Analysis The schematic of the heat exchanger is given in Fig. 11-30. The 
outlet temperatures are not specified, and they cannot be determined from an 
energy balance. The use of the LMTD method in this case will involve tedious 
iterations, and thus the e-NTU method is indicated. The first step in the 

I e-NTU method is to determine the heat capacity rates of the hot and cold 
fluids and identify the smaller one: 

' 

C h = m h c ph = (0.3 kg/s) (2. 13 kl/kg - °C) = 0.639 kW/°C 
C c = m cCpc = (0.2 kg/s)(4. 18 kJ/kg - °C) = 0.836 kW/°C 


Therefore, 

C mln = C h = 0.639 kW/°C and c = = 0.764 

Then the maximum heat transfer rate is determined from Eq. 1 1-32 to be 
Q w = C miri {T h , in - T c/tn ) = (0.639 kwrc)(150 - 20)°C = 83.1 kW 


That is, the maximum possible heat transfer rate in this heat exchanger is 
83.1 kW. The heat transfer surface area is . 


A s = n(irDL) = 8tt( 0.014 m)(5 m) = 1.76 m 2 


Ei 


Then the NTU of this heat exchanger becomes 


UA, (310 W/m 2 • °C)(1.76 m 2 ) 
C mln ~ 639 W/°C 


0.854 


The effectiveness of this heat exchanger corresponding to c = 0.764 and 
NTU = 0.854 is determined from Fig. 1 l-26c to be 


e = 0.47 


We coujd also determine the effectiveness from the third relation in Table 11-4 
more accurately but with more labor. Then the actual rate of heat transfer 
become^ 


Q = - (6.47X83.1 kW) - 39.1 kW 





Finally, the outlet temperatures of the cold and the hot fluid streams are 
determined to be 





?c. 


out 





Schematic for Example 1 1-9. 


= 20°C + 


39.1 kW 
0.836 kW/°C 


= 66.8°C 


Q ~ Q(7a, in - T h out ) 



t 

fi. 

c k 


= 150°C 


39.1 kW 
0.639 kW/°C 


= 88.8°C 


Therefore, the temperature of the cooling water will rise from 20"C to 66.8°C 
as it cools the hot oil from 150°C to 88.8 D C in this heat exchanger. 


Heat exchangers are complicated devices, and the results obtained with the 
simplified approaches presented above should be used with care. For example, 
we assumed that the overall heat transfer coefficient V is constant throughout 
the heat exchanger and that the convection heat transfer coefficients can be pre- 
dicted using the convection correlations. However, it should be kept in mind 
that the uncertainty in the predicted value of U can exceed 30 percent. Thus, it 
is natural to tend to overdesign the heat exchangers in order to avoid unpleas- 
ant surprises. 

Heat transfer enhancement in heat exchangers is usually accompanied by 
increased pressure drop , and thus higher pumping power. Therefore, any gain 
from the enhancement in heat transfer should be weighed against the cost of 
the accompanying pressure drop. Also, some thought should be given to 
which fluid should pass through the tube side and which through the shell 
side. Usually, the more viscous fluid is more suitable for the shell side (larger 
passage area and thus lower pressure drop) and the fluid with the higher pres- 
sure for the tube side. 

Engineers in industry often find themselves in a position to select heat 
exchangers to accomplish certain heat transfer tasks. Usually, the goal is to 
heat or cool a certain fluid at a known mass flow rate and temperature to a 
desired temperature. Thus, the rate of heat transfer in the prospective heat 
exchanger is 

Q mu " mCp(T j n Tout) 

which gives the heat transfer requirement of the heat exchanger before having 

any idea about the heat exchanger itself. 

An engineer going through catalogs of heat exchanger manufacturers will 
be overwhelmed by the type and number of readily available off-the-shelf heat 
exchangers. The proper selection depends on several factors. 


Heat Transfer Rate 

This is the most important quantity in the selection of a heat exchanger. A heat 
exchanger should be capable of transferring heat at the specified rate in order 
to achieve the desired temperature change of the fluid at the specified mass 
flow rate. 

Cost 

Budgetary limitations usually play an important role in the selection of heat 
exchangers, except for some specialized cases where “money is no object.” An 
off-the-shelf heat exchanger has a definite cost advantage over those made to 
order. However, in some cases, none of the existing heat exchangers will do, 
and it may be necessary to undertake the expensive and time-consuming task 
of designing and manufacturing a heat exchanger from scratch to suit the 
needs. This is often the case when the heat exchanger is an integral part of the 
overall device to be manufactured. 

The operation and maintenance costs of the heat exchanger are also impor- 
tant considerations in assessing the overall cost. 


Pumping Power 

In a heat exchanger, both fluids are usually forced to flow by pumps or fans 
that consume electrical power. The annual cost of electricity associated with 
the operation of the pumps and fans can be detennined from 

Operating cost = (Pumping power, kW) X (Hours of operation, h) 

X (Unit cost of electricity, $/k\Vh) 

where the pumping power is the total electrical power consumed by the 
motors of the pumps and fans. For example, a heat exchanger that involves a 
1-hp pump and a i-hp fan (1 hp = 0.746 kW) operating at full load 8 h a day 
and 5 days a week will consume 2069 kWh of electricity per year, which will 
cost $166 at an electricity cost of 8 cents/kWh. 

Minimizing the pressure drop and the mass flow rate of the fluids will min- 
imize the operating cost of the heat exchanger, but it will maximize the size of 
the heat exchanger and thus the initial cost. As a rule of thumb, doubling the 
mass flow rate will reduce the initial cost by half but will increase the pump- 
ing power requirements by a factor of roughly eight. 

Typically, fluid velocities encountered in heat exchangers range betweeh 
0.7 and 7 m/s for liquids and between 3 and 30 m/s for gases. Low veloci- 
ties are helpful in avoiding erosion, tube vibrations, and noise as well as 
pressure drop. 

Size and Weight 

Normally, the smaller and the lighter the heat exchanger, the better it is. This 
is especially the case in the automotive and aerospace industries, where size 
and weight requirements are most stringent. Also, a larger heat exchanger nor- 
mally carries a higher price tag. The space available for the heat exchanger in 
some cases Jimits the length of the tubes that can be used. 

£ 

Type ^ 

The type of heat exchanger to be selected depends primarily on the type of 
fluids involved, the size and weight limitations, and the presence of any phase- 
change processes. For example, a heat exchanger is suitable to cool a liquid by 
a gas the sprface area on the gas side is many times that on the liquid side. 
On the other hand, a plate or shell-and-tube heat exchanger is very suitable for 
cooling a liquid by another liquid. 

Materials 

The materials used in the construction of the heat exchanger may be an im- 
portant consideration in the selection of heat exchangers. For example, the 
thermal and structural stress effects need not be considered at pressures below 
15 atm or temperatures below 150°C. But these effects are major considera- 
tions above 70 atm or 550°C and seriously limit the acceptable materials of the 
heat exchanger. 

A temperature difference of 50°C or more between the tubes and the shell 
will probably pose differential thermal expansion problems and needs to be 
considered. In the case of corrosive fluids, we may have to select expensive 


corrosion-resistant materials such as stainless steel or even titanium if we are 
not willing to replace low-cost heat exchangers frequently. 



Other Considerations 

There are other considerations in the selection of heat exchangers that may 
or may not be important, depending on the application. For example, being 
leak-tight is an important consideration when toxic or expensive fluids are in- 
volved. Ease of servicing, low maintenance cost, and safety and reliability are 
some other important considerations in the selection process. Quietness is one 
of the primary considerations in the selection of liquid-to-air heat exchangers 
used in heating and air-conditioning applications. 
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water 




FIGURE 11-31 

Schematic for Example 1 HO. 
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water 
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EXAMPLE 11-10 Installing a Heat Exchanger to Save Energy 

and Money 

In a dairy plant, milk is pasteurized by hot water supplied by a natural gas fur- 
nace. The hot water is then discharged to an open floor drain at 80°C at a rate 
of 15 kg/min, The plant operates 24 h a day and 365 days a year. The furnace 
has an efficiency of 80 percent, and the cost of the natural gas is $1.10 per 
therm (1 therm = 105,500 kJ). The average temperature of the coid water en- 
tering the furnace throughout the year is 15°C. The drained hot water cannot 
be returned to the furnace and recirculated, because it is contaminated during 
the process. 

In order to save energy, installation of a water-to-water heat exchanger to pre- 
heat the incoming coid water by the drained hot water is proposed. Assuming 
that the heat exchanger will recover 75 percent of the available heat in the hot 
water, determine the heat transfer rating of the heat exchanger that needs to be 
purchased and suggest a suitable type. Also, determine the amount of money 
this heat exchanger will save the company per year from natural gas savings. 


SOLUTION A water-to-water heat exchanger is to be installed to transfer en- 
ergy from drained hot water to the incoming cold water to preheat it. The rate 
of heat transfer in the heat exchanger and the amounts of energy and money 
saved per year are to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The effectiveness of the 
heat exchanger remains constant. ■ ■ 

Properties We use the specific heat of water at room temperature, c p = 
4.18 kJ/kg - °C, and treat it as a constant. 

Analysis A schematic of the prospective heat exchanger is given in Fig. 
11-31. The heat recovery from the hot water will be a maximum when it leaves 
the heat exchanger at the inlet temperature of the coid water. Therefore, 

£2 max “ thfrCplT} j iu T Ci j n ) 

= ^ kg/s^(4.18 kJ/kg • °C)(80 - 15 j°C 
= 67.9 kJ/s ' 

That is, the existing hot-water stream has the potential to supply heat at a rate 
of 67.9 kJ/s to the incoming cold water. This value would be approached in a 
counter-flow heat exchanger with a very large heat transfer surface area. A heat 
exchanger of reasonable size and cost can capture 75 percent of this heat 
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transfer potential. Thus, the heat transfer rating of the prospective heat ex- 
changer must be 




Q = C = (0.75)(67.9 kJ/s) = 50.9 kj/s 

That is, the heat exchanger should be able to deliver heat at a rate of 50.9 kJ/s 
from the hot to the cold water. An ordinary plate or shell-and-iube heat exchanger 
should be adequate for this purpose, since both sides of the heat exchanger in- 
volve the same fluid at comparable flow rates and thus comparable heat transfer 
coefficients. (Note that if we were heating air with hot water, we would have to 
specify a heat exchanger that has a large surface area on the air side.) 

The heat exchanger will operate 24 h a day and 365 days a year. Therefore, 
the annual operating hours are 

Operating hours = (24 h/day)(365 days/year) = 8760 h/year 



1 


Noting that this heat exchanger saves 50.9 kj of energy per second, the energy 
saved during an entire year will be 


Energy saved = (Heat transfer rate)(Operation time) 
= (50.9 kJ/s)(8760 h/year)(3600 s/h) 
- 1.605 X 10 9 kj/year 


The furnace is sard to be 80 percent efficient. That is, for each 80 units of 
heat supplied by the furnace, natural gas with an energy content of 100 units 
must be supplied to the furnace. Therefore, the energy savings determined 
above result in fuel savings in the amount of 


_ t Energy saved 

Fuel saved — — -r-r 

Furnace efficiency 

= 19,020 therms/year 


1.605 X 10 9 kj/year/ ltherra \ 
0.80 \ 1 05,500 kJ/ 


Noting that the price of natural gas is $1.10 per therm, the amount of money 
saved feecojnes 

' ¥ 

'■ Money saved = (Fuel saved) X (Price of fuel) 








= ( >9,020 therms/year)($ 1 . 10/therm) 
= $20, 920/ year 


1 


n' 

Therefore, the installation of the proposed heat exchanger will save the 
company $20,920 a year, and the installation cost of the heat exchanger will 
probably be paid from the fuel savings in a short time. 


* 



Heat exchangers are devices that allow the exchange of heat 
between two fluids without allowing them to mix with each 
other. Heat exchangers are manufactured in a variety of 
types, the simplest being the double-pipe heat exchanger* In a 
parallel-flow type, both the hot and cold fluids enter the heat 
exchanger at the same end and move in the same direction, 
whereas in a counter-flow type, the hot and cold fluids enter 
the heat exchanger at opposite ends and flow in opposite 



directions* In compact heat exchangers, the two fluids move 
perpendicular to each other, and such a flow configuration is 
called cross-flow. Other common types of heat exchangers in 
industrial applications are the plate and the shell-and-tube heat 
exchangers* 

Heat transfer in a heat exchanger usually involves convection 
in each fluid and conduction through the wall separating the two 
fluids. In the analysis of heat exchangers, it is convenient to 


work with an overall heat transfer coefficient U or a total ther- 
mal resistance R, expressed as 


1 

UA t 


1 

UA 


1 - R --L- 

V 0 A o M; 




+ 


1 

h 0 A 0 


where the subscripts i and o stand for the inner and outer sur- 
faces of the wall that separates the two fluids, respectively. 
When the wall thickness of the tube is small and the 
thermal conductivity of the tube material is high, the relation 
simplifies to 


where U ~ U t ~ U 0 . The effects of fouling on both the inner 
and the outer surfaces of the tubes of a heat exchanger can be 
accounted for by 

1^1^ 1 -R 

UA S UjAj U 0 A 0 

l fi /.i + 

h t A , + At 2irkL A 0 h 0 A 0 

where A, = TTD t L and A 0 = irD 0 L are the areas of the inner 
and outer surfaces and and Rf t 0 are the fouling factors at 
those surfaces. 

In a well-insulated heat exchanger, the rate of heat transfer 
from the hot fluid is equal to the rate of heat transfer to the cold 

one. That is, 


best suited for determining the size of a heat exchanger 
when all the inlet and the outlet temperatures are known. The 
effectiveness-NTU method is best suited to predict the outlet 
temperatures of the hot and cold fluid streams in a specified 
heat exchanger. In the LMTD method, the rate of heat transfer 
is determined from 


Q = VA t A T ]m 


where 


A r, - A r 2 

at — __L ~£_ 

lm In (ATt/ATj) 

is the log mean temperature difference, which is the suitable 
form of the average temperature difference for use in the analy- 
sis of heat exchangers. Here A T x and A T 2 represent the temper- 
ature differences between the two fluids at the two ends (inlet 
and outlet) of the heat exchanger. For cross-flow and multipass 
sbell-and-tube heat exchangers, the logarithmic mean tempera- 
ture difference is related to the counter-flow one AT lmCF as 


AT lm — F ATi m CF 

where Fis the correction factor, which depends on the geome- 
try of the heat exchanger and the inlet and outlet temperatures 
of the hot and cold fluid streams. 

The effectiveness of a heat exchanger is defined as 

Q _ Actual heat transfer rate 
8 ~ QmZ. ~ Maximum possible heat transfer rate 


Q — thfCpffXc^ put — T Ci ; n ) “ CffT Ci out ~ T c , in) 

and 

Q — nihCphff'h, in “ T),, out ) “ CfffT^ ;□ out) 

where the subscripts c and h stand for the cold and hot fluids, 
respectively, and the product of the mass flow rate and the spe- 
cific heat of a fluid mc p is called the heat capacity rate. 

Of the two methods used in the analysis of heat exchangers, 
the log mean temperature difference (or LMTD) method is 


where 


Qmlx ~ Cmin(T/i. in T c j„) 


and C m!n is the smaller of C h = m h c ph and C c ^ m^. The ef- 
fectiveness of heat exchangers can be determined from effec : 
tiveness relations or charts. 

The selection or design of a heat exchanger depends on 
several factors such as the heat transfer rate, cost, pressure 
drop, size, weight, construction type, materials, and operating 
environment. 
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Types of Heat Exchangers 

11-1 C Classify heat exchangers according to flow type and 
explain the characteristics of each type. 

11— 2C Classify heat exchangers according to construction 
type and explain the characteristics of each type. 

11-3C When is a heat exchanger classified as being com- 
pact? Do you think a double-pipe heat exchanger can be classi- 
fied as a compact heat exchanger? 

11-4C How does a cross-flow heat exchanger differ from a 
counter-flow one? What is the difference between mixed and 
unmixed fluids in cross-flow? 

11-5C What is the role of the baffles in a shell-and-tube heat 
exchanger? How does the presence of baffles affect the heat 
transfer and the pumping power requirements? Explain. 

11-6C Draw a l-shell-pass and 6-tube-passes shell-and-tube 
heat exchanger. What are the advantages and disadvantages of 
using 6 tube phsses instead of just 2 of the same diameter? 

H-7C Draw a 2-shell-passes and 8-tube-passes shell-and- 
tube heat exchanger. What is the primary reason for using so 
many tube passes? 

11-8C . What is a regenerative heat exchanger? How does a 
static fype of regenerative heat exchanger differ from a dy- 
namic type? 

The Overall Heat Transfer Coefficient 

11-9C What are the heat transfer mechanisms involved dur- 
ing heat transfer from the hot to the cold fluid? 
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‘Problems designated by a “C" are concept questions, and 
students are encouraged to answer them ail. Problems with the 
icon are solved using EES. Problems with the icon U are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


11— 10C Under what conditions is the thermal resistance of 
the tube in a heat exchanger negligible? 

11-11C Consider a double-pipe parallel-flow heat exchanger 
of length L. The inner and outer diameters of the inner tube are 
D l and D 2 , respectively, and the inner diameter of the outer 
tube is D 3 . Explain how you would determine the two heat 
transfer surface areas A,- and A 0 . When is it reasonable to 
assume A t ~ A 0 ~ Aft 

11-12C Is the approximation h - t ~ h a = h for the convection 
heat transfer coefficient in a heat exchanger a reasonable one 
when the thickness of the tube wall is negligible? 

11-13C Under what conditions can the overall heat transfer 
coefficient of a heat exchanger be determined from U = (l//i f + 

i/^r 1 ? 

11-14 C What are the restrictions on the relation UA, = 
U;A; = U 0 A 0 for a heat exchanger? Here A s is the heat transfer 
surface area and U is the overall heat transfer coefficient. 

11-15C In a thin-walled double-pipe heat exchanger, when is 
the approximation U = h-, a reasonable one? Here U is the 
overall heat transfer coefficient and h } is the convection heat 
transfer coefficient inside the tube. 

11-16C What are the common causes of fouling in a heat 
exchanger? How does fouling affect heat transfer and 
pressure drop? 

11-17C How is the thermal resistance due to fouling in a 
heat exchanger accounted for? How do the fluid velocity and 
temperature affect fouling? 

11-18 A double-pipe heat exchanger is constructed of a 
copper ( k = 380 W/m * °C) inner tube of internal diameter 
A = 1.2 cm and external diameter D a = 1.6 cm and an outer 
tube of diameter 3.0 cm. The convection heat transfer coeffi- 
cient is reported to be ft f — 700 W/m 2 • °C on the inner surface 
of the tube and h a = 1400 W/m 2 • °C on its outer surface. For a 
fouling factor R ft f = 0.0005 m 2 * °CAV on the tube side and 
Rf o = 0.0002 m 2 • °CAV on the shell side, determine (a) the 
thermal resistance of the heat exchanger per unit length and 




1 



(£0 the overall heat transfer coefficients U, and U. based on the 
inner and outer surface areas of the tube, respectively. 

Reconsider Prob. 1 1-18. Using EES (or other) 
software, investigate the effects of pipe conduc- 


11-19 
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tivity and heat transfer coefficients on the thermal resistance of 
the heat exchanger. Let the thermal conductivity vary from 
10 W/m • °C to 400 W/m ■ °C, the convection heat transfer co- 
efficient from 500 W/m 2 - °C to 1500 W/m 2 ■ °C on the inner 
surface, and from 1000 W/m 2 ■ °C to 2000 W/m 2 ■ °C on the 
outer surface. Plot the thermal resistance of the heat exchanger 
as functions of thermal conductivity and heat transfer coeffi- 
cients, and discuss the results. 


11-20 A jacketted-agitated vessel, fitted with a turbine agita- 
tor, is used for heating a water stream from 10 C to 54 C. 
The average heat transfer coefficient for water at the 
vessel’s inner- wall can be estimated from Nu — 0.7 6Re Pr . 
Saturated steam at I00°C condenses in the jacket, for which 
the average heat transfer coefficient in kW/m 2 ■ K is: k 0 — 
13 ky — T h )~ 0 ' 25 - The vessel dimensions are: D, = 0.6 m, 
H = 0*6 m and D a = 0.2 m. The agitator speed is 60 rpm. 
Calculate the mass rate of water that can be heated in this 
agitated vessel steadily. 


11-21 Water at an average temperature of 1 10°C and an aver- 
age velocity of 3.5 m/s flows through a 5-m-long stainless steel 
tube (jfc = 14,2 W/m • °C) in a boiler. The inner and outer diam- 
eters of the tube are D-, = 1.0 cm and D 0 = 1.4 Cm, respectively. 
If the convection heat transfer coefficient at the outer surface^ of 
the tube where boiling is taking place is h a = 8400 W/m 2 * C, 
determine the overall heat transfer coefficient £/ f of this boiler 
based on the inner surface area of the tube. 


11-22 Repeat Prob. 11-21, assuming a fouling factor 
R f ■ = 0.0005 m 2 • °CAV on the inner surface of the tube. 

11-23 Reconsider Prob. 1 1-21. Using EES (or other) 


kgSill software, plot the overall heat transfer coefficient 
based on the inner surface as a function of fouling factor as it 
varies from 0.0001 m 2 ■ °CAV to 0.0008 m 2 • °C/W, and discuss 
the results. 


11-24 A long thin- walled double-pipe heat exchanger with 
tube and shell diameters of 1.0 cm and 2.5 cm, respectively, is 
used to condense refrigerant- 134a by water at 20 C. The refrig- 
erant flows through the tube, with a convection heat transfer co- 
efficient of ^ = 5000 W/m 2 * °C. Water flows through the shell 
at a rate of 0.3 kg/s. Determine the overall heat transfer coeffi- 
cient of this heat exchanger. Answer: 2020 W/m 2 ■ 'C 


11-25 Repeat Prob. 1 1-24 by assuming a 2-mm-thick layer 
of limestone (jfc = 1.3 W/m • °C) forms on the outer surface of 
the inner tube. 


11-26 (?^jj Reconsider Prob. 1 1-25. Using EES (or other) 
software, plot the overall heat transfer coeffi- 
cient as a function of the limestone thickness as it varies from 
1 mm to 3 mm, and discuss the results. 


Analysis of Heat Exchangers 

11-27C What are the common approximations made in the 
analysis of heat exchangers? 

11-28C Under what conditions is the heat transfer relation 
Q = )h c c [K (T ti out — T c/m ) - m h c ph (T h - ta — 
valid for a heat exchanger? 

11-29C What is the heat capacity rate? What can you say 
about the temperature changes of the hot and cold fluids in a 
heat exchanger if both fluids have the same capacity rate? 
What does a heat capacity of infinity for a fluid in a heat 

exchanger mean? 

H_ 30 Q Consider a condenser in which steam at a specified 
temperature is condensed by rejecting heat to the cooling 
water. If the heat transfer rate in the condenser and the temper- 
ature rise of the cooling water is known, explain how the rate 
of condensation of the steam and the mass flow rate of the 
cooling water can be determined. Also, explain how the total 
thermal resistance R of this condenser can be evaluated in 

this case. 

11-31C Under what conditions will the temperature rise of 
the cold fluid in a heat exchanger be equal to the temperature 

drop of the hot fluid? 

The Log Mean Temperature Difference Method 

11-32C In the heat transfer relation Q = UA S AT lm for a heat 
exchanger, what is AT [m called? How is it calculated for a 
parallel-flow and counter-flow heat exchanger? 

11-33C How does the log mean temperature difference for a 
heat exchanger differ from the arithmetic mean temperature 
difference? For specified inlet and outlet temperatures, which 
one of these two quantities is larger? 

11-34C The temperature difference between the hot and cold 
fluids in a heat exchanger is given to be A7\ at one end and A T 2 
at the other end. Can the logarithmic temperature difference 
AT |m of this heat exchanger be greater than both A7j and A r 2 ? 

Explain. 

11-35C Can the logarithmic mean temperature difference 
AT^ of a heat exchanger be a negative quantity? Explain. 

1 1-36C Can the outlet temperature of the cold fluid in a heat 
exchanger be higher than the outlet temperature of the hot fluid 
in a parallel-flow heat exchanger? How about in a counter-flow 
heat exchanger? Explain. 
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11-37C For specified inlet and outlet temperatures, for what 
land of heat exchanger will the AT^ be greatest: double-pipe 
parallel-flow, double-pipe counter-flow, cross-flow, or multi- 
pass shell-and-tube heat exchanger? 

11-38C In the heat transfer relation Q = UA,FAT ]m for a 
heat exchanger, what is the quantity F called? What does it rep- 
resent? Can F be greater than one? 

11-39 C When the outlet temperatures of the fluids in a heat 
exchanger are not known, is it still practical to use the LMTD 
method? Explain. 

11-40C Explain how the LMTD method can be used to deter- 
mine the heat transfer surface area of a multipass shell-and-tube 
heat exchanger when all the necessary information, including 
the outlet temperatures, is given. 

11-41 Ethylene glycol is heated from 20°C to 40°C at a rate 
of 1 .0 kg/s in a horizontal copper tube (k = 386 W/m ■ K) with 
an inner diameter of 2.0 cm and an outer diameter of 2.5 cm. A 
saturated vapor (T g = II 0°C) condenses on the outside-tube 
surface with the heat transfer coefficient (in kW/m 2 ■ K) given 
by 9.2 i(T g — r H .) 0J2S , where T v is the average outside-tube wall 
temperature. What tube length must be used? Take the proper- 
ties of ethylene glycol to be p = 1 109 kg/m 3 , c p = 2428 kj/kg ■ K, 
k = 0.253 W/m ■ °C, fx = 0.01545 kg/m • s, and Pr = 148.5. 

11-42 A double-pipe parallel- flow heat exchanger is used 
to heat cold tap water with hot water. Hot water (c p = 
4.25 kJ/kg • °C) enters the tube at 85°C at a rate of 1.4 kg/s and 
leaves at 50°C. The heat exchanger is not well insulated, and it 
is estimated that 3 percent of the heat given up by the hot fluid 
is lost from the heat exchanger. If the overall heat transfer co- 
efficient and the surface area of the heat exchanger are 
1150 W/m 2 • °C and 4 m 2 , respectively, determine the rate of 
heat transfer to? the cold water and the log mean temperature 
difference forjhis heat exchanger. 
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11-43 A stream of hydrocarbon {c p = 2.2 kj/kg ■ K) is 
cooled at a rate of 720 kg/h from 150°C to 40°C in the tube 
side of a double-pipe counter-flow heat exchanger. Water (c p = 
4.18 kJ/kg • K) enters the heat exchanger at 10°C at a rate of 
540 kg/h. The outside diameter of the i nner tube is 2.5 cm, and 
its length is 6.0 m. Calculate the overall heat transfer coefficient. 

11-44 A shell-and-tube heat exchanger is used for heating 
10 kg/s of oil (c p = 2.0 kj/kg • K) from 25°C to 46°C. The heat 





exchanger has 1-shell pass and 6-tube passes. Water enters the 
shell side at 80°C and leaves at 60°C. The overall heat transfer 
coefficient is estimated to be 1000 W/m 2 • K. Calculate the rate 
of heat transfer and the heat transfer area. 


11-45 Steam in the condenser of a steam power plant is to be 
condensed at a temperature of 50°C (Ji fg = 2383 kJ/kg) with 
cooling water (c p = 4180 J/kg • °C) from a nearby lake, which 
enters the tubes of the condenser at 18°C and leaves at 27°C. 
The surface area of the tubes is 42 m 2 , and the overall heat 
transfer coefficient is 2400 W/m 2 • °C. Determine the mass flow 
rate of the cooling water needed and the rate of condensation of 
the steam in the condenser. Answers : 73.1 kg/s, 1 . 1 5 kg/s 


Steam 



11-46 A double-pipe parallel-flow heat exchanger is to heat 
water (c p = 4180 J/kg • °C) from 25°C to 60°C at a rate of 
0.2 kg/s. The heating is to be accomplished by geothermal wa- 
ter (c p = 4310 J/kg • °C) available at 140°C at a mass flow rate 
of 0.3 kg/s. The inner tube is thin-walled and has a diameter of 
0.8 cm. If the overall heat transfer coefficient of the heat 
exchanger is 550 W/m 2 • °C, determine the length of the tube 
required to achieve the desired heating. 


11-47 




Reconsider Prob. 1 1-46. Using EES (or other) 
software, investigate the effects of temperature 
and mass flow rate of geothermal water on the length of the 
tube. Let the temperature vary from 100°C to 200°C, and the 
mass flow rate from 0.1 kg/s to 0.5 kg/s. Plot the length of 
the tube as functions of temperature and mass flow rate, and 
discuss the results. 


11-48 A I -shell-pass and 8- tube-passes heat exchanger is 
used to heat glycerin ( c p = 2.5 kJ/kg • °C) from 18°C to 60°C 
by hot water (c p = 4.18 kJ/kg • °C) that enters the thin- walled 
1.3-cm-diameter tubes at 80°C and leaves at 50°C. The total 
length of the tubes in the heat exchanger is 150 m. The convec- 
tion heat transfer coefficient is 23 W/m 2 ■ °C on the glycerin 
(shell) side and 280 W/m 2 • °C on the water (tube) side. Deter- 
mine the rate of heat transfer in the heat exchanger (a) before 
any fouling occurs and (b) after fouling with a fouling factor of 
0.00035 m 2 • °CAV on the outer surfaces of the tubes. 
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HEAT EXCHANGERS 



11-49 A test is conducted to determine the overall heat trans- 
fer coefficient in a shell-and-tube oil- to -water heat exchanger 
that has 24 tubes of internal diameter 1.2 cm and length 2 m 
in a single shell. Cold water (c p = 4180 J/kg • °C) enters the 
tubes at 20°C at a rate of 3 kg/s and leaves at 55°C. Oil 
(c = 2150 J/kg ■ °C) flows through the shell and is cooled 
from 120°C to 45°C. Determine the overall heat transfer coef- 
ficient U[ of this heat exchanger based on the inner surface area 
of the tubes. Answer; 8.31 kW/m 3 • °C 

1 1-50 A double-pipe counter-flow heat exchanger is to cool 
ethylene glycol ( c p = 2560 J/kg • °C) flowing at a rate of 
3.5 kg/s from 80°C to 40°C by water (c p = 4180 J/kg • °C) that 
enters at 20°C and leaves at 55°C. The overall heat transfer 
coefficient based on the inner surface area of the tube is 
250 W/m 2 • °C. Determine (a) the rate of heat transfer, (b) the 
mass flow rate of water, and (c) the heat transfer surface area 
on the inner side of the tube. 
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11-51 Water ( c p = 4180 J/kg * °C) enters the 2.5-cm- 
intemal-diameter tube of a double-pipe counter-flow heat 
exchanger at 17°C at a rate of 3 kg/s. It is heated by steam 
condensing at 120°C (hy g = 2203 kJ/kg) in the shell. If the 
overall heat transfer coefficient of the heat exchanger is 
1500 W/m 2 • °C, determine the length of the tube required in 
order to heat the water to 80°C. 


11-52 A thin- walled double-pipe counter- flow heat ex- 
changer is to be used to cool oil ( c p = 2200 J/kg * °C) from 
150°C to 40°C at a rate of 2 kg/s by water (c p = 4180 J/kg * °C) 
that enters at 22°C at a rate of 1.5 kg/s. The diameter of the 
tube is 2.5 cm, and its length is 6 m. Determine the overall heat 
transfer coefficient of this heat exchanger. 


11-53 



Reconsider Prob. 11-52, Using EES (or other) 
software, investigate the effects of oil exit tem- 


perature and water inlet temperature on the overall heat trans- 
fer coefficient of the heat exchanger. Let the oil exit 
temperature vary from 30°C to 70°C and the water inlet tem- 
perature from 5°C to 25°C. Plot the overall heat transfer coeffi- 
cient as functions of the two temperatures, and discuss the 


results. 


11—54 Consider a water-to- water double-pipe heat exchanger 
whose flow arrangement is not known. The temperature mea- 
surements indicate that the cold water enters at 20°C and leaves 
at 5 CPC, while the hot water enters at 80°C and leaves at 45°C. 


Do you think this is a parallel-flow or counter-flow heat ex- 
changer? Explain. 

11-55 Cold water (c p = 4180 J/kg • °C) leading to a shower 
enters a thin-walled double-pipe counter-flow heat exchanger 
at 15°C at a rate of 1.25 kg/s and is heated to 45°C by hot water 
( Cp = 4190 J/kg • °C) that enters at 100°C at a rate of 3 kg/s. If 
the overall heat transfer coefficient is 880 W/m 2 * °C, determine 
the rate of heat transfer and the heat transfer surface area of the 
heat exchanger. 

11-56 Engine oil (c p = 2100 J/kg ■ °C) is to be heated from 
20°C to 60°C at a rate of 0.3 kg/s in a 2-cm-diameter thin- 
walled copper tube by condensing steam outside at a temper- 
ature of 130°C (h fg = 2174 kJ/kg). For an overall heat transfer 
coefficient of 650 W/m 2 • °C, determine the rate of heat trans- 
fer and the length of the tube required to achieve it. 

Answers: 25.2 kW, 7,0 m 
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11_57 Geothermal water {c p = 4.31 kJ/kg • °C) is to be used 
as the heat source to supply heat to the hydronic heating system 
of a house at a rate of 42 kW in a double-pipe counter-flow 
heat exchanger. Water {c p = 4.18 kJ/kg • °C) is heated from 
60°C to 95°C in the heat exchanger as the geothermal water is 
cooled from 130°C to 80°C. Determine the mass flow rate of 
each fluid and the total thermal resistance of this heat ex- 
changer. 

11-58 Glycerin (c p = 2400 J/kg ■ °C) at 20°C and 0.3 kg/s is 
to be heated by ethylene glycol ( c p = 2500 J/kg • °C) at 60°C 
in a thin-walled double-pipe parallel-flow heat exchanger. 
The temperature difference between the two fluids is 15°C at 
the outlet of the heat exchanger. If the overall heat transfer co- 
efficient is 240 W/m 2 • °C and the heat transfer surface area is 
3.2 m 2 , determine (a) the rate of heat transfer, (b) the outlet 
temperature of the glycerin, and (c) the mass flow rate of the 
ethylene glycol. 

11-59 Air (Cp = 1005 J/kg • °C) is to be preheated by hot ex- 
haust gases in a cross-flow heat exchanger before it enters the 
furnace. Air enters the heat exchanger at 95 kPa and 20°C at a 
rate of 0.8 m 3 /s. The combustion gases (c p = 1100 J/kg ■ °C) 
enter at 1 80°C at a rate of 1 . 1 kg/s and leave at 95°C. The prod- 
uct of the overall heat transfer coefficient and the heat transfer 
surface area is UA S = 1200 W/°C. Assuming both fluids to be 
unmixed, determine the rate of heat transfer and the outlet tem- 
perature of the air. 
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11-60 A shell-and-tube heat exchanger with 2-shell passes 
and 12- tube passes is used to heat water ( c p = 4180 J/kg • °C) 
in die tubes from 20°C to 70°C at a rate of 4.5 kg/s. Heat is sup- 
plied by hot oil ( c p = 2300 J/kg • °C) that enters the shell side 
at 170°C at a rate of 10 kg/s. For a tube-side overall heat trans- 
fer coefficient of 350 W/m 2 ■ °C, determine the heat transfer 
surface area on the tube side. Answer: 25.7 m 2 

11-61 Repeat Prob. 1 1-60 for a mass flow rate of 2 kg/s for 
water. 

11-62 A shell-and-tube heat exchanger with 2-shell passes and 
8-tube passes is used to heat ethyl alcohol ( c p = 2670 J/kg * °C) 
in the tubes from 25°C to 70°C at a rate of 2.1 kg/s. The heating 
is to be done by water (c p ~ 4190 J/kg • °C) that enters the shell 
side at 95°C and leaves at 45°C. If the overall heat transfer coef- 
ficient is 950 W/m 2 • °C, determine the heat transfer surface area 
of the heat ^changer. 


f 


Water 
95°C 

|L 

7G°C 

Ethyl 
alcohol 

25 °C 

2,1 kg/s ||| 

45°C 

FIGURE PI 1-62 







(8-tube passes) 



11- 63 A shell-and-tube heat exchanger with 2-shell passes and 

12- tube passes is used to heat water (c p = 4180 J/kg • °C) with 
ethylene glycol ( c p = 2680 J/kg - °C). Water enters the tubes at 
22°C at a rate of 0.8 kg/s and leaves at 70°C. Ethylene glycol en- 
ters the shell at 1 10°C and leaves at 60°C. If the overall heat 
transfer coefficient based on the tube side is 280 W/m 2 • °C, 
determine the rate of heat transfer and the heat transfer surface 
area on the tube side. 


11-64 Eg* Reconsider Prob. 11-63. Using EES (or other) 
IfesjB software, investigate the effect of the mass flow 
rate of water on the rate of heat transfer and the tube-side surface 
area. Let the mass flow rate vary from 0.4 kg/s to 2.2 kg/s. Plot 
the rate of heat transfer and the surface area as a function of the 
mass flow rate, and discuss the results. 


11-65 A shell-and-tube heat exchanger with 1 -shell pass and 
20-tube passes is used to heat glycerin ( c p = 2480 J/kg • °C) in 
the shell, with hot water in the tubes. The tubes are thin- walled 
and have a diameter of 4 cm and length of 2 m per pass. The 
water enters the tubes at 100°C at a rate of 0.5 kg/s and leaves 
at 55°C. The glycerin enters the shell at 15°C and leaves at 
55 °C. Determine the mass flow rate of the glycerin and the 
overall heat transfer coefficient of the heat exchanger. 


11-66 In a binary geothermal power plant, the working fluid 
isobutane is to be condensed by air in a condenser at 75°C 
(hj g = 255.7 kJ/kg) at a rate of 2.7 kg/s. Air enters the con- 
denser at 2I°C and leaves at 28°C (see Fig. PI 1-66). The heat 
transfer surface area based on the isobutane side is 24 m 2 . De- 
termine the mass flow rate of air and the overall heat transfer 
coefficient. 
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11-71C What does the effectiveness of a heat exchanger rep- 
resent? Can effectiveness be greater than one? On what factors 
does the effectiveness of a heat exchanger depend? 

11-72C For a specified fluid pair, inlet temperatures, and mass 
flow rates, what kind of heat exchanger will have the highest ef- 
fectiveness: double-pipe parallel-flow, double-pipe counter- 
flow, cross-flow, or multipass shell-and-tube heat exchanger? 

11-73 C Explain how you can evaluate the outlet tempera- 
tures of the cold and hot fluids in a heat exchanger after its ef- 
fectiveness is determined. 


11-67 Hot exhaust gases of a stationary diesel engine are to 
be used to generate steam in an evaporator. Exhaust gases 
(i c = 1051 J/kg * °C) enter the heat exchanger at 550°C at a 
rate of 0.25 kg/s while water enters as saturated liquid and 
evaporates at 200°C (h /g = 1941 kJ/kg). The heat transfer sur- 
face area of the heat exchanger based on water side is 0.5 m 2 
and overall heat transfer coefficient is 1780 W/m 2 ■ °C. Deter- 
mine the rate of heat transfer, the exit temperature of exhaust 
gases, and the rate of evaporation of water. 


11-68 
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Reconsider Prob. 1 1-67. Using EES (or other) 
software, investigate the effect of the exhaust 
gas inlet temperature on the rate of heat transfer, the exit 
temperature of exhaust gases, and the rate of evaporation of 
water. Let the temperature of exhaust gases vary from 300°C 
to 600°C. Plot the rate of heat transfer, the exit temperature of 
exhaust gases, and the rate of evaporation of water as a func- 
tion of the temperature of the exhaust gases, and discuss the 
results. 


11-69 In a textile manufacturing plant, the waste dyeing wa- 
ter (c p = 4295 J/kg • °C) at 75°C is to be used to preheat fresh 
water ( c p = 4180 J/kg • °C) at 15°C at the same flow rate in a 
double-pipe counter-flow heat exchanger. The heat transfer 
surface area of the heat exchanger is 1 .65 m 2 and the overall 
heat transfer coefficient is 625 W/m 2 ■ °C. If the rate of heat 
transfer in the heat exchanger is 35 kW, determine the outlet 
temperature and the mass flow rate of each fluid stream. 
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The Effectiveness-NTU Method 

11-70C Under what conditions is the effectiveness-NTU 
method definitely preferred over the LMTD method in heat 
exchanger analysis? 


11-74C Can the temperature of the hot fluid drop below the 
inlet temperature of the cold fluid at any location in a heat 
exchanger? Explain. 

11-75C Can the temperature of the cold fluid rise above the 
inlet temperature of the hot fluid at any location in a heat ex- 
changer? Explain. 

11-76C Consider a heat exchanger in which both fluids have 
the same specific heats but different mass flow rates. Which 
fluid will experience a larger temperature change: the one with 
the lower or higher mass flow rate? 

11-77C Explain how the maximum possible heat transfer 
rate in a heat exchanger can be determined when the mass 
flow rates, specific heats, and the inlet temperatures of the two 
fluids are specified. Does the value of Qmn depend on the type 
of the heat exchanger? 

11-78C Consider two double- pipe counter-flow heat ex- 
changers that are identical except that one is twice as long as 
the other one. Which heat exchanger is more likely to have a 
higher effectiveness? 

11-79C Consider a double-pipe counter-flow heat exchanger. 
In order to enhance heat transfer, the length of the heat exchanger 
is now doubled. Do you think its effectiveness will also double? 

11-80C Consider a shell-and-tube water- to- water heat ex- 
changer with identical mass flow rates for both the hot- and 
cold-water streams. Now the mass flow rate of the cold water is 
reduced by half. Will the effectiveness of this heat exchanger 
increase, decrease, or remain the same as a result of this modi- 
fication? Explain. Assume the overall heat transfer coefficient 
and the inlet temperatures remain the same. 

11-81C Under what conditions can a counter-flow heat ex- 
changer have an effectiveness of one? What would your answer 
be for a parallel-flow heat exchanger? 

I1-82C How is the NTU of a heat exchanger defined? What 
does it represent? Is a heat exchanger with a very large NTU 
(say, 10) necessarily a good one to buy? 

11-83C Consider a heat exchanger that has an NTU of 4. 
Someone proposes to double the size of the heat exchanger and 
thus double the NTU to 8 in order to increase the effectiveness 
of the heat exchanger and thus save energy. Would you support 
this proposal? 


11-84C Consider a heat exchanger that has an NTU of 0.1. 
Someone proposes to triple the size of the heat exchanger and 
thus triple the NTU to 0.3 in order to increase the effectiveness 
of the heat exchanger and thus save energy. Would you support 
this proposal? 

11-85 The radiator in an automobile is a cross-flow heat ex- 
changer (UA S = 1 0 kW/K) that uses air ( c p = 1 .00 kJ/kg * K) to 
cool the engine-coolant fluid ( c p = 4.00 kJ/kg - K). The engine 
fan draws 30°C air through this radiator at a rate of 10 kg/s 
while the coolant pump circulates the engine coolant at a rate 
of 5 kg/s. The coolant enters this radiator at 80°C. Under these 
conditions, the effectiveness of the radiator is 0.4, Determine 

(a) the outlet temperature of the air and ( b ) the rate of heat 
transfer between the two fluids. 


11-86 During an experiment, a shell-and-tube heat exchanger 
that is used to transfer heat from a hot-water stream to a cold- 
water stream is tested, and the following measurements are taken: 



Hot-Water 

Cold-Water 


Stream 

Stream 

Inlet temperature* °C 

71.5 

19.7 

Outlet temperature* fl C 

58.2 

27.8 

Volume flow rate* L/min 

1.05 

1.55 


The heat transfer area is calculated to be 0.0200 m 2 . 

(a) Calculate the rate of heat transfer to the cold water. 

(b) Calculate the overall heat transfer coefficient. 

( c ) Determine if the heat exchanger is truly adiabatic. If not, 
determine the fraction of heat loss and calculate the heat 
transfer efficiency. 

(d) Determine the effectiveness and the NTU values of the 
heat- exchanger. 

Also, discus^ if the measured values are reasonable. 

11-87 Cold water (c p = 4.18 kJ/kg • °C) enters a cross-flow 
heat exchanger at 14°C at a rate of 0.45 kg/s where it is heated 
by hot air ( c p =1.0 kJ/kg • °C) that enters the heat exchanger at 
65°C at a rate of 0.8 kg/s and leaves at 25°C. Determine the 
maximum outlet temperature of the cold water and the effec- 
tiveness of this heat exchanger. 


14° C 



11-88 Water from a lake is used as the cooling agent in a 
power plant. To achieve condensation of 2.5 kg/s of steam ex- 
iting the turbine, a shell-and-tube heat exchanger is used, 
which has a single shell and 300 thin-walled, 25-mm-diameter 
tubes, each tube making two passes. Steam flows through the 
shell, while cooling water flows through the tubes. Steam en- 
ters as saturated vapor at 60°C and leaves as saturated liquid. 
Cooling water at 20°C is available at a rate of 200 kg/s. The 
convection coefficient at the outer surface of the tubes is 
8500 W/m 2 • K. Determine (a) the temperature of the cooling 
water leaving the condenser and ( b ) the required tube length 
per pass. (Use the following average properties for water: 
c p = 4180 J/kg - K, fi = 8 X 10~ J N • s/m 2 , k = 0.6 W/m • K, 
Pr = 6). 

11-89 Air (c p = 1005 J/kg * °C) enters a cross-flow heat ex- 
changer at 20°C at a rate of 3 kg/s, where it is heated by a hot 
water stream ( c p = 4190 J/kg • °C) that enters the heat ex- 
changer at 70°C at a rate of 1 kg/s. Determine the maximum 
heat transfer rate and the outlet temperatures of both fluids for 
that case. > 

11-90 Hot oil (Cp = 2200 J/kg ■ °C) is to be cooled by water 
(Cp = 4180 J/kg • °C) in a 2-shell -passes and 12- tube- passes 
heat exchanger. The tubes are thin- waited and are made of 
copper with a diameter of 1.8 cm. The length of each tube pass 
in the heat exchanger is 3 m, and the overall heat transfer co- 
efficient is 340 W/m 2 * °C. Water flows through the tubes at a 
total rate of 0. 1 kg/s, and the oil through the shell at a rate of 
0.2 kg/s. The water and the oil enter at temperatures 18°C and 
1 60°C, respectively. Determine the rate of heat transfer in the 
heat exchanger and the outlet temperatures of the water and 
the oil. Answers: 36.2 kW, 104.6°C, 77.7°C 

Oil 
160°C 
0.2 kg/s 

4 . _. 


Water 
I8°C 
0.1 kg/s 

FIGURE P1 1-90 

11-91 Consider an oil-to-oil double-pipe heat exchanger 
whose flow arrangement is not known. The temperature mea- 
surements indicate that the cold oil enters at 20°C and leaves at 
55°C, while the hot oil enters at 80°C and leaves at 45°C. 
Do you think this is a parallel-flow or counter-flow heat ex- 
changer? Why? Assuming the mass flow rates of both fluids to 
be identical, determine the effectiveness of this heat exchanger. 

11-92 Hot water enters a double-pipe counter-flow water-to- 
oil heat exchanger at 90°C and leaves at 40°C. Oil enters 
at 20°C and leaves at 55°C. Determine which fluid has the 
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Heat exchangers 


smaller heat capacity rate and calculate the effectiveness of this 
heat exchanger* 

11-93 A thin- walled double- pipe parallel-flow heat ex- 
changer is used to heat a chemical whose specific heat is 
1800 J/kg * °C with hot water (c p — 4180 J/kg * °C). The chem- 
ical enters at 20°C at a rate of 3 kg/s, while the water enters at 
110°C at a rate of 2 kg/s* The heat transfer surface area 
of the heat exchanger is 7 m 2 and the overall heat transfer coef- 
ficient is 1200 W/m 2 * °C* Determine the outlet temperatures of 
the chemical and the water* 



t 



FIGURE P1 1 —93 


11-94 Egl Reconsider Prob.. 11-93. Using EES (or other) 
feiHl software, investigate the effects of the inlet tem- 
peratures of the chemical and the water on their outlet temper- 
atures. Let the inlet temperature vary from 10°C to 50°C for the 
chemical and from 80°C to 150°C for water. Plot the outlet 
temperature of each fluid as a function of the inlet temperature 
of that fluid, and discuss the results. 

11-95 A cross- flow air-to-water heat exchanger with an ef- 
fectiveness of 0.65 is used to heat water ( c p = 4180 J/kg • °C) 
with hot air (c p = 1010 J/kg • °C). Water enters the heat ex- 
changer at 2Q°C at a rate of 4 kg/s, while air enters at 100°C at 
a rate of 9 kg/s. If the overall heat transfer coefficient based on 
the water side is 260 W/m 2 ■ °C, determine the heat transfer 
surface area of the heat exchanger on the water side. Assume 
both fluids are unmixed. Answer: 52.4 m 2 

11-96 Water ( c p = 4180 J/kg • °C) enters the 2.5-cm- 
intemal-diameter tube of a double-pipe counter-flow heat ex- 
changer at 17°C at a rate of 1.8 kg/s. Water is heated by steam 
condensing at 120°C (h fg = 2203 kJ/kg) In the shell. If the 
overall heat transfer coefficient of the heat exchanger is 
700 W/m 2 • °C, determine the length of the tube required in or- 
der to heat the water to 80°C using (a) the LMTD method and 
( b ) the e-NTU method. 

11-97 Ethanol is vaporized at 78°C (h fg = 846 kJ/kg) in a 
double-pipe parallel-flow heat exchanger at a rate of 0.03 kg/s 
by hot oil (c p = 2200 J/kg • °C) that enters at 120°C. If the heat 
transfer surface area and the overall heat transfer coefficients 
are 6.2 m 2 and 320 W/m 2 ■ °C, respectively, determine the out- 
let temperature and the mass flow rate of oil using ( a ) the 
LMTD method and (b) the e-NTU method. 


11-98 Water (c p = 4180 J/kg • °C) is to be heated by solar- 
heated hot air ( c p =1010 J/kg • °C) in a double-pipe counter- 
flow beat exchanger. Air enters the heat exchanger at 90°C at a 
rate of 0.3 kg/s, while water enters at 22°C at a rate of 0. 1 kg/s. 
The overall heat transfer coefficient based on the inner side of 
the tube is given to be 80 W/m 2 ■ °C. The length of the tube is 
12 m and the internal diameter of the tube is 1,2 cm. Determine 
the outlet temperatures of the water and the air. 

11-99 jj/gl Reconsider Prob. 1 1-98. Using EES (or other) 
feilll software, investigate the effects of the mass 
flow rate of water and the tube length on the outlet tempera- 
tures of water and air. Let the mass flow rate vary from 
0.05 kg/s to 1 .0 kg/s and the tube length from 5 m to 25 m. Plot 
the outlet temperatures of the water and the air as func- 
tions of the mass flow rate and the tube length, and discuss the 
results. 

11-100 A thin- walled double-pipe counter-flow heat ex- 
changer is to be used to cool oil (c p = 2.20 kJ/kg • °C) from 
150°C to 40°C at a rate of 2.3 kg/s by water (c p = 4.18 kJ/kg * 
°C) that enters at 20°C at a rate of 1.4 kg/s. The diameter of the 
tube is 1 3 cm and its length is 60 m. Determine the overall heat 
transfer coefficient of this heat exchanger using (a) the LMTD 
method and (b) the e-NTU method. 

11-101 Cold water ( c p — 4180 J/kg ■ °C) leading to a 
shower enters a thin-walled double-pipe counter-flow heat 
exchanger at 15°C at a rate of 0.25 kg/s and is heated to 45°C 
by hot water {c p = 4190 J/kg * °C) that enters at 100°C at a 
rate of 3 kg/s. If the overall heat transfer coefficient is 
950 W/m 2 • °C, determine the rate of heat transfer and the 
heat transfer surface area of the heat exchanger using the 
e-NTU method. Answers: 31.35 kW, 0.482 m 2 

Cold water 
t5°C I 



{ 45 °C 


FIGURE P1 1-101 
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Reconsider Prob. 11-101. Using EES (or other) 
software, investigate the effects of the inlet 
temperature of hot water and the heat transfer coeffi- 
cient on the rate of heat transfer and the surface area. Let the in- 
let temperature vary from 60°C to 120°C and the overall heat 
transfer coefficient from 750 W/m 2 ■ °C to 1250 \V/m 2 - °C. Plot 
the rate of heat transfer and surface area as functions of the inlet 
temperature and the heat transfer coefficient, and discuss .the 
results. 


11-103 Glycerin (c p = 2400 J/kg • °C) at 20°C and 0.3 kg/s 
is to be heated by ethylene glycol ( c p = 2500 J/kg • °C) at60°C 
and the same mass flow rate in a thin-walled double-pipe 
parallel- flow heat exchanger. If the overall heat transfer coef- 
ficient is 380 W/m 2 • °C and the heat transfer surface area is 
5.3 m 2 , determine (o) the rate of heat transfer and (b) the out- 
let temperatures of the glycerin and the glycol. 

11-104 A cross-flow heat exchanger consists of 80 thin- 
walled tubes of 3 -cm diameter located in a duct of 1 m X 1 m 
cross section. There are no fins attached to the tubes. Cold 
water ( c p = 4180 J/kg * °C) enters the tubes at 18°C with an 
average velocity of 3 m/s, while hot air ( c p = 1010 J/kg ■ °C) 
enters the channel at 1 30°C and 1 05 kPa at an average veloc- 
ity of 12 m/s- If the overall heat transfer coefficient is 
130 W/m 2 • °C, determine the outlet temperatures of both flu- 
ids and the rate of heat transfer. 



Water 

ts°c 

3m/s 


* 

V 

11-105 A shell-and-tube heat exchanger with 2-shell 

W passes and 8-tube passes is used to heat ethyl 
alcohol ( c p = 2670 J/kg ■ °C) in the tubes from 25°C to 70°C 
at a rate of 2.1 kg/s. The heating is to be done by water 
(c p = 4190 J/kg • °C) that enters the shell at 95°C and leaves at 
60°C. If the overall heat transfer coefficient is 800 W/m 2 • °C, 
determine the heat transfer surface area of the heat exchanger 
using (a) the LMTD method and {b) the e-NTU method. 
Answer; (a) 11.4 m 2 


11-106 Steam is to be condensed on the shell side of a 
1-shell-pass and 8-tube-passes condenser, with 50 tubes in 
each pass, at 30°C {h fg — 2431 kJ/kg). Cooling water 
{c p = 4180 J/kg • °C) enters the tubes at 15°C at a rate of 
1800 kg/h. The tubes are thin-walled, and have a diameter of 
1.5 cm and length of 2 m per pass. If the overall heat transfer 


coefficient is 3000 W/m 2 - °C, determine (a) the rate of heat 
transfer and ( b ) the rate of condensation of steam. 



I5°C 

Water 
1800 kg/h 


11-107 Reconsider Prob. 11-106. Using EES (or 

other) software, investigate the effects of the 
condensing sieam temperature and the tube diameter on the 
rate of heat transfer and the rate of condensation of steam. Let 
the steam temperature vary from 20°C to 70°C and the tube 
diameter from 1.0 cm to 2.0 cm. Plot the rate of heat transfer 
and the rate of condensation as functions of steam temperature 
and tube diameter, and discuss the results. 


11-108 Cold water (c p = 4180 J/kg • °C) enters the tubes of 
a heat exchanger with 2-shell passes and 23-tube passes at 
14°C at a rate of 3 kg/s, while hot oil (c p = 2200 J/kg * °C) en- 
ters the shell at 200°C at the same mass flow rate. The overall 
heat transfer coefficient based on the outer surface of the tube 
is 300 W/m 2 * °C and the heat transfer surface area on that side 
is 20 m 2 . Determine the rate of heat transfer using (a) the 
LMTD method and ( b ) the e-NTU method. 


Selection of Heat Exchangers 

11-109 C A heat exchanger is to he selected to cool a hot liq- 
uid chemical at a specified rate to a specified temperature. Ex- 
plain the steps involved in the selection process. 

11-110C There are two heat exchangers that can meet the 
heat transfer requirements of a facility. One is smaller and 
cheaper but requires a larger pump, while the other is larger 
and more expensive but has a smaller pressure drop and thus 
requires a smaller pump. Both heat exchangers have the same 
life expectancy and meet all other requirements. Explain which 
heat exchanger you would choose under what conditions. 

11-lllC There are two heat exchangers that can meet the 
heat transfer requirements of a facility. Both have the same 
pumping power requirements, the same useful life, and the 
same price tag. But one is heavier and larger in size. Under 
what conditions would you choose the smaller one? 

11-1 12 A heat exchanger is to cool oil ( c p = 2200 J/kg • °C) 
at a rate ef 13 kg/s from 120°C to 50°C by air. Determine the 


heat transfer rating of the heat exchanger and propose a suit- 
able type. 

11-113 A shell-and-tube process heater is to be selected to 
heat water (c p = 4190 J/kg ■ °C) from 20°C to 90°C by steam 
flowing on the shell side. The heat transfer load of the heater is 
600 kW. If the inner diameter of the tubes is 1 cm and the ve- 
locity of water is not to exceed 3 m/s, determine how many 
tubes need to be used in the heat exchanger. 



11-114 jf£S| Reconsider Prob. 11-113. Using EES (or 

other) software, plot the number of tube passes 
as a function of water velocity as it varies from 1 m/s to 8 m/s, 
and discuss the results. 


11-115 The condenser of a large power plant is to remove 
500 MW of heat from steam condensing at 30°C (hy g = 
2431 kJ/kg). The cooling is to be accomplished by cooling wa- 
ter (c p = 4180 J/kg ■ °C) from a nearby river, which enters the 
tubes at 18°C and leaves at 26°C. The tubes of the heat ex- 
changer have an internal diameter of 2 cm, and the overall heat 
transfer coefficient is 3500 W/m 2 • °C. Determine the total 
length of the tubes required in the condenser. What type of heat 
exchanger is suitable for this task? Answer; 312.3 km 

11-116 Repeat Prob. 11-115 for a heat transfer load of 
50 MW. 


Review Problems 

11-117 The mass flow rate, specific heat, and inlet tempera- 
ture of the tube-side stream in a double-pipe, parallel-flow heat 
exchanger are 2700 kg/h, 2.0 kJ/kg ■ K, and 120°C, respec- 
tively. The mass flow rate, specific heat, and inlet temperature 
of the other stream are 1800 kg/h, 4.2 kj /kg • K, and 20°C, re- 
spectively. The heat transfer area and overall heat transfer co- 
efficient are 0.50 m 2 and 2.0 kW/m 2 ■ K, respectively. Find the 
outlet temperatures of both streams in steady operation using 
(a) the LMTD method and (b) the effectiveness-NTU method. 

11-118 A shell-and-tube heat exchanger is used for cooling 
47 kg/s of a process stream flowing through the tubes from 
160°C to 100°C. This heat exchanger has a total of 100 identical 


tubes, each with an inside diameter of 2.5 cm and negligible 
wall thickness. The average properties of the process stream are: 
p = 950 kg/m 3 , k = 0.50 W/m • K ,c, = 3.5 kJ/kg ■ K and p = 

2.0 mPa ■ s. The coolant stream is water (c p = 4.18 kJ/kg ■ K) at 
a flow rate of 66 kg/s and an inlet temperature of 10°C, which 
yields an average shell-side heat transfer coefficient of 

4.0 kW/m 2 • K. Calculate the tube length if the heat exchanger 
has (n) a 1 -shell pass and a I -tube pass and (b) a 1 -shell pass 
and 4-tube passes. 

11-119 A 2-shell passes and 4-tube passes heat exchanger is 
used for heating a hydrocarbon stream ( c p — 2.0 kJ/kg ■ K) 
steadily from 20°C to 50°C. A water stream enters the shell- 
side at 80°C and leaves at 40° C. There are 160 thin-walled 
tubes, each with a diameter of 2,0 cm and length of 1.5 m. The 
tube-side and shell-side heat transfer coefficients are 1 .6 and 
2,5 kW/m 2 • K, respectively, (n) Calculate the rate of heat trans- 
fer and the mass rates of water and hydrocarbon streams. 
{b) With usage, the outlet hydrocarbon-stream temperature was 
found to decrease by 5°C due to the deposition of solids on the 
tube surface. Estimate the magnitude of fouling factor. 

11-120 Hot water at bO'C is cooled to 36°C through the tube 
side of a 1-shell pass and 2-tube passes heat exchanger. The 
coolant is also a water stream, for which the inlet and outlet 
temperatures are 7°C and 31°C, respectively. The overall heat 
transfer coefficient and the heat transfer area are 950 W/m 2 • K 
and 15 m 2 , respectively. Calculate the mass flow rates of hot 
and cold water streams in steady operation. 

11-121 Hot oil is to be cooled in a multipass shell-and-tube 
heat exchanger by water. The oil flows through the shell, with 
a heat transfer coefficient of h a = 35 W/m 2 • °C, and the water 
flows through the tube with an average velocity of 3 m/s. The 
tube is made of brass (k = 110 W/m • °C) with internal and ex- 
ternal diameters of 1.3 cm and 1.5 cm, respectively. Using wa- 
ter properties at 25°C, determine the overall heat transfer 
coefficient of this heat exchanger based on the inner surface, 

11-122 Repeat Prob. 11-121 by assuming a fouling factor 
Rf t 0 = 0.0004 m 2 ■ °CAV on the outer surface of the tube. 

11-123 Cold water ( c p = 4180 J/kg • °C) enters the tubes of 
a heat exchanger with 2-shell passes and 20-tube passes at 
20°C at a rate of 3 kg/s, while hot oil (c p = 2200 J/kg • °C) 


Hot oil 
I30°C 
3 kg/s 



' (20- tube passes) 

60°C 


FIGURE P1 1-123 



enters the shell at 130°C at the same mass flow rate and leaves 
at 60°C. If the overall heat transfer coefficient based on the 
outer surface of the tube is 220 W/m 2 • °C, determine (a) the 
rate of heat transfer and (£>) the heat transfer surface area on 
the outer side of the tube. Answers: (a) 462 kW, (b) 39.8 m 2 

11-124 Water (c p = 4. 18 kJ/kg * °C) is to be heated by solar- 
heated hot air ( c p =1.0 kJ/kg ■ °C) in a double-pipe counter- 
flow heat exchanger. Air enters the heat exchanger at 90°C at a 
rate of 0.3 kg/s and leaves at 60°C. Water enters at 20°C at a 
rate of 0.16 kg/s. The overall heat transfer coefficient based on 
the inner side of the tube is given to be 115 W/m 2 - °C. Deter- 
mine the length of the tube required for a tube internal diame- 
ter of 1.3 cm. 

11-125 By taking the limit as A T 2 -2 show that when 
AT, = A T 2 for a heat exchanger, the A7j m relation reduces to 
AT lin = AT, = A T 2 . 

11-126 The condenser of a room air conditioner is designed 
to reject heat at a rate of 15,000 kJ/h from refrigerant-134a 
as the refrigerant is condensed at a temperature of 40°C. 
Air ( c p = 1005 J/kg ■ °C) flows across the finned con- 
denser coils, entering at 25°C and leaving at 35°C. If the 
overall heat transfer coefficient based on the refrigerant side 
is 150 W/m 2 • °C, determine the heat transfer area on the 
refrigerant side. Answer: 3.05 m 2 



11-127 Air {c p = 1005 J/kg ■ °C) is to be preheated by hot ex- 
haust gases in a cross-flow heat exchanger before it enters the 
furnace. Air enters the heat exchanger at 95 kPa and 20°C at a 
rate of 0.4 m 3 /s. The combustion gases (c p — 1100 J/kg * °C) 
enter at 180°C at a rate of 0.65 kg/s and leave at 95 °C. The prod- 
uct of the overall heat transfer coefficient and the heat transfer 
surface area is UA S = 1620 W/°C. Assuming both fluids to be 
unmixed, determine the rate of heat transfer. 

11-128 In a chemical plant, a certain chemical is heated by hot 
water supplied by a natural gas furnace. The hot water ( c p = 
4180 J/kg • °C) is then discharged at 60°C at a rate of 8 kg/min. 
The plant operates 8 h a day, 5 days a week, 52 weeks a year. 
The furnace has an efficiency of 78 percent, and the cost of the 


natural gas is $1.00 per therm (1 therm = 105,500 kJ). The 
average temperature of the cold water entering the furnace, 
throughout the year is 14°C. In order to save energy, it is pro- 
posed to install a water-to-water heat exchanger to preheat the 
incoming cold water by the drained hot water. Assuming that the 
heat exchanger will recover 72 percent of the available heat in 
the hot water, determine the heat transfer rating of the heat ex- 
changer that needs to be purchased and suggest a suitable type. 
Also, determine the amount of money this heat exchanger will 
save the company per year from natural gas savings. 

11-129 A shell-and-tube heat exchanger with 1 -shell pass 
and 14-tube passes is used to heat water in the tubes with geo- 
thermal steam condensing at 120°C {h fg = 2203 kJ/kg) on the 
shell side. The tubes are thin-walled and have a diameter of 
2.4 cm and length of 3.2 m per pass. Water {c p =4180 J/kg ■ °C) 
enters the tubes at 22°C at a rate of 3.9 kg/s. If the temperature 
difference between the two fluids at the exit is 46°C, determine 
(o) the rate of heat transfer, (b) the rate of condensation of 
steam, and (c) the overall heat transfer coefficient. 


Steam 



22°C 

Water 
3.9 kg/s 


11-130 Geothermal water ( c p = 4250 J/kg ■ °C) at 75°C is to be 
used to heat fresh water (c p = 4180 J/kg • °C) at 17°C at a rate of 
1.2 kg/s in a double-pipe counter-flow heat exchanger. The heat 
transfer surface area is 25 m 2 , the overall heat transfer coefficient 
is 480 W/m 2 • °C, and the mass flow rate of geothermal water is 
larger than that of fresh water. If the effectiveness of the heat ex- 
changer is desired to be 0.823, determine the mass flow rate of 
geothermal water and the outlet temperatures of both fluids. 

11-131 Air at 18°C {c p = 1006 J/kg * °C) is to be heated to 
58°C by hot oil at 80°C (c p = 2150 J/kg • °C) in a cross-flow 
heat exchanger with air mixed and oil unmixed. The product of 
heat transfer surface area and the overall heat transfer coeffi- 
cient is 750 W/°C and the mass flow rate of air is twice that 
of oil. Determine (a) the effectiveness of the heat exchanger, 
(b) the mass flow rate of air, and (c) the rate of heat transfer. 

11-132 Consider a water-to-water counter-flow heat ex- 
changer with these specifications. Hot water enters at 95°C 
while cold water enters at 20°C. The exit temperature of hot 


H EAT EXCHANGERS 


water is 1 5°C greater than that of cold water, and the mass flow 
rate of hot water is 50 percent greater than that of cold water. 
The product of heat transfer surface area and the overall heat 
transfer coefficient is 1400 W/°C. Taking the specific heat of 
both cold and hot water to be c p " 4180 J/kg • °C, determine 

(a) the outlet temperature of the cold water, ( b ) the effective- 
ness of the heat exchanger, (c) the mass flow rate of the cold 
water, and id) the heat transfer rate. 


Cold water 
20°C | 
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11-133 ■ A shell-and-tube heat exchanger with 2-shell passes 
and 4-tube passes is used for cooling oil (c p = 2.0 kl/kg • K) 
from 125°C to 55°C. The coolant is water, which enters the 
shell side at 25°C and leaves at 46°C. The overall heat transfer 
coefficient is 900 W/m 2 - K. For an oil flow rate of 10 kg/s, cal- 
culate the cooling water flow rate and the heat transfer area. 

11-134 A polymer solution ( c p = 2.0 kJ/kg ■ K) at 20°C and 
0.3 kg/s is heated by ethylene glycol {c p = 2.5 kJ/kg * K) at 
60°C in a thin-walled double-pipe parallel-flow heat exchanger. 
The temperature difference between the two outlet fluids is 
15°C. The overall heat transfer coefficient is 240 W/m 2 ■ K and 
the heat transfer area is 0.8 m 2 . Calculate (a) the rate of heat 
transfer, ( b ) the outlet temperature of polymer solution, and 
(c) the mass flow rate of ethylene glycol. 

11-135 During an experiment, a plate heat exchanger that is 
used to transfer heat from a hot-water stream to a cold-water 
stream is tested, and the following measurements are taken: 



Hot Water 

Cold Water 


Stream 

Stream 

Inlet temperature, °C 

38.9 

14.3 

Outlet temperature, °C 

27.0 

19.8 

Volume flow rate, L/min 

2.5 

4.5 


The heat transfer area is calculated to be 0.0400 m 2 . 

(a) Calculate the rate of heat transfer to the cold water. 

(b) Calculate the overall heat transfer coefficient. 

(c) Determine if the heat exchanger is truly adiabatic. If not, 
determine the fraction of heat loss and calculate the heat 
transfer efficiency. 

id) Determine the effectiveness and the NTU values of the 
heat exchanger. 

Also, discuss if the measured values are reasonable. 


Fundamentals of Engineering (FE) Exam Problems 

11-136 Hot water coming from the engine is to be cooled by 
ambient air in a car radiator. The aluminum tubes in which the 
water flows have a diameter of 4 cm and negligible thickness. 
Fins are attached on the outer surface of the tubes in order to 
increase the heat transfer surface area on the air side. The heat 
transfer coefficients on the inner and outer surfaces are 2000 
and 1 50 W/m 2 ■ °C, respectively. If the effective surface area on 
the finned side is 10 times the inner surface area, the overall 
heat transfer coefficient of this heat exchanger based on the in- 
ner surface area is 

ia) 150 W/m 2 * °C (b) 857W/m 2 *°C 

(c) 1075 W/m 2 ■ °C id) 2000 W/m 2 - °C 

{e) 2150 W/m 2 *°C 

11-137 A double-pipe heat exchanger is used to heat cold tap 
water with hot geothermal brine. Hot geothermal brine 
ic p = 4.25 kJ/kg * °C) enters the tube at 95°C at a rate of 2.8 kg/s 
and leaves at 60°C. The heat exchanger is not well insulated, and 
it is estimated that 5 percent of the heat given up by the hot fluid 
is lost from the heat exchanger. If the total thermal resistance of 
the heat exchanger is calculated to be 0.12°C/kW, the tempera- 
ture difference between the hot and cold fluid is 
ia) 32.5°C ib) 35.0°C (c) 45.0°C 

id) 47.5°C ie) 50.0°C 

11-138 Consider a double-pipe heat exchanger with a tube 
diameter of 10 cm and negligible tube thickness. The total ther- 
mal resistance of the heat exchanger was calculated to be 
0.025°C/W when it was first constructed. After some prolonged 
use, fouling occurs at both the inner and outer surfaces with the 
fouling factors 0.00045 m 2 * °CAV and 0.00015 m 2 ■ °C/W, re- 
spectively. The percentage decrease in the rate of heat transfer 
in this heat exchanger due to fouling is 
(a) 2.3% ib) 6.8% (c) 7.1% 

(</) 7.6% ie) 8.5% 

11-139 Saturated water vapor at 40°C is to be condensed as 
it flows through the tubes of an air-cooled condenser at a rate 
of 0.2 kg/s. The condensate leaves the tubes as a saturated liq- 
uid at 40 t> C. The rate of heat transfer to air is 
(a) 34 kJ/s (b) 268 kJ/s (c) 453 kJ/s 
id) 481 kJ/s ie) 515 kJ/s 

11-140 A heat exchanger is used to condense steam coming 
off the turbine of a steam power plant by cold water from a 
nearby lake. The cold water (c p = 4.18 kJ/kg - °C) enters the 
condenser at 16°C at a rate of 20 kg/s and leaves at 25°C, while 
the steam condenses at 45°C. The condenser is not insulated, 
and it is estimated that heat at a rate of 8 kW is lost from the 
condenser to the surrounding air. The rate at which the steam 
condenses is 

(a) 0.282 kg/s ib) 0.290 kg/s (c) 0.305 kg/s 

id) 0.314 kg/s (e) 0.318 kg/s 

11-141 A counter-flow heat exchanger is used to cool oil 
ic p = 2.20 kJ/kg • °C) from 1 10°C to 85°C at a rate of 0.75 kg/s 


by cold water (c p = 4.18 kJ/kg • °C) that enters the heat ex- 
changer at 20°C at a rate of 0.6 kg/s. If the overall heat transfer 
coefficient is 800 W/m 2 • °C, the heat transfer area of the heat 
exchanger is 

(a) 0.745 m 2 (b) 0.760 m 2 (c) 0.775 m 2 

00 0.790 m 2 (e) 0.805 m 2 

11-142 In a parallel-flow, liquid-to-Iiquid heat exchanger, 
the inlet and outlet temperatures of the hot fluid are 150°C and 
90°C while that of the cold fluid are 30°C and 70°C, respec- 
tively. For the same overall heat transfer coefficient, the per- 
centage decrease in the surface area of the heat exchanger if 
counter- flow arrangement is used is 
(a) 3.9% (6) 9.7% (c) 14.5% 

(d) 19.7% (e) 24.6% 

11-143 A heat exchanger is used to heat cold water entering 
at 8°C at a rate of 1.2 kg/s by hot air entering at 90°C at rate 
of 2.5 kg/s. The highest rate of heat transfer in the heat 
exchanger is 

(a) 205 kW (6) 411 kW (c) 311 kW 

(d) 114 kW 0) 78 kW 

11-144 Cold water {c p = 4.18 kJ/kg * °C) enters a heat ex- 
changer at 15°C at a rate of 0.5 kg/s, where it is heated by hot 
air ( c p = 1.0 kJ/kg • °C) that enters the heat exchanger at 50°C 
at a rate of 1.8 kg/s. The maximum possible heat transfer rate 
in this heat exchanger is 

(a) 51.1 kW (b) 63.0 kW (c) 66.8 kW 

00 73.2 kW (e) 80.0 kW 

11-145 Cold water (c p = 4.18 kJ/kg • °C) enters a counter- 
flow heat exchanger at 10°C at a rate of 0.35 kg/s, where it is 
heated by hpt air {c p = 1.0 kJ/kg • °C) that enters the heat 
exchanger at 5Q°C at a rate of 1.9 kg/s and leaves at 25°C. The 
effectiveness gf this heat exchanger is 

(a) 0.50 \b) 0.63 (c) 0.72 (d) 0.81 0) 0.89 

✓ 

1 1-146 Hot oil {c p = 2. 1 kJ/kg • °C) at 1 10°C and 8 kg/s is to be 
cooled in a heat exchanger by cold water ( c p = 4.18 kJ/kg - °C) 
entering/at 10°C and at a rate of 2 kg/s. The lowest temperature 
that oir can be cooled in this heat exchanger is 
(a) 10.0°C ( b ) 33.5°C (c) 46. 1°C 

{d) 60.2°C (e) 71.4°C 

11-147 Cold water {c p = 4.18 kJ/kg * °C) enters a counter- 
flow heat exchanger at 18°C at a rate of 0.7 kg/s where it is 
heated by hot air ( c p = 1.0 kJ/kg ■ °C) that enters the heat ex- 
changer at 50°C at a rate of 1.6 kg/s and leaves at 25°C. The 
maximum possible outlet temperature of the cold water is 
(a) 25.0°C (b) 32.0°C (c) 35.5°C 

(d) 39.7°C (e) 50.0°C 

11-148 Steam is to be condensed on the shell side of a 
2-shell-passes and 8-tube-passes condenser, with 20 tubes 
in each pass. Cooling water enters the tubes a rate of 2 kg/s. 
If the heat transfer area is 14 m 2 and the overall heat transfer 


coefficient is 1800 W/m 2 - °C, the effectiveness of this con- 
denser is 

00 0.70 (b) 0.80 (c) 0.90 (d) 0.95 (e) 1.0 

11-149 Water is boiled at 150°C in a boiler by hot exhaust 
gases ( c p = 1.05 kJ/kg • °C) that enter the boiler at 400°C at a 
rate of 0.4 kg/s and leaves at 200°C. The surface area of the 
heat exchanger is 0.64 m 2 . The overall heat transfer coefficient 
of this heat exchanger is 
(a) 940 W/m 2 ■ °C (b) 1056 W/m 2 - °C 

(c) 1145 W/m 2 -°C (d) 1230 W/m 2 • °C 

00 1393 W/m 2 • °C 

11-150 In a parallel-flow, water-to-water heat exchanger, the 
hot water enters at 75°C at a rate of 1.2 kg/s and cold water en- 
ters at 20°C at a rate of 0 9 kg/s. The overall heat transfer coef- 
ficient and the surface area for this heat exchanger are 
750 W/m 2 - °C and 6.4 m 2 , respectively. The specific heat for 
both the hot and cold fluid may be taken to be 4.18 kJ/kg ■ °C. 
For the same overall heat transfer coefficient and the surface 
area, the increase in the effectiveness of this heat exchanger if 
counter-flow arrangement is used is 
(a) 0.09 (£0 0.11 (c) 0.14 (d) 0.17 (e) 0.19 

11-151 In a parallel-flow heat exchanger, the NTU is calcu- 
lated to be 2.5. The lowest possible effectiveness for this heat 
exchanger is 

(a) 10% (b) 27% (c) 41% (d) 50% (e) 92% 

11-152 In a parallel-flow, air-to-air heat exchanger, hot air 
( c p = 1.05 kJ/kg * °C) enters at 400°C at a rate of 0.06 kg/s and 
cold air (c p =1.0 kJ/kg • °C) enters at 25°C. The overall heat 
transfer coefficient and the surface area for this heat exchanger 
are 500 W/m 2 * °C and 0. 12 m 2 , respectively. The lowest possi- 
ble heat transfer rate in this heat exchanger is 
(a) 3.8 kW (b) 7.9 kW (c) 10.1 kW 
(rf) 14.5 kW Or) 23.6 kW 

11-153 Steam is to be condensed on the shell side of a 

I- shell-pass and 4-tube-passes condenser, with 30 tubes in 
each pass, at 30°C (h fs = 2431 kJ/kg). Cooling water 
(c p = 4.18 kJ/kg • °C) enters the tubes at 12°C at a rate of 
2 kg/s. If the heat transfer area is 14 m 2 and the overall heat 
transfer coefficient is 1 800 W/m 2 * °C, the rate of heat transfer in 
this condenser is 

(a) 112 kW (b) 94 kW (c) 166 kW 

00 151 kW (e) 143 kW 

II- 154 An air-cooled condenser is used to condense isobu- 
tane in a binary geothermal power plant. The isobutane is con- 
densed at 85°C by air (c p = 1.0 kJ/kg • °C) that enters at 22°C 
at a rate of 1 8 kg/s. The overall heat transfer coefficient and the 
surface area for this heat exchanger are 2.4 kW/m 2 * °C and 
L25 m 2 , respectively. The outlet temperature of air is 

(a) 45.4°C (b) 40.9°C (c) 37.5°C 

00 34.2°C (e) 31.7°C 

11-155 An air handler is a large unmixed heat exchanger 
used for comfort control in large buildings. In one such appli- 




cation, chilled water (c p = 4.2 kJ/kg • K) enters an air handler 
at 5°C and leaves at 12°C with a flow rate of 1000 kg/h. This 
cold water cools 5000 kg/h of air (c p =1.0 kJ/kg * K) which 
enters the air handler at 25°C. If these streams are in counter- 
flow and the water-stream conditions remain fixed, the mini- 
mum temperature at the air outlet is 
(a) 5°C (b) 12°C (c) 19°C (d) 22°C (e) 25°C 

11-156 An air handler is a large unmixed heat exchanger 
used for comfort control in large buildings. In one such appli- 
cation, chilled water (c p = 4.2 kJ/kg ■ K) enters an air handler 
at 5°C and leaves at 12°C with a flow rate of 1000 kg/h. This 
cold water cools air (c p ~ 1.0 kJ/kg * K) from 25°C to 15°C. 
The rate of heat transfer between the two streams is 
(a) 8.2 kW ( b ) 23.7 kW (c) 33.8 kW 

(d) 44.8 kW (e) 52.8 kW 

11-157 The radiator in an automobile is a cross-flow heat 
exchanger (UA S = 10 kW/K) that uses air (c p = 1.00 kJ/kg ■ K) 
to cool the engine coolant fluid ( c p — 4.00 kJ/kg • K). The en- 
gine fan draws 30°C air through this radiator at a rate of 10 kg/s 
while the coolant pump circulates the engine coolant at a rate 
of 5 kg/s. The coolant enters this radiator at 80°C. Under these 
conditions, what is the number of transfer units (NTU) of this 
radiator? 

(a) 1 (b) 2 (c) 3 (d) 4 (e) 5 

Design and Essay Problems 

11-158 Write an interactive computer program that will give 
the effectiveness of a heat exchanger and the outlet tempera- 
tures of both the hot and cold fluids when the type of fluids, the 
inlet temperatures, the mass flow rates, the heat transfer surface 
area, the overall heat transfer coefficient, and the type of heat 
exchanger are specified. The program should allow the user to 
select from the fluids water, engine oil, glycerin, ethyl alcohol, 
and ammonia. Assume constant specific heats at about room 
temperature. 

11-159 Water flows through a shower head steadily at a rate 
of 8 kg/ m in . The water is heated in an electric water heater 
from 15°C to 45°C. In an attempt to conserve energy, it is 
proposed to pass the drained warm water at a temperature of 
38°C through a heat exchanger to preheat the incoming cold 
water. Design a heat exchanger that is suitable for this task, and 
discuss the potential savings in energy and money for your 
area. 

11-160 Open the engine compartment of your car and search 
for heat exchangers. How many do you have? What type are 
they? Why do you think those specific types are selected? If 
you were redesigning the car, would you use different kinds? 
Explain. 

11-161 Write an essay on the static and dynamic types of re- 
generative heat exchangers and compile information about 
the manufacturers of such heat exchangers. Choose a few mod- 
els by different manufacturers and compare their costs and 
performance. 


11-162 Design a hydrocooling unit that can cool fruits and 
vegetables from 30°C to 5°C at a rate of 20,000 kg/h under the 
following conditions: 

The unit will be of flood type that will coot the products as 
they are conveyed into the channel filled with water. The prod- 
ucts will be dropped into the channel filled with water at one 
end and picked up at the other end. The channel can be as wide 
as 3 m and as high as 90 cm. The water is to be circulated and 
cooled by the evaporator section of a refrigeration system. The 
refrigerant temperature inside the coils is to be -2°C, and 
the water temperature is not to drop below 1°C and not to 
exceed 6°C. 

Assuming reasonable values for the average product density, 
specific heat, and porosity (the fraction of air volume in a box), 
recommend reasonable values for the quantities related to the 
thermal aspects of the hydrocooler, including (o) how long the 
fruits and vegetables need to remain in the channel, ( b ) the 
length of the channel, (c) the water velocity through the chan- 
nel, (d) the velocity of the conveyor and thus the fruits and veg- 
etables through the channel, (e) the refrigeration capacity of the 
refrigeration system, and (/) the type of heat exchanger for the 
evaporator and the surface area on the water side. 

11-163 Design a scalding unit for slaughtered chicken to 
loosen their feathers before they are routed to feather-picking 
machines with a capacity of 1200 chickens per h under the fol- 
lowing conditions: 

The unit will be of immersion type filled with hot water at 
an average temperature of 53°C at all times. Chickens with an 
average mass of 2.2 kg and an average temperature of 36°C 
will be dipped into the tank, held in the water for 1.5 min, and 
taken out by a slow-moving conveyor. Each chicken is 
expected to leave the tank 15 percent heavier as a result of the 
water that sticks to its surface. The center-to-center dis- 
tance between chickens in any direction will be at least 30 cm. 
The tank can be as wide as 3 m and as high as 60 cm. The 
water is to be circulated through and heated by a natural 
gas furnace, but the temperature rise of water will not exceed 
5°C as it passes through the furnace. The water loss is to 
be made up by the city water at an average temperature of 
16°C. The ambient air temperature can be taken to be 20°C. 
The walls and the floor of the tank are to be insulated with 
a 2.5-cm-thick urethane layer. The unit operates 24 h a day and 
6 days a week. 

Assuming reasonable values for the average properties, rec- 
ommend reasonable values for the quantities related to the ther- 
mal aspects of the scalding tank, including (a) the mass flow 
rate of the make-up water that must be supplied to the tank, 
(b) the length of the tank, (c) the rate of heat transfer from the 
water to the chicken, in kW, (d) the velocity of the conveyor 
and thus the chickens through the tank, ( e ) the rate of heat loss 
from the exposed surfaces of the tank and if it is significant, 
(/) the size of the heating system in kl/h, (g) the type of heat 
exchanger for heating the water with flue gases of the furnace 
and the surface area on the water side, and ( h ) the operating 


cost of the scalding unit per month for a unit cost of $0.90 
therm of natural gas. 

11-164 A company owns a refrigeration system whose 
refrigeration capacity is 200 tons (1 ton of refrigeration = 
211 kJ/mln), and you are to design a forced-air cooling system 
for fruits whose diameters do not exceed 7 cm under the fol- 
lowing conditions: 

The fruits are to be cooled from 28°C to an average temper- 
ature of 8°C. The air temperature is to remain above -2°C and 
below 10°C at all times, and the velocity of air approaching the 
fruits must remain under 2 m/s. The cooling section can be as 
wide as 3.5 m and as high as 2 m. 

Assuming reasonable values for the average fruit density, 
specific heat, and porosity (the fraction of air volume in a box), 
recommend reasonable values for the quantities related to the 
thermal aspects of the forced-air cooling, including (a) how 
long the fruits need to remain in the cooling section, ( b ) the 
length of the cooling section, (c) the air velocity approaching 
the cooling section, (d) the product cooling capacity of the 
system, in kg ■ fruit/h, (e) the volume flow rate of air, and 
(/) the type of heat exchanger for the evaporator and the sur- 
face area on the air side. 


11-165 A counter-flow double-pipe heat exchanger with 
At = 9-0 m2 is used for cooling a liquid stream (c = 
3,15 kJ/kg ■ K) at a rate of 10,0 kg/s with an inlet temperature 
of 90°C. The coolant (c p = 4.2 kJ/kg ■ K) enters the heat 
exchanger at a rate of 8.0 kg/s with an inlet temperature of 
10°C. The plant data gave the following equation for the overall 
heat transfer coefficient in W/m 2 ■ K: U = 600/( l/jii c ° 8 + 
2 An* 8 ), where m c and m h are the cold-and hot-stream flow 
rates in kg/s, respectively, (a) Calculate the rate of heat transfer 
and the outlet stream temperatures for this unit. ( b ) The exist- 
ing unit is to be replaced. A vendor is offering a very attractive 
discount on two identical heat exchangers that are presently 
stocked in its warehouse, each with A s = 5 m 2 . Because the tube 
diameters in the existing and new units are the same, the above 
heat transfer coefficient equation is expected to be valid for the 
new units as well. The vendor is proposing that the two new 
units could be operated in parallel, such that each unit would 
process exactly one-half the flow rate of each of the hot and 
cold streams in a counterflow manner; hence, they together 
would meet (or exceed) the present plant heat duty. Give your 
recommendation, with supporting calculations, on this replace- 
ment proposal. 







o far, we have considered the conduction and convection modes of heat 
transfer, which are related to the nature of the media involved and the 
presence of fluid motion, among other things. We now turn our atten- 
tion to the third mechanism of heat transfer: radiation , which is characteristi- 
cally different from the other two. 

We start this chapter with a discussion of electromagnetic waves and the 
electromagnetic spectrum, with particular emphasis on thermal radiation. 
Then we introduce the idealized blackbody, blackbody radiation, and black- 
body radiation function, together with the Stefan-Boltzmann law, Planck's 
law, and Wien’s displacement law. 

Radiation is emitted by every point on a plane surface in all directions into 
the hemisphere above the surface. The quantity that describes the magnitude of 
radiation emitted or incident in a specified direction in space is the radiation in- 
tensity. Various radiation fluxes such as emissive power, irradiation, and ra- 
diosity are expressed in terms of intensity. This is followed by a discussion of 
radiative properties of materials such as emissivity, absoiptivity, reflectivity, and 
transmissivity and their dependence on wavelength, direction, and temperature. 

'.p 

The greenhouse effect is presented as an example of the consequences of the 
wavelength dependence of radiation properties. We end this chapter with a dis- 
cussion of atmospheric and solar radiation. 

OBJECTIVES 

When yotf finish studying this chapter, you should be able to: 
s Classify electromagnetic radiation, and identify thermal radiation, 

m Understand the idealized blackbody, and calculate the total and spectral blackbody 
emissive power, 

b Calculate the fraction of radiation emitted in a specified wavelength band using the 
blackbody radiation functions, 

b Understand the concept of radiation intensity, and define spectral directional quanti- 
ties using intensity, 

a Develop a clear understanding of the properties emissivity, absorptivity, relflectivity, 
and transmissivity on spectral, directional, and total basis, 

m Apply Kirchhoff law’s law to determine the absorptivity of a surface when its emissivity 
is known, 

■ Model the atmospheric radiation by the use of an effective sky temperature, and ap- 
preciate the importance of greenhouse effect. 













THERMAL RADIATION 


12-1 ■ INTRODUCTION 
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FIGURE 12-1 

A hot object in a vacuum chamber 
loses heat by radiation only. 
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30*C 



FIGURE 12-2 

Unlike conduction and convection, 
heat transfer by radiation can occur 
between two bodies, even when they 
are separated by a medium colder than 
both. 


Consider a hot object that is suspended in an evacuated chamber whose walls 
are at room temperature (Fig. 12-1). The hot object will eventually cool down 
and reach thermal equilibrium with its surroundings. That is, it will lose heat 
until its temperature reaches the temperature of the walls of the chamber. Heat 
transfer between the object and the chamber could not have taken place by 
conduction or convection, because these two mechanisms cannot occur in a 
vacuum. Therefore, heat transfer must have occurred through another mecha- 
nism that involves the emission of the internal energy of the object. This 
mechanism is radiation. 

Radiation differs from the other two heat transfer mechanisms in that it does 
not require the presence of a material medium to take place. In fact, energy 
transfer by radiation is fastest (at the speed of light) and it suffers no attenua- 
tion in a vacuum. Also, radiation transfer occurs in solids as well as liquids 
and gases. In most practical applications, all three modes of heat transfer oc- 
cur concurrently at varying degrees. But heat transfer through an evacuated 
space can occur only by radiation. For example, the energy of the sun reaches 
the earth by radiation. 

You will recall that heat transfer by conduction or convection takes place in 
the direction of decreasing temperature; that is, from a high-temperature 
medium to a lower- temperature one. It is interesting that radiation heat trans- 
fer can occur between two bodies separated by a medium colder than both 
bodies (Fig. 12-2). For example, solar radiation reaches the surface of the 
earth after passing through cold air layers at high altitudes. Also, the radiation- 
absorbing surfaces inside a greenhouse reach high temperatures even when its 
plastic or glass cover remains relatively cool. 

The theoretical foundation of radiation was established in 1864 by physicist 
James Clerk Maxwell, who postulated that accelerated charges or changing 
electric currents give rise to electric and magnetic fields. These rapidly moving 
fields are called electromagnetic waves or electromagnetic radiation, and 
they represent the energy emitted by matter as a result of the changes in the 
electronic configurations of the atoms or molecules. In 1887, Heinrich Hertz 
experimentally demonstrated the existence of such waves. Electromagnetic 
waves transport energy just like other waves, and all electromagnetic waves 
travel at the speed of light in a vacuum, which is c 0 — 2.9979 X 10 s m/s. Elec- 
tromagnetic waves are characterized by their frequency v or wavelength A. 
These two properties in a medium are related by 

A=- (12-1) 

v 


where c is the speed of propagation of a wave in that medium. The speed 
of propagation in a medium is related to the speed of light in a vacuum by 
c = Cq/h, where n is the index of refraction of that medium. The refractive index 
is essentially unity for air and most gases, about 1.5 for glass, and 1.33 for wa- 
ter. The commonly used unit of wavelength is the micrometer (pm) or micron, 
where 1 pm = 10 -6 m. Unlike the wavelength and the speed of propagation, 
the frequency of an electromagnetic wave depends only on the source and is in- 
dependent of the medium through which the wave travels. The frequency (the 
number of oscillations per second) of an electromagnetic wave can range from 


less than a million Hz to a septillion Hz or higher, depending on the source. 
Note from Eq. 12-1 that the wavelength and the frequency of electromagnetic 

radiation are inversely proportional. 

It has proven useful to view electromagnetic radiation as the propagation of 
a collection of discrete packets of energy called photons or quanta, as pro- 
posed by Max Planck in 1900 in conjunction with his quantum theory . In this 
view, each photon of frequency v is considered to have an energy of 


e = hv = v t12 ” 2) 

A 

where }j = 6.626069 X 10^ 34 J • s is Planers constant. Note from the second 
part of Eq. 12-2 that the energy of a photon is inversely proportional to its 
wavelength. Therefore, shorter-wavelength radiation possesses larger photon 
energies. It is no wonder that we try to avoid very-short-wavelength radiation 
such as gamma rays and X-rays since they are highly destructive. 


12-2 - THERMAL RADIATION 

Although all electromagnetic waves have the same general features, waves of 
different wavelength differ significantly in their behavior. The electromag- 
netic radiation encountered in practice covers a wide range of wavelengths, 
varying from less than 10^ 10 jam for cosmic rays to more than 10 10 pm for 
electrical power waves. The electromagnetic spectrum also includes gamma 
rays, X-rays, ultraviolet radiation, visible light, infrared radiation, thermal ra- 
diation, microwaves, and radio waves, as shown in Fig. 12-3. 

Different types of electromagnetic radiation are produced through various 
mechanisms. For example, gamma rays are produced by nuclear reactions. 
X-rays by the bombardment of metals with high-energy electrons, microwaves 
by special types of electron tubes such as klystrons and magnetrons, and radio 
waves by the excitation of some crystals or by the flow of alternating current 
through electric conductors. 

The short- wavelength gamma ra,ys and X-rays are primarily of concern to 
nuclear engineers, while the long- wavelength microwaves and radio waves 
are of concern to electrical engineers. The type of electromagnetic radiation 
that impertinent to heat transfer is the thermal radiation emitted as a result 
of energy transitions of molecules, atoms, and electrons of a substance. Tem- 
perature is a measure of the strength of these activities at the microscopic 
level, and the rate of thermal radiation emission increases with increasing 
temperature. Thermal radiation is continuously emitted by all matter whose 
temperature is above absolute zero. That is, everything around us such as 
walls, furniture, and our friends constantly emits (and absorbs) radiation 
(Fig. 12-4). Thermal radiation is also defined as the portion of the electro- 
magnetic spectrum that extends from about 0. 1 to 100 pm, since the radiation 
emitted by bodies due to their temperature falls almost entirely into this wave- 
length range. Thus, thermal radiation includes the entire visible and infrared 
(IR) radiation as well as a portion of the ultraviolet (UV) radiation. 

What we call light is simply the visible portion of the electromagnetic spec- 
trum that lies between 0.40 and 0.76 pm. Light is characteristically no differ- 
ent than other electromagnetic radiation, except that it happens to trigger the 
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FIGURE 12-3 

The electromagnetic wave spectrum. 



Everything around us constantly 
emits thermal radiation. 
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THERMAL RADIATION 


TABLE 12-1 


The wavelength ranges of 
different colors 


Color 

Wavelength band 

Violet 

0.40-D.44 pm 

Blue 

0.44-0.49 pm 

Green 

0.49-0.54 pm 

Yellow 

0.54-0.60 pm 

Orange 

0.60-0.67 pm 

Red 

0.63-0.76 pm 



FIGURE 1 2-5 

Food is heated or cooked in a 
microwave oven by absorbing the 
electromagnetic radiation energy 
generated by the magnetron of the 
oven. 


sensation of seeing in the human eye. Light, or the visible spectrum, consists 
of narrow bands of color from violet (0.40-0.44 jam) to red (0.63-0.76 pun), 
as shown in Table 12-1 . 

A body that emits some radiation in the visible range is called a light source. 
The sun is obviously our primary light source. The electromagnetic radia- 
tion emitted by the sun is known as solar radiation, and nearly all of it falls 
into the wavelength band 0.3-3 pm. Almost half of solar radiation is light 
(i.e., it falls into the visible range), with the remaining being ultraviolet and 
infrared. 

The radiation emitted by bodies at room temperature falls into the infrared 
region of the spectrum, which extends from 0.76 to 100 pm. Bodies start 
emitting noticeable visible radiation at temperatures above 800 K. The tung- 
sten filament of a lightbulb must be heated to temperatures above 2000 K be- 
fore it can emit any significant amount of radiation in the visible range. 

The ultraviolet radiation includes the low-wavelength end of the thermal ra- 
diation spectrum and lies between the wavelengths 0.01 and 0.40 pm. Ultra- 
violet rays are to be avoided since they can kill microorganisms and cause 
serious damage to humans and other living beings. About 12 percent of solar 
radiation is in the ultraviolet range, and it would be devastating if it were to 
reach the surface of the earth. Fortunately, the ozone (0 3 ) layer in the atmo- 
sphere acts as a protective blanket and absorbs most of this ultraviolet radiation. 
The ultraviolet rays that remain in sunlight are still sufficient to cause serious 
sunburns to sun worshippers, and prolonged exposure to direct sunlight is the 
leading cause of skin cancer, which can be lethal. Recent discoveries of 
“holes" in the ozone layer have prompted the international community to ban 
the use of ozone-destroying chemicals such as the refrigerant Freon- 12 in or- 
der to save the earth. Ultraviolet radiation is also produced artificially in fluo- 
rescent lamps for use in medicine as a bacteria killer and in tanning parlors as 
an artificial tanner. 

Microwave ovens utilize electromagnetic radiation in the microwave region 
of the spectrum generated by microwave tubes called magnetrons. Micro- 
waves in the range of 10 2 -10 5 pm are very suitable for use in cooking since 
they are reflected by metals, transmitted by glass and plastics, and absorbed 
by food (especially water) molecules. Thus, the electric energy converted to 
radiation in a microwave oven eventually becomes part of the internal energy 
of the food. The fast and efficient cooking of microwave ovens has made them 
one of the essential appliances in modern kitchens (Fig. 12-5). 

Radars and cordless telephones also use electromagnetic radiation in the mi- 
crowave region. The wavelength of the electromagnetic waves used in radio 
and TV broadcasting usually ranges between 1 and 1000 m in the radio wave 
region of the spectrum. 

In heat transfer studies, we are interested in the energy emitted by bodies 
because of their temperature only. Therefore, we limit our consideration to 
thermal radiation, which we simply call radiation. The relations developed 
below are restricted to thermal radiation only and may not be applicable to 
other forms of electromagnetic radiation. 

The electrons, atoms, and molecules of all solids, liquids, and gases above 
absolute zero temperature are constantly in motion, and thus radiation is con- 
stantly emitted, as well as being absorbed or transmitted throughout the entire 
volume of matter. That is, radiation is a volumetric phenomenon. However, 
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for opaque (nontransparent) solids such as metals, wood, and rocks, radiation 
is considered to be a surface phenomenon, since the radiation emitted by the 
interior regions can never reach the surface, and the radiation incident on such 
bodies is usually absorbed within a few microns from the surface (Fig. 12-6). 
Note that the radiation characteristics of surfaces can be changed completely 
by applying thin layers of coatings on them. 

1 2-3 ■ BLACKBODY RADIATION 

A body at a thermodynamic (or absolute) temperature above zero emits radi- 
ation in all directions over a wide range of wavelengths. The amount of radia- 
tion energy emitted from a surface at a given wavelength depends on the 
material of the body and the condition of its surface as well as the surface tem- 
perature. Therefore, different bodies may emit different amounts of radiation 
per unit surface area, even when they are at the same temperature. Thus, it is 
natural to .be curious about the maximum amount of radiation that can be emit- 
ted by a surface at a given temperature. Satisfying this curiosity requires the 
definition of an idealized body, called a blackbody, to serve as a standard 
against which the radiative properties of real surfaces may be compared. * 

A blackbody is defined as a perfect emitter and absorber of radiation. At a 
specified temperature and wavelength, no surface can emit more energy than a 
blackbody. A blackbody absorbs all incident radiation, regardless of wavelength 
and direction. Also, a blackbody emits radiation energy uniformly in all direc- 
tions per unit area normal to direction of emission (Fig. 12-7). That is, a black- 
body is a diffuse emitter. The term diffuse means “independent of direction.” 

The radiation energy emitted by a blackbody per unit time and per unit 
surface area was determined experimentally by Joseph Stefan in 1879 and 
expressed as 

EfT) = oT 4 (W/m 2 ) (12-3) 

, A. , 

where <x =15.670 X 10“ 8 W/m 2 ■ K 4 is the Stefan-Boltzmann constant and T 
is the absolute temperature of the surface in K. This relation was theoretically 
verified in 1884 by Ludwig Boltzmann. Equation 12-3 is known as the 
Stefan-Boltzmann law and E b is called the blackbody emissive power. Note 
that the emission of thermal radiation is proportional to the fourth power of 
the absolute temperature. 

Although a blackbody would appear black to the eye, a distinction should be 
made between the idealized blackbody and an ordinary black surface. Any 
surface that absorbs light (the visible portion of radiation) would appear black 
to the eye, and a surface that reflects it completely would appear white. Con- 
sidering that visible radiation occupies a very narrow band of the spectrum 
from 0.4 to 0.76 pm, we cannot make any judgments about the blackness of a 
surface on the basis of visual observations. For example, snow and white paint 
reflect light and thus appear white. But they are essentially black for infrared 
radiation since they strongly absorb long-wavelength radiation. Surfaces 
coated with lampblack paint approach idealized blackbody behavior. 

Another type of body that closely resembles a blackbody is a large cavity 
with a small opening , as shown in Fig. 12—8. Radiation coming in through 
the opening of area A undergoes multiple reflections, and thus it has several 
chances to be absorbed by the interior surfaces of the cavity before any part of 
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FIGURE 12-6 

Radiation in opaque solids is 
considered a surface phenomenon 
since the radiation emitted only by the 
molecules at the surface can escape 

the solid. 



FIGURE 12-7 

A blackbody is said to be a diffuse 
emitter since it emits radiation energy 
unifor ml y in all directions. 



A large isothermal cavity at 
temperature T with a small opening of 
area A closely resembles a blackbody 
of surface area A at the same 

temperature. 


it can possibly escape. Also, if the surface of the cavity is isothermal at tem- 
perature T, the radiation emitted by the interior surfaces streams through the 
opening after undergoing multiple reflections, and thus it has a diffuse nature. 
Therefore, the cavity acts as a perfect absorber and perfect emitter, and the 
opening will resembles a blackbody of surface area A at temperature T, re- 
gardless of the actual radiative properties of the cavity. 

The Stefan-Boltzmann law in Eq. 12-3 gives the total blackbody emissive 
power E b , which is the sum of the radiation emitted over all wavelengths. 
Sometimes we need to know the spectral blackbody emissive power, which 
is the amount of radiation energy emitted by a blackbody at a thermodynamic 
temperature T per unit time, per unit surface area, and per unit wavelength 
about the wavelength A. For example, we are more interested in the amount of 
radiation an incandescent lightbulb emits in the visible wavelength spectrum 
than we are in the total amount emitted. 

The relation for the spectral blackbody emissive power E bk was developed 
by Max Planck in 1901 in conjunction with his famous quantum theory. This 
relation is known as Planck’s law and is expressed as 

Q 

£..( A, T) = — — — — - — (W/m 2 ■ pm) (12-4) 

bty ' } A 5 [exp (C 2 /Ar) - 1] P 


where 


C, - 2irhcl = 3.74177 X 10 s W * pm 4 /m 2 
C 2 = hc Q fk = 1 .43878 X 10 4 pm * K 

Also, T is the absolute temperature of the surface, A is the wavelength of the 
radiation emitted, and k = 1 .38065 X 10 -23 J/K is Boltzmann ’s constant. This 
relation is valid for a surface in a vacuum or a gas. For other mediums, it 
needs to be modified by replacing C x by Cfn 2 , where n is the index of refrac- 
tion of the medium. Note that the term spectral indicates dependence on 
wavelength. 

The variation of the spectral blackbody emissive power with wavelength is 
plotted in Fig. 12-9 for selected temperatures. Several observations can be 
made from this figure: 

1. The emitted radiation is a continuous function of wavelength. At any 
specified temperature, it increases with wavelength, reaches a peak, and 
then decreases with increasing wavelength. 

2. At any wavelength, the amount of emitted radiation increases with 
increasing temperature. 

3. As temperature increases, the curves shift to the left to the shorter- 
wavelength region. Consequently, a larger fraction of the radiation is 
emitted at shorter wavelengths at higher temperatures. 

4. The radiation emitted by the sun, which is considered to be a blackbody 
at 5780 K (or roughly at 5800 K), reaches its peak in the visible region 
of the spectrum. Therefore, the sun is in tune with our eyes. On the other 
hand, surfaces at T < 800 K emit almost entirely in the infrared region 
and thus are not visible to the eye unless they reflect light coming from 
other sources. 



As the temperature increases, the peak of the curve in Fig. 12-9 shifts 
toward shorter wavelengths. The ^vavelength at which the peak occurs for a 
specified temperature is given by Wien’s displacement law as 

/ t = 2897.8 pm ■ K (12-5) 

This relation was originally developed by Willy Wien in 1894 using classical 
thermodynamics, but it can also be obtained by differentiating Eq. 12—4 with 
respect to A while holding T constant and setting the result equal to zero. 
A plot of Wien’s displacement law, which is the locus of the peaks of the 
radiation emission curves, is also given in Fig. 12-9. 

The peak of the solar radiation, for example, occurs at A = 2897.8/ 
5780 = 0.50 pm, which is near the middle of the visible range. The peak of 
the radiation emitted by a surface at room temperature (T = 298 K) occurs at 
9.72 pm, which is well into the inf rared region of the spectrum. 

An electrical resistance heater starts radiating heat soon after it is plugged 
in, and we can feel the emitted radiation energy by holding our. hands against 
the heater. But this radiation is entirely in the infrared region and thus cannot 


FIGURE 12-9 

The variation of the blackbody 
emissive power with wavelength for 
several temperatures. 
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FIGURE 12-10 

A surface that reflects red while 
absorbing the remaining parts of the 
incident light appears red to the eye. 
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FIGURE 12-11 

On an E bxr A chart, the area under 
a curve for a given temperature 
represents the total radiation energy 
emitted by a blackbody at that 
temperature. 


be sensed by our eyes. The heater would appear dull red when its temperature 
reaches about 1000 K, since it starts emitting a detectable amount (about 
1 W/m 2 • p,m) of visible red radiation at that temperature. As the temperature 
rises even more, the heater appears bright red and is said to be red hot. When 
the temperature reaches about 1500 K, the heater emits enough radiation in 
the entire visible range of the spectrum to appear almost white to the eye, and 
it is called white hot. 

Although it cannot be sensed directly by the human eye, infrared radiation 
can be detected by infrared cameras, which transmit the information to mi- 
croprocessors to display visual images of objects at night. Rattlesnakes can 
sense the infrared radiation or the “body heat” coming off warm-blooded ani- 
mals, and thus they can see at night without using any instruments. Similarly, 
honeybees are sensitive to ultraviolet radiation. A surface that reflects all of 
the light appears white, while a surface that absorbs all of the light incident on 
it appears black. (Then how do we see a black surface?) 

It should be clear from this discussion that the color of an object is not due 
to emission, which is primarily in the infrared region, unless the surface tem- 
perature of the object exceeds about 1000 K. Instead, the color of a surface de- 
pends on the absorption and reflection characteristics of the surface and is due 
to selective absorption and reflection of the incident visible radiation coming 
from a light source such as the sun or an incandescent lightbulb. A piece of 
clothing containing a pigment that reflects red while absorbing the remaining 
parts of the incident light appears “red” to the eye (Fig. 12-10). Leaves appear 
“green” because their cells contain the pigment chlorophyll, which strongly 
reflects green while absorbing other colors. 

It is left as an exercise to show that integration of the spectral blackbody 
emissive power E bk over the entire wavelength spectrum gives the total black- 
body emissive power E b : 


E b {T) = 


- DC 

E bk ( A, T) dk = o-T 4 
o 


(W/m 2 ) 


( 12 - 6 ) 


Thus, we obtained the Stefan-Boltzmann law (Eq. 12-3) by integrating 
Planck’s law (Eq. 12-4) over all wavelengths. Note that on an E bxr A chart, E bX 
corresponds to any value on the curve, whereas E b corresponds to the area 
under the entire curve for a specified temperature (Fig. 12-1 1). Also, the term 
total means “integrated over all wavelengths ” 


EXAMPLE 12~1 Radiation Emission from a Black Ball 

Consider a 20-cm-diameter spherical ball at 800 K suspended in air as shown 
in Fig. 12-12. Assuming the ball closely approximates a biackbody, determine 
(a) the total blackbody emissive power, (b) the total amount of radiation 
emitted by the ball in 5 min, and (c) the spectral blackbody emissive power at 
a wavelength of 3 p.m. 



SOLUTION An isothermal sphere is suspended in air. The total biackbody 
emissive power, the total radiation emitted in 5 min, and the spectra! biack- 
body emissive power at 3 p.m are to be determined. 

Assumptions The ball behaves as a blackbody. 


I 


1 


3 

s 

| 

% 

a 

1? 

s 


, 4 / 73 /ys/s (a) The total blackbody emissive pbwer is determined from the 
Stefan-Boltzmann law to be 

E b = trT 4 = (5.67 X 1CT 3 W/m 2 • K 4 )(800 K) 4 - 23.2 kW/m 2 

That is, the ball emits 23.2 kJ of energy in the form of electromagnetic radia- 
tion per second per m 2 of the surface area of the ball. 

(b) The total amount of radiation energy emitted from the entire ball in 5 min 
is determined by multiplying the blackbody emissive power obtained above by 
the total surface area of the ball and the given time interval: 


A; = ttD 2 = ir{ 0.2 m) 2 = 0.1257 m 2 

A t = (5 min)f f ■ ) = 300 s 

v mm/ 


1 kJ 


Q tii = EtA s At - (23.2 kW/m 2 )(0.1257 m 2 )(300 s)(~^j- 
= 875 kJ 

That is, the ball loses 875 kJ of its interna! energy in the form of electromag- 
netic waves to the surroundings in 5 min, which is enough energy to heat 20 kg 
of water from 0°C to 100 Q C. Note that the surface temperature of the ball can- ’ 
not remain constant at 800 K unless there is an equal amount of energy flow 
to the surface from the surroundings or from the interior regions of the ball 
through some mechanisms such as chemical or nuclear reactions. 

(c) The spectral blackbody emissive power at a wavelength of 3 /im is deter- 
mined from Planck's distribution law to be 




3.74177 X 10 s W • /imV 


'a 


exp 


- 1 


AT, 

= 3846 W/m 2 ■ jtm 


(3 /im) : 


exp 


1.43878 X 10Vm-K' 
(3 jum)(800 K) 


- 1 






The Stefan-Boltzmann law E b (T) — oT 4 gives the total radiation emitted 
by a blackbody at all wavelengths from A = 0 to A — °°. But we are often 
interested in the amount of radiation emitted over some wavelength band. 
For example, an incandescent lightbulb is judged on the basis of the radia- 
tion it emits in the visible range rather than the radiation it emits at all 
wavelengths. 

The radiation energy emitted by a blackbody per unit area over a wave- 
length band from A = 0 to A is determined from (Fig. 12-13) 


fA 


E b .U T) = 


jo 


EjJ. A, T) dX 


(W/m 2 ) 


Cl 2-7) 


It looks like we can determine E b by substituting the E bX relation from 
Eq. 12—4 and performing this integration. But it turns out that this integra- 
tion does not have a simple closed-form solution, and performing a numeri- 
cal integration each time we need a value of E b0 _ x is not practical. 
Therefore, we define a dimensionless quantity f x called the blackbody 
radiation function as 



The spherical ball considered in 

Example 12-1. 



On an chart, the area under 
the curve to the left of the A — A! line 
represents the radiation energy emitted 
by a blackbody in the wavelength 
range 0-A! for the given temperature. 
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FIGURE 12-14 


Graphical representation of the 
fraction of radiation emitted in the 
wavelength band from A! to A 2 . 


TABLE 1 2-2 


Blackbody radiation functions f k 


XT, 

pm * K 

fx 

A T 

pm • K 

fx 

200 

0.000000 

6200 

0.754140 

400 

0.000000 

6400 

0.769234 

600 

0.000000 

6600 

0.783199 

800 

0.000016 

6800 

0.796129 

1000 

0.000321 

7000 

0.808109 

1200 

0.002134 

7200 

0.819217 

1400 

0.007790 

7400 

0.829527 

1600 

0.019718 

7600 

0.839102 

1800 

0.039341 

7800 

0.848005 

2000 

0.066728 

8000 

0.856288 

2200 

0.100888 

8500 

0.874608 

2400 

0.140256 

9000 

0.890029 

2600 

0.183120 

9500 

0.903085 

2800 

0.227897 

10,000 

0.914199 

3000 

0.273232 

10,500 

0.923710 

3200 

0.318102 

11,000 

0.931890 

3400 

0.361735 

11,500 

0.939959 

3600 

0.403607 

12,000 

0.945098 

3800 

0.443382 

13,000 

0.955139 

4000 

0.480877 

14,000 

0.962898 

4200 

0.516014 

15,000 

0,969981 

4400 

0.548796 

16,000 

0.973814 

4600 

0.579280 

18,000 

0.980860 

4800 

0.607559 

20,000 

0.985602 

5000 

0.633747 

25,000 

0.992215 

5200 

0.658970 

30,000 

0.995340 

5400 

0.680360 

40,000 

0.997967 

5600 

0.701046 

50,000 

0.998953 

5800 

0.720158 

75,000 

0.999713 

6000 

0.737818 

100,000 

0.999905 


‘A 

, E bx { A, T) dX 

UT) = aT 4 02-8) 

The function f k represents the fraction of radiation emitted from a blackbody 
at temperature T in the wavelength band from A — 0 to A. The values of / A are 
listed in Table 12-2 as a function of XT, where A is in p,m and T is in K. 

The fraction of radiation energy emitted by a blackbody at tempera- 
ture Tover a finite wavelength band from A = A t to A = A 2 is determined from 
(Fig. 12-14) 

A,-4T) = f h (T) - f kl (T) (12-9) 

where f x (T) mdf Xl (T) are blackbody radiation functions corresponding to 
A {T and X 2 T, respectively. 


$ EXAMPLE 12-2 Emission of Radiation from a Lightbiilb 

fl The temperature of the filament of an incandescent lightbulb is 2500 K. As- 
| suming the filament to be a blackbody, determine the fraction of the radiant 
I energy emitted by the filament that falls in the visible range. Also, determine 
I the wavelength at which the emission of radiation from the filament peaks. 


SOLUTION The temperature of the filament of an incandescent lightbulb is 
given. The fraction of visible radiation emitted by the filament and the wave- 
length at which the emission peaks are to be determined. 

Assumptions The filament behaves as a blackbody. 

Analysis The visible range of the electromagnetic spectrum extends from 
A! = 0.4 pm to A 2 = 0.76 pm. Noting that T = 2500 K, the blackbody radia- 
tion functions corresponding to A X T and A 2 T are determined from Table 12-2 
to be 


-> A, = 0.000321 
* fx =0.053035 


A iT= (0.40 pm)(2500 K) = 1000 pm • K - 
A 2 T = (0.76 pm)(2500 K) = 1900 pm - K - 

That is, 0.03 percent of the radiation is emitted at wavelengths less thah 
0.4 pm and 5.3 percent at wavelengths less than 0.76 pm. Then the fraction 
of radiation emitted between these two wavelengths is (Fig. 12-15) 


/U =/aj -/a, = 0.053035 - 0.000321 = 0.052714 


Therefore, only about 5 percent of the radiation emitted by the filament of the 
lightbulb falls in the visible range. The remaining 95 percent of the radiation 
appears in the infrared region in the form of radiant heat or “invisible light," as 
it used to be called. This is certainly not a very efficient way of converting elec- 
trical energy to light and explains why fluorescent tubes are a wiser choice for 
lighting. 

The wavelength at which the emission of radiation from the filament peaks 
is easily determined from Wien’s displacement law to be 

- P 

y 

rtQnn q -jr , 2897-8 ptm * K 

(Aj Jmaspwet 2897-8 \im * K 2500 K — ' ” 

Discussion Note that the radiation emitted from the filament peaks in the 
infrared region, 

V % 


§ 

* 



12-4 - RADIATION INTENSITY 

Radiation is emitted by all parts of a plane surface in all directions into the 
hemisphere above the surface, and the directional distribution of emitted (or 
incident) radiation is usually not uniform. Therefore, we need a quantity that 
describes the magnitude of radiation emitted (or incident) in a specified direc- 
tion in space. This quantity is radiation intensity, denoted by I. Before we can 
describe a directional quantity, we need to specify direction in space. The di- 
rection of radiation passing through a point is best described in spherical co- 
ordinates in terms of the zenith angle 6 and the azimuth angle <f>, as shown in 
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FIGURE 12-15 

Graphical representation of the 


fraction of radiation emitted in the 
visible range in Example 12-2. 




FIGURE 12-16 

Radiation intensity is used to describe 
the variation of radiation energy with 
direction. 



A slice of pizza of plane angle a 


Fig. 12-16. Radiation intensity is used to describe how the emitted radiation 

varies with the zenith and azimuth angles. 

If all surfaces emitted radiation uniformly in all directions, the emissive 
power would be sufficient to quantify radiation, and we would not need to 
deal with intensity. The radiation emitted by a blackbody per unit normal area 
is the same in all directions, and thus there is no directional dependence. But 
this is not the case for real surfaces. Before we define intensity, we need to 
quantify the size of an opening in space. 

Solid Angle 

Let us try to quantify the size of a slice of pizza. One way of doing that is to 
specify the arc length of the outer edge of the slice, and to form the slice by 
connecting the endpoints of the arc to the center. A more general approach is 
to specify the angle of the slice at the center, as shown in Fig. 12-17. An an- 
gle of 90° (or tt/2 radians), for example, always represents a quarter pizza, no 
matter what the radius is. For a circle of unit radius, the length of an arc is 
equivalent in magnitude to the plane angle it subtends (both are 2ir for a com- 
plete circle of radius r ~ 1). 

Now consider a watermelon, and let us attempt to quantify the size of a 
slice. Again we can do it by specifying the outer surface area of the slice (the 
green part), or by working with angles for generality. Connecting all points at 
the edges of the slice to the center in this case will form a three-dimensional 
body (like a cone whose tip is at the center), and thus the angle at the center in 
this case is properly called the solid angle. The solid angle is denoted by a), 
and its unit is the steradian (sr). In analogy to plane angle, we can say that the 
area of a surface on a sphere of unit radius is equivalent in magnitude to the 
solid angle it subtends (both are 477 for a sphere of radius r - 1). 

This can be shown easily by considering a differential surface area on a 
sphere dS = t 2 sin 9 d9 d<f>, as shown in Fig. 12-18, and integrating it from 
6 = 0 to 0 = it, and from <f> = 0 to <p = 2-n\ We get 



A slice of watermelon of solid angle cn 

FIGURE 12-17 

Describing the size of a slice of pizza 
by a plane angle, and the size of a 
watermelon slice by a solid angle. 
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( 12 - 10 ) 


which is the formula for the area of a sphere. For r- 1 it reduces to S = 4ir, 
and thus the solid angle associated with a sphere is co = 4ir sr. For a hemi- 
sphere, which is more relevant to radiation emitted or received by a surface, it 

is w = 2ir sr. 

The differential solid angle dm subtended by a differential area dS on a 
sphere of radius r can be expressed as 


dm = = sin 9 d6 d<p 

r l 


02 - 11 ) 


Note that the area dS is normal to the direction of viewing since dS is viewed 
from the center of the sphere. In general, the differential solid angle dm sub- 
tended by a differential surface area dA when viewed from a point at a dis- 
tance r from dA is expressed as 


do) 



dA cos a 



( 12 - 12 ) 






t 


where a is the angle between the normal of the surface and the direction of 
viewing, and thus dA n — dA cos a is the normal (or projected) area to the di- 
rection of viewing. 

Small surfaces viewed from relatively large distances can approximately be 
treated as differential areas in solid angle calculations. For example, the solid 
angle subtended by a 5 cm 2 plane surface when viewed from a point at a dis- 
tance of SO cm along the normal of the surface is 

“dji 5 cm 2 4 

(o = -r = tsx ri = 7-81 X 10 4 sr 

r 2 (80 cm ) 2 

If the surface is tilted so that the normal of the surface makes an angle of 
a — 60° with the line connecting the point of viewing to the center of the sur- 
face, the projected area would be dA n = dA cos a = (5 cm 2 )cos 60° = 2.5 cm 2 , 
and the solid angle in this case would be half of the value just determined. 


Intensity of Emitted Radiation 

Consider the emission of radiation by a differential area element dA of a sur- 
face, as shown in Fig. 12-18. Radiation is emitted in all directions into tlie 
hemispherical space, and the radiation streaming though the surface area dS is 
proportional to the solid angle dm subtended by dS. It is also proportional to 
the radiating area dA as seen by an observer on dS, which varies from a max- 
imum of dA when dS is at the top directly above dA ( 9 — 0°) to a minimum of 
zero when dS is at the bottom ( 0 = 90°). Therefore, the effective area of dA for 
emission in the direction of 9 is the projection of dA on a plane normal to 6, 
which is dA cos 6. Radiation intensity in a given direction is based on a unit 
area normal to that direction to provide a common basis for the comparison of 
radiation emitted in different directions. 

The radiation intensity for emitted radiation / e (0, <fi) is defined as the rate 
at which radiation energy dQ e is emitted in the (9, <f>) direction per unit area 
normal to this direction and per unit solid angle about this direction. That is. 


m <f>) = 


dQ t 


dQt 


dA cos 0 ■ d(i) dA cos 9 sin 6 d9 d(j> 


(W/m 2 ■ sr) 


( 12 - 13 ) 
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FIGURE 12-18 

The emission of 
radiation from 
a differential 
surface element 
into the surrounding 
hemispherical space 
through a differential 
solid angle. 





The radiation flux for emitted radiation is the emissive power E (the rate at 
which radiation energy is emitted per unit area of the emitting surface), which 
can be expressed in differential form as 

4 

dE = = 4(0, $) cos 0 sin 0 dd (12-14) 

dA 

Noting that the hemisphere above the surface intercepts all the radiation rays 
emitted by the surface, the emissive power from the surface into the hemi- 
sphere surrounding it can be determined by integration as 


Projected area 



FIGURE 12-19 

Radiation intensity is based on 
projected area, and thus the 
calculation of radiation emission 
from a surface involves the projection 
of the surface. 
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4(0, <fi) cos 0 sin 0 d& d<f> (W/m 2 ) (12-1 5) 


The intensity of radiation emitted by a surface, in general, varies with di- 
ection (especially with the zenith angle 0). But many surfaces in practice can 
)e approximated as being diffuse. For a diffusely emitting surface, the intern 
;ity of the emitted radiation is independent of direction and thus l e = constant. 

f2ir [ir/2 

Noting that cos 6 sin 0 dd d<f> = tt, the emissive power relation m 
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a=o 


iq. 12-15 reduces in this case to 
V-ffiiwlv fjtiittmp surface: E — i tL 




/ io_i a\ 


Note that the factor in Eq. 12-16 is tt, You might have expected it to be 2 tt 
since intensity is radiation energy per unit solid angle, and the solid angle as- 
sociated with a hemisphere is 2tt. The reason for the factor being tt is that the 
emissive power is based on the actual surface area whereas the intensity is 
based on the projected area (and thus the factor cos 0 that accompanies it), as 
shown in Fig. 12-19. 

For a blackbody, which is a diffuse emitter, Eq. 12-16 can be expressed as 


Blackbody: E b — rrl b 0 2 ”1 

where E b = aff is the blackbody emissive power. Therefore, the intensity of 
the radiation emitted by a blackbody at absolute temperature T is 



Radiation incident on a surface in the 
direction (0, <f>). 


Blackbody: 


400 = 


Eh(T) = off 

TT TT 


(W/m 2 ■ sr) 
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Incident Radiation 

All surfaces emit radiation, but they also receive radiation emitted or reflected 
by other surfaces. The intensity of incident radiation 4(0, 4 *) i s defined as the 
rate at which radiation energy dG is incident from the (8, 4>) direction per unit 
area of the receiving surface normal to this direction and per unit solid angle 
about this direction (Fig. 12-20). Here 6 is the angle between the direction of 

incident radiation and the normal of the surface. 

The radiation flux incident on a surface from all directions is called irradi- 
ation G, and is expressed as 


tl-d 


ttI 2 


G = 


dG = 


hemisphere 


>=Oj 9 =o 


4(0, 4>) cos 0 sin 0 dQ df}> (W/m 2 ) 


(12-19) 


Therefore irradiation represents the rate at which radiation energy is incident 
on a surface per unit area of the surface. When the incident radiation is diffuse 
and thus f = constant, Eq. 12-19 reduces to 




Diffusely incident radiation: G — ir/,- (W/m 2 ) (12-20) 

Again note that irradiation is based on the actual surface area (and thus the 
factor cos 6), whereas the intensity of incident radiation is based on the pro- 
jected area. 


Radiosity 

Surfaces emit radiation as well as reflecting it, and thus the radiation leaving a 
surface consists of emitted and reflected components, as shown in Fig. 12-21. 
The calculation of radiation heat transfer between surfaces involves the total 
radiation energy streaming away from a surface, with no regard for its origin. 
Thus, we need to define a quantity that represents the rate at which radiation 
energy leaves a unit area of a surface in all directions . This quantity is called 
the radiosity J, and is expressed as 


a n 


tj7 2 


j = 


b =0)0=0 


fi-fd, 4>) cos Q sin 6 d& dtp (W/m 2 ) 


( 12 - 21 ) 


where I e+r is the sum of the emitted and reflected intensities. For a surface that 
is both a diffuse emitter and a diffuse reflector, I e+r = constant, and the ra- 
diosity relation reduces to 


Radiosity, J 



FIGURE 12-21 
The three kinds of radiation flux 
(in W/m 2 ): emissive power, irradiation, 

and radiosity. 


Diffuse emitter and reflector: J = irl e+r (W/m 2 ) (12-22) 

For a blackbody, radiosity J is equivalent to the emissive power E b since a 
blackbody ajbsorbs the entire radiation incident on it and there is no reflected 

component iriiadiosity. 

< l : 

/ 

Spectral Quantities 

So far we considered total radiation quantities (quantities integrated over all 
wavelengths), and made no reference to wavelength dependence. This lumped 
approach is adequate for many radiation problems encountered in practice. 
But sometimes it is necessary to consider the variation of radiation with wave- 
length as well as direction, and to express quantities at a certain wavelength A 
or per unit wavelength interval about A. Such quantities are referred to as 
spectral quantities to draw attention to wavelength dependence. The modifier 
“spectral” is used to indicate “at a given wavelength ” 

The spectral radiation intensity 7 a (A, 6 , ff), for example, is simply the total 
radiation intensity 1(6 , ff) per unit wavelength interval about A. The spectral 
intensity for emitted radiation 7 a< ,(A, 6, <f>) can be defined as the rate at which 
radiation energy dQ e is emitted at the wavelength A in the (9, 4>) direction per 
unit area normal to this direction, per unit solid angle about this direction , 
and it can be expressed as 


dQ, 


/a, s (A, e, f) 


dA cos 6 • d<o * dk 


(W/m 2 * sr • p.m) 


(12-23) 



FIGURE 12-22 

Integration of a “spectral” quantity for 
all wavelengths gives the “total” 
quantity. 


Aj = 5 cm 2 



A] = 3 cm 2 
T x = 600 K ‘ 

FIGURE 12-23 

Schematic for Example 12-3. 


Then the spectral emissive power becomes 


E, = 


2iT 

,$ = o 


r tt/2 


L e (A, 6, <f>)cos 6 sin 8 dQ d<f) (W/m 1 ) 


(12-24) 


= 0j9 = 0 


Similar relations can be obtained for spectral irradiation G A , and spectral ra- 
diosity J A by replacing I K e in this equation by 1 K f and l Xt e+n respectively. 

When the variation of spectral radiation intensity J A with wavelength A is 
known, the total radiation intensity I for emitted, incident, and emitted + re- 
flected radiation can be determined by integration over the entire wavelength 
spectrum as (Fig, 12-22) 
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h, e+r dk (12-25) 


These intensities can then be used in Eqs. 12-15, 12-19, and 12-21 to deter- 
mine the emissive power E, irradiation G, and radiosity J, respectively. 
Similarly, when the variations of spectral radiation fluxes E x , G A , and J K 
with wavelength A are known, the total radiation fluxes can be determined by 
integration over the entire wavelength spectrum as 


E x dX t 

G = 

■x 

G x dX> 

and 

7 = 

*J x d A (12-26) 

JQ 

j 

Q 


j 
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When the surfaces and the incident radiation are diffuse, the spectral radia- 
tion fluxes are related to spectral intensities as 


E\ — G a rr/ A (, and J x TrI Xe x. r (12 27) 

Note that the relations for spectral and total radiation quantities are of the 
same form. 

The spectral intensity of radiation emitted by a blackbody at a thermody- 
namic temperature T at a wavelength A has been determined by Max Planck, 
and is expressed as 

O = JSi^rRI < w ' m2 • - ■ ^ <12 - 28 > 


where h = 6.626069 X 10 -34 J • s is the Planck constant, k = 1.38065 X 10~ 23 
J/K is the Boltzmann constant, and c 0 = 2.9979 X 10 8 m/s is the speed of light 
in a vacuum. Then the spectral blackbody emissive power is, from Eq. 12-27, 


E bx (k, T) = tt4 a (A, T) 


(12-29) 


A simplified relation for E bk is given by Eq. 12-4. 


EXAMPLE 12-3 Radiation Incident on a Small Surface 

A small surface of area A x = 3 cm 2 emits radiation as a blackbody at T x = 
600 K. Part of the radiation emitted by A x strikes another small surface of area 
A 2 = 5 cm 2 oriented as shown in Fig. 12-23. Determine the solid angle sub- 
tended by A 2 when viewed from A lt and the rate at which radiation emitted by 
A x strikes A 2 . 
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SOLUTION A surface is subjected to radiation emitted by another surface. 
The solid angle subtended and the rate at which emitted radiation is received 
are to be determined. 

Assumptions t Surface Ai emits diffusely as a blackbody. 2 Both A* and A 2 
can be approximated as differentia! surfaces since both are very small com- 
pared to the square of the distance between them. 

Analysis Approximating both Ai and A 2 as differential surfaces, the solid angle 
subtended by A 2 when viewed from A x can be determined from Eq, 12-12 to be 


2 A 2 cos 0 2 (5 cm 2 ) cos 40° 

" 2 -i = T 2 ' = ^ ’ _ (75 cm) 2 


= 6.81 x 10 -4 sr 


since the normal of A z makes 40° with the direction of viewing. Note that solid 
angle subtended by A 2 would be maximum if A 2 were positioned normal to the 
direction of viewing. Also, the point of viewing on Ai is taken to be a point in 
the middle, but it can be any point since Ai is assumed to be very small. 

The radiation emitted by A x that strikes A 2 is equivalent to the radiation 
emitted by Ai through the solid angle « 2 -i- The intensity of the radiation 
emitted by is 

> . 

r = Eh ^ = gZl = (5.67 X 10-8 W/m 2 • K 4 )(600 K) 4 ' 

' 77 77 —— — — — : — — 2339 W/m ■ sr 

77 . 

This value of intensity is the same in all directions since a blackbody is a diffuse 
emitter. Intensity represents the rate of radiation emission per unit area norma! to 
the direction of emission per unit solid angle. Therefore, the rate of radiation en- 
ergy emitted by A x in the direction of 9i through the solid angle determined 
by multiplying /i by the area of A x normal to 6i and the solid angle w 2 -i* That is, 

1-2 = A(Ai cos : 

= (2339 W/m 2 ■ sr)(3 X 10 4 cos 55° m 2 )(6.8 i X 10 4 sr) : : ; . 

= 2.74 X 10“ 4 W 

Th ere fore ,?the radiation emitted from surface Ai will strike surface A 2 at a rate 

of ?.74'>no- 4 w. y ■ 

Discussion The total rate of radiatipn emission from surface Ai is Q e = Ai&Tf = 
2.204 W. Therefore, the fraction of emitted radiation that strikes A^ is 2.74 X 
10 _4 /2,204 = 0.00012 (or 0.012 percent). . Noting that the solid angle associated 
with a hemisphere is 2 it, the fraction of the solid angle subtended by A z is 6.81 x 
10~ 4 /{27 t) = 0.000108 (or 0.0108 percent), which is 0.9 times the fraction of 
emitted radiation. Therefore, the fraction of the solid angle a surface occupies does 
not represent the fraction of radiation energy the surface will receive even when the 
intensity of emitted radiation is constant. This is because radiation energy emitted 
by a surface in a given direction is proportional to the projected area of the surface 
in that direction, and reduces from a maximum at $ = CP (the direction normal to 
surface) to zero at $ = 90° (the direction parallel to surface). 



12-5 * RADIATIVE PROPERTIES v 

> 

Most materials encountered in practice, such as metals, wood, and bricks, 
are opaque to thermal radiation, and radiation is considered to be a surface 
phenomenon for such materials. That is, thermal radiation is emitted or 


absorbed within the first few microns of the surface, and thus we speak of 
radiative properties of surfaces for opaque materials. 

Some other materials, such as glass and water, allow visible radiation to 
penetrate to considerable depths before any significant absorption takes place. 
Radiation through such semitransparent materials obviously cannot be con- 
sidered to be a surface phenomenon since the entire volume of the material in- 
teracts with radiation. On the other hand, both glass and water are practically 
opaque to infrared radiation. Therefore, materials can exhibit different behav- 
ior at different wavelengths, and the dependence on wavelength is an impor- 
tant consideration in the study of radiative properties such as emissivity, 
absorptivity, reflectivity, and transmissivity of materials. 

In the preceding section, we defined a blackbody as a perfect emitter and 
absorber of radiation and said that no body can emit more radiation than a 
blackbody at the same temperature. Therefore, a blackbody can serve as a 
convenient reference in describing the emission and absorption characteristics 
of real surfaces. 

Emissivity 

The emissivity of a surface represents the ratio of the radiation emitted by the 
sutface at a given temperature to the radiation emitted by a blackbody at the 
same temperature. The emissivity of a surface is denoted by e, and it varies 
between zero and one, 0 < s < 1. Emissivity is a measure of how closely a 
surface approximates a blackbody, for wliich e — 1. 

The emissivity of a real surface is not a constant. Rather, it varies with 
the temperature of the surface as well as the wavelength and the direction of 
the emitted radiation. Therefore, different emissivities can be defined for a 
surface, depending on the effects considered. The most elemental emissivity 
of a surface at a given temperature is the spectral directional emissivity, 
which is defined as the ratio of the intensity of radiation emitted by the surface 
at a specified wavelength in a specified direction to the intensity of radiation 
emitted by a blackbody at the same temperature at the same wavelength. 
That is, 


s*. e(A, 8, <p, T ) — 


7 A . g (A, e, <j>, T) 
4a(a,t) 


(1 2-30) 


where the subscripts A and 6 are used to designate, spectral and directional 
quantities, respectively. Note that blackbody radiation intensity is independent 
of direction, and thus it has no functional dependence on 8 and (f> . 

The total directional emissivity is defined in a like manner by using total 
intensities (intensities integrated over all wavelengths) as 


e a (0, <j>, 7 ) = 


m & 7 ) 

4(7) 


(12-31) 


In practice, it is usually more convenient to work with radiation properties 
averaged over all directions, called hemispherical properties. Noting that the 
integral of the rate of radiation energy emitted at a specified wavelength per 
unit surface area over the entire hemisphere is spectral emissive power, the 
spectral hemispherical emissivity can be expressed as 


Note that the emissivity of a surface at a given wavelength can be different at 
different temperatures since the spectral distribution of emitted radiation (and 
thus the amount of radiation emitted at a given wavelength) changes with 
temperature. 

Finally, the total hemispherical emissivity is defined in terms of the radia- 
tion energy emitted over all wavelengths in all directions as 


e(T) 


E(T) 
E b {T ) 


(12-33) 


Therefore, the total hemispherical emissivity (or simply the “average emissiv- 
ity”) of a surface at a given temperature represents the ratio of the total radia- 
tion energy emitted by the surface to the radiation emitted by a blackbody of 


the same surface area at the same temperature. 
Noting from Eqs. 12-26 and 12-32 that E ~ 


-oe 

E k dk and E k { A, T) = 

jo 


s a (A, T)E bX ( A, T), and the total hemispherical emissivity can also be ex- 
pressed as 


b(T) = 


E(T) _ Jo 
E b {T) 


s a (A, T)E bk (X, T)d A 

aT i 


(12-34) 


since E b (T) = <jT a . To perform this integration, we need to know the variation 
of spectral emissivity with wavelength at the specified temperature. The inte- 
grand is usually a complicated function, and the integration has to be per- 
formed numerically. However, the integration can be performed quite easily 
by dividing the spectrum into a sufficient number of wavelength bands and as- 
suming the emissivity to remain constant over each band; that is, by express- 
ing the function s a (A, 7) as a step function. This simplification offers great 
conveniencc’for little sacrifice of accuracy, since it allows us to transform the 
integration into a summation in terms of blackbody emission functions. 

As an example, consider the eirfissivity function plotted in Fig. 12-24. It 
seems like this function can be approximated reasonably well by a step func- 
tion o|-the form 

{ e, = constant, 0 ^ A < A) 
s 2 = constant, Aj £ A < A 2 (12-35) 

e 3 = constant, \ 2 — A < 


Then the average emissivity can be determined from Eq. 12—34 by breaking 
the integral into three parts and utilizing the definition of the blackbody radi- 
ation function as 


s(T> = 
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dX B 2 

E b A dx £3 

Jo , J 
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E bX d\ 


E, 


+ 
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= £i/o-a,(7) + £2 A, -a, (7) + e 3 4-,(7) (12-36) 


Radiation is a complex phenomenon as it is, and the consideration of the 
wavelength and direction dependence of properties, assuming sufficient data 



Approximating the actual variation 
of emissivity with wavelength 
by a step function. 
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FIGURE 12-25 

The effect of diffuse and gray 
approximations on the emissivity 
of a surface. 
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FIGURE 12-26 

Typical variations of emissivity with 
direction for electrical conductors 
and nonconductors. 


exist, makes it even more complicated. Therefore, the gray and diffuse ap- 
proximations are often utilized in radiation calculations. A surface is said to be 
diffuse if its properties are independent of direction, and gray if its properties 
are independent of wavelength. Therefore, the emissivity of a gray, diffuse 
surface is simply the total hemispherical emissivity of that surface because of 
independence of direction and wavelength (Fig. 12-25). 

A few comments about the validity of the diffuse approximation are in order. 
Although real surfaces do not emit radiation in a perfectly diffuse manner as a 
blackbody does, they often come close. The variation of emissivity with direc- 
tion for both electrical conductors and nonconductors is given in Fig. 12-26. 
Here 6 is the angle measured from the normal of the surface, and thus 0 = 0 for 
radiation emitted in a direction normal to the surface. Note that s e remains 
nearly constant for about 6 < 40° for conductors such as metals and for 6 < 70° 
for nonconductors such as plastics. Therefore, the directional emissivity of a sur- 
face in the normal direction is representative of the hemispherical emissivity of 
the surface. In radiation analysis, it is common practice to assume the surfaces 
to be diffuse emitters with an emissivity equal to the value in the normal (0 = 0) 
direction. 

The effect of the gray approximation on emissivity and emissive power of a 
real surface is illustrated in Fig. 12—27. Note that the radiation emission from a 
real surface, in general, differs from the Planck distribution, and the emission 
curve may have several peaks and valleys. A gray surface should emit as much 
radiation as the real surface it represents at the same temperature. Therefore, the 
areas under the emission curves of the real and gray surfaces must be equal. 

The emissivities of common materials are listed in Table A-9 in the appen- 
dix, and the variation of emissivity with wavelength and temperature is illus- 
trated in Fig. 12-28. Typical ranges of emissivity of various materials are given 
in Fig. 12-29. Note that metals generally have low emissivities, as low as 0.02 
for polished surfaces, and nonmetals such as ceramics and organic materials 
have high ones. The emissivity of metals increases with temperature. Also, ox- 
idation causes significant increases in the emissivity of metals. Heavily oxi- 
dized metals can have emissivities comparable to those of nonmetals. 


FIGURE 12-27 

Comparison of the emissivity (a) and 
emissive power ( b ) of a real surface 
with those of a gray surface and a 
blackbody at the same temperature. 




FIGURE 12-28 

The variation of normal emissivity with (a) wavelength and ( b ) temperature for various materials. 


Care should be exercised in the use and interpretation of radiation property 
data reported in the literature, since the properties strongly depend on the 
surface conditions such as oxidation, roughness, type of finish, and cleanli- 
ness. Consequently, there is considerable discrepancy and uncertainty in the 
reported values. This uncertainty is largely due to the difficulty in character- 
izing and describing the surface conditions precisely. 


EXAMPLE 12-4 Emissivity of a Surface and Emissive Power 

| The special emissivity function of an opaque surface at 800 K is approxi- 
mated as {fiig. 12-30) 

• f ( 

s t = 0.3, 0<A<3pm 

s x = < £2 = O.'S, 3 pm < A < 7 pm 

£3 = 0 . 1 , 7 pm < A < « 

Determine, the average emissivity of the surface and its emissive power. 


Ea 


SOLUTION The variation of emissivity of a surface at a specified temperature 
with wavelength is given. The average emissivity of the surface and its emissive 
power are to be determined. " / 

Analysis The variation of the emissivity with wavelength is given as a step 
function. Therefore, the average emissivity of the surface can be determined 
from Eq. 12-34 by breaking the integral into three parts’. 
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FIGURE 12-29 

Typical ranges of emissivity for 
various materials. 
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FIGURE 12-30 

fhe spectral emissivity of the surface 
considered in Example 12-4. 


THERMAL RADIATION 


where f k and fr are blackbody radiation functions and are determined from 
Table 12-2 to be 

\{F= (3 p,m)(800K) = 2400 pm • K -» / A[ = 0.140256 
A,T = (7 pm)(8O0 K) = 5600 pm * K -» / Aj = 0.701046 

Note that 4_ Al = f h -f 0 = fr since f Q = 0, and = 4 ~ fr = 1 - f\ 2 since 
4=1. Substituting, 

s - 0.3 X 0.140256 + 0.8(0.701046 - 0.140256) + 0.1(1 - 0.701046) 

= 0.521 

That is, the surface will emit as much radiation energy at 800 K as a gray surface 
having a constant emissivity of s = 0.521. The emissive power of the surface is 

E = eoT 4 = 0.521(5.67 X 10~ 8 W/m 2 • K 4 )(800 K) 4 = 12,100 W/m 2 

Discussion Note that the surface emits 12.1 kJ of radiation energy per second 
per m 2 area of the surface. 
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FIGURE 12-31 

The absorption, reflection, and 
transmission of incident radiation by a 
semitransparent material. 


Absorptivity, Reflectivity, and Transmissivity 

Everything around us constantly emits radiation, and the emissivity represents 
the emission characteristics of those bodies. This means that every body, in- 
cluding our own, is constantly bombarded by radiation coming from all direc- 
tions over a range of wavelengths. Recall that radiation flux incident on a 
surface is called irradiation and is denoted by G. 

When radiation strikes a surface, part of it is absorbed, part of it is reflected, 
and the remaining part, if any, is transmitted, as illustrated in Fig. 12-31. The 
fraction of irradiation absorbed by the surface is called the absorptivity a, 
the fraction reflected by the surface is called the reflectivity p, and the frac- 
tion transmitted is called the transmissivity r. That is, 


Absorptivity: 

Absorbed radiation _ 
a Incident radiation 

^abs 

G ’ 

0 < a < 1 

(12-37) 

Reflectivity: 

Reflected radiation _ 
^ Incident radiation 

Ger 
— » 

G 

0 < p 1 

(12-38) 

Tra f i sii i issi vi ty: 

Transmitted radiation 
T Incident radiation 

11 

0 < r < 1 

(12-39) 

where G is the radiation flux incident on the surface, and G abs , G ref , and G u are 
the absorbed, reflected, and transmitted portions of it, respectively. The first 


law of thermodynamics requires that the sum of the absorbed, reflected, and 
transmitted radiation be equal to the incident radiation. That is, 

+ G ref + G u ~ G (12-40) 

Dividing each term of this relation by G yields 

cc + p + t — 1 ( 12 — 41 ) 


For opaque surfaces, r = 0, and thus 


a -h p = I 


(12-42) 


This ts an important property relation since it. enables us to determine both the 
absorptivity and reflectivity of an opaque surface by measuring either of these 
properties. 

These definitions are for total hemispherical properties, since G represents 
the radiation flux incident on the surface from all directions over the hemi- 
spherical space and over all wavelengths. Thus, a, p, and t are the average 
properties of a medium for all directions and all wavelengths. However, like 
emissivity, these properties can also be defined for a specific wavelength 
and/or direction. For example, the spectral directional absorptivity and 
spectra] directional reflectivity of a surface are defined, respectively, as the 
absorbed and reflected fractions of the intensity of radiation incident at a spec- 
ified wavelength in a specified direction as 


a A , B (A,0, 4>) 


pU ’ /a,,(A, £?,</>) 


( 12 - 43 ) 


Likewise, the spectral hemispherical absorptivity and spectral hemispher- 
ical reflectivity of a surface are defined as 


<*a(A) = 


^A.abiCA) 

g a (A) 


and 


Pa(A) ^ 


G A . ref (A) 

G a CA) 


► 

( 12 - 44 ) 


where G x is the spectral irradiation (in W/m 2 • pm) incident on the surface, 
and G A abs and G Aref are the reflected and absorbed portions of it, respectively. 

Similar quantities can be defined for the transmissivity of semitransparent 
materials. For example, the spectral hemispherical transmissivity of a 
medium can be expressed as 


m Ca,.,(A) 
Ta(A) g a (A) 


( 12 - 45 ) 


The average absorptivity, reflectivity, and transmissivity of a surface can 
also be defined in terms of their spectral counterparts as 
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G a dX 


The reflectivity differs somewhat from the other properties in that it is bidi- 
rectional in nature. That is, the value of the reflectivity of a surface depends not 
only on the direction of the incident radiation but also the direction of reflec- 
tion. Therefore, the reflected rays of a radiation beam incident on a real surface 
in a specified direction forms an irregular shape, as shown in Fig. 12-32. Such 
detailed reflectivity data do not exist for most surfaces, and even if they did, 
they would be of little value in radiation calculations since this would usually 
add more complication to the analysis. 

In practice, for simplicity, surfaces are assumed to reflect in a perfectly specu- 
lar or diffuse manner. In specular (or mirrorlike) reflection, the angle of reflec- 
tion equals the angle of incidence of the radiation beam. In diffuse reflection, 
radiation is reflected equally in all directions, as shown in Fig. 12-32. Reflection 
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Different types of reflection from 
a surface: (a) actual or irregular, 
(b) diffuse, and (c) specular 
or mirrorlike. 
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FIGURE 12-33 

Variation of absorptivity with 
the temperature of the source of 
irradiation for various common 
materials at room temperature. 



FIGURE 12-34 

The absorptivity of a material may be 
quite different for radiation originating 
from sources at different temperatures. 


from smooth and polished surfaces approximates specular reflection, whereas 
reflection from rough surfaces approximates diffuse reflection. In radiation 
analysis, smoothness is defined relative to wavelength. A surface is said to be 
smooth if the height of the surface roughness is much smaller than the wave- 
length of the incident radiation. 

Unlike emissivity, the absorptivity of a material is practically independent 
of surface temperature. However, the absorptivity depends strongly on the 
temperature of the source at which the incident radiation is originating. This 
is also evident from Fig. 12-33, which shows the absorptivities of various ma- 
terials at room temperature as functions of the temperature of the radiation 
source. For example, the absorptivity of the concrete roof of a house is about 
0.6 for solar radiation (source temperature: 5780 K) and 0.9 for radiation orig- 
inating from the surrounding trees and buildings (source temperature: 300 K), 
as illustrated in Fig. 12-34. 

Notice that the absorptivity of aluminum increases with the source tempera- 
ture, a characteristic for metals, and the absorptivity of electric nonconductors, 
in general, decreases with temperature. This decrease is most pronounced for 
surfaces that appear white to the eye. For example, the absorptivity of a white 
painted surface is low for solar radiation, but it is rather high for infrared 
radiation. 

Kirchhoffs Law 

Consider a small body of surface area A s , emissivity s, and absorptivity a at 
temperature T contained in a large isothermal enclosure at the same tempera- 
ture, as shown in Fig. 12-35. Recall that a large isothermal enclosure forms a 
blackbody cavity regardless of the radiative properties of the enclosure sur- 
face, and the body in the enclosure is too small to interfere with the blackbody 
nature of the cavity. Therefore, the radiation incident on any part of the surface 
of the small body is equal to the radiation emitted by a blackbody at tempera- 
ture T. That is, G = E b (T ) = crT 4 , and the radiation absorbed by the small 
body per unit of its surface area is 

G ab; = «G = aoT 4 

The radiation emitted by the small body is 

p . — po-T 4 

^ennt * 

Considering that the small body is in thermal equilibrium with the enclosure, 
the net rate of heat transfer to the body must be zero. Therefore, the radiation 
emitted by the body must be equal to the radiation absorbed by it: 

A,e<rT* = A f ctcrT* 


Thus, we conclude that 


s(T) = a(T) (12-47) 

That is, the total hemispherical emissivity of a surface at temperature T is equal 
to its total hemispherical absorptivity for radiation coming from a blackbody 
at the same temperature. This relation, which greatly simplifies the radiation 
analysis, was first developed by Gustav Kirchhoff in 1 860 and is now called 
KirchhofTs law. Note that this relation is derived under the condition that the 


surface temperature is equal to the temperature of the source of irradiation, and 
the reader is cautioned against using it when considerable difference (more 
than a few hundred degrees) exists between the surface temperature and the 
temperature of the source of irradiation. 

The derivation above can also be repeated for radiation at a specified wave- 
length to obtain the spectral form of Kirchhoff’s law: 

s x (T) = a x (T) (12-48) 

This relation is valid when the irradiation or the emitted radiation is inde- 
pendent of direction. The form of Kirchhoff’s law that involves no restrictions 
is the spectral directional form expressed as e At e (T) = a x> e (T). That is, the 
emissivity of a surface at a specified wavelength, direction, and temperature is 
always equal to its absorptivity at the same wavelength, direction, and 
temperature. 

It is very tempting to use Kirchhoff’s law in radiation analysis since the re- 
lation s ~ a together with p = 1 — a enables us to determine all three 
properties of an opaque surface from a knowledge of only one property. 
Although Eq. 12-47 gives acceptable results in most cases, in practice, care 
should be exercised when there is considerable difference between the surface 
temperature and the temperature of the source of incident radiation. 

The Greenhouse Effect 

You have probably noticed that when you leave your car under direct sunlight 
on a sunny day, the interior of the car gets much warmer than the air outside, 
and you may have wondered why the car acts like a heat trap. The answer 
lies in the spectral transmissivity curve of the glass, which resembles an in- 
verted U, as shown in Fig. 12-36. We observe from this figure that glass at 
thicknesses encountered in practice transmits over 90 percent of radiation in 
the visible range and is practically opaque (nontransparent) to radiation in the 
longer-wayllength infrared regions of the electromagnetic spectrum (roughly 
A > 3 pitt). Therefore, glass has a transparent window in the wavelength 
range 0.3 pm < A < 3 pm in winch over 90 percent of solar radiation is 
emitted. On the other hand, the entire radiation emitted by surfaces at room 
temperature falls in the infrared region. Consequently, glass allows the solar 
radiation to enter but does not allow the infrared radiation from the interior 
surfaces to escape. This causes a rise in the interior temperature as a result of 
the energy buildup in the car. This heating effect, which is due to the nongray 
characteristic of glass (or clear plastics), is known as the greenhouse effect, 
since it is utilized extensively in greenhouses (Fig. 12-37). 

The greenhouse effect is also experienced on a larger scale on earth. The 
surface of the earth, which warms up during the day as a result of the absorp- 
tion of solar energy, cools down at night by radiating its energy into deep 
space as infrared radiation. The combustion gases such as C0 2 and water 
vapor in the atmosphere transmit the bulk of the solar radiation but absorb the 
infrared radiation emitted by the surface of the earth. Thus, there is concern 
that the energy trapped on earth will eventually cause global warming and thus 
drastic changes in weather patterns. 

In humid places such as coastal areas, there is not a large change between 
the daytime and nighttime temperatures, because the humidity acts as .a barrier 



The small body contained in a large 
isothermal enclosure used in the 
development of Kirchhoff’s law. 
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FIGURE 12-36 

The spectral transmissivity of low-iron 
glass at room temperature for different 

thicknesses. 



FIGURE 12-37 


A greenhouse traps energy by 
allowing the solar radiation to come in 
but not allowing the infrared radiation 

to go out. 


on the path of the infrared radiation coming from the earth, and thus slows 
down the cooling process at night. In areas with clear skies such as deserts, 
there is a large swing between the daytime and nighttime temperatures be- 
cause of the absence of such barriers for infrared radiation. 



Solar radiation reaching the 

earth’s atmosphere and the total solar 

irradiance. 
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FIGURE 12-39 

The total solar energy passing through 
concentric spheres remains constant, 
but the energy falling per unit area 
decreases with increasing radius. 


1 2-6 * ATMOSPHERIC AND SOLAR RADIATION 

The sun is our primary source of energy. The energy coming off the sun, 
called solar energy, reaches us in the form of electromagnetic waves after 
experiencing considerable interactions with the atmosphere. The radiation 
energy emitted or reflected by the constituents of the atmosphere form the 
atmospheric radiation. Here we give an overview of the solar and atmospheric 
radiation because of their importance and relevance to daily life. Also, our 
familiarity with solar energy makes it an effective tool in developing a better 
understanding for some of the new concepts introduced earlier. Detailed treat- 
ment of this exciting subject can be found in numerous books devoted to this 
topic. 

The sun is a nearly spherical body that has a diameter of D ~ 1 .39 X 10 9 m 
and a mass of m ~ 2 X 10 30 kg and is located at a mean distance of L= 1.50 
X 10" m from the earth. It emits radiation energy continuously at a rate of 
£ sun « 3.8 X 10“ W. Less than a billionth of this energy (about 1.7 X 10 17 W) 
strikes the earth, which is sufficient to keep the earth warm and to maintain 
life through the photosynthesis process. The energy of the sun is due to the 
continuous fusion reaction during which two hydrogen atoms fuse to form one 
atom of helium. Therefore, the sun is essentially a nuclear reactor, with tem- 
peratures as high as 40,000,000 K in its core region. The temperature drops to 
about 5800 K in the outer region of the sun, called the convective zone, as a 
result of the dissipation of this energy by radiation. 

The solar energy reaching the earth’s atmosphere is called the total solar 

irradiance G s , whose value is 

G,= 1373 W/m 2 (!2-49) 

The total solar irradiance (also called the solar constant) represents the rate 
at which solar energy is incident on a surface normal to the sun ’s rays at the 
outer edse of the atmosphere when the earth is at its mean distance from the sun 
(Fig. 12-38). 

The value of the total solar irradiance can be used to estimate the effective 
surface temperature of the sun from the requirement that 

(47rL 2 )Gj = (4rrr 2 ) oT^ (12-50) 

where L is the mean distance between the sun’s center and the earth and r is 
the radius of the sun. The left-hand side of this equation represents the total 
solar energy passing through a spherical surface whose radius is the mean 
earth— sun distance, and the right-hand side represents the total energy that 
leaves the sun’s outer surface. The conservation of energy principle requires 
that these two quantities be equal to each other, since the solar energy ex- 
periences no attenuation (or enhancement) on its way through the vacuum 
(Fig. 12-39). The effective surface temperature of the sun is determined 
from Eq. 12-50 to be T sun - 5780 K. That is, the sun can be treated as a 


blackbody at a temperature of 5780 K. This is also confirmed by the 
measurements of the spectral distribution of the solar radiation just outside 
the atmosphere plotted in Fig. 12*40, which shows only small deviations 
from the idealized blackbody behavior. 

The spectral distribution of solar radiation on the ground plotted in 
Fig. 12-40 shows that the solar radiation undergoes considerable attenua- 
tion as it passes through the atmosphere as a result of absorption and scatter- 
ing. About 99 percent of the atmosphere is contained within a distance of 
30 km from the earth’s surface. The several dips on the spectral distribution 
of radiation on the earth’s surface are due to absorption by the gases 0 2 , 
0 3 (ozone), H 2 0, and C0 2 . Absorption by oxygen occurs in a narrow band 
about A = 0.76 pm. The ozone absorbs ultraviolet radiation at wavelengths 
below 0.3 pm almost completely, and radiation in the range 0.3-0.4 pm 
considerably. Thus, the ozone layer in the upper regions of the atmosphere pro- 
tects biological systems on earth from harmful ultraviolet radiation. In turn, we 
must protect the ozone layer from the destructive chemicals commonly used as 
refrigerants, cleaning agents, and propellants in aerosol cans. The use of these 
chemicals is now banned. The ozone gas also absorbs some radiation in the 
visible range. Absorption in the infrared region is dominated by water vapor 
and carbon dioxide. The dust particles and other pollutants in the atmosphere 
also absorb radiation at various wavelengths. 

As a result of these absorptions, the solar energy reaching the earth’s surface 
is weakened considerably, to about 950 W/m 2 on a clear day and much less on 
cloudy or smoggy days. Also, practically all of the solar radiation reaching the 
earth’s surface falls in the wavelength band from 0.3 to 2.5 pm. 

Another mechanism that attenuates solar radiation as it passes through the 
atmosphere is scattering or reflection by air molecules and the many other 
kinds of particles such as dust, smog, and water droplets suspended in the at- 
mosphere. Scattering is mainly governed by the size of the particle relative to 
the wavelength of radiation. The oxygen and nitrogen molecules primarily 
scatter radiation at very short wavelengths, comparable to the size of the mole- 
cules themselves. Therefore, radiation at wavelengths corresponding to violet 
and blue colors is scattered the ^jnost. This molecular scattering in all 
directions is what gives the sky its bluish color. The same phenomenon is 
responsible for red sunrises and sunsets. Early in the morning and late in the 
afternqbn, the sun’s rays pass through a greater thickness of the atmosphere 
than they do’ at midday, when the sun is at the top. Therefore, the violet and 
blue colors of the light encounter a greater number of molecules by the time 
they reach the earth’s surface, and thus a greater fraction of them are scattered 
(Fig. 12*41). Consequently, the light that reaches the earth’s surface consists 
primarily of colors corresponding to longer wavelengths such as red, orange, 
and yellow. The clouds appear in reddish-orange color during sunrise and sun- 
set because the light they reflect is reddish-orange at those times. For the same 
reason, a red traffic light is visible from a longer distance than is a green light 
under the same circumstances. 

The solar energy incident on a surface on earth is considered to consist of 
direct and diffuse parts. The part of solar radiation that reaches the earth’s sur- 
face without being scattered or absorbed by the atmosphere is called direct 
solar radiation G D . The scattered radiation is assumed to reach the earth’s 
surface uniformly from all directions and is called diffuse solar radiation G d . 
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FIGURE 12-40 

Spectral distribution of solar radiation 
just outside the atmosphere, at the 
surface of the earth on a typical day, 
and comparison with blackbody 
radiation at 5780 K. 



Air molecules scatter blue light much 
more than they do red light. At sunset, 
light travels through a thicker layer 
of atmosphere, which removes much 
of the blue from the natural light, 
allowing the red to dominate. 


Diffuse solar 



FIGURE 12-42 

The direct and diffuse radiation 
incident on a horizontal surface on 
earth’s surface. 


Then the total solar energy incident on the unit area of a horizontal surface on 
the ground is (Fig. 12 — 42) 

G wlir = G d cos 6 + G d (W/m 2 ) {12-51 } 

where 6 is the angle of incidence of direct solar radiation (the angle that the 
sun’s rays make with the normal of the surface). The diffuse radiation varies 
from about 10 percent of the total radiation on a clear day to nearly 100 percent 
on a totally cloudy day. 

The gas molecules and the suspended particles in the atmosphere emit 
radiation as well as absorbing it. The atmospheric emission is primarily due to 
the C0 2 and H 2 0 molecules and is concentrated in the regions from 5 to 8 pm 
and above 13 pm. Although this emission is far from resembling the distri- 
bution of radiation from a blackbody, it is found convenient in radiation 
calculations to treat the atmosphere as a blackbody at some lower fictitious 
temperature that emits an equivalent amount of radiation energy. This ficti- 
tious temperature is called the effective sky temperature T sky . Then the radi- 
ation emission from the atmosphere to the earth’s surface is expressed as 
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FIGURE 12-43 

Radiation interactions of a surface 
exposed to solar and atmospheric 
radiation. 


= (W/m 2 ) (12-52) 

The value of T {ky depends on the atmospheric conditions. It ranges from about 
230 K for cold, clear-sky conditions to about 285 K for warm, cloudy-sky 
conditions. 

Note that the effective sky temperature does not deviate much from the 
room temperature. Thus, in the light of Kirchhoff ’s law, we can take the ab- 
sorptivity of a surface to be equal to its emissivity at room temperature, a = e. 
Then the sky radiation absorbed by a surface can be expressed as 

Esky.abso.ted = “ G sky = a(J = eCr7 ’sk}' (W/m 2 ) (12-53) 

The net rate of radiation heat transfer to a surface exposed to solar and atmos- 
pheric radiation is determined from an energy balance (Fig. 12-43): 
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(12-54) 


where T s is the temperature of the surface in K and e is its emissivity at room 
temperature. A positive result for rad indicates a radiation heat gain by the 
surface and a negative result indicates a heat loss. 

The absorption and emission of radiation by the elementary gases such as 
H 2 , 0 2 , and N 2 at moderate temperatures are negligible, and a medium filled 
with these gases can be treated as a vacuum in radiation analysis. The absorp- 
tion and emission of gases with larger molecules such as H 2 0 and C0 2 , how- 
ever, can be significant and may need to be considered when considerable 
amounts of such gases are present in a medium. For example, a 1-m-thick 
layer of water vapor at 1 atm pressure and 100°C emits more than 50 percent 
of the energy that a blackbody would emit at the same temperature. 

In solar energy applications, the spectral distribution of incident solar radi- 
ation is very different than the spectral distribution of emitted radiation by the 
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surfaces, since the former is concentrated in the short-wavelength region and 
the latter in the infrared region. Therefore, the radiation properties of surfaces 
are quite different for the incident and emitted radiation, and the surfaces 
cannot be assumed to be gray. Instead, the surfaces are assumed to have two 
sets of properties: one for solar radiation and another for infrared radiation at 
room temperature. Table 12-3 lists the emissivity s and the solar absorptivity 
a s of some common materials. Surfaces that are intended to collect solar en- 
ergy, such as the absorber surfaces of solar collectors, are desired to have 
high a s but low e values to maximize the absorption of solar radiation and to 
minimize the emission of radiation. Su if aces that are intended to remain cool 
under the sun, such as the outer surfaces of fuel tanks and refrigerator trucks, 
are desired to have just the opposite properties. Surfaces are often given the 
desired properties by coating them with thin layers of selective materials. A 
surface can be kept cool, for example, by simply painting it white. 

We close this section by pointing out that what we call renewable energy is 
usually nothing more than the manifestation of solar energy in different forms. 
Such energy sources include wind energy, hydroelectric power, ocean thermal 
energy, ocean wave energy, and wood. For example, no hydroelectric power 
plant can generate electricity year after year unless the water evaporates by ab- 
sorbing solar energy and comes back as a rainfall to replenish the water source 
(Fig. 12-44). Although solar energy is sufficient to meet the entire energy needs 
of the world, currently it is not economical to do so because of the low concen- 
tration of solar energy on earth and the high capital cost of harnessing it. 
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Selective Absorber and Reflective Surfaces 
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Consider a surface exposed to solar radiation. At a given time, the direct and 
diffuse components of solar radiation are G 0 = 400 and G d = 300 W/m 2 , and 
the diredfpdiation makes a 20° angle with the normal of the surface. The sur- 
face temperature is observed to be 320 K at that time. Assuming an effective 
sky temperature of 260 K, determine the net rate of radiation heat transfer for 
these cases (Fig. 12-45): , ■ 

(a) a 5 = 0.9 and e = 0.9 (gray absorber surface) 

(b) a $ - 0.1 and e = 0.1 (gray reflector surface) 

(c) ^ = 0.9 and s = 0.1 (selective absorber surface) 

(d) a s = 0.1 and s = 0.9 (selective reflector surface) 


SOLUTION A surface is exposed to solar and sky radiation. The net rate of ra- 
diation heat transfer is to be determined for four different combinations of 
emissivities and solar absorptivities. 

Analysis The total solar energy incident on the surface is 


— G D cos d + Gj 

= (400 W/m 2 ) cos 20° + (300 W/m 2 ) 

= 676 W/m 2 

Then the net rate of radiation heat transfer for each of the four cases is deter- 
mined from: 
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Comparison of the solar absorptivity 
a s of some surfaces with their 
emissivity e at room temperature 


Surface 

“s 

e 

Aluminum 



Polished 

0.09 

0.03 

Anodized 

0.14 

0.84 

Foil 

0.15 

0.05 

Copper 

Polished 

0.18 

0.03 

Tarnished 

0.65 

0.75 

Stainless steel 

Polished 

0.37 

0.60 

Dull 

0.50 

0.21 

Plated metals 

Black nickel oxide 

0,92 

0.08 

Black chrome 

0.87 

0.09 

Concrete 

0.60 

0.88 

White marble 

0.46 

0.95 

Red brick 

0.63 

0.93 

Asphalt 

0.90 

0.90 

Black paint 

0.97 

0.97 

White paint 

0.14 

0.93 

Snow 

0.28 

0.97 

Human skin 

(Caucasian) 

0.62 

0.97 



The cycle that water undergoes in a 
hydroelectric power plant. 
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( a ) a s = 0.9 and e = 0.9 (gray absorber surface): 

= 0.9(676 W/m 2 ) + 0.9(5.67 X 10“ 8 W/m 2 ■ K 4 )[(260K) 4 - (320 K) 4 ] 
= 307 W/m 2 
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FIGURE 12-45 
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Graphical representation of the spectraL 
emissivities of the four surfaces 
considered in Example 12-5. 


(£>) a s = 0.1 and e = 0.1 (gray reflector surface): 


= 0.1(676 W/m 2 ) + 0.1(5.67 X 1(T 8 W/m 2 • K 4 )[(260K) 4 - (320 K) 4 ] 
= 34 W/m 2 

(c) a s = 0.9 and e = 0. 1 (selective absorber surface): 

rUnd = 0.9(676 W/m 2 ) + 0.1(5.67 X KT 8 W/m 2 - K 4 )[(260 K) 4 - (320 K) 4 ] 
= 575 W/m 2 

(d) a s = 0.1 and s = 0.9 (selective reflector surface): 

= 0.1(676 W/m 2 ) + 0.9(5.67 X 10“ 8 W/m 2 • K 4 )[(260 K) 4 - (320 K) 4 ] 
--234 W/m 2 


Discussion Note that the surface of an ordinary gray material of high absorp- 
tivity gains heat at a rate of 307 W/m 2 . The amount of heat gain increases to 
575 W/m 2 when the surface is coated with a selective material that has the 
same absorptivity for solar radiation but a low emissivity for infrared radiation. 
Also note that the surface of an ordinary gray material of high reflectivity still 
gains heat at a rate of 34 W/m 2 . When the surface is coated with a selective ma- 
terial that has the same reflectivity for solar radiation but a high emissivity for 
infrared radiation, the surface loses 234 W/m 2 instead. Therefore, the tempera- 
ture of the surface will decrease when a selective reflector surface is used. 



Solar Heat Gain Through Windows 

The sun is the primary heat source of the earth, and the solar irradiance on 
a surface normal to the sun’s rays beyond the earth's atmosphere at the 
mean earth-sun distance of 149.5 million km is called the total solar 
irradiance or solar constant. The accepted value of the solar constant is 
1373 W/m 2 , but its value changes by 3.5 percent from a maximum of 
1418 W/m 2 on January 3 when the earth is closest to the sun, to a minimum 
of 1325 W/m 2 on July 4 when the earth is farthest away from the sun. The 
spectral distribution of solar radiation beyond the earth’s atmosphere 
resembles the energy emitted by a blackbody at 5780°C, with about 9 per- 
cent of the energy contained in the ultraviolet region (at wavelengths 
between 0.29 to 0.4 gm), 39 percent in the visible region (0.4 to 0.7 fim), 
and the remaining 52 percent in the near-infrared region (0.7 to 3.5 *tm). 






*Thi$ section can be skipped without a ioss in continuity. 
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The peak radiation occurs at a wavelength of about 0,48 /xm, which cor- 
responds to the green color portion of the visible spectrum. Obviously 
a glazing material that transmits the visible part of the spectrum while 
absorbing the infrared portion is ideally suited for an application that 
calls for maximum daylight and minimum solar heat gain. Surprisingly, the 
ordinary window glass approximates this behavior remarkably well 
(Fig. 12-46). 

Part of the solar radiation entering the earth’s atmosphere is scattered 
and absorbed by air and water vapor molecules, dust particles, and water 
droplets in the clouds, and thus the solar radiation incident on earth’s sur- 
face is less than the solar constant. The extent of the attenuation of solar 
radiation depends on the length of the path of the rays through the atmos- 
phere as well as the composition of the atmosphere (the clouds, dust, hu- 
midity, and smog) along the path. Most ultraviolet radiation is absorbed by 
the ozone in the upper atmosphere. At a solar altitude of 41 .8°, the total en- 
ergy of direct solar radiation incident at sea level on a clear day consists of 
about 3 percent ultraviolet, 38 percent visible, and 59 percent infrared 
radiation. 

The part of solar radiation that reaches the earth’s surface without being 
scattered or absorbed is the direct radiation. Solar radiation that is scattered 
or reemitted by the constituents of the atmosphere is the diffuse radiation. 
Direct radiation comes directly from the sun following a straight path, 
whereas diffuse radiation comes from all directions in the sky. The entire 
radiation reaching the ground on an overcast day is diffuse radiation. The 
radiation reaching a surface, in general, consists of three components: di- 
rect radiation, diffuse radiation, and radiation reflected onto the surface 
from surrounding surfaces (Fig. 12-47). Common surfaces such as grass, 
trees, rocks, and concrete reflect about 20 percent of the radiation while ab- 
sorbing the rest. Snow-covered surfaces, however, reflect 70 percent of the 
incident radiation. Radiation incident on a surface that does not have a di- 
rect view pf the sun consists of diffuse and reflected radiation. Therefore, 
at solar noon, solar radiations incident on the east, west, and north surfaces 
of a south-facing house are identical since they all consist of diffuse and re- 
flected components. The difference between the radiations incident on the 
south and north walls in this case gives the magnitude of direct radiation 
incident on the south wall. 

When solar radiation strikes a glass surface, part of it (about 8 percent for 
uncoated clear glass) is reflected back to outdoors, part of it (5 to 50 percent, 
depending on composition and thickness) is absorbed within the glass, and 
the remainder is transmitted indoors, as shown in Fig. 12-48. The con- 
servation of energy principle requires that the sum of the transmitted, 
reflected, and absorbed solar radiations be equal to the incident solar radi- 
ation. That is, 


T s + p s + Of s = 1 

where r s is the transmissivity, p s is the reflectivity, and o? s is the absorptiv- 
ity of the glass for solar energy, which are the fractions of incident solar 
radiation transmitted, reflected, and absorbed, respectively. The standard 
3-mm-thick single-pane double-strength clear window glass transmits 
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1 . 3 mm regular sheet 

2. 6 mm gray heat- absorbing plate/float 

3* 6 mm green heat-absorbing plate/float 

FIGURE 12-46 
The variation of the transmittance of 
typical architectural glass with 
wavelength (from AS HR AE 
Handbook of Fundamentals, 
Chap. 27, Fig. 11). 



FIGURE 12-47 

Direct, diffuse, and reflected 
components of solar radiation incident 

on a window. 
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FIGURE 12-48 

Distribution of solar radiation incident 
on a clear glass. 


86 percent, reflects 8 percent, and absorbs 6 percent of the solar energy 
incident on it. The radiation properties of materials are usually given for nor- 
mal incidence, but can also be used for radiation incident at other angles since 
the transmissivity, reflectivity, and absorptivity of the glazing materials remain 
essentially constant for incidence angles up to about 60° from the normal. 

The hourly variation of solar radiation incident on the walls and windows 
of a house is given in Table 12-4. Solar radiation that is transmitted indoors 
is partially absorbed and partially reflected each time it strikes a surface, 
but all of it is eventually absorbed as sensible heat by the furniture, walls, 
people, and so forth. Therefore, the solar energy transmitted inside a build- 
ing represents a heat gain for the building. Also, the solar radiation ab- 
sorbed by the glass is subsequently transferred to the indoors and outdoors 
by convection and radiation. The sum of the transmitted solar radiation 
and the portion of the absorbed radiation that flows indoors constitutes the 
solar heat gain of the building. 

The fraction of incident solar radiation that enters through the glazing is 
called the solar heat gain coefficient (SHGC) and is expressed as 


SHGC = 


Solar heat gain through the window 
Solar radiation incident on the window 


9solar, gain 

= t 5 + fa 

^?so1af, incident 


( 12 - 55 ) 


where a s is the solar absorptivity of the glass and f is the inward flowing 
fraction of the solar radiation absorbed by the glass. Therefore, the dimen- 
sionless quantity SHGC is the sum of the fractions of the directly transmit- 
ted (t s ) and the absorbed and reemitted portions of solar radiation 
incident on the window. The value of SHGC ranges from 0 to 1, with 1 cor- 
responding to an opening in the wall (or the ceiling) with no glazing. When 
the SHGC of a window is known, the total solar heat gain through that 
window is determined from 


Q solar, gain = SHGC X A ghlin „ X q % oilf , inddent (W) (12-56) 

where A glazing is the glazing area of the window and q ^ inciderU is the solar 
heat flux incident on the outer surface of the window, in W/m 2 . 

Another way of characterizing the solar transmission characteristics of 
different kinds of glazing and shading devices is to compare them to a well- 
known glazing material that can serve as a base case. This is done by tak- 
ing the standard 3 -mm- thick double-strength clear window glass sheet 
whose SHGC is 0.87 as the reference glazing and defining a shading coef- 
ficient SC as 


SC = 


Solar heat gain of product 
Solar heat gain of reference glazing 


SHGC _ SHGC 
SHGC ref 0.87 


= 1.15 X SHGC 


( 12 - 57 ) 


Therefore, the shading coefficient of a single-pane clear glass window is 
SC = 1.0. The shading coefficients of other commonly used fenestration 



of 12 Daily 

Date Surface 56 7 8 9 10 11 noon 13 14 15 16 17 18 19 Total 

Jan. N 0 0 0 20 43 66 68 71 68 66 43 20 0 0 0 446 * 

NE 0 0 0 63 47 66 68 71 68 59 43 20 0 0 0 489 

E 0 0 0 402 557 448 222 76 68 59 43 20 0 0 0 1863 

SE 0 0 0 483 811 875 803 647 428 185 48 20 0 0 0 4266 

S 0 0 0 271 579 771 884 922 884 771 579 271 0 0 0 5897 

SW 0 0 0 20 48 185 428 647 803 875 811 483 0 0 0 4266 

W 0 0 0 20 43 59 68 76 222 448 557 402 0 0 0 1863 

NW 0 0 0 20 43 59 68 71 68 66 47 63 0 0 0 489 

Horizontal 0 0 0 51 198 348 448 482 448 348 198 51 0 0 0 2568 

Direct 0 0 0 446 753 865 912 926 912 865 753 446 0 0 0 — 

Apr. N 0 41 57 79 97 110 120 122 120 110 97 79 57 41 0 1117 

NE 0 262 508 462 291 134 123 122 120 110 97 77 52 17 0 2347 

E 0 321 728 810 732 552 293 131 120 llO 97 77 52 17 0 4006 

SE 0 189 518 682 736 699 582 392 187 116 97 77 52 17 0 4323 

S 0 18 59 149 333 437 528 559 528 437 333 149 59 18 0 3536 

SW 0 ' 17 52 77 97 116 187 392 582 699 736 682 518 189 0 4323 

W 0 17 52 77 97 110 120 392 293 552 732 810 728 321 0 4006 

NW 0 17 52 77 97 110 120 122 123 134 291 462 508 262 0 2347 

Horizontal 0 39 222 447 640 786 880 911 880 786 640 447 222 39 0 6938 

Direct 0 282 651 794 864 901 919 925 919 901 864 794 651 282 0 — 

July N 3 133 109 103 117 126 134 138 134 126 117 103 109 133 3 1621 

NE 8 454 590 540 383 203 144 138 134 126 114 95 71 39 0 3068 

E 7 498 739 782 701 531 294 149 134 126 114 95 71 39 0 4313 

SE 2 248 460 580 617 576 460 291 155 131 114 95 71 39 0 3849 

S ~ Ji -$ 0 39 76 108 190 292 369 395 369 292 190 108 76 39 0 2552 

SW, / 0 39 71 95 114 131 155 291 460 576 617 580 460 248 2 3849 

W 0 39 71 95 114 126 134 149 294 531 701 782 739 498 7 4313 

NW 0 39 71 ^95 114 126 134 138 144 203 383 540 590 454 8 3068 

Horizontal 1 115 320 528 702 838 922 949 922 838 702 528 320 115 1 3902 

Direct 7 434 656 762 818 850 866 871 866 850 818 762 656 434 7 — 

Oct. "^N 0 0 7 40 62 77 87 90 87 77 62 40 7 0 0 453 

NE 0 0 74 178 84 80 87 90 87 87 62 40 7 0 0 869 

E 0 0 163 626 652 505 256 97 87 87 62 40 7 0 0 2578 

SE 0 0 152 680 853 864 770 599 364 137 66 40 7 0 0 4543 

S 0 0 44 321 547 711 813 847 813 711 547 321 44 0 0 5731 

SW 0 0 7 40 66 137 364 599 770 864 853 680 152 0 0 4543 

W 0 0 7 40 62 87 87 97 256 505 652 626 163 0 0 2578 

NW 0 0 7 40 62 87 87 90 87 80 84 178 74 0 0 869 

Horizontal 0 0 14 156 351 509 608 640 608 509 351 156 14 0 0 3917 

Direct 0 0 152 643 811 884 917 927 917 884 811 643 152 0 0 — 


Values given are for the 21st of the month for average days with no clouds. The values can be up to 15 percent higher at high elevations under very 
dear skies and up to 30 percent lower at very humid locations with very dusty industrial atmospheres. Daily totals are obtained using Simpson's rule for 
integration with 10-min time intervals. Solar reflectance of the ground is assumed to be 0.2, which Is valid for old concrete, crushed rock, and bright green 
grass. For a specified location, use solar radiation data obtained for that location. The direction of a surface indicates the direction a vertical surface is 
facing. For example, W represents the solar radiation incident on a west-facing wall per unit area of the wall. 

Solar time may deviate from the local time. Solar noon at a location is the time when the sun is at the highest location {and thus when the shadows 
are shortest). Solar radiation data are symmetric about the solar noon: the value on a west wall before the solar noon is equal to the value on an east wall two 
hours after the solar noon. 
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TABLE 12-5 . . 

Shading coefficient SC and solar • 
transmissivity r sot3f for some 
common glass types for summer 
design conditions (from ASHRAE 
Handbook of Fundamentals, 

Chap. 27, Table 11). 

Nominal 

Type of Thickness 

Glazing mm in SC* 

(a) Single Glazing 


Clear 

3 

1 

8 

0.86 

1.0 


6 

1 

4 

0.78 

0.95 


10 

3 

8 

0.72 

0.92 


13 

1 

2 

0.67 

0.88 

Heat absorbing 

3 

l 

8 

0.64 

0.85 


6 

1 

4 

0.46 

0.73 


10 

3 

8 

0.33 

0.64 


13 

1 

2 

0.24 

0.58 


(b) Double Glazing 




Clear in, 3 3 

1 

8 

0.71 b 

0.88 

clear out 6 

1 

4 

0.61 

0.82 

Clear in, heat 




absorbing oub 6 

1 

4 

0.36 

0.58 


^Multiply by 0.87 to obtain SHGC. 

*The thickness of each pane of glass. 
^Combined transmittance for assembled unit, 

c Refers to gray’, bronze-, and green-tinted 
heat-absorbing float glass. 


products are given in Table 12-5 for summer design conditions. The values 
for winter design conditions may be slightly lower because of the higher 
heat transfer coefficients on the outer surface due to high winds and thus 
higher rate of outward flow of solar heat absorbed by the glazing, but the 
difference is small. 

Note that the larger the shading coefficient, the smaller the shading ef- 
fect, and thus the larger the amount of solar heat gain. A glazing material 
with a large shading coefficient allows a large fraction of solar radiation to 

come in. 

Shading devices are classified as internal shading and external shading , 
depending on whether the shading device is placed inside or outside . Exter- 
nal shading devices are more effective in reducing the solar heat gain since 
they intercept the sun’s rays before they reach the glazing. The solar heat 
gain through a window can be reduced by as much as 80 percent by exterior 
shading. Roof overhangs have long been used for exterior shading of win- 
dows. The sun is high in the horizon in summer and low in winter. A prop- 
erly sized roof overhang or a horizontal projection blocks off the sun s rays 
completely in summer while letting in most of them in winter, as shown in 
Figure 12-49. Such shading structures can reduce the solar heat gain on the 
south, southeast, and southwest windows in the northern hemisphere con- 
siderably. A window can also be shaded from outside by vertical or hori- 
zontal architectural projections, insect or shading screens, and sun screens. 
To be effective, air must be able to move freely around the exterior device to 
carry away the heat absorbed by the shading and the glazing materials. 

Some type of internal shading is used in most windows to provide pri- 
vacy and aesthetic effects as well as some control over solar heat gain. In- 
ternal shading devices reduce solar heat gain by reflecting transmitted solar 
radiation back through the glazing before it can be absorbed and converted 

into heat in the building. . 

Draperies reduce the annual heating and cooling loads of a building by 
5 to 20 percent, depending on the type and the user habits. In summer, 
they reduce heat gain primarily by reflecting back direct solar radiation 
(Fig. 12-50), The semiclosed air space formed by the draperies serves as 
an additional barrier against heat transfer, resulting in a lower U-f actor for 
the window and thus a lower rate of heat transfer in summer and winter. The 
solar optical properties of draperies can be measured accurately, or they 
can be obtained directly from the manufacturers. The shading coefficient 
of draperies depends on the openness factor, which is the ratio of the open 
area between the fibers that permits the sun’s rays to pass freely, to the to- 
tal area of the fabric. Tightly woven fabrics allow little direct radiation to 
pass through, and thus they have a small openness factor. The reflectance 
of the surface of the drapery facing the glazing has a major effect on the 
am ount of solar heat gain. Light-colored draperies made of closed or 
tightly woven fabrics maximize the back reflection and thus minimize the 
solar gain. Dark-colored draperies made of open or semi-open woven fab- 
rics, on the other hand, minimize the back reflection and thus maximize 

the solar gain. 

The shading coefficients of drapes also depend on the way they are hung. 
Usually, the width of drapery used is twice the width of the draped area to 


allow folding of the drapes and to give them their characteristic “full” or 
“wavy” appearance. A flat drape behaves like an ordinary window shade. 
A flat drape has a higher reflectance and thus a lower shading coefficient 
than a full drape. 

External shading devices such as overhangs and tinted glazings do not 
require operation, and provide reliable service over a long time without sig- 
nificant degradation during their service life. Their operation does not de- 
pend on a person or an automated system, and these passive shading 
devices are considered fully effective when determining the peak cooling 
load and the annual energy use. The effectiveness of manually operated 
shading devices, on the other hand, varies greatly depending on the user 
habits, and this variation should be considered when evaluating perfor- 
mance. 

The primary function of an indoor shading device is to provide thermal 
comfort for the occupants. An unshaded window glass allows most of the 
incident solar radiation in, and also dissipates part of the solar energy it ab- 
sorbs by emitting infrared radiation to the room. The emitted radiation and 
the transmitted direct sunlight may bother the occupants near the window. 
In winter, the temperature of the glass is lower than the room air tempera- 
ture, causing excessive heat loss by radiation from the occupants. A shad- 
ing device allows the control of direct solar and infrared radiation while 
providing various degrees of privacy and outward vision. The shading 
device is also at a higher temperature than the glass in winter, and thus 
reduces radiation loss from occupants. Glare from draperies can be 
minimized by using off-white colors. Indoor shading devices, especially 
draperies made of a closed-weave fabric, are effective in reducing sounds 
that originate in the room, but they are not as effective against the sounds 
coming from outside. 

The type of climate in an area usually dictates the type of windows to be 
used imbuijdings. In cold climates where the heating load is much larger 
than the .cooling load, the windows should have the highest transmissivity 
for the entire solar spectrum, and a high reflectivity (or low emissivity) for 
the far infrared radiation emitted'by the walls and furnishings of the room. 
Low-e windows are well suited for such heating-dominated buildings. 
Properly designed and operated windows allow more heat into the build- 
ing,over a heating season than it loses, making them energy contributors 
rather then energy losers. In warm climates where the cooling load is 
much larger than the heating load, the windows should allow the visible 
solar radiation (light) in, but should block off the infrared solar radiation. 
Such windows can reduce the solar heat gain by 60 percent with no ap- 
preciable loss in day lighting. This behavior is approximated by window 
glazings that are coated with a heat-absorbing film outside and a low-e 
film inside (Fig. 12-51). Properly selected windows can reduce the cool- 
ing load by 15 to 30 percent compared to windows with clear glass. 

Note that radiation heat transfer between a room and its windows is pro- 
portional to the emissivity of the glass surface facing the room, e g]ass , and 
can be expressed as 


fi rad. room- window ^giasa glass ^(Troonn f 


Summer 



the sun’s rays completely in summer 
while letting them in in winter. 



Draperies reduce heat gain in summer 
by reflecting back solar radiation, and 
reduce heat loss in winter by forming 
an air space before the window. 


{ 12 - 58 ) 


Glass 



reflective (high infrared 

film reflectivity) 


(a) Cold climates 



( b ) Warm climates 

FIGURE 12-51 

Radiation heat transfer between a 
room and its windows is proportional 
to the emissivity of the glass surface, 
and low-e coatings on the inner 
surface of the windows reduce heat 
loss in winter and heat gain in 
summer. 


Therefore, a low-e interior glass will reduce the heat loss by radiation in 
winter (T glasi < T room ) and heat gain by radiation in summer (r glass > T xoom ). 

Tinted glass and glass coated with reflective films reduce solar heat gain 
in summer and heat loss in winter. The conductive heat gains or losses can 
be minimized by using multiple-pane windows. Double-pane windows are 
usually called for in climates where the winter design temperature is less 
than 1°C. Double-pane windows with tinted or reflective films are com- 
monly used in buildings with large window areas. Clear glass is preferred 
for showrooms since it affords maximum visibility from outside, but 
bronze-, gray-, and green-colored glass are preferred in office buildings 
since they provide considerable privacy while reducing glare. 


EXAMPLE 12-6 Installing Reflective Films on Windows 

A manufacturing facility located at 40° N latitude has a glazing area of 
that consists of double-pane windows made of clear glass (SHGC = 0,766). To 
reduce the solar heat gain in summer, a reflective film that reduces the SHGC 
to 0.261 Is considered. The cooling season consists of June, July, August, and 
September, and the heating season October through April. The average daily 
solar heat fluxes incident on the west side at this latitude are 1.86, 2.66, 
3.43, 4.00, 4.36, 5.13, 4.31, 3.93, 3.28, 2.80, 1.84, and 1.54 kWh/day • 
m 2 for January through December, respectively. Also, the unit cost of electric- 
ity and natural gas are $0.08/kWh and $0.50/therm, respectively. If the coef- 
ficient of performance of the cooling system is 2.5 and efficiency of the 
furnace is 0.8, determine the net annual cost savings due to installing reflec- 
tive coating on the windows. Also, determine the simple payback period if the 
installation cost of reflective film is $20/m 2 (Fig. 1 1-52). 



SOLUTION The net annual cost savings due to installing reflective 'film on the 
west windows of a building and the simple payback period are to be deter- 
mined. 

Assumptions 1 The calculations given below are for an average year. 2 The unit 
costs of electricity and natural gas remain constant. 

Analysis Using the daily averages for each month and noting the number of 
days of each month, the total solar heat flux incident on the glazing during 
summer and winter months are determined to be 


Gsoiar, summer = 5. 13 X 30 T 4.3 1 X 31 + 3.93 X 3 1 + 3.28 X 30 = 508 kWh/year 

= 2.80 X 31 + 1.84 X 30 + 1.54 X 31 + 1.86 X 31 
+ 2.66 X 28 + 3.43 X 31 +4.00X30 
= 548 fcWh/year 

Then the decrease in the annual cooling load and the increase in the annual 
heating load due to the reflective film become 

Cooling load decrease — • 2so]2r, summer ^glaiing (8 1 1G CS film SI ICiCS fii;;.) 

= (508 fc\Vh/year)(40 m 2 )(0.766 - 0.261) 

= 10,262 kWh/year 


Glass 






Heating load increase Gsoiar, winsr ^gimSng (SHGC^thout cim f,i m l 

= (548 kWh/year) (40 m 2 ) (0.76 6 - 0.261) 

-- 11 ,070 kWh/year = 377.7 therms/year 

since 1 therm = 29.31 kWh. The corresponding decrease in cooling costs and 
the increase in heating costs are 

Decrease in cooling costs — (Cooling load decrease)(Unit cost of electricity)/COP 

= (10,262 kWh/year)($0.08/kWh)/2.5 = $328/year 

Increase in heating costs = (Heating load increase)(Unit cost of fnel)/Efficiency 

= (377.7 therms/year)($0.50/therm)/0.80 = $236/year 

Then the net annual cost savings due to the reflective film become 

Cost savings = Decrease in cooling costs — Increase in heating costs 
- $328 - $236 = $92/year 

The implementation cost of installing films is 

Implementation cost — ($20/m 2 )(40 m 2 ) = $800 

This gives a simple payback period of 

Implementation cost $800 

Simple payback period = -r- , — 1 1 : — - = yegg, — ■ = 8.7 years 

r r Annual cost savmgs $92/year 

Discussion The reflective film will pay for itself in this case in about nine 
years. This may be unacceptable to most manufacturers since they are not usu- 
ally interested in any energy conservation measure that does not pay for itself 
within fh^ee years. But the enhancement in thermal comfort and thus the re- 
sulting increase in productivity often makes it worthwhile to install reflective 
film. 



FIGURE 12-52 

Schematic for Example 12-45. 
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Radiation propagates in the form of electromagnetic waves. 
Vat frequency v and wavelength A of electromagnetic waves in 
a medium are related by A = c/v, where c is the speed of prop- 
agation in that medium. All matter continuously emits thermal 
radiation as a result of vibrational and rotational motions of 
molecules, atoms, and electrons of a substance. 

A blackhody is defined as a perfect emitter and absorber of 
radiation. At a specified temperature and wavelength, no sur- 
face can emit more energy than a blackbody. A blackbody ab- 
sorbs all incident radiation, regardless of wavelength and 
direction. The radiation energy emitted by a blackbody per unit 
time and per unit surface area is called the blackbody emissive 


power E b and is expressed by the Stefan-Boltynann law as 

E b {T) = aT 4 

where cr = 5.670 X 10~ 3 W/nr ■ K 4 is the Stefan-Boltzmann 
constant and T is the absolute temperature of the surface in K. 
At any specified temperature, the spectral blackbody emissive 
power E bX increases with wavelength, reaches a peak, and then 
decreases with increasing wavelength. The wavelength at 
which the peak occurs for a specified temperature is given by 
Wien 's displacement law as 

(A7)™ p™ er = 2897.8 pm • K 


THERMAL RADIATION 


The blackbody radiation function f x represents the fraction of 
radiation emitted by a blackbody at temperature T in the wave- 
length band from A = 0 to A. The fraction of radiation energy 
emitted by a blackbody at temperature T over a finite wave- 
length band from A = A! to A = A 2 is determined from 

A,-A I (n=/A 1 (n-A 1 (r) 

where f x (T) and f x (T) are the blackbody radiation functions 
corresponding to A ( T and A 2 T, respectively. 

The magnitude of a viewing angle in space is described by 
solid angle expressed as den = dAJt 2 . The radiation intensity 
for emitted radiation I e (8, 4>) is defined as the rate at which ra- 
diation energy is emitted in the (8, 4>) direction per unit area 
normal to this direction and per unit solid angle about this di- 
rection. The radiation flux for emitted radiation is the emissive 
power E, and is expressed as 


E = 


dE = 


hemisphere 


ft* 


0 = 0 J 


17/2 


0* 0 


Iff), <j>) cos 8 sin 8 d6 d<f> 


For a diffusely emitting surface, intensity is independent of di- 
rection and thus 


E — trl e 


For a blackbody, we have 


E b 



and 


hCO = 


ME1 

T T 


o-r 4 

IT 


The radiation flux incident on a surface from all directions is 
irradiation G, and for diffusely incident radiation of intensity f 
it is expressed as 


G = irlj 


Spectral directional emissivity: 


8\,fK0, T) 


I Ke {k, 8, <j>, T ) 
4a(A, T) 


Total directional emissivity: 


e s (8, <j>, T) 


W, <f>, T) 

h(T) 


Spectral hemispherical emissivity: 


£ a(A> T) 


e x {K T) 

E b a (A, T) 


Total hemispherical emissivity: 


E(T) 
s(T) - £ ^ T) 


-cc 

£ a (A, T)E bx (k, T) dk 
. o 


o-r 4 


Emissivity can also be expressed as a step function by dividing 
the spectrum into a sufficient number of wavelength bands of 
constant emissivity as, for example, 

e(T) = e,/ 0 _ Ai (r) + e 2 / Al - Al (r) + erf^T) 

The total hemispherical emissivity’ s of a surface is the average 
emissivity over all directions and wavelengths. 

When radiation strikes a surface, part of it is absorbed, part 
of it is reflected, and the remaining part, if any, is transmitted. 
The fraction of incident radiation (intensity I, or irradiation G) 
absorbed by the surface is called the absorptivity, the fraction 
reflected by the surface is called the reflectivity, and the frac- 
tion transmitted is called the transmissivity. Various absorptiv- 
ittes, reflectivities, and transmissivities for a medium are 
expressed as 


The rate at which radiation energy leaves a unit area of a sur- 
face in all directions is radiosity J, and for a surface that is both 
a diffuse emitter and a diffuse reflector it is expressed as 


ajceCA, 8 , 4 >) 


4,abs(A, 6 , 4 >) 

h,i( A, 6, 4>) 


andp^A, 8 t ff) 


4, re f(A) 8 , (j > ) 

4.f(A, 4>) 


J = 1 Tf +r 

where I e+r is the sum of the emitted and reflected intensities. 
The spectral emitted quantities are related to total quantities as 




4 


h,t dk 

0 


f33 


and 


E = 


E> dX 


Jo 


They reduce for a diffusely emitting surface and for a black- 
body to 


E x = irI Xie and E bx (k, T) = irl bx {k, T) 

The emissivity of a surface represents the ratio of the radiation 
emitted by the surface at a given temperature to the radiation 
emitted by a blackbody at the same temperature. Different 
emissivities are defined as 


«a(A) = 


G Ai3b5 (A) 
G a (A) ’ 


Pa(A) - 


<WA) 

G a (A) ’ 


and 


t a (A) = 


Ga^CA) 

g a (A) 


a — 


^4bs 
G * 



and 


T 


G 


The consideration of wavelength and direction dependence of 
properties makes radiation calculations very complicated. 
Therefore, the gray and diffuse approximations are commonly 
utilized in radiation calculations. A surface is said to be diffuse 
if its properties are independent of direction and gray if its 
properties are independent of wavelength. 

The sum of the absorbed, reflected, and transmitted fractions 
of radiation energy must be equal to unity, 

a + p + r = 1 


For opaque surfaces, r = 0, and thus 

a + p = 1 

Surfaces are usually assumed to reflect in a perfectly specular 
or diffuse manner for simplicity. In specular (or mirrorlike) re- 
flection, the angle of reflection equals the angle of incidence of 
the radiation beam. In diffuse reflection, radiation is reflected 
equally in all directions. Reflection from smooth and polished 
surfaces approximates specular reflection, whereas reflection 
from rough surfaces approximates diffuse reflection. Kirch- 
hoff's law of radiation is expressed as 

e K e(T) = oc K 6 (T), s k {T) = ocffT), and s(7) = a(T) 

Gas molecules and the suspended particles in the atmosphere 
emit radiation as well as absorbing it. The atmosphere can be 


treated as a blackbody at some lower fictitious temperature, 
called the effective sky temperature T sky that emits an equivalent 
amount of radiation energy, 

G 5ky = trT_f ky 

The net rate of radiation heat transfer to a surface exposed to 
solar and atmospheric radiation is determined from an energy 
balance expressed as 

'jnet, rad ~b s <r(T ^ ky ) 

where T, is the surface temperature in K, and e is the surface 
emissivity at room temperature. 
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Electromagnetic and Thermal Radiation 

I2-1C What is an electromagnetic wave? How does it differ 
from a sound wave? 

K ^ ... | ' || ' M '"IJ V < A - , M 

*Problems designated by a “C" are concept questions, and 
students are encouraged to answer them all. Problems with the 
icon are solved using EES. Problems with the icon iU are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


12-2C By what properties is an electromagnetic wave 
characterized? How are these properties related to each 
other? 

12-3C What is visible light? How does it differ from the 
other forms of electromagnetic radiation? 

12-4 C How do ultraviolet and infrared radiation differ? Do 
you think your body emits any radiation in the ultraviolet 
range? Explain. 

12-5 C What is thermal radiation? How does it differ from 
the other forms of electromagnetic radiation? 




12-6 C What is the cause of color? Why do some objects ap- 
pear blue to the eye while others appear red? Is the color of a 
surface at room temperature related to the radiation it emits? 

12-7C Why is radiation usually treated as a surface 
phenomenon? 

12-8C Why do skiers get sunburned so easily? 

12-9C How does microwave cooking differ from conven- 
tional cooking? 

12-10 The speed of light in vacuum is given to be 3 .0 X 1 0 s m/s. 
Determine the speed of light in air (» = 1), in water (« = 1.33), 
and in glass (m = 1.5). 

12-11 Electricity is generated and transmitted in power lines 
at a frequency of 60 Hz (1 Hz = 1 cycle per second). Deter- 
mine the wavelength of the electromagnetic waves generated 
by the passage of electricity in power lines. 

12-12 A microwave oven is designed to operate at a fre- 
quency of 2.2 X 10 9 Hz. Determine the wavelength of these 
microwaves and the energy of each microwave. 

12-13 A radio station is broadcasting radio waves at a wave- 
length of 200 m. Determine the frequency of these waves. 
Answer: 1.5 X 10 s Hz 

12-14 A cordless telephone is designed to operate at a fre- 
quency of 8.5 X 10 s Hz. Determine the wavelength of these 
telephone waves. 


Blackbody Radiation 

12-15C What is a blackbody? Does a blackbody actually 
exist? 


12-16C Define the total and spectral blackbody emissive pow- 
ers. How are they related to each other? How do they differ? 

12-17C Why did we define the blackbody radiation func- 
tion? What does it represent? For what is it used? 


12-18C Consider two identical bodies, one at 1000 K and 
the other at 1500 K. Which body emits more radiation in the 
shorter- wavelength region? Which body emits more radiation 
at a wavelength of 20 pirn? 

12-19 Consider a surface at a uniform temperature of 800 K. 
Determine the maximum rate of thermal radiation that can be 
emitted by this surface, in W/m 2 . 


12-20 Consider a 20-cm X 20-cm X 20-cm cubical body at 
750 K suspended in the air. Assuming the body closely ap- 
proximates a blackbody, determine (a) the rate at which the 
cube emits radiation energy, in W and (b) the spectral black- 
body emissive power at a wavelength of 4 pm. 


12-21 





The sun can be treated as a blackbody at 
5780 K. Using EES (or other) software, calcu- 


late and plot the spectral blackbody emissive power E bX of the 
sun versus wavelength in the range of 0.01 pm to 1000 pirn. 
Discuss the results. 


12-22 The temperature of the filament of an incandescent 
lightbulb is 3200 K. Treating the filament as a blackbody, de- 
termine the fraction of the radiant energy emitted by the fila- 
ment that falls in the visible range. Also, determine the 
wavelength at which the emission of radiation from the fila- 
ment peaks. 


12-23 



on the fraction 


Reconsider Prob. 12-22. Using EES (or other) 
software, investigate the effect of temperature 
of radiation emitted in the visible range. Let the 


surface temperature vary from 1000 K to 4000 K, and plot frac- 
tion of radiation emitted in the visible range versus the surface 


temperature, 

12-24 An incandescent lightbulb is desired to emit at least 
15 percent of its energy at wavelengths shorter than 0.8 fim. 
Determine the minimum temperature to which the filament of 
the lightbulb must be heated. 

12-25 It is desired that the radiation energy emitted by a light 
source reach a maximum in the blue range (A = 0.47 ptm). De- 
termine the temperature of this fight source and the fraction of 
radiation it emits in the visible range (A = 0.40-0.76 p.m). 


12-26 A 3-mm-thick glass window transmits 90 percent of 
the radiation between A = 0.3 and 3.0 pan and is essentially 
opaque for radiation at other wavelengths. Determine the rate 
of radiation transmitted through a 2-m X 2-m glass window 
from blackbody sources at (a) 5800 K and ( b ) 1000 K. 

Answers: ( a ) 218,400 kW, (6) 55.8 kW 


Radiation Intensity 

12-27 C What does a solid angle represent, and how does it 
differ from a plane angle? What is the value of a solid angle as- 
sociated with a sphere? 

12-28C How is the intensity of emitted radiation defined? 
For a diffusely emitting surface, how is the emissive power re- 
lated to the intensity of emitted radiation? 

12-29 C For a surface, how is irradiation defined? For dif- 
fusely incident radiation, how is irradiation on a surface related 
to the intensity of incident radiation? 

12-30 C For a surface, how is radiosity defined? For diffusely 
emitting and reflecting surfaces, how is radiosity related to the 
intensities of emitted and reflected radiation? 

12-31 C When the variation of spectral radiation quantity 
with wavelength is known, how is the corresponding total 
quantity determined? 

12-32 A small surface of area A, = 8 cm 2 emits radiation as 
a blackbody at 7\ = 800 K. Part of the radiation emitted by A, 


strikes another small surface of area A 2 — 8 cm 2 oriented as 
shown in the figure. Determine the solid angle subtended by A 2 
when viewed from A^ and the rate at which radiation emitted 
by^! strikes A 2 directly. What would your answer be if A 2 were 
directly above Aj at a distance of 80 cm? 


A 2 — S cm 2 



7j = 800 K 

FIGURE PI 2-32 

12-33 A small circular surface of area A, = 2 cm 2 located at 
the center of a 2-m-diameter sphere emits radiation as a black- 
body at T j — 1000 K. Determine the rate at which radiation en- 
ergy is streaming through a D 2 = 1-cm-diameter hole located 
(a) on top of the sphere directly above A! and (&) on the side of 
sphere such that the line that connects the centers of A\ and A 2 
makes 45° with surface A;. 

12-34 Repeat Prob. 12-33 for a 4-m-diameter sphere. 

12-35 A small surface of area A = 1 cm 2 emits radiation as a 
blackbody at 1 800 K. Determine the rate at which radiation en- 
ergy is emitted through a band defined by 0 ^ ^ 2-tt and 45 

< 0 < 60°, where 6 is the angle a radiation beam makes with 
the normal of the surface and 4> is the azimuth angle. 

12-36 A stimuli surface of area A = 1 cm 2 is subjected to in- 
cident radiation of constant intensity /,- = 2.2 X 10 4 W/m 2 * sr 
over the entire hemisphere. Determine the rate at which radia- 
tion energy is incident on the surface through (a) 0 < 8 45° 

and (£>) 45 < d < 90°, where 6 is the angle a radiation beam 
makes with the normal of the surface. 

* i 

Radiation Properties 

12-37C Define the properties emissivity and absorptivity. 
When are these two properties equal to each other? 

12-38C Define the properties reflectivity and transmissivity 
and discuss the different forms of reflection. 

12-39C What is a graybody? How does it differ from a 
blackbody? What is a diffuse gray surface? 

12-40C What is the greenhouse effect? Why is it a matter of 
great concern among atmospheric scientists? 

12-41 C We can see the inside of a microwave oven during 
operation through its glass door, which indicates that visible 
radiation is escaping the oven. Do you think that the harmful 
microwave radiation might also be escaping? 


12-42 The spectral emissivity function of an opaque surface 
at 1000 K is approximated as 

{ Si = 0.4, 0^A<2 pm 

e 2 ' 0.7, 2 pm < A < 6 pm 

e 3 = 0.3, 6 pm < A < eo 

Determine the average emissivity of the surface and the rate of 
radiation emission from the surface, in W/m 2 . 

Answers: 0.575, 32.6 kW/m 2 

12-43 The reflectivity of aluminum coated with lead sulfate 
is 0.35 for radiation at wavelengths less than 3 pm and 0.95 for 
radiation greater than 3 pm. Determine the average reflectivity 
of this surface for solar radiation (T ~ 5800 K) and radiation 
coming from surfaces at room temperature (T == 300 K). Also, 
determine the emissivity and absorptivity of this surface at both 
temperatures. Do you think this material is suitable for use in 
solar collectors? 

12-44 A furnace that has a 40-cm X 40-cm glass window 
can be considered to be a blackbody at 1200 K. If the trans- 
missivity of the glass is 0.7 for radiation at wavelengths less 
than 3 pm and zero for radiation at wavelengths greater than 
3 pm, determine the fraction and the rate of radiation coming 
from the furnace and transmitted through the window. 

12-45 The emissivity of a tungsten filament can be approxi- 
mated to be 0.5 for radiation at wavelengths less than 1 pm and 
0.15 for radiation at greater than 1 pm. Determine the average 
emissivity of the filament at (a) 2000 K and (b) 3000 K, Also, 
determine the absorptivity and reflectivity of the filament at 
both temperatures. 

12-46 The variations of the spectral emissivity of two sur- 
faces are as given in Fig. P12— 46. Determine the average emis- 
sivity of each surface at T = 3000 K. Also, determine the 
average absorptivity and reflectivity of each surface for radia- 
tion coming from a source at 3000 K. Which surface is more 
suitable to serve as a solar absorber? 
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12-47 The emissivity of a surface coated with aluminum ox- 
ide can be approximated to be 0. 15 for radiation at wavelengths 
less than 5 pm and 0.9 for radiation at wavelengths greater 
than 5 pm. Determine the average emissivity of this surface 

at (a) 5800 K and {b) 300 K. What can you say about the 

* 
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are 




Sun; 





B cial Topic: Solar Heat Gain through Windows 

65C What fraction of the solar energy is in the visible 
£ W otTde the earth’s atmosphere : and M a. £ .level on 
-fh? Answer the same question for infrared radiatio . 

- 66 C Describe the solar radiation properties of a window 
Jt is ideally suited for minimizing the air-conditioning 

-67C Define the SHGC (solar heat gain 

an how it differs from the SC (shading coefficn - ^ ® ™ 

lues of the SHGC and SC of a single-pane clear-glass window . 

> 68C What does the SC (shading coefficient) of a device 
present? ftcjw do the SCs of clear glass and heat-absorbing 

ass compare? 

2-69C What is a shading device? Is an internal or external 
adtag device more effective in redicing the solar heat gam 
“ugh a window? How does the color of the surface of a 
hading device facing outside affect the soiar heat gal . 

2-70C What is the effect of a low-e coating on the inner 
nice of a window glass on the «r) hear loss m wrnter and 
b) heat gain in summer through the window. 

Yi 7 ic What is the effect of a reflective coating on the outer 
'nrflL of a WMOW glass on the «.) heat loss m wrnter and 
■b) heat gain in summer through the window? 

12-72 A manufacturing facility located at 32 ^ latlt “^^ 

a glazing area of 60 rtf facing “ = '0 766 ) To re- 
pane windows made of clear glas ( . , . 

dace the solar heat gain in summer a refl ecw film th a wd 
A tu* QHnr to 0 35 is considered. The cooling season 

cmisists 1 of hme^idy. August, and September, and the lmauiui 
season, October through April. The average daily solar heat 

fluxes incident 00 9 /^ 33 , and 2.07 

kWh/dav - m 2 for January through December, respective y. 


Also the unit costs of electricity and natural „... 

SO. 09/kWh and $0.45/therm (1 therm = 105,500 kl), respec- 
tively. If the coefficient of performance of the cooling system 
is 3.2 and the efficiency of the furnace is 0.90, determine the 
net annual cost savings due to installing reflective coating ™ 
the windows. Also, determine the simple payback period if the 
installation cost of reflective film is $20/m . 

Answers: $76, 16 years 

12-73 A house located in Boulder, Colorado (40" N lati- 
tude), has ordinary double-pane wi “^* w ^ 6 4 'mCtht 

classes and the total window areas are 8, 6, 6, and 4 m on t 

south west, east, and north walls, respectively Detemune the 

• total soku heat gain of the house a. 9:00, 12:00, and 15:00 so 
lallime in July. Also, detemune the total amount of solar heat 

gain per day for an average day in January. 

12-74 Repeat Prob. 1 1-73 for double-pane windows that are 

gray-tinted. 

12-75 Consider a building in New York (40° N latitude) tha 
£ ,30 rftf window area on its south wall. The wmjow. ^ 

table-pane heat-absorbing type, and rue , 
colored Venetian blinds with a shadrng coeftaent ofSC 
0 30. Determine the total solar heat gain would 

through the south windows at solar noon “ Apnl. Wtat 
your answer be if there were no blinds at the wmdo - 
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FIGURE PI 2-75 

12-76 A typical winter day in Reno, Nevada (39° N latitude), 
S but Sony, and thus the solar heat gain tough the wi- 
dows can be more than the heat loss through them dunng day 
time Consider a house with double-door-type windows th 
r double paned with 3-mm-«ck gtases and 64 - , ofatr 
space and have aluminum frames and spacers. The 

maintained at 22"C at all times. ^through an 

me more or less heat than it is gaming from tl ' c s m '" ' f h 
ast window on a typical day in lanuary for a 24-h penod rf the 

average outdoor temperature is 10°C. Answer: less 

,2-77 Repeat Prob. 12-76 for a south window. 

12-78E -Determine the rale of net to. l gain i (or 

fixed 3-mm sir 
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aluminum frames on the west wall at 3 pm solar time during a 
typical day in January at a location near 40° N latitude when 
the indoor and outdoor temperatures are 20°C and -7°C 
respectively. Answer: 4584 W gain 

12-79 Consider a building located near 40° N latitude that 

has equal window areas on all four sides. The building owner is 

considering coating the south-facing windows with reflective 

him to reduce the solar heat gain and thus the cooling load But 

someone suggests that the owner will reduce the cooling load 

even, more if she coats the west-facing windows instead. What 
do you think? 


Review Problems 

* The spectral em 'ssivity of an opaque surface at 
tout! K is approximated as 

e i = 0 for A <C 2 pm 

s 2 — 0.S5 for 2 £ A ^ 6 pm 

s 3 ~ 0 for A > 6 pm 

Determine the total emissivity and the emissive flux of the 
surface. 

12 81 The spectral transmissivity of a 3 -mm- thick regular 
glass can be expressed as 

= 0 for A < 0.35 pm 
r 2 = 0.85 for 0.35 < A < 2.5 pm 
T 3 " 0 for A > 2.5 pm 

Determine the transmissivity of this glass for solar radiation 
What is the transmissivity of this glass for light? 

12-8 2 A 1-m-diameter spherical cavity is maintained at a 
uniform temperature of 600 K. Now a 5-mm-diameter hole is 
drilled. Determine the maximum rate of radiation energy 
streaming through the hole. What would your answer be if the 
diameter of the cavity were 3 m? 
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12 83 The spectral absorptivity of an opaque surface is as 
shown on the graph. Determine the absorptivity of the surface 
lor radiation emitted by a source at (a) 1000 K and (b) 3000 K. 


— ieceives solar radiation at 

a rate of 470 W/m 2 . Determine the solar absorptivity of the sur- 
face and the rate of absorption of solar radiation. 


12-85 The spectral transmissivity of a glass cover used in a 
solar collector is given as 


T\ — 0 for A < 0.3 jxm 

t 2 = 0.9 for 0.3 < A < 3 (xm 

r 3 ~ 0 for A > 3 jxm 

Solar radiation is incident at a rate of 950 W/m 2 , and the ab- 
sorber plate, which can be considered to be black, is main- 
tained at 340 K by the cooling water. Determine (a) the solar 
flux incident on the absorber plate, (b) the transmissivity of 
he glass cover for radiation emitted by the absorber plate, and 
(c) the rate of heat transfer to the cooling water if the glass 
cover temperature is also 340 K. 


« „ auiiciuc ui area A = 3.3 cm- 

maintained at 600 K. Determine the rate at which radiation en- 
ergy is emitted by the surface through a ring-shaped opening 
defined by 0 < 0 and 40 < 6 < 50°, where A is the 

azimuth angle and 6 is the angle a radiation beam makes with 
the normal of the surface. 


12-87 Solar radiation is incident on the front surface of a thin 
plate with direct and diffuse components of 300 and 250 W/m 2 
respectively. The direct radiation makes a 30° angle with the nor- 
mal of the surface. The plate surfaces have a solar absorptivity of 
0.63 and an emissivity of 0.93. The air temperature is 5°C and 
the convection heat transfer coefficient is 20 W/m 2 • °C. The ef- 
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CHARTERS 



fective sky temperature for the front surface is 33. C white the 
surrounding surfaces are at 5°C for the back surface. Determine 
the equilibrium temperature of the plate. 

Fundamentals of Engineering (EE) Exam Problems 

12-88 Consider a surface at — 5°C in an environment at 
25°C. The maximum rate of heat that can be emitted from this 

surface by radiation is , _ 

(o) OW/m 2 (6) 155 W/m 2 (c) 293 W/m 

(d) 354 W/m 2 (e) 567 W/m 2 
12-89 The wavelength at which the blackbody emissive 
power reaches its maximum value at 300 K is 
(a) 5.1 pm (b) 9.7 pm (c) 15.5 pm 
(d) 38.0 pm (e) 73.1 pm 

12-90 Consider a surface at 500 K. The spectral blackbody 
emissive power at a wavelength of 50 pm is 
(«) 1.54 W/m 2 - pm (A) 26.3 W/m 2 • pm 

(c) 108.4 W/m 2 ■ pm (d) 2750 W/m 2 * pm 

0) 8392 W/m 2 - pm 

12-91 A surface absorbs 10 percent of radiation at wave- 
lengths less than 3 pm and 50 percent of radiation at wave- 
lengths greater than 3 pm. The average absorptivity of this 
surface for radiation emitted by a source at 3000 K is 
(a) 0.14 (A) 0.22 (c) 0.30 (d) 0.38 (e) 0.42 

12-92 Consider a 4-cm-diameter and 6-cm-Iong cylindrical 
rod at 1000 K. If the emissivity of the rod surface is 0.75, the 
total amount of radiation emitted by all surfaces of the rod in 

20 min is 

( d) 43 kJ (6) 385 kJ (c) 434 kJ 

(d) 513 kJ (e) 684 kl 

12-93 §olar radiation is incident on a semi-transparent body 
at a rate of 500 W/m 2 . If 150 W/m 2 of this incident radiation is 
reflected bad and 225 W/m 2 is transmitted across the body, the 

absorptivity of the body is ^ 

(a) 0 (b) 0.25 (c) 0.30 (d) 0.45 (e) 1 

12-94 Solar radiations is incident on an opaque surface at a 
rate of/400 W/m 2 . The emissivity of the surface is 0.65 and the 


absorptivity to solar radiation is 0.85. The convection coeffi- 
cient between the surface and the environment at 25°C is 
6 W/m 2 • °C. If the surface is exposed to atmosphere with an 
effective sky temperature of 250 K, the equilibrium tempera- 
ture of die surface is 

( fl ) 281 K ( b ) 298 K (c) 303 K 

(d) 317 K (e) 339 K 

1^—95 A surface is exposed to solar radiation. The direct and 
diffuse components of solar radiation are 350 and 250 W/m 2 , 
and the direct radiation makes a 35° angle with the normal of 
the surface. The solar absorptivity and the emissivity of the sur- 
face are 0.24 and 0.41, respectively. If the surface is observed 
to be at 315 K and the effective sky temperature is 256 K, the 
net rate of radiation heat transfer to the surface is 
(a) — 129 W/m 2 (A) —44 W/m 2 (c) OW/m 2 
(d) 129 W/m 2 0) 537 W/m 2 

12-96 A surface at 300°C has an emissivity of 0.7 in the wave- 
length range of 0-4.4 pm and 0.3 over the rest of the wavelength 
range. At a temperature of 300°C, 19 percent of the blackbody 
emissive power- is in wavelength range up to 4.4 pm. The total 

emissivity of this surface is 
(a) 0.300 ( b ) 0.376 (c) 0.624 

(d) 0.70 (e) 0.50 

Design and Essay Problems 

12—97 Write an essay on the radiation properties of selective 
surfaces used on the absorber plates of solar collectors. Find 
out about the various kinds of such surfaces, and discuss the 
performance and cost of each type. Recommend a selective 
surface that optimizes cost and performance. 

12-98 According to an Atomic Energy Commission report, 
a hydrogen bomb can be approximated as a large fireball at 
a temperature of 7200 K. You are to assess the impact if such a 
bomb exploded 5 km above a city. Assume the diameter of 
the fireball to be l km, and the blast to last 15 s. Investigate 
the level of radiation energy people, plants, and houses will be 
exposed to, and how adversely they will be affected by the 

blast. 







n Chapter 12, we considered the fundamental aspects of radiation and the 
radiation properties of surfaces. We are now in a position to consider 
radiation exchange between two or more surfaces, which is the primary 

quantity of interest in most radiation problems. 

We start this chapter with a discussion of view factors and the rules associ- 
ated with them. View factor expressions and charts for some common config- 
urations are given, and the crossed-strings method is presented. We then 
discuss radiation heat transfer, first between black surfaces and then between 
nonblack surfaces using the radiation network approach. We contmue with ra- 
diation shields and discuss the radiation effect on temperature measurements 
and comfort. Finally, we consider gas radiation, and discuss the effective 
emissivities and absorptivities of gas bodies of various shapes. We also discuss 
radiation exchange between the walls of combustion chambers and the high- 
temperature emitting and absorbing combustion gases inside. 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

m Define view factor, and understand its importance in radiation heat transfer calculations, 
a Develop view factor relations, and calculate the unknown view factors in an enclosure 

by using these relations, ✓ 

a Calculate radiation heat transfer between black surfaces, 
m Determine radiation heat transfer between diffuse and gray surfaces in an enclosure 
-using the concept of radiosity, 

■ Obtain relations for net rate of radiation heat transfer between the surfaces of a two-zone 
enclosure, including two large parallel plates, two long concentric cylinders, and two 

concentric spheres, 

b Quantify the effect of radiation shields on the reduction of radiation heat transfer 
between two surfaces, and become aware of the importance of radiation effect in 

temperature measurements. 
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FIGURE 13-1 

Radiation heat exchange between 
surfaces depends on the orientation 
of the surfaces relative to each other, 
and this dependence on orientation is 
accounted for by the view factor. 



FIGURE 13-2 

Geometry for the determination of the 
view factor between two surfaces. 


13-1 - THE VIEW FACTOR 

Radiation heat transfer between surfaces depends on the orientation of the 
surfaces relative to each other as well as their radiation properties’ and tem- 
peratures, as illustrated in Fig. 13-1. For example, a camper can make the 
most use of a campfire on a cold night by standing as close to the fire as pos- 
sible and by blocking as much of the radiation coming from the fire by turn- 
ing his or her front to the fire instead of the side. Likewise, a person can 
maximize the amount of solar radiation incident on him or her and take a sun- 
bath by lying down on his or her back instead of standing. 

To account for the effects of orientation on radiation heat transfer between 
two surfaces, we define a new parameter called the view factor, which is a 
purely geometric quantity and is independent of the surface properties and 
temperature. It is also called the shape factor, configuration factor, and angle 
factor. The view factor based on the assumption that the surfaces are diffuse 
emitters and diffuse reflectors is called the diffuse view factor, and the view 
factor based on the assumption that the surfaces are diffuse emitters but spec- 
ular reflectors is called the specular view factor. In this book, we consider ra- 
diation exchange between diffuse surfaces only, and thus the term view factor 
simply means diffuse view factor. 

The view factor from a surface i to a surface j is denoted by F x ^ ■ or just F r , 
and is defined as ' 1 u> 

F/j = the fraction of the radiation leaving surface i that strikes surface j directly 

The notation F t ^ is instructive for beginners, since it emphasizes that the 
view factor is for radiation that travels from surface i to surface/ However, 
this notation becomes rather awkward when it has to be used many times in a 

problem. In such cases, it is convenient to replace it by its shorthand ver- 
sion Fjj. 

The view factor F n represents the fraction of radiation leaving surface 1 that 
strikes surface 2 directly, and F 2i represents the fraction of radiation leaving 
surface 2 that strikes surface 1 directly. Note that the radiation that strikes a 
surface does not need to be absorbed by that surface. Also, radiation that 
strikes a surface after being reflected by other surfaces is not considered in the 
evaluation of view factors. 

To develop a general expression for the view factor, consider two differen- 
tial surfaces dA x and dA 2 on two arbitrarily oriented surfaces A l and A 2 , re- 
spectively, as shown in Fig. 13-2. The distance between dA x and dA 2 is r, and 
the angles between the normals of the surfaces and the line that connects dA x 
and dA 2 are 6 X and 0 2 , respectively. Surface 1 emits and reflects radiation dif- 
fusely in all directions with a constant intensity of/, and the solid angle sub- 
tended by dA 2 when viewed by dA x is dto 2X . 

The rate at which radiation leaves dA x in the direction of 0 X is / cos 6 x dA x . 

Noting that d<o 2X = dA 2 cos 0 2 /r 2 , the portion of this radiation that strikes 
dA 2 is 


/S r ft J A J r Atj dA 2 COS $2 

Q dA l — > dA} - I\ cos dA l dco 2 \ — I\ cos e } dA } - — ~ — - 

r 


(13-1) 


The total rate at which radiation leaves dA l (via emission and reflection) in all 
directions is the radiosity (which is J x = 7rl x ) times the surface area, 

Q Mi = J x dA: = irh dAi ( 13 “ 2 > 

Then the differential view factor dF dAi dAi , which is the fraction of radiation 
leaving dA x that strikes dA 2 directly, becomes 


dF, 


QdA, -> dA, COS 8\ COS 0' 


rfAj — 1 dA, 


dA- 


QdAi 


•nr 


(13-3) 


The differential view factor dF dAi _ dAi can be determined from Eq. 13-3 by 
interchanging the subscripts 1 and 2. 

The view factor from a differential area dA x to a finite area A 2 can be 
determined from the fact that the fraction of radiation leaving dA x that strikes 
A 2 is the sum of the fractions of radiation striking the differential areas dA 2 . 
Therefore, the view factor F dAi _> is determined by integrating dF dAi 
over A 2 , 


dA i Ai 


COS 8 X COS &2 
,a 3 -nr 2 


dA 2 


i 

(13-4) 


The total rate at which radiation leaves the entire A x (via emission and re- 
flection) in all directions is 

Qa, ~ 3 \A\ = tt1 x A x (13-5) 

The portion of this radiation that strikes dA 2 is determined by considering the 
radiation that leaves dA x and strikes dA 2 (given by Eq. 13-1), and integrating 
it over Ai, 
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QdA x 


.i, | ->dA 2 

' ^ Mi 


I x COS 8 X COS 0 2 ^A 2 


dA x 


(13-6) 


Integration of this relation over A 2 gives the radiation that strikes the entire A 2 , 
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(13-7) 


Dividing this by the total radiation leaving A! (from Eq. 13-5) gives the frac- 
tion of radiation leaving A , that strikes A 2 , which is the view factor F Af _> (or 
F X2 for short), 
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F\ 2 — F A 
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(13-8) 


The view factor F Ai _> Al is readily determined from Eq. 13-8 by interchanging 
the subscripts 1 and 2, 


F 2t =F 
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(13-9) 



(b) Convex surface 



(c) Concave surface 

FIGURE 13-3 

The view factor from a surface to itself 
is zero for plane or convex surfaces 
and nonzero for concave surfaces. 


Outer 



FIGURE 13-4 

In a geometry that consists of two 
concentric spheres, the view factor 
F l ^ rl = 1 since the entire radiation 
leaving the surface of the smaller 
sphere is intercepted by the 
larger sphere. 


Note that/! is constant but r, d h and d 2 are variables. Also, integrations can be 
performed in any order since the integration limits are constants. These rela- 
tions confirm that the view factor between two surfaces depends on their rela- 
tive orientation and the distance between them. 

Combining Eqs. 13-8 and 13-9 after multiplying the former by A } and the 
latter by A 2 gives 


A\F\2 — A 2 F 2 \ ( 13 - 10 } 

which is known as the reciprocity relation for view factors. It allows the cal- 
culation of a view factor from a knowledge of the other. 

The view factor relations developed above are applicable to any two sur- 
faces i and j provided that the surfaces are diffuse emitters and diffuse reflec- 
tors (so that the assumption of constant intensity is valid). For the special case 
of j = i, we have 

F i ^ ; — the fraction of radiation leaving surface i that strikes itself directly 

Noting that in the absence of strong electromagnetic fields radiation beams 
travel in straight paths, the view factor from a surface to itself is zero unless 
the surface "sees” itself. Therefore, ; — 0 for plane or convex surfaces and 
Fj^jf 0 for concave surfaces, as illustrated in Fig. 13-3. 

The value of the view factor ranges between zero and one. The limiting case 
= 0 indicates that the two surfaces do not have a direct view of each 
other, and thus radiation leaving surface i cannot strike surface j directly. The 
other limiting case F f — 1 indicates that surface j completely surrounds sur- 
face i, so that the entire radiation leaving surface i is intercepted by surface j. 
For example, in a geometry consisting of two concentric spheres, the entire 
radiation leaving the surface of the smaller sphere (surface 1) strikes the larger 
sphere (surface 2), and thus F i ^ 2 ~ h as illustrated in Fig. 13—4. 

The view factor has proven to be very useful in radiation analysis because it 
allows us to express the fraction of radiation leaving a surface that strikes an- 
other surface in terms of the orientation of these two surfaces relative to each 
other. The underlying assumption in this process is that the radiation a surface 
receives from a source is directly proportional to the angle the surface sub- 
tends when viewed from the source. This would be the case only if the 
radiation coming off the source is uniform in all directions throughout its 
surface and the medium between the surfaces does not absorb, emit, or scatter 
radiation. That is, it is the case when the surfaces are isothermal and diffuse 
emitters and reflectors and the surfaces are separated by a nonparticipating 
medium such as a vacuum or air. 

The view factor F i _ >2 between two surfaces A! andA 2 can be determined in 
a systematic manner first by expressing the view factor between two differen- 
tial areas dA } and dA 2 in terms of the spatial variables and then by performing 
the necessary integrations. However, this approach is not practical, since, even 
for simple geometries, the resulting integrations are usually very complex and 
difficult to perform. 

View factors for hundreds of common geometries are evaluated and the re- 
sults are given in analytical, graphical, and tabular form in several publica- 
tions. View factors for selected geometries are given in Tables 13-1 and 13-2 
in analytical form and in Figs. 13-5 to 13-8 in graphical form. The view 


TABLE 13-1 . ' \ • ' • • • — . 

View factor expressions for some common geometries of finite size (3-D) 



in Table 13-2, on the other hand, are for geometries that are infinitely long 
in the direction perpendicular to the plane of the paper and are therefore 
two-dimensional. 

13-2 ■ VIEW FACTOR RELATIONS 

Radiation analysis on an enclosure consisting of N surfaces requires the eval- 
uation of N 2 view factors, and this evaluation process is probably the most 
time-consuming part of a radiation analysis. However, it is neither practical 
nor necessary to evaluate all of the view factors directly. Once a sufficient 
number of view factors are available, the rest of them can be determined by 
utilizing some fundamental relations for view factors, as discussed next. 



View factor expressions for some infinitely long (2-D) geometries 



1 The Reciprocity Relation 

The view factors F f and Fj^ are not equal to each other unless the areas of 
the two surfaces are. That is. 


“ F;^j when Ai = A } 

# Fi_,j when A; ^ A } 


i 
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FIGURE 13-8 

View factors for two concentric cylinders of finite length: (a) outer cylinder to inner cylinder; ( b ) outer cylinder to itself. 







We have shown earlier that the pair of view factors F ; j and Fj _> are related 
to each other by 


This relation is referred to as the reciprocity relation or the reciprocity rule, 
and it enables us to determine the counterpart of a view factor from a knowl- 
edge of the view factor itself and the areas of the two surfaces. When deter- 
mining the pair of view factors F, and Fj_ >h it makes sense to evaluate first 
the easier one directly and then the more difficult one by applying the reci- 
procity relation. 

2 The Summation Rule 

The radiation analysis of a surface normally requires the consideration of the 
radiation coming in or going out in all directions. Therefore, most radiation 
problems encountered in practice involve enclosed spaces. When formulating 
a radiation problem, we usually form an enclosure consisting of the surfaces 
interacting radiatively. Even openings are treated as imaginary surfaces with 

radiation properties equivalent to those of the opening* ^ 

The conservation of energy principle requires that the entire radiation leav- 
ing any surface i of an enclosure be intercepted by the surfaces ot 
the enclosure. Therefore, the sum of the view factors from surface i of an en- 
closure to all surfaces of the enclosure, including to itself, must equal unity. 
This is known as the summation rule for an enclosure and is expressed as 

(Fig. 13-9) 


2^=1 


J=1 


(13-12) 


where N isfhe number of surfaces of the enclosure. For example, applying the 
summation rjfSle to surface 1 of a three-surface enclosure yields 

' f 

Thd^summation rule can be applied to each surface of an enclosure by vary- 
ing i from 1 to N. Therefore, the summation rule applied to each of the N sur- 
faces of an enclosure gives N relations for the determination of the view 
factors. Also, the reciprocity rule gives ±N(N - 1) additional relations Then 
the total number of view factors that need to be evaluated directly for an 

AT-surface enclosure becomes 

— [N + ±N(N - 1)] - \N(N - 1) 

For example, for a six-surface enclosure, we need to determine only 
I x 6(;6 _ i) = 15 of the 6 2 = 36 view factors directly. The remaining 
21 view factors can be determined from the 21 equations that are obtained by 
applying the reciprocity and the summation rules. 


Surface i 



Radiation leaving any surface i of 
an enclosure must be intercepted 
completely by the surfaces of the 
enclosure. Therefore, the sum of 
the view factors from surface i to 
each one of the surfaces of the 
enclosure must be unity. 



The geometry considered 
in Example 13-1. 


EXAMPLE 13-1 


View Factors Associated with Two Concentric 
Spheres 


Determine the view factors associated with an enclosure formed by two con- 
centric spheres, shown in Fig, 13-10, 


SOLUTION The view factors associated with two concentric spheres are to be 
determined. 

Assumptions The surfaces are diffuse emitters and reflectors. 

Analysis The outer surface of the smaller sphere (surface 1) and inner surface 
of the larger sphere (surface 2) form a two-surface enclosure. Therefore, N = 2 
and this enclosure involves N 2 = 2 2 = 4 vi ew factors, which are F n , F 12 , F 21 , 
and F 22 . In this two-surface enclosure, we need to determine only 

{N(N - 1) = i X 2(2 - 1) = 1 

view factor directly. The remaining three view factors can be determined by the 
application of the summation and reciprocity rules. But it turns out that we can 
determine not only one but two view factors directly in this case by a simple 
inspection: 

F u — 0, since no radiation leaving surface 1 strikes itself 
F l2 = 1 , since all radiation leaving surface 1 strikes surface 2 

Actually it would be sufficient to determine only one of these view factors by 
inspection, since we could always determine the other one from the summation 
rule applied to surface 1 as F u + F 12 = 1. 

The view factor F 21 is determined by applying the reciprocity relation to sur- 
faces 1 and 2: 


A)F ]2 = A-,F- 


2 1 2] 


which yields 


^1 = 


Ai 4n v? 

=— 4 X 1 

Ar 4-nr? 



Finally, the view factor F 22 is determined by applying the summation rule to 
surface 2: 


F% i + F 22 — 1 


and thus 


F 22 - 1 - F,« = 1 - i - 


2 ! 



Discussion Note that when the outer sphere is much larger than the. inner 
sphere ( r 2 > rj, F 22 approaches one. This is expected, since the fraction of 
radiation leaving the outer sphere that is intercepted by the inner sphere will 
be negligible in that case. Also note that the two spheres considered above do 
not need to be concentric. However, the radiation analysis will be most accu- 
rate for the case of concentric spheres, since the radiation is most likely to be 
uniform on the surfaces in that case. 




3 The Superposition Rule 

Sometimes the view factor associated with a given geometry is not available 
j n standard tables and charts. In such cases, it is desirable to express the given 
geometry as the sum or difference of some geometries with known view fac- 
tors, and then to apply the superposition rule, which can be expressed as the 
view factor from a surface i to a surface j is equal to the sum of the view fac- 
tors from surface i to the parts ofswface j . Note that the reverse of this is not 
true. That is, the view factor from a surface j to a surface i is not equal to the 
sum of the view factors from the parts of surface j to surface i. 

Consider the geometry in Fig. 13-11, which is infinitely long in the 
direction perpendicular to the plane of the paper. The radiation that leaves 
surface 1 and strikes the combined surfaces 2 and 3 is equal to the sum of the 
radiation that strikes surfaces 2 and 3. Therefore, the view factor from surface 
1 to the combined surfaces of 2 and 3 is 

fW, 3) = F X _ 2 + F X ^ (13-13) 

Suppose we need to find the view factor F x 3 . A quick check of the view 
factor expressions and charts in this section reveals that such a view fadtor 
cannot be evaluated directly. However, the view factor F x ^ 3 can be deter- 
mined from Eq. 13-13 after determining both F x and F t _» ( 2t3) from the 
chart in Table 13-2. Therefore, it may be possible to determine some difficult 
view factors with relative ease by expressing one or both of the areas as the 
sum or differences of areas and then applying the superposition rule. 

To obtain a relation for the view factor F (2i 3) j, we multiply Eq. 13-13 

byA b 


A\F [ -»(2,3) — A X F X _^ 2 + A X F X _> 3 

and apply , (he reciprocity relation to each term to get 

/ (A 2 + A 3 )F [2, 3) — > j = a 2 f 2 ! 4- A 3 F 3 i 

✓ 

or 

7 A 2 F 2 -> i + A 3 F 3 _, ( 

** (2, 3) 1 ~ A z +A 3 


( 13 - 14 ) 


Areas that are expressed as the sum of more than two parts can be handled in 
a similar manner. 


| EXAMPLE 13-2 Fraction of Radiation Leaving 

I through an Opening 

1 Determine the fraction of the radiation leaving the base of the cylindrical en- 
| closure shown in Fig. 13-12 that escapes through a coaxial ring opening at its 
| top surface. The radius and the length of the enclosure are q = 10 cm and 
I L = 10 cm, while the inner and outer radii of the ring are r 2 = 5 cm and 
I r 3 = 8 cm, respectively. 



® <D © 


F l -> (2. 3) ~ F \ 2 + F 1 -> 3 

FIGURE 13-11 

The view factor from a surface to a 
composite surface is equal to the sum 
of the view factors from the surface to 
the parts of the composite surface. 



FIGURE 13-12 
The cylindrical enclosure 
considered in Example 13-2. 


SOLUTION The fraction of radiation leaving the base of a cylindrical enclo- 
sure through a coaxial ring opening at its top surface is to be determined. 
Assumptions The base surface is a diffuse emitter and reflector. 

Analysts We are asked to determine the fraction of the radiation leaving the 
base of the enclosure that escapes through an opening at the top surface. 
Actually, what we are asked to determine is simply the view factor F k ^ rif]g from 
the base of the enclosure to the ring-shaped surface at the top. 

We do not have an analytical expression or chart for vi ew factors between a 
circular area and a coaxial ring, and so we cannot determine Fi ^ r!ng directly. 
However, we do have a chart for view factors between two coaxial parallel disks, 
and we can always express a ring in terms of disks. 

Let the base surface of radius r x = 10 cm be surface 1, the circular area of 
r 2 = 5 cm at the top be surface 2, and the circular area of r 3 = 8 cm be sur- 
face 3. Using the superposition rule, the view factor from surface 1 to 
surface 3 can be expressed as 

F t — > 3 F] — > 2 d" F\ ring 


since surface 3 is the sum of surface 2 and the ring area. The view factors F x ^ 2 
and f j 3 are determined from the chart in Fig. 13-7. 


L 

n 

L 

n 


10 cm _ . 

and 

*2 _ 

5 cm 

10 cm 

L 

10 cm 

10 cm __ . 

and 


8 cm 

10 cm 

L 

10 cm 


= 0.5 

mg. i3-7) 

s. 

F\ -> 2 

= 0.11 

/ 

— 0.8 

(Fig. *3-7) 

77 

= 0.28 

} 

r l->3 


Therefore, 


i^ ring = - F,_> 2 = 0.28 - 0.11 = 0.17 

which is the desired result. Note that Fi^ 2 and fi _* 3 represent the fractions 
of radiation leaving the base that strike the circular surfaces 2 and 3, respec- 
tively, and their difference gives the fraction that strikes the ring area. 



F] -»2“Fi ->3 
(Also, f 2 [ = f 3 _> ! ) 

FIGURE 13-13 

Two surfaces that are symmetric about 
a third surface will have the same view 
factor from the third surface. 


4 The Symmetry Rule 

The determination of the view factors in a problem can be simplified further if 
the geometry involved possesses some sort of symmetry. Therefore, it is good 
practice to check for the presence of any symmetry in a problem before at- 
tempting to determine the view factors directly. The presence of symmetry can 
be determined by inspection, keeping the definition of the view factor in mind. 
Identical surfaces that are oriented in an identical manner with respect to an- 
other surface will intercept identical amounts of radiation leaving that surface. 
Therefore, the symmetry rule can be expressed as two ( or more) surfaces that 
possess symmetry about a third surface will have identical view factors from 
that surface (Fig. 13-13). 

The symmetry rule can also be expressed as if the surfaces j and k are sym- 
metric about the surface i then F^j = F s _> k . Using the reciprocity rule, we 
can show that the relation F j ^ ti = F k ^ is also true in this case. 


I EXAMPLE 13-3 View Factors Associated with a Tetragon 

I Determine the view factors from the base of the pyramid shown in Fig. 13-14 
| to each of its four,side surfaces. The base of the pyramid js a square, and its 
§ side surfaces are isosceles triangles. 


SOLUTION The view factors from the base of a pyramid to each of its four 
side surfaces for the case of a square base are to be determined. : 

Assumptions The surfaces are diffuse emitters and reflectors. 

Analysis The base of the pyramid (surface 1) and its four s|de surfaces {sur- : 
faces 2, 3, 4, and 5) form a five-surface enclosure. The first thing we notice 
about this enclosure is its symmetry. The four side surfaces are symmetric 
about the base surface. Then, from the symmetry rule, we have 

F n - F n = F u - F l5 

Also, the summation rule applied to surface 1 yields 


m 






i 


5 

S^V = -PlI + ^ + ^3 + ^4 + ^5 = 1 \ 

However, F n = 0, since the base is a flat surface. Then the two relations 
above yield 

F n -■ /<i3 = 1< H ■ F x$ - 0.25 

Discussion Note that each of the four side surfaces of the pyramid receive 
one-fourth of the entire radiation leaving the base surface, as expected. Also 
note that the presence of symmetry greatly simplified the determination of the 
view factors. 

Vi.., 


- 



FIGURE 13-14 
The pyramid considered 
in Example 13-3. 


1 EXAMPLE 13-4 View Factors Associated with a Triangular Duct 

y Determine the view factor from any one side to any other side of the infinitely 

S long triangular duct whose cross section is given in Fig. 13-15, 

0 


SOLUTION The view factors associated with an infinitely long triangular duct 
are to be determined. 

Assumptions The surfaces are diffuse emitters and ref lectors. . 

Analysis The widths of the sides of the triangular cross section of the duct are 
L u L 2 , and L 3 , and the surface areas corresponding to them are A u A 2 , and A 3 , 
respectively. Since the duct is infinitely long, the fraction of radiation leaving 
any surface that escapes through the ends of the duct is negligible. Therefore, 
the infinitely long duct can be considered to be a three-surface enclosure, 
n = 3. 

This enclosure involves N 2 = 3 2 = 9 view factors, and we need to determine 

> /V(iV - 1) = i X 3(3 - I) = 3 



The infinitely long triangular duct 
considered in Example 13-4. 


of these view factors directly. Fortunately, we can determine all three of them 
by inspection to be 


^11 = ^22 = ^33 = 0 

since all three surfaces are flat. The remaining six view factors can be deter- 
mined by the application of the summation and reciprocity rules. 

Applying the summation rule to each of the three surfaces gives 


F n +F 12 + F, 3 =l 
^21 + ^22 + ^ 23=1 
Fj[ + ^32 + ^33 = 1 

Noting that F n = F 22 = F 33 = 0 and multiplying the first equation by A b the 
second by A 2l and the third by A 3 gives 

A\F ]2 + AjF j3 = A ! 

^ 2^21 + ^ 2^23 = ^2 
A3+31 + A 3 F 32 = +3 


Finally, applying the three reciprocity relations A 3 F 12 — A 2 F 23 , A 3 F 13 = A 3 F 3X , 
and A 2 F 23 ~ A 3 F 32 gives 


AiF [2 + A^ 13 — A x 


A 1 F 12 + A 2 F 23 ■ A 2 


A x F [3 + A 2 F 23 ~ A 3 

This is a set of three algebraic equations with three unknowns, which can be 
solved to obtain 



F 


13 — 



A t + A 2 A 3 

2 A, 

Ai + Aj — A 2 

2Ar~~ 

A 2 + A 3 — A] 
2A 2 


Lt+U-Lt 
2 U 

jtrj + L 3 jC/J 
__ 

L2 + L 3 -L 3 
2Lj 


03-15) 


Discussion Note that we have replaced the areas of the side surfaces by their 
corresponding widths for simplicity, since A-Ls and the length s can be fac- 
tored out and canceled. We can generalize this result as the view factor from a 
surface of a very long triangular duct to another surface is equal to the sum of 
the widths of these two surfaces minus the width of the third surface, divided 
by twice the width of the first surface. 


View Factors between Infinitely Long Surfaces: 

The Crossed-Strings Method 

Many problems encountered in practice involve geometries of constant cross 
section such as channels and ducts that are very long in one direction relative 


to the other directions. Such geometries can conveniently be considered to be 
two-dimensional, since any radiation interaction through their end surfaces is 
negligible. These geometries can subsequently be modeled as being infinitely 
long, and the view factor between their surfaces can be determined by the 
! amazingly simple crossed-strings method developed by H. C. Hottel in the 

| 1950s. The surfaces of the geometry do not need to be flat; they can be con- 

i vex, concave, or any irregular shape. _ . 

| Xo demonstrate this method, consider the geometry shown in Fig. 13-16, 
and let us try to find the view factor F x ^ 2 between surfaces 1 and 2. The first 
thing we do is identify the endpoints of the surfaces (the points A, B, C, and D) 

\ and connect them to each other with tightly stretched strings, which are 

i indicated by dashed lines. Hottel has shown that the view factor F x 2 can be 

| expressed in terms of the lengths of these stretched strings, which are straight 

I lines, as 

i p (f 5 + L 6 ) -(L, + L 4 ) (13 _ 1S) 

2 L x 


Note that L 5 + L 6 is the sum of the lengths of the crossed strings, and L 3 + t L A 
is the sum of the lengths of the uncrossed strings attached to the endpoints. 
Therefore, Hottel’s crossed-strings method can be expressed verbally as 

2 (Crossed strings) - 2 (Uncrossed strings) (1 3^7) 

Fi -U = 2 X (String on surface i) 


i 


The crossed-strings method is applicable even when the two surfaces consid- 
ered share a common edge, as in a triangle. In such cases, the common edge 
can be treated as an imaginary string of zero length. The method can also be 
applied to surfaces that are partially blocked by other surfaces by allowing the 
strings to bend around the blocking surfaces. 


rs 



EXAMPLE 13-5 The Crossed-Strings Method far View Factors 

Two infinitely long parallel plates of widths a = 12 cm and b = 5 cm are lo- 
cated a distance c = 6 cm apart, as shown in Fig. 13-17. (a) Determine the 
viev/factor F x ^ 2 bom surface 1 to surface 2 by using the crossed-strings 
method. (6) Derive the crossed-strings formula by forming triangles on the given 
geometry and using Eq. 13-15 for view factors between the sides of triangles. 


m 


SOLUTION The view factors between two infinitely long parallel plates are to 
be determined using the crossed-strings method, and the formula for the view 
factor is to be derived* 

Assumptions The surfaces are diffuse emitters and reflectors. 

Andiysis ( 3 ) First we label the endpoints of both surfaces and draw straight 
dashed lines between the endpoints, as shown in Fig. 13-17. Then we identify 
the crossed and uncrossed strings and apply the crossed-strings method 
(Eq. 13-17) to determine the view factor F x 2 - 

2 (Crossed strings) - 2 (Uncrossed s trings) _ (L 5 + (L x + L 4 ) 
>2 2 X (String on surface 1) 2L t 



FIGURE 13-16 

Determination of the view factor 
F, by the application of 
the crossed-strings method. 
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FIGURE 13-17 
The two infinitely long parallel 
plates considered in Example 13—5. 


where 


Substituting, 


L l = a = 12 cm 

U = V7 2 + 6 2 = 9.22 cm 

Li = b = 5 cm 

L 5 = V5* + 6 2 = 7.S1 cm 

— c = 6 cm 

l 6 = Vl2 2 + 6 2 = 13.42 cm 

„ [(7.81 + 13.42) - (6 1- 9.22)1 cm V 

M-»2" 

2 X 12 cm 


«• 

s* 

i 


(b) The geometry is infinitely iong in the direction perpendicular to the plane 
of the paper, and thus the two plates (surfaces 1 and 2) and the two openings 
(imaginary surfaces 3 and 4) form a four-surface enclosure. Then applying the 
summation rule to surface 1 yields 

/'n 'I' Fn f T'.j + F l4 - 1 
But F n - 0 since it is a flat surface. Therefore, 

F n =i ~F n -F u 

where the view factors F 13 and F 14 can be determined by considering the trian- 
gles ABC and ABD, respectively, and applying Eq. 13-15 for view factors be- 
tween the sides of triangles. We obtain 


*i 3 = 


Lj + Lj-Lt 

2L, 


Fi4 = 


Fj + L 4 — L, 
2L 


Substituting, 


, F[ I- L3 [.(, /., 1- L 4 /-5 

! n ~ ' 2L X 2 £, . ■ 

_ (i 5 + i 6 > - (l 3 + l 4 ) ■■■■■ 

which is the desired result. This is also a miniproof of the crossed-strings 
method for the case of two infinitely iong plain parallel surfaces. 


13-3 ■ RADIATION HEAT TRANSFER: 

BLACK SURFACES 

So far, we have considered the nature of radiation, the radiation properties of 
materials, and the view factors, and we are now in a position to consider the 
rate of heat transfer between surfaces by radiation. The analysis of radiation 
exchange between surfaces, in general, is complicated because of reflection: a 
radiation beam leaving a surface may be reflected several times, with partial 
reflection occurring at each surface, before it is completely absorbed. The 
analysis is simplified greatly when the surfaces involved can be approximated 


as blackbodies because of the absence of reflection. In this section, we con- 
sider radiation exchange between black surfaces only; we extend the analysis 
to reflecting surfaces in the next section. 

Consider two black surfaces of arbitrary shape maintained at uniform tem- 
peratures T x and T 2 , as shown in Fig. 13-18. Recognizing that radiation leaves 
a black surface at a rate of E b — aT 4 per unit surface area and that the view 
factor Fi^ 2 represents the fraction of radiation leaving surface 1 that strikes 
surface 2, the net rate of radiation heat transfer from surface 1 to surface 2 can 
be expressed as 


Q \ -»2 “ 


^ Radiation leaving ^ 
the entire surface 1 
^that strikes surface 2 


— A\E bl F\ 2 A 2 E b2 F 2 1 


Radiation leaving ^ 
the entire surface 2 
that strikes surface 1 / 

(W) (13-18) 


Applying the reciprocity relation A Y F X = A 2 F 2 j yields 

Qi -> 2 = A 1 F 1 2 o-(r, 4 - Tf) (W) (13-19) 

> 

which is the desired relation. A negative value for Q } 2 indicates that net ra- 
diation heat transfer is from surface 2 to surface 1. 

Now consider an enclosure consisting of N black surfaces maintained at 
specified temperatures. The net radiation heat transfer from any surface i of 
this enclosure is determined by adding up the net radiation heat transfers from 
surface i to each of the surfaces of the enclosure: 


v N 

Qi = X 4-w = 2 - Tf) (W) (13-20) 

/=! } = 1 


Again a negative value for Q indicates that net radiation heat transfer is to 
surface i (i.e^- surface i gains radiation energy instead of losing). Also, the net 
heat transfer from a surface to itself is zero, regardless of the shape of the 
surface. ^ 


EXAMPLE 13-6 Radiation Heat Transfer in a Black Furnace 

Consider the 5-m x 5-m x 5-m cubical furnace shown in Fig. 13-19, whose 
surfaces closely approximate black surfaces. The base, top, and side surfaces 
of the furnace are maintained at uniform temperatures of 800 K, 1500 K, and 
500 K, respectively. Determine (a) the net rate of radiation heat transfer be- 
tween the base and the side surfaces, (b) the net rate of radiation heat trans- 
fer between the base and the top surface, and (c) the net radiation heat 
transfer from the base surface. 


SOLUTION The surfaces of a cubical furnace are black and are maintained at 
uniform temperatures. The net rate of radiation heat transfer between the base 
and side surfaces, between the base and the top surface, and from the base 
surface are to be determined. 

Assumptions The surfaces are black and isothermal. 



FIGURE 13-18 

Two general black surfaces maintained 
at uniform temperatures T { and T 2 . 



OK 


Tj = 800 K 

FIGURE 13-19 

The cubical furnace of black surfaces 
considered in Example 13-6. 


Analysis (a) The geometry involves six surfaces, and thus we may be tempted 
at first to treat the furnace as a six-surface enclosure. However, the four side 
surfaces possess the same properties, and thus we can treat them as a single 
side surface in radiation analysis. We consider the base surface to be surface 
1, the top surface to be surface 2, and the side surfaces to be surface 3. Then 
the problem reduces to determining Q i ^ 3t Q i 2 , and Q x . 

The net rate of radiation heat transfer Qj from surface 1 to surface-3 can 
be determined from Eq. 13-19, since both surfaces involved are black, by re- 
placing the subscript 2 by 3: 


Q] — ^Fj T 1 /) 

But first we need to evaluate the view factor Fy _ 3 . After checking the view fac- 
tor charts and tables, we realize that we cannot determine this view factor di- 
rectly. However, we can determine the view factor Fy 2 from Fig. 13-5 to be 
= 0.2, and we know that Fy^y = 0 since surface 1 is a plane. Then ap- 
plying the summation rule to surface 1 yields 


i i 


+ F 


1 2 


+ F 


[ ->3 


= 1 


or 


F 


1 3 


= 1 — F 


i -»■ i 


F 


1 -»2 


= 1 - 0 - 0.2 = 0.8 


Substituting, 


Q^ 3 = (25 m 2 )(0.8)(5.67 X 1CT 8 W/m 2 • K 4 )[(800 K) 4 - (500 K) 4 ] 

= 394 kW 

{b) The net rate of radiation heat transfer Qi ^ 2 from surface 1 to surface 2 is 
determined in a similar manner from Eq. 13-19 to be 


Qi^2 = AyFy_ 7 a(Tt-W 


- (25 m 2 )(0.2)(5.67 X 10“ s W/m 2 ■ K 4 )[(800 K) 4 - (1500 K) 4 ] 

- -1319 kW 

The negative sign indicates that net radiation heat transfer is from surface 2 to 
surface 1. 

(c) The net radiation heat transfer from the base surface is determined 
from Eq. 13-20 by replacing the subscript / by 1 and taking N = 3: 

3 _ 

Qi — 2 Qi ->j ~ i ~e Qt — s-a + Qi ->3 - 

i 1 

= 0 + (- 1319 kW) + (394 kW) 

- -925 kW 

Again the negative sign indicates that net radiation heat transfer is to sur- 
face 1. That is, the base of the furnace is gaining net radiation at a rate of 
925 kW. 




The analysis of radiation transfer in enclosures consisting of black surfaces is 
relatively easy, as we have seen, but most enclosures encountered in practice 
involve nonblack surfaces, which allow multiple reflections to occur. Radia- 
tion analysis of such enclosures becomes very complicated unless some sim- 
plifying assumptions are made. 

To make a simple radiation analysis possible, it is common to assume the 
surfaces of an enclosure to be opaque, diffuse, and gray. That is, the surfaces 
are nontransparent, they are diffuse emitters and diffuse reflectors, and their 
radiation properties are independent of wavelength. Also, each surface of the 
enclosure is isothermal, and both the incoming and outgoing radiation are uni- 
form over each surface. But first we review the concept of radiosity introduced 
in Chap. 12. 

Radiosity 

Surfaces emit radiation as well as reflect it, and thus the radiation leaving a 
surface consists of emitted and reflected parts. The calculation of radiation 
heat transfer between surfaces involves the total radiation energy streaming 
away from a surface, with no regard for its origin. The total radiation energy 
leaving a surface per unit time and per unit area is the radiosity and is 
denoted by J (Fig. 13-20). 

For a surface i that is gray and opaque (e,- = a f and a ( + p, =1), the 
radiosity can be expressed as 

j _ f Radiation emitted\ + f Radiation reflected 
V by surface i J V by surface i 

= e ‘ E bi + Pi G ‘ 

1 = s,£ w + (1 - e,)G, (W/m 2 ) (13-21) 

where E bi = <j 7) 4 is the blacklpody emissive power of surface i and G t is 
irradiation (i.e., the radiation energy incident on surface i per unit time per 
unit area). 

For a surface that can be approximated as a blackbody (e t - =1), the radios- 
ity relation reduces to 



/, = £„ = 0-7/ (blackbody) (13-22) 

That is, the radiosity of a blackbody is equal to its emissive power This is 
expected, since a blackbody does not reflect any radiation, and thus radiation 
coming from a blackbody is due to emission only. 

Net Radiation Heat Transfer to or from a Surface 

During a radiation interaction, a surface loses energy by emitting radiation and 
gains energy by absorbing radiation emitted by other surfaces. A surface ex- 
periences a net gain or a net loss of energy, depending on which quantity is 
larger. The net rate of radiation heat transfer from a surface i of surface area A ( - 
is denoted by Q; and is expressed as 


Radiosity, J 


Incident Reflected Emitted 

radiation radiation radiation 



Surface 

FIGURE 13-20 
Radiosity represents the sum of the 
radiation energy emitted and 
reflected by a surface. 


q _ f Radiation leaving^ __ / Radiation incident | 
* V entire surface / J Von entire surface iJ 


= m - at 


(W) 


(13-23) 


Solving for G ( - from Eq. 13-21 and substituting into Eq. 13-23 yields 


J: — e,E b A A.s-. 


(W) 


(13-24) 


In an electrical analogy to Ohm's law, this equation can be rearranged as 


Ul R; 


(W) 


(13-25) 


where 



i‘ 


Surface; 

i 
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A t e i 


FIGURE 13-21 

Electrical analogy of surface 
resistance to radiation. 


I — e f 

R l = -r- i (13-26) 

1 A t e, 

is the surface resistance to radiation. The quantity E bi — J- t corresponds to a 
potential difference and the net rate of radiation heat transfer corresponds to 
current in the electrical analogy, as illustrated in Fig. 13-21. 

The direction of the net radiation heat transfer depends on the relative mag- 
nitudes of J t (the radiosity) and E bi (the emissive power of a blackbody at the 
temperature of the surface). It is from the surface if E bi > /, and to the surface 
if /. > E bi . A negative value for Q t indicates that heat transfer is to the surface. 
All of this radiation energy gained must be removed from the other side of 
the surface through some mechanism if the surface temperature is to remain 
constant. 

The surface resistance to radiation for a blackbody is zero since e f = 1 and 
J . = E bi . The net rate of radiation heat transfer in this case is determined 
directly from Eq. 13-23. 

Some surfaces encountered in numerous practical heat transfer applications 
are modeled as being adiabatic since their back sides are well insulated and 
the net heat transfer through them is zero. When the convection effects on the 
front (heat transfer) side of such a surface is negligible and steady-state con- 
ditions are reached, the surface must lose as much radiation energy as it gains, 
and thus = 0. In such cases, the surface is said to reradiate all the radiation 
energy it receives, and such a surface is called a reradiating surface. Setting 
Qi = 0 in Eq. 13-25 yields 

A = E bi = aTt (W/m 2 ) (13-27) 

Therefore, the temperature of a reradiating surface under steady conditions 
can easily be determined from the equation above once its radiosity is known. 
Note that the temperature of a reradiating surface is independent of its emis- 
sivity. In radiation analysis, the surface resistance of a reradiating surface is 
disregarded since there is no net heat transfer through it. (This is like the fact 
that there is no need to consider a resistance in an electrical network if no cur- 
rent is flowing through it.) 


Net Radiation Heat Transfer 
between Any Two Surfaces 

Consider two diffuse, gray, and opaque surfaces of arbitrary shape maintained 
at uniform temperatures, as shown in Fig. 13—22. Recognizing that the radios- 
ity J represents the rate of radiation leaving a surface per unit surface area and 
that the view factor Fj j represents the fraction of radiation leaving surface i 
that strikes surface j, the net rate of radiation heat transfer from surface i to 
surface j can be expressed as 


Qi j 


( Radiation leaving \ 
the entire surface i 
y that strikes surface j J 

A/ 2; Fj j — Aj Jj Fj j 


Radiation leaving \ 
the entire surface j 
that strikes surface i 


/ 


(W) 


Applying, the reciprocity relation A f F,- = A j F j ^ ; yields 


Qi -> j AfFj (Jj jj) 


(W) 


Again in analogy to Ohm’s law, this equation can be rearranged as 


(13-28) 


(13-29) 


' = Ji ~~ Jj 
Qi-*j /f. 


(W) 




(13-30) 


where 


R; 




A/F f 




(13-31) 



Electrical analogy of 
space resistance to radiation. 


is the space resistance to radiation. Again the quantity Jj — Jj corresponds to 
a potential difference, and the net rate of heat transfer between two surfaces 
corresponds to current in the electrical analogy, as illustrated in Fig. 13-22. 

The direction of the net radiation heat transfer between two surfaces de- 
pends on the relative magnitudes 'bf J t and J y A positive value for <2, j indi- 
cates that net heat transfer is from surface i to surface j. A negative value 
indicutes the opposite. 

In an IV-surface enclosure, the conservation of energy principle requires that 
the net heat transfer from surface i be equal to the sum of the net heat transfers 
from surface i to each of the N surfaces of the enclosure. That is, 


v N N Jj-Jj 

a = 2 a = 2 v, - -?> = 2 

s~ i 


;= i ‘ 


(W) (13-32) 




The network representation of net radiation heat transfer from surface i to the 
remaining surfaces of an A-surface enclosure is given in Fig. 13-23. Note that 
<2;_> j (the net rate of heat transfer from a surface to itself) is zero regardless of 
the shape of the surface. Combining Eqs. 13-25 and 13-32 gives 


E bi ~ Jj 
Rj 



V 



Network representation of net 
radiation heat transfer from surface i 
to the remaining surfaces of an 
N-surface enclosure. 


(W) 


(13-33) 


which has the electrical analogy interpretation that the net radiation flow from 
a surface through its surface resistance is equal to the sum of the radiation 
flows from that surface to all other surfaces through the corresponding space 
resistances. 


Methods of Solving Radiation Problems 

In the radiation analysis of an enclosure, either the temperature or the net 
rate of heat transfer must be given for each of the surfaces to obtain a unique 
solution for the unknown surface temperatures and heat transfer rates. There 
are two methods commonly used to solve radiation problems. In the first 
method, Eqs. 13-32 (for surfaces with specified heat transfer rates) and 
13-33 (for surfaces with specified temperatures) are simplified and re- 
arranged as 


Surfaces with specified, 
net heat transfer rate Q 


iV 


Qi = A i 1,F l ^J t -J } ) 
j=i 


Sin faces with specified 
temperature T- t 




( 13 - 34 ) 


( 13 - 35 ) 


Note that Q t = 0 for insulated (or reradiating) surfaces, and aTf = for black 
surfaces since e; = 1 in that case. Also, the term corresponding to f = i drops 
out from either relation since Jj — Jj — f — Jj — 0 in that case. 

The equations above give A linear algebraic equations for the determination 
of the N unknown radiosities for an A- surface enclosure. Once the radiosities 
are available, the unknown heat transfer rates can be determined 
from Eq. 13-34 while the unknown surface temperatures can be determined 
from Eq. 13-35. The temperatures of insulated or reradiating surfaces can be 
determined from orTf = J ; . A positive value for <2 f indicates net radiation heat 
transfer from surface i to other surfaces in the enclosure while a negative value 
indicates net radiation heat transfer to the surface. 

The systematic approach described above for solving radiation heat transfer 
problems is very suitable for use with today’s popular equation solvers such as 
EES, Mathcad, and Matlab, especially when there are a large number of sur- 
faces, and is known as the direct method (formerly, the matrix method , since 
it resulted in matrices and the solution required a knowledge of linear 
algebra). The second method described below, called the network method, is 
based on the electrical network analogy. 

The network method was first introduced by A. K. Oppenheim in the 1950s 
and found widespread acceptance because of its simplicity and emphasis on 
the physics of the problem. The application of the method is straightforward: 
draw a surface resistance associated with each surface of an enclosure and 
connect them with space resistances. Then solve the radiation problem by 
treating it as an electrical network problem where the radiation heat transfer 
replaces the current and radiosity replaces the potential. 

The network method is not practical for enclosures with more than three or 
four surfaces, however, because of the increased complexity of the network. 
Next we apply the method to solve radiation problems in two- and three- 
surface enclosures. 


Radiation Heat Transfer in Two-Surface Enclosures 

Consider an enclosure consisting of two opaque surfaces at specified temper- 
atures T x and T 2 , as shown in Fig. 13-24, and try to determine the net rate of 
radiation heat transfer between the two surfaces with the network method. 
Surfaces 1 and 2 have emissivities £j and and surface areas A { and A 2 and 
are maintained at uniform temperatures T x and T 2 , respectively. There are only 
two surfaces in the enclosure, and thus we can write 



Q\2 ~~ Qi ~ Qi 

That is, the net rate of radiation heat transfer from surface 1 to surface 2 must 
equal the net rate of radiation heat transfer from surface 1 and the net rate of 
radiation heat transfer to surface 2. 

The radiation network of this two-surface enclosure consists of two surface 
resistances and one space resistance, as shown in Fig. 13-24. In an electrical 
network, the electric current flowing through these resistances connected in 
series would be determined by dividing the potential difference between 
points A and B by the total resistance between the same two points. The net 
rate of radiation transfer is determined in the same manner and is expressed as 
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FIGURE 13-24 
Schematic of a two-surface 
enclosure and the radiation 
network associated with it. 


Qll ~ 


E bl -E, 


bl 


Ri + R] 2 4 R 



or 


Qn = i - e ,° | (r ' 1 TO 03 - 36 ) 

A[ej A]F j2 A 2 e 2 

This important result is applicable to any two gray, diffuse, and opaque sur- 
faces that'fqrm an enclosure. The view factor F u depends on the geometry 
and must ^determined first. Simplified forms of Eq. 13-36 for some famil- 
iar arrangements that form a two-surface enclosure are given in Table 13-3. 
Note that F n = 1 for all of these special cases. 


EXAMPLE 13-7 Radiation Heat Transfer between 

Parallel Plates 

Two very large parallel plates are maintained at uniform temperatures 
| 7i = 800 K and T 2 = 500 K and have emissivities b 2 = 0.2 and e 2 = 0.7, re- 
spectively, as shown in Fig. 13-25. Determine the net rate of radiation heat 
transfer between the two surfaces per unit surface area of the plates. 


SOLUTION Two large parallel plates are maintained at uniform temperatures. 
The net rate of radiation heat transfer between the plates is to be determined. 
Assumptions Both surfaces are opaque, diffuse, and gray. 

Analysis The net rate of radiation heat transfer between the two plates per 
unit area is readily determined from Eq. 13-38 to be 





= 0.2 
= 800 K 


= 0.7 
= 500 K 


FIGURE 13-25 


The two parallel plates 
considered in Example 13-7. 


Small object in a large cavity 



Q n = A x oe x {T\-Tl) ( 13 - 37 ) 


Infinitely large parallel plates 




^2* ^2* £ 2 


Aj — A2 — A 

f 12 =\ 



Ao{T\-T\) 
4- + 4--1 


( 13 - 38 ) 


Infinitely long concentric cylinders 




A^T 4 -^) 


+ 


I-* 


0 


( 13 - 39 ) 


Concentric spheres 





A^r 4 -^) 




( 13 - 40 ) 


9 12 — 


Qn <r(7, 4 ^ (5.67 X 10” 8 W/m 2 • K 4 )[(800 K) 4 - (500K) 4 | 


— + — — 1 

e t «2 


0.2 + 0.7 


- 1 


= 3625 W/m 2 


Discussion Note that heat at a net rate of 3625 W is transferred from plate 1 
to plate 2 by radiation per unit surface area of either plate. : 
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Radiation Heat Transfer 
in Three-Surface Enclosures 

We now consider an enclosure consisting of three opaque, diffuse, and gray 
surfaces, as shown in Fig. 13—26. Surfaces 1, 2, and 3 have surface areas 
j4j, A 2 , and A 3 ; emissivities e t , e 2 , and e 3 ; and uniform temperatures T u T 2 , and 
T 3 , respectively. The radiation network of this geometry is constructed by fol- 
lowing the standard procedure: draw a surface resistance associated with each 
of the three surfaces and connect these surface resistances with space resis- 
tances, as shown in the figure. Relations for the surface and space resistances 
are given by Eqs. 13-26 and 13-31. The three endpoint potentials E hh E b2 , and 
E b3 are considered known, since the surface temperatures are specified. Then 
all we need to find are the radiosities and J 3 . The three equations for the 
determination of these three unknowns are obtained from the requirement that 
the algebraic sum of the currents { net radiation heat transfer) at each node 
must equal zero. That is, 

+ hzA + J -lZl± = 0 

Ri *12 *0 

J x —J 2 _ E b2 — J 2 , d 3 — J 2 _ r , 

+ ~ + = 0 (imd 

*13 *23 *3 

Once the radiosities J x , J 2 , and J 3 are available, the net rate of radiation heat 
transfers at each surface can be determined from Eq. 13—32. 

The set of equations above simplify further if one or more surfaces are 
“special” in some way. For example, = E bi = <J T x for a black or reradiating 
surface. Also, Q f = 0 for a reradiating surface. Finally, when the net rate 
of radiation heat transfer <3; is specified at surface i instead of the temperature, 
the tenh fEf - J,)IR ( should be replaced by the specified Q { . 

■ f 


S 



7) = 700 K 



2) T 2 = 500 K 
£2 = 0.4 


FIGURE 13-27 

The cylindrical furnace 
considered in Example 13-8. 


EXAMPLE 13-8 Radiation Heat Transfer in a Cylindrical Furnace 


m 


Consider a cylindrical furnace with r 0 = H = 1 m, as shown in Fig. 13-27. 
The top (surface 1) and the base (surface 2) of the furnace have emissivities 
sj = 0.8 and e 2 = 0.4, respectively, and are maintained at uniform tempera- 
tures Ti = 700 K and T 2 = 500 K. The side surface closely approximates a 
blackbody and is maintained at a temperature of T 3 = 400 K. Determine the | 
net rate of radiation heat transfer at each surface during steady operation and 
explain how these surfaces can be maintained at specified temperatures. 

SOLUTION The surfaces of a cylindrical furnace are maintained at uniform 
temperatures. The net rate of radiation heat transfer at each surface during 
steady operation is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The surfaces are opaque, 
diffuse, and gray. 3 Convection heat transfer is not considered. 

Analysis We will solve this problem systematically using the direct method to 
demonstrate its use. The cylindrical furnace can be considered to be a three- 
surface enclosure with surface areas of 


A[ = A 2 = -zrr 2 = 77(1 m) 2 = 3.14 m 2 
A z — 2t rrji — 2-tt( 1 m)(l m) = 6.28 m 2 

The view factor from the base to the top surface is, from Fig. 13-7, F 12 = 
0.38. Then the view factor from the base to the side surface is determined by 
applying the summation rule to be 

F u + Fi 2 + F l3 = 1 -> F n = 1 -- F n — F u = 1 - 0 — 0.38 = 0.62 

since the base surface is flat and thus F n =0. Noting that the top and bottom 
surfaces are symmetric about the side surface, F 21 = F 12 = 0.38 and 
F 23 = f 13 = 0.62. The view factor F 31 is determined from the reciprocity 
relation, 

AjF, 3 = j4 3 F 3 | -4 F 31 = F [3 (A 1 M 3 ) = (0.62X0.314/0.628) = 0.31 

Also, F 32 = F 31 = 0.31 because of symmetry. Now that all the view factors are 
available, we apply Eq. 13-35 to each surface to determine the radiosities: 

Top surface (z = 1); crT j = J x + [F n (7, - J 2 ) + F a - 7 3 )] 


= /> + 


ei 

1 ™ S 2 


Si 


{F n (J 2 ~ A) + F 23 (J 2 - 7 3 )] 


Bottom surface (z' = 2): crT* 

Side surface ( i — 3): o r T 3 = 7 3 + 0 (since surface 3 is black and thus s 3 = 1) 


Substituting the known quantities, 


1 - 0.8 


(5.67 X 10“ 8 W/m 2 • K 4 )(700 K) 4 = 7j + u [0.38(7 t - J 2 ) + 0.62(7! - 7 3 )] 


1-0.4 


(5.67 X 10“ 8 W/m 2 • K 4 )(500 K) 4 = 7 2 + [0.38(7 2 - 7j) + 0.62(7 2 - 7 3 )] 

(5.67 X 10~ 8 W/m 2 ■ K 4 )(400 K) 4 = 7 3 


: 1 r-i.r’o r -i-jj; r -. g j ^ i: ^ m r? ^ ^ l-s = = 0 ^ j- h < = ■: rV: r,^ ^ r 


Solving these equations for J lt J 2 , and J 3 gives 

J x = 11,418 W/m 2 , J 2 = 4562 W/m 2 , and J 3 = 1452 W/m 2 

Then the net rates of radiation heat transfer at the three surfaces are deter- 
mined from Eq. 13-34 to be 

Q 1 =A 1 [F,^ 2 C/ 1 -/ 2 ) + F 1 ^3.(J t -y 3 )] 

= (3.14 m 2 ) [0.38(1 1,418 - 4562) + 0.62(11,418 - 1452)] W/m 2 
27.6 kW 

Qj — Al\Fl ->1 (-/j ^\) "f" f**2— >3 Mi — 

= (3.14 m 2 )[0.38(4562 - 11,418) + 0.62(4562 - 1452)] W/m 2 
= -2.13 kW 

q 3 = a 3 [F3^ i (j 3 — jo + (J3 “ 

= (6.28 m 2 )[0.31(1452 - 11,418) + 0.31(1452 - 4562)] W/m 2 

- -25.5 kW 

Note that the direction of net radiation heat transfer is from the top surface to 
the base and side surfaces, and the algebraic sum of these three quantities 
must be equal to zero. That is, 

fii + Gz + & = 27.6 + (-2.13) + (-25.5) S 0 

Discussion To maintain the surfaces at the specified temperatures, we must 
supply heat to the top surface continuously at a rate of 27.6 kW while remov- 
ing 2.13 kW from the base and 25.5 kW from the side surfaces. 

The direct method presented here is straightforward, and it does not require 
the evaluation of radiation resistances. Also, it can be applied to enclosures 
with any number of surfaces in the same manner. 


| EXAMPLE 13-9 Radiation Heat Transfer in a Triangular Furnace 

t A furnace is shaped like a losg equilateral triangular duct, as shown in 
| Fig. 13-28. The width of each side is 1 m. The base surface has an emissivity 
| of 0.7 and is maintained at a uniform temperature of 600 K. The heated 
| [e?t-side surface cioseiy approximates a btackbody at 1000 K. The right-side 
| surface is well insulated. Determine the rate at which heat must be supplied to 
1 the heated side externally per unit length of the duct in order to maintain these 
| operating conditions. 
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FIGURE 13-28 

The triangular furnace 
considered in Example 13-9. 
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FIGURE 13-29 

Schematic for Example 13-10. 


SOLUTION Two of the surfaces of a long equilateral triangular furnace are 
maintained at uniform temperatures while the third surface is insulated. The 
external rate of heat transfer to the heated side per unit length of the duct dur- 
ing steady operation is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The surfaces are opaque, 
diffuse, and gray. 3 Convection heat transfer is not considered. 

Analysis The furnace can be considered to be a three-surface enclosure with 
a radiation network as shown in the figure, since the duct is very long and thus 
the end effects are negligible. We observe that the view factor from any surface 
to any other surface in the enclosure is 0.5 because of symmetry. Surface 3 is 
a reradiating surface since the net rate of heat transfer at that surface is zero. 
Then we must have £?! = -Q 2 , since the entire heat lost by surface 1 must 
be gained by surface 2. The radiation network in this case is a simple series- 
parallel connection, and we can determine Qi directly from 


G,= 


Eb\ ~ E. 


b2 


E b i “ E, 


bl 


-I 


/?! +" 
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+ 


12 


3 + R 


23 , 


2 

A(S| 


+ ( AiF n + 


1 


+ m 2 F 7X 


where 

A, = A 2 = A 3 = wL = 1 m X 1 m = 1 m 2 (per unit length of the duct) 

/' i 2 = f' u — E n -■ 0.5 (symmetry) 

E bl = aT { = (5.67 X 10“ 8 W/m 2 • K 4 )(600 K) 4 = 7348 W/m 2 
E b2 = oT\ = (5.67 X 10 W/m 2 • K 4 )(1000 K) 4 = 56,700 W/m 2 


Substituting, 


Q,= 


(56,700 - 7348) W/nT 


1 -0.7 
0,7 X 1 m 2 

= 28.0 kW 


+ 


(0.5 X 1 m 2 ) + 


1 


’’i t 


l/(0.5 X 1 m 2 ) + l/(0.5 X 1 m 2 ) 


Therefore, heat at a rate of 28 kW must be supplied to the heated surface per 
unit length of the duct to maintain steady operation in the furnace. 


EXAMPLE 13-10 Heat Transfer through a Tubular Solar 

Collector 

A solar collector consists of a horizontal aluminum tube having an outer diam- 
eter of 5 cm enclosed in a concentric thin glass tube of 10-cm diameter, as 
shown in Fig. 13-29. Water is heated as it flows through the tube, and the 
space between the aluminum and the glass tubes is filled with air at 1 atm 
pressure. The pump circulating the water fails during a clear day, and the 
water temperature in the tube starts rising. The aluminum tube absorbs solar 
radiation at a rate of 30 W per meter length, and the temperature of the ambi- 
ent air outside is 20°C. The emissivities of the tube and the glass cover are 
0.95 and 0.9, respectively. Taking the effective sky temperature to be 10°C, 
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t 


§ determine the temperature of the aluminum tube when steady operating con- 
| ditions are established (i.e., when the rate of heat loss from the tube equals 
| the amount of solar energy gained by the tube). 

S3 


SOLUTION The circulating pump of a solar collector that consists of a hori- 
zontal tube and its glass cover fails. The equilibrium temperature of the tube 
is to be determined. 

Assumptions 1 Steady operating conditions exist. 2 The tube and its cover are 
isothermal. 3 Air is an ideal gas. 4 The surfaces are opaque, diffuse, and gray 
for infrared radiation. 5 The glass cover is transparent to solar radiation. 
Properties The properties of air should be evaluated at the average tempera- 
ture. But we do not know the exit temperature of the air in the duct, and thus 
we cannot determine the bulk fluid and glass cover temperatures at this point, 
and thus we cannot evaluate the average temperatures, Therefore, we assume 
the glass temperature to be 40°C, and use properties at an anticipated average 
temperature of (20 + 40)/2 = 30°C (Table A-15E), 


k = 0.02588 W/m • °C 
v - 1.608 X 10“ 5 nvVs 


Pr - 0.7282 

fl~- 1 1 


r„ s 303 £ 


1 


Analysis This problem was solved in Chap. 9 by disregarding radiation heat 
transfer. Now we repeat the solution by considering natural convection and ra- 
diation occurring simultaneously. 

We have a horizontal cylindrical enclosure filled with air at 1 atm pressure.: 
The problem involves heat transfer from the aluminum tube to the glass cover 
and from the outer surface of the glass cover to the surrounding ambient air. 
When steady operation is reached, these two heat transfer; rates must equal the 
rate of heat gain. That is, 'V - ■ 


Glube-glajs figlass-ambieat fisoiar gain = 30 W (per meter of tube) ; : 

The heat transfer surface area of the glass cover is 

■ .f 

A 0 = /L,„, = ( ttD 0 L ) = 7 r (0. 1 m)(l m) = 0.3142 m 2 (per meter of tube) 


To determine the Rayleigh number, we need to know the surface temperature 
of the glass, which is not available. Therefore, it is clear that the solution re- 
quire^ a trial-and-error approach unless we use an equation solver such as 
EES. Assuming the glass cover temperature to be 40°C, the Rayleigh number, 
the Nusselt number, the convection heat transfer coefficient, and the rate of 
natural convection heat transfer from the glass cover to the ambient air are de- 
termined to be 


gfKT 0 -TJD> 0n 
Ra D = — — Pr 


v 


(9.81 m/s 2 )(303 K)(40 - 20 K)(0.1 m) J ?2g2 = x g24 x 1q6 
(1.608X10 -5 m 2 /s) 2 


Nu = < 0.6 + 


0.387 Ra^ /6 


9/16 iS/27 


[1+ (0.559/Prr iO ) 


0.6 + 


0.387(1.824 XI 0 6 ) 1/s 
[1 + (0.559 /0.7282) 9/1 s 3 s/27 


= 17.29 


h °=i>. 


Nu = 


0.02588 W/m • °C 
0.1 m 


(17.29) = 4.475 W/m' 


a.cc^v = KK(To - TJ = (4.475 W/m 2 • °C)(0.3142 m 2 )(40 - 20)°C 
= 28.1 W 


Also, 


Qo. ra.l ” (rA 0 (T* T'jly) 

= (0.9)(5.67 X 10 “ 8 W/m 2 • K 4 )(0.3142 m 2 )[(313 K ) 4 - (283 K) 4 ] 

= 51.0W 

Then the total rate of heat loss from the glass cover becomes 

Gcurt^Oocw+Qo .* d = 28.1 +51.0 = 79.1 W 

which is much larger than 30 W. Therefore, the assumed temperature of 40°C 
for the glass cover is high. Repeating the calculations with lower temperatures 
(including the evaluation of properties), the glass cover temperature corre- 
sponding to 30 W is determined to be 26°C (it would be 41°C if radiation were 
ignored). 

The temperature of the aluminum tube is determined in a similar manner 
using the natural convection and radiation relations for two horizontal concen- 
tric cylinders. The characteristic length in this case is the distance between the 
two cylinders, which is 

L c - \D„ ■- D,)I2 (10 — 5)/2 2.5 cm 


Also, 

Ai = = (- 77 - 0 ; L) = -77(0.05 m)(l m) = 0.1571 m 2 (per meter of tube) 

We start the calculations by assuming the tube temperature to be 54°C, and 
thus an average temperature of (26 + 54)/2 = 40°C = 313 K. Using proper- 
ties at 40°C, 


Ra L = 


gm - T 0 n 


Pr 


(9.81 rf)(313 K)(54 - 26 K)(0.02S m f_ ^ x lfl4 

(1.702 X 10“ ! m ! /s) ! 


The effective thermal conductivity is 


cy] 


[ln(D 0 /A)] 4 _ 


pn(10/5)] 4 


I? c (DJ yi + d ; vs ) 5 (0.025 m) 2 1(0.05 m)“ M + (0. 1 0 m) 3/5 ] 

Pr 


= 0.1466 


1/4 


k en = 0.386A- 


0.861 + Pr 

f 

= 0.386(0.02262 W/m • °C)j 
= 0.07118 W/m -°C 




1/4 


0.7255 


st/4 


0.861 + 0.7255 


(0.1466 + 3.434 X10 4 ) 


4 > 1/4 
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Then the rate of heat transfer between the cylinders by convection becomes 

2'irktff 


a. 


conv 




(T, - T 0 ) 


m 


Also, 

Qi, rid 


= 2^(0.07118 W/m • °C) , c; , 1 _ 26 y> Q = 18 n y 
ln(10/5) 


<ta, c 7/ - r o 4 ) 


1 . 1 - / A 


— + 

6/ 


D. 


(5.67 X KT 3 W/m 2 • K 4 ¥0.1571 m 2 )f(327 K) 4 -(299 K) 4 ] 


1 , 1-0.9 ( 5 cm 


0.95 0.9 vlOcm 


= 2 i n w 


Then the total rate of heat loss from the glass cover becomes 

' i 

O . , = 0. +-Q,™,= 18.1 +27.7 = 45.8 W 

total iJj.coDV 1 rad 

which is larger than 30 W. Therefore, the assumed temperature of 54°C for the 
tube is high. By trying other values, the tube temperature corresponding to 
30 W is determined to be 45°C (it would be 82°C if radiation were ignored). 
Therefore, the tube will reach an equilibrium temperature of 45°C when the 

pump fails. 

Discussion It is clear from the results obtained that radiation should always be 
considered in systems that are heated or cooled by natural convection, unless 
the surfaces involved are polished and thus have very low emissivities. 
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1 3-5 ■ RADIATION SHIELDS AND 
THE RADIATION EFFECTS 

Radiation heat transfer between two surfaces can be reduced greatly by 
inserting a thin, high-reflectivity (low-emissivity) sheet of material be- 
tween the two surfaces. Such highly reflective thin plates or shells are called 
radiation shields. Multilayer radiation shields constructed of about 20 
sheets per cm thickness separated by evacuated space are commonly used in 
cryogenic and space applications. Radiation shields are also used in temper 
ature measurements of fluids to reduce the error caused by the radiation ef- 
fect when the temperature sensor is exposed to surfaces that are much hotter 
or colder than the fluid itself. The role of the radiation shield is to reduce the 
rate of radiation heat transfer by placing additional resistances in the path 
of radiation heat flow. The lower the emissivity of the shield, the higher the 

resistance. ... 

Radiation heat transfer between two large parallel plates of emissivi- 
ties e, and e 2 maintained at uniform temperatures T x and T 2 is given by 

Eq. 13-38: 


FIGURE 13-30 

The radiation shield placed between 
two parallel plates and the radiation 
network associated with it. 
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Now consider a radiation shield placed between these two plates, as shown in 
Fig. 13-30. Let the emissivities of the shield facing plates 1 and 2 be e 3 j and 
£ 3i 2 > respectively. Note that the emissivity of different surfaces of the shield 
may be different. The radiation network of this geometry is constructed, as 
usual, by drawing a surface resistance associated with each surface and con- 
necting these surface resistances with space resistances, as shown in the fig- 
ure. The resistances are connected in series, and thus the rate of radiation heat 
transfer is 



one shield 


Ebi ~ Ebi 

1 ~ g l + 1 + 1 ~ g 3, 1 1 " g 3,2 | 1 | 1 ~ g 2 

2*1 e i 2l t F n A 3 e 3i t A 3 e 31 A 3 F 32 A 2 e 2 


(1342) 


Noting that F n = F 23 — 1 and A x = A 2 = A 3 = A for infinite parallel plates, 
Eq. 13-42 simplifies to 



one shield 


Aa (7/ - r 2 4 ) 


JL 


+ 


1 

e 2 


- 1 


+ 


1 

E 3, 1 



£ 3.2 


(1343) 


where the terms in the second set of parentheses in the denominator represent 
the additional resistance to radiation introduced by the shield. The appearance 
of the equation above suggests that parallel plates involving multiple radiation 
shields can be handled by adding a group of terms like those in the second set 
of parentheses to the denominator for each radiation shield. Then the radiation 
heat transfer through large parallel plates separated by N radiation shields 
becomes 


Ql2,N shields 


Aa(Ti - r 2 4 ) 


1 . 1 


+ — - 1 + 

£ 2 
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If the emissivities of all surfaces are equal, Eq. 13-44 reduces to 



Q 12 , 


,V shields 


AajTt ~ T?) 

(W + 1 /i + i_, 


1 

N+ 1 


012 . 


no shield 


( 1345 ) 


Therefore, when all emissivities are equal, 1 shield reduces the rate of radia- 
tion heat transfer to one-half, 9 shields reduce it to one- tenth, and 19 shields 
reduce it to one-twentieth (or 5 percent) of what it was when there were no 
shields. 

The equilibrium temperature of the radiation shield T 3 in Figure 13-30 can 
be determined by expressing Eq. 13-43 for Qn or Qp (which involves T 3 ) 
after evaluating Qn from Eq. 13—43 and noting that Qn “ Qn “ Qi 3 when 
steady conditions are reached. 

Radiation shields used to reduce the rate of radiation heat transfer between 
concentric cylinders and spheres can be handled in a similar manner. In case 
of one shield, Eq. 13-42 can be used by taking F l3 = F 23 = 1 for both cases 
and by replacing the A's by the proper area relations. 


Radiation Effect on Temperature Measurements 

A temperature measuring device indicates the temperature of its sensor, which 
is supposed to be, but is not necessarily, the temperature of the medium that 
the sensor is in contact with. When a thermometer (or any other temperature 
measuring device such as a thermocouple) is placed in a medium, heat trans- 
fer takes place between the sensor of the thermometer and the medium by 
convection until the sensor reaches the temperature of the medium. But when 
the sensor,is surrounded by surfaces that are at a different temperature than the 
fluid, radiation exchange also takes place between the sensor and the sur- 
rounding' surfaces. When the heat transfers by convection and radiation bal- 
ance each other, the sensor indicates a temperature that falls between the fluid 
and surface temperatures. Below we develop a procedure to account for the ra- 
diation effect and to determine the actual fluid temperature. 

Consider a thermometer that is used to measure the temperature of a 
fluid flowihg through a large channel whose walls are at a lower temperature 
than the fluid (Fig. 13-31). Equilibrium will be established and the reading of 
the thermometer will stabilize when heat gain by convection, as measured 
by the sensor, equals heat loss by radiation (or vice versa). That is, on a unit- 
area basis. 




FIGURE 13-31 
A thermometer used to measure the 
temperature of a fluid in a channel. 
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where 



: RADIATION HEAT TRANSFER 


Tf= actual temperature of the fluid, K 
Ta, = temperature value measured by the thermometer, K 
T w = temperature of the surrounding surfaces, K 
h = convection heat transfer coefficient, \V/m 2 • K 
g = emissivity of the sensor of the thermometer 

The last term in Eq. 13-46 is due to the radiation effect and represents the 
radiation correction. Note that the radiation correction term is most signifi- 
cant when the convection heat transfer coefficient is small and the emissivity 
of the surface of the sensor is large. Therefore, the sensor should be coated 
with a material of high reflectivity (low emissivity) to reduce the radiation 
effect. 

Placing the sensor in a radiation shield without interfering with the fluid 
flow also reduces the radiation effect. The sensors of temperature measure- 
ment devices used outdoors must be protected from direct sunlight since the 
radiation effect in that case is sure to reach unacceptable levels. 

The radiation effect is also a significant factor in human comfort in heating 
and air-conditioning applications. A person who feels fine in a room at a spec- 
ified temperature may feel chilly in another room at the same temperature as 
a result of the radiation effect if the walls of the second room are at a consid- 
erably lower temperature. For example, most people feel comfortable in a 
room at 22°C if the walls of the room are also roughly at that temperature. 
When the wall temperature drops to 5°C for some reason, the interior tem- 
perature of the room must be raised to at least 27°C to maintain the same level 
of comfort. Therefore, well-insulated buildings conserve energy not only by 
reducing the heat loss or heat gain, but also by allowing the thermostats to be 
set at a lower temperature in winter and at a higher temperature in summer 
without compromising the comfort level. 
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FIGURE 13-32 

Schematic for Example 13-11 


EXAMPLE 13-11 Radiation Shields 

A thin aluminum sheet with an emissivity of 0.1 on both sides is placed be- 
tween two very large parallel plates that are maintained at uniform tempera- 
tures. 7) = 800 K and T 2 = 500 K and have emissivities &! = 0.2 and s 2 = 
0.7, respectively, as shown in Fig. 13-32. Determine the net rate of radiation 
heat transfer between the two plates per unit surface area of the plates and 
compare the result to that without the shield. 


SOLUTION A thin aluminum sheet is placed between two large parallel plates 
maintained at uniform temperatures. The net rates of radiation heat transfer 
between the two plates with and without the radiation shield are to be deter- 
mined. 

Assumptions The surfaces are opaque, diffuse, and gray. 

Analysis The net rate of radiation heat transfer between these two plates with- 
out the shield was determined in Example 13-7 to be 3625 W/m 2 . Heat trans- 
fer in the presence of one shield is determined from Eq. 13-43 to be 




] 



*7 12* one shield 


Q 12* one shield 


o-cn 4 - t 2 4 ) 


- + — -!) + f- 1 - + j~ 

fi[ e 2 / \ e 3, 1 S 3,2 


(5.67 X 10 ±8 W/m 2 ‘ K 4 )[(800 K) 4 (500 K) 4 ] 


1 +^-l I + 


0.2 0.7 

806 W/m 2 


0.1 0.1 


Discussion Note that the rate of radiation heat transfer reduces to about one- 
fourth of what it was as a result of placing a radiation shield between the two 


parallel plates. 


EXAMPLE 13-12 Radiation Effect on Temperature Measurements 

A thermocouple used to measure the temperature of hot air flowing in a duct 
whose walls are maintained at T w = 400 K shows a temperature reading of 
fth = 650 K (Fig. 13-33). Assuming the emissivity of the thermocouple 
junction to be s = 0.6 and the convection heat transfer coefficient to be h = 
80 W/m 2 • K, determine the actual temperature of the air. 


SOLUTION The temperature of air in a duct is measured. Accounting for 
the radiation effect, and the actual air temperature is to be determined. 


Assumptions The surfaces are opaque, diffuse, and gray. 

Analysis The walls of the duct are at a considerably lower temperature than 
the air in it, and thus we expect the thermocouple to show a reading lower than 
the actual air temperature as a result of the radiation effect. The actual air 
temperature is determined from Eq. 13-46 to be 




E q(r 4 - r 4 ) 

h 


= (650 K) + 


0,6 X (5.67 X^IO^ W/m 2 • K 4 )[(650K) 4 - (400 K) 4 ) 

gO W/m 2 • K ~ X 


7 = 715 K 


Note that the radiation effect causes a difference of 65°C (or 65 K since °C 
= K for temperature differences) in temperature reading in this case. : v 
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= 650 K 


T f , • s = 0.6 

T w - 400 K 

FIGURE 13-33 

Schematic for Example 13-12. 


13-6 ■ RADIATION EXCHANGE WITH 

EMITTING AND ABSORBING GASES 

So far we considered radiation heat transfer between surfaces separated by a 
medium that does not emit* absorb, or scatter radiation— a nonparticipating 
medium that is completely transparent to thermal radiation, A vacuum satis- 
fies this condition perfectly, and air at ordinary temperatures and pressures 


comes very close. Gases that consist of monatomic molecules such as Ar and 
He and symmetric diatomic molecules such as N 2 and 0 2 are essentially trans- 
parent to radiation, except at extremely high temperatures at which ionization 
occurs. Therefore, atmospheric air can be considered to be a nonparticipating 
medium in radiation calculations. 

Gases with asymmetric molecules such as H 2 0, C0 2 , CO, S0 2 , and hydro- 
carbons H,„C„ may participate in the radiation process by absorption at mod- 
erate temperatures, and by absorption and emission at high temperatures such 
as those encountered in combustion chambers. Therefore, air or any other 
medium that contains such gases with asymmetric molecules at sufficient con- 
centrations must be treated as a participating medium in radiation calcula- 
tions. Combustion gases in a furnace or a combustion chamber, for example, 
contain sufficient amounts of H 2 0 and C0 2 , and thus the emission and ab- 
sorption of gases in furnaces must be taken into consideration. 

The presence of a participating medium complicates the radiation analysis 
considerably for several reasons: 

• A participating medium emits and absorbs radiation throughout its entire 
volume. That is, gaseous radiation is a volumetric phenomena, and thus it 
depends on the size and shape of the body. This is the case even if the 
temperature is uniform throughout the medium. 

• Gases emit and absorb radiation at a number of narrow wavelength bands. 
This is in contrast to solids, which emit and absorb radiation over the 
entire spectrum. Therefore, the gray assumption may not always be 
appropriate for a gas even when the surrounding surfaces are gray. 

• The emission and absorption characteristics of the constituents of a gas 
mixture also depends on the temperature, pressure, and composition of 
the gas mixture. Therefore, the presence of other participating gases 
affects the radiation characteristics of a particular gas. 

The propagation of radiation through a medium can be complicated further 
by presence of aerosols such as dust, ice particles, liquid droplets, and soot 
(unbumed carbon) particles that scatter radiation. Scattering refers to the 
change of direction of radiation due to reflection, refraction, and diffraction. 
Scattering caused by gas molecules themselves is known as the Rayleigh scat- 
tering, and it has negligible effect on heat transfer. Radiation transfer in scat- 
tering media is considered in advanced books such as the ones by Modest 
(1993) and Siegel and Howell (1992). 

The participating medium can also be semitransparent liquids or solids such 
as water, glass, and plastics. To keep complexities to a manageable level, we 
limit our consideration to gases that emit and absorb radiation. In particular, 
we consider the emission and absorption of radiation by H 2 0 and C0 2 only 
since they are the participating gases most commonly encountered in practice 
(combustion products in furnaces and combustion chambers burning hydro- 
carbon fuels contain both gases at high concentrations), and they are sufficient 
to demonstrate the basic principles involved. 

Radiation Properties of a Participating Medium 

Consider a participating medium of thickness L. A spectral radiation beam of 
intensity I x 0 is incident on the medium, which is attenuated as it propagates 


r 


due to absorption. The decrease in the intensity of radiation as it passes 
through a layer of thickness dx is proportional to the intensity itself and the 
thickness dx. This is known as Beer’s law, and is expressed as (Fig. 13-34) 

dl k {x) = -K A / A (x)dr (13-47) 

where the constant of proportionality k a is the spectral absorption coeffi- 
cient of the medium whose unit is m _I (from the requirement of dimensional 
homogeneity). This is just like the amount of interest earned by a bank 
account during a time interval being proportional to the amount of money in 
the account and the time interval, with the interest rate being the constant of 
proportionality. 

Separating the variables and integrating from x = 0 to x = L gives 

r 

= (13^18) 

^x,o 



L 

dx 


FIGURE 13-34 
The attenuation of a radiation 
beam while passing through an 
absorbing medium of thickness L. 


where we have assumed the absorptivity of the medium to be independent 
of x Note that radiation intensity decays exponentially in accordance with 

Beer’s law. 

The spectral transmissivity of a medium can be defined as the ratio of the 
intensity of radiation leaving the medium to that entering the medium. That is, 


= ^ = (13-49) 

4,0 

Note that t a = 1 when no radiation is absorbed and thus radiation intensity 
remains constant. Also, the spectral transmissivity of a medium represents the 
fraction of radiation transmitted by the medium at a given wavelength. 

Radiation passing through a nonscattering (and thus nonreflecting) medium 
is either absorbed or transmitted. Therefore a A + r A = 1, and the spectral ab- 
sorptivity of a medium of thickness L is 

= 1 t a = 1 — (13-50) 

From Kirchoff’s law, the spectral emissivity of the medium is 

y 

eA = „ A =l- e -^ (13-51) 

Note that the spectral absorptivity, transmissivity, and emissivity of a medium 
are dimensionless quantities, with values less than or equal to 1. The spectral 
absorption coefficient of a medium (and thus e A , oc x , and T)) t in general, vary 
with wavelength, temperature, pressure, and composition. 

For an optically thick medium (a medium with a large value of k x L), 
Eq. 13-51 gives e A a A ** 1. For k x L = 5, for example, s A = « A = °-993. 
Therefore, an optically thick medium emits like a blackbody at the given 
wavelength. As a result, an optically thick absorbing-emitting medium with no 
significant scattering at a given temperature T g can be viewed as a “black sur- 
face” at T g since it will absorb essentially all the radiation passing through it, 
and it will emit the maximum possible radiation that can be emitted by a sur- 
face at T g , which is E bX (T g ). 


_ 




Emissivity and Absorptivity 
of Gases and Gas Mixtures 

The spectral absorptivity of C0 2 is given in Figure 13-35 as a function of 
wavelength. The various peaks and dips in the figure together with disconti- 
nuities show clearly the band nature of absorption and the strong nongray 
characteristics. The shape and the width of these absorption bands vary with 
temperature and pressure, but the magnitude of absorptivity also varies with 
the thickness of the gas layer. Therefore, absorptivity values without specified 
thickness and pressure are meaningless. 

The nongray nature of properties should be considered in radiation calcula- 
tions for high accuracy. This can be done using a band model, and thus per- 
forming calculations for each absorption band. However, satisfactory results 
can be obtained by assuming the gas to be gray, and using an effective total 
absorptivity and emissivity determined by some averaging process. Charts for 
the total emissivities of gases are first presented by Hottel (1954), and they 
have been widely used in radiation calculations with reasonable accuracy. 
Alternative emissivity charts and calculation procedures have been developed 
more recently by Edwards and Matavosian (1984). Here we present the Hottel 
approach because of its simplicity. 

Even with gray assumption, the total emissivity and absorptivity of a gas 
depends on the geometry of the gas body as well as the temperature, pressure, 
and composition. Gases that participate in radiation exchange such as C0 2 and 
H 2 0 typically coexist with nonparticipating gases such as N 2 and 0 2 , and thus 
radiation properties of an absorbing and emitting gas are usually reported for a 
mixture of the gas with nonparticipating gases rather than the pure gas. The 
emissivity and absorptivity of a gas component in a mixture depends primarily 
on its density, which is a function of temperature and partial pressure of the gas. 

The emissivity of H 2 0 vapor in a mixture of nonparticipating gases is 
plotted in Figure 13-36a for a total pressure of P = 1 atm as a function of gas 
temperature T g for a range of values for P y ,L, where P w is the partial pressure 
of water vapor and L is the mean distance traveled by the radiation beam. 


FIGURE 13-35 

Spectral absorptivity of 
C0 2 at 830 K and 10 atm 

for a path length of 38.8 cm 
(from Siegel and Howell, 1992), 
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FIGURE 13-36 

Emisstvities of H 2 0 and C0 2 gases in a mixture of nonparticipating gases at a total pressure of 1 atm 

for a mean beam length of L (1 m * atm = 3.28 ft • atm) 

(from Hottel, 1954), 



FIGURE 13-37 

Correction factors for the emissivities of H 2 0 and C0 2 gases at pressures other than 1 atm for use in the relations 

. - acd a, = C A , , „ (1 m • atm = 3^f. ■ f ttn) 








RADfATlON HEAT TRANSFER 


Emissivity at a total pressure P other than P = 1 atm is determined by multi- 
plying the emissivity value at 1 atm by a pressure correction factor C w ob- 
tained from Figure 13-37u for water vapor. That is, 


6.1- Cn- £.,* 


u% I 2lm 


{ 13 - 52 } 


Note that C w = 1 for P = 1 atm and thus (P w + P)l 2 = 0.5 (a very low con- 
centration of water vapor is used in the preparation of the emissivity chart in 
Fig. 13-3 6a and thus P w is very low). Emissivity values are presented in a 
similar manner for a mixture of C0 2 and nonparticipating gases in Fig. 
13-366 and 13-376. 

Now the question that comes to mind is what will happen if the C0 2 and 
H 2 0 gases exist together in a mixture with nonparticipating gases. The emis- 
sivity of each participating gas can still be determined as explained above us- 
ing its partial pressure, but the effective emissivity of the mixture cannot be 
determined by simply adding the emissivities of individual gases (although 
this would be the case if different gases emitted at different wavelengths). 
Instead, it should be determined from 


£ s = e ( . + e„. - Ae 

= C c S c [ a tm "b C,, ®I1, 1 Jim Ae 


( 13 - 53 ) 


where Ae is the emissivity correction factor, which accounts for the overlap 
of emission bands. For a gas mixture that contains both C0 2 and H 2 0 gases, 
Ae is plotted in Figure 13-38. 

The emissivity of a gas also depends on the mean length an emitted ra- 
diation beam travels in the gas before reaching a bounding surface, and thus 
the shape and the size of the gas body involved. During their experiments in 
the 1930s, Hottel and his co workers considered the emission of radiation from 
a hemispherical gas body to a small surface element located at the center of 
the base of the hemisphere. Therefore, the given charts represent emissivity 



FIGURE 13-38 

Emissivity correction Ae for use in e g — s w + s c — As when both C0 2 and H 2 0 vapor are present in a gas mixture 
(1 m • atm = 3.28 ft • atm) 

(from Hottel, 1954). 
















data for the emission of radiation from a hemispherical gas body of radius L 
toward the center of the base of the hemisphere. It is certainly desirable to 
extend the reported emissivity data to gas bodies of other geometries, and this 
is done by introducing the concept of mean beam length L, which represents 
the radius of an equivalent hemisphere. The mean beam lengths for various 
gas geometries are listed in Table 13-4. More extensive lists are available in 
the literature [such as Hottel (1954), and Siegel and Howell, (1992)]. The 
emissivities associated with these geometries can be determined from Figures 
13-36 through 13-38 by using the appropriate mean beam length. 

Following a procedure recommended by Hottel, the absorptivity of a gas 
that contains C0 2 and H 2 0 gases for radiation emitted by a source at temper- 
ature T s can be determined similarly from 


a„ — a c + or,,. — Ace 


(13-54) 


where A a = As and is determined from Figure 13-38 at the source tempera- 
ture T r The absorptivities of C0 2 and H 2 0 can be determined from the emis- 
sivity charts (Figs. 12-36 and 12-37) as 


CO-,: 


and 


HyO: 


a c = C c X (TJT;) 0 - 65 X s c (Tr P C LT S !T S ) 


(13-55) 


= C w X (TJT s f A5 X s h (T p P v LTJT k ) 


(13-56) 


The notation indicates that the emissivities should be evaluated using T s in- 
stead of T s (both in K or R), P c LT S / T g instead of P c L, and P W LT S /T g instead 
of P W L, Note that the absorptivity of the gas depends on the source tempera- 
ture T s as well as the gas temperature T g . Also, a — s when T s ~ T g> as ex- 
pected. The pressure correction factors C c and C M , are evaluated using P C L and 
P W L, as in emissivity calculations. 
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TABLE 13-4 ^ : ' ' ' ' ' 

Mean beam length L for various gas volume shapes 

GaSVolume Geometry 

~ ^ — — — t 

Hemisphere of radius R radiating to the center of its base 
Sphere of diameter D radiating to its surface 
infinite circular cylinder of diameter D radiating to curved surface 
Semi-infinite circular cylinder of diameter D radiating to its base 
Semi-infinite circular cylinder of diameter D radiating to center 
of its base 

Infinite semicircular cylinder of radius R radiating to center 
of its base 

Circular cylinder of height equal to diameter D radiating to 
entire surface 

Circular cylinder of height equal to diameter D radiating to center 
of its base 

Infinite slab of thickness D radiating to either bounding plane 
Cube of side length L radiating to any face 

Arbitrary shape of volume i/and surface area A $ radiating to surface 




R 

0.650 

0.950 

0.650 

0.900 

1.26 R 

0.600 

0.710 
1.800 
0.66L 
•3.6 WM, 



RADIATION HEAT TRANSFER 


When the total emissivity of a gas s g at temperature T g is known, the emis- 
sive power of the gas (radiation emitted by the gas per unit surface area) can 
be expressed as E g = e g <jT 4 . Then the rate of radiation energy emitted by a 
gas to a bounding surface of area A s becomes 




( 13 - 57 ) 


If the bounding surface is black at temperature T p the surface will emit ra- 
diation to the gas at a rate of A s aT s 4 without reflecting any, and the gas will 
absorb this radiation at a rate of a g A s aT?, where a g is the absorptivity of the 
gas. Then the net rate of radiation heat transfer between the gas and a black 
surface surrounding it becomes 

Black enclosure: Q ni[ = A s <?(e s T g — o^T’ 4 ) (13-58) 


If the surface is not black, the analysis becomes more complicated because 
of the radiation reflected by the surface. But for surfaces that are nearly 
black with an emissivity b s > 0.7, Hottel (1954), recommends this 
modification, 


Q iki, gray 


8 , + 1 . £. + I , , 

t,bbck = AjrijtT* ~ «//) 


(13-59) 


The emissivity of wall surfaces of furnaces and combustion chambers are typ- 
ically greater than 0.7, and thus the relation above provides great convenience 
for preliminary radiation heat transfer calculations. 


//= 5 m 



Schematic for Example 13-13. 


EXAMPLE 13-13 Effective Emissivity of Combustion Gases § 

A cylindrical furnace whose height and diameter are 5 m contains combustion | 
gases at 1200 K and a total pressure of 2 atm. The composition of the com- 1 
bustion gases is determined by volumetric analysis to be 80 percent N 2 , 8 per- | 
cent H 2 0, 7 percent '0 2 , and 5 percent C0 2 . Determine the effective emissivity | 
of the combustion gases (Fig. 13-39). | 


SOLUTION The temperature, pressure, and composition of a gas mixture is 
given. The emissivity of the mixture is to be determined. 

Assumptions 1 All the gases in the mixture are ideal gases. 2 The emissivity 
determined is the mean emissivity for radiation emitted to all surfaces of the 
cylindrical enclosure. 

Analysis The volumetric analysis of a gas mixture gives the mole fractions y } 
of the components, which are equivalent to pressure fractions for an ideal gas 
mixture. Therefore, the partial pressures of C0 2 and H z O are 

P c = y COj P = 0.05(2 atm) = 0.10 atm 
P w = y HiG P = 0.08(2 atm) = 0.16 atm 

The mean beam length for a cylinder of equal diameter and height for radiation 
emitted to all surfaces is, from Table 13-4, 

L = 0.60D = 0.60(5 m) = 3 m 


r 


Then, 
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P C L — (0.10 atm)(3 m) = 0.30 m • atm = 0.98 ft * atm 
P k L = (0.16 atm)(3 m) = 0.48 m • atm = 1.57 ft * atm 

The emissivities of C0 2 and H 2 0 corresponding to these values at the gas tem- 
perature of T g = 1200 K and 1 atm are, from Figure 13-36, 

i atm — 0* f 6 and e^. f i 0.23 

These are the base emissivity values at 1 atm, and they need to be corrected 
for the 2 atm total pressure. Noting that (P w + P)I2 = (0.16 + 2}/2 = 1.08 
atm, the pressure correction factors are, from Figure 13-37, 


g 

!5 

i: 




C c = 1.1 


and 


C w = 1.4 


Both C0 2 and H 2 0 are present in the same mixture, and we need to correct for 
the overlap of emission bands. The emissivity correction factor at T = T g ~ 
1200 K is, from Figure 13-38, 




i 

l 

$ 

\ 

h 

I 


P C L + P W L = 0.93 + 1.57 = 2.55 ] 


w 


0.16 


P w + P c 0.16 + 0.10 


= 0.615 


Ae - 0.048 




Then the effective emissivity of the combustion gases becomes 

s g = C C £ C ' J a!m + C,,s v , ! atra - Ae = 1.1 X 0.16 + 1.4 X 0.23 - 0-048 - 0.45 

Discussion This is the average emissivity for radiation emitted to alt surfaces 
of the cylindrical enclosure. For radiation emitted towards the center of the 
base, the mean beam length is 0.7 ID instead of 0.60D, and the emissivity 
value wgufd be different. 

*r*; 

■ £ 


| EXAMPLE 13-14 Radiation Heat Transfer in a Cylindrical 
b ’f Furnace 

^y, r t 


i Reconsider the cylindrical furnace discussed in Example 13-13. For a wall 
y temperature of 600 K, determine the absorptivity of the combustion gases and 


H the rate of radiation heat transfer from the combustion gases to the furnace 

Li walls (Fig. 13-40). 
u 


5 

§i 


a 



SOLUTION The temperatures for the wall surfaces and the combustion gases 
are given for a cylindrical furnace. The absorptivity of the gas mixture and the 
rate of radiation heat transfer are to be determined. 

Assumptions 1 All the gases in the mixture are ideal gases. 2 All interior 
surfaces of furnace walls are black. 3 Scattering by soot and other particles is 
negligible. 

Analysis The average emissivity of the combustion gases at the gas tempera- 
ture of T g = 1200 K was determined in the preceding example to be & g = 0.45. 


H= 5 m 



FIGURE 13-40 


Schematic for Example 13-14. 
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For a source temperature of T s = 600 K, the absorptivity of the gas is again 
determined using the emissivity charts as 


P c L~r = (0.10 atm) (3 = 0.15 m • atm = 0.49 ft • atm 


1200 K 


P W L y = (0.16 atm)(3 m) = 0.24 m ■ atm = 0.79 ft • atm 

& 

The emissivities of C0 2 and H 2 0 corresponding to these values at a tempera 
ture of T s = 600 K and 1 atm are, from Figure 13-36, 


H3 


1 atm 


— 0.1 1 and e 1Vi ! atra = 0.25 


The pressure correction factors were determined in the preceding example to 
be C c = 1.1 and C* = 1.4, and they do not change with surface temperature. 
Then the absorptivities of C0 2 and H 2 0 become 


. f =c tl pr^,«=u.i)Sr(o.n)=o,9 


600 K 


a,, CJ 


T s \ <«5 


0.45 


^,.» = 0.4)|^|l (0.25) = 0.48 


Also A a = Ae, but the emissivity correction factor is to be evaluated from 
Figure 13-38 at T = T s = 600 K instead of T g = 1200 K. There is no 
chart for 600 K in the figure, but we can read Ae values at 400 K and 800 K, 
3 nd take their average. At P w f(P w + P c ) - 0.615 and P C L + P W L = 2.55 
we read Ae = 0.027. Then the absorptivity of the combustion gases 
becomes 

a n a c + a w — Aa — 0.19 + 0.48 - 0.027 = 0.64 


The surface area of the cylindrical surface is 

ttD 2 -7t( 5 m)' 

A, = 'ttDH + 2 = 7t( 5 m)(5 m) + 2 — ^ — 


= 1 IS m 2 


Then the net rate of radiation heat transfer from the combustion gases to the 
walls of the furnace becomes 


Qm = Vfs// ~ a s T ?) 

= (118 m 2 )(5.67 X 10- s W/m 2 • K 4 ) [0.45(1 200 K) 4 - 0.64(600 K) 4 ] 
= 5.69 x 10 6 W 


Discussion The heat transfer rate determined above is for the case of black 
wall surfaces. If the surfaces are not black but the surface emissivity s s is 
greater than 0.7, the heat transfer rate can be determined by multiplying the 
rate of heat transfer already determined by (e s + l)/2. 


r 



Heat Transfer from the Human Body 

The metabolic heat generated in the body is dissipated to the environment 
through the skin and the lungs by convection and radiation as sensible beat 
and by evaporation as latent heat (Fig. 13—41). Latent heat represents the 
heat of vaporization of water as it evaporates in the lungs and on the skin 
by absorbing body heat, and latent heat is released as the moisture con- 
denses on cold surfaces. The wa rmin g of the inhaled air represents sensible 
heat transfer in the lungs and is proportional to the temperature rise of 
inhaled air. The total rate of heat loss from the body can be expressed as 


* 

G body, total 


Gatin ^ G lungs 

* * * ■ 

(£2 sensible G la tenth s kin (G sensible ^ GlaEtnOlongs 

* ■ * * » 

— (6 convection F Gradiyion F (2litent)skm F (2 convection F 2latint)lungs (13-60) 


Therefore, the determination of heat transfer from the body by analysis 
alone is difficult. Clothing further complicates the heat transfer from the 
body, and thus we must rely on experimental data. Under steady condi- 
tions, the total rate of heat transfer from the body is equal to the rate of 
metabolic heat generation in the body, which varies from about 100 W for 
light office work to roughly 1000 W during heavy physical work. 

Sensible heat loss from the skin depends on the temperatures of the skin, 
the environment, and the surrounding surfaces as well as the air motion. 
The latent heat loss, on the other hand, depends on the skin wettedness and 
the relative humidity of the environment as well. Clothing serves as insula- 
tion and reduces both the sensible and latent forms of heat loss. The heat 
transfer from the lungs through respiration obviously depends on the fre- 
quency pf breathing and the volume of the lungs as well as the environ- 
mental factors that affect heat transfer from the skin. 

Sensible heat from the clothed skin is first transferred to the clothing and 
then from the clothing to the environment. The convection and radiation 
heat losses from the outer surface of a clothed body can be expressed as 



Floor 


FIGURE 13-41 
Mechanisms of heat loss 
from the human body and relative 
magnitudes for a resting person. 



Q eonv ft cci itv d dothl ng ( T loifii ng Tm d( > n )) 

Cl :;d — hisij dclochincfTcloihing F':rr) 


(W) 


(13-61) 

(13-62) 


where 

/i conv = convection heat transfer coefficient, as given in Table 13-5 

= radiation heat transfer coefficient, 4.7 W/m 2 • °C for typical indoor 
conditions; the emissivity is assumed to be 0.95, which is typical 

A dotHng = outer surface area of a clothed person 

Tciothing — average temperature of exposed skin and clothing 

TamKent = ambient air temperature 

T smr = average temperature of the surrounding surfaces 


*This section can be skipped without a loss in continuity. 
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; RADIATION HEAT TRANSFER 


" TABLE 13-5 • 

Convection heat transfer coefficients 
for a ciothed body at 1 atm 
(V is in m/s) (compiled 
from various sources) 


Activity 

^conv» 

W/m 2 * °C 

Seated in air moving at 
0 < V< 0.2 m/s 

3.1 

0.2 < V < 4 m/s 

8.3V 06 

Walking in still air at 
0.5 < V< 2 m/s 

8.61/°- 53 

Walking on treadmill 
in still air at 
0.5 < V< 2 m/s 

6.5 V 0 - 39 

Standing in moving air at 
0 < V< 0.15 m/s 

4.0 

0.15 < V< 1.5 m/s 

14.81/° 69 


*At pressures other than 1 atm, multiply by 
P 0 - 55 , where Pis in atm. 



(a) Convection and radiation, separate 



(j b ) Convection and radiation, combined 

FIGURE 13-42 

Heat loss by convection and radiation 
from the body can be combined 
into a single term by defining an 
equivalent operative temperature. 


The convection heat transfer coefficients at 1 atm pressure are given in 
Table 13-5. Convection coefficients at pressures P other than 1 atm are 
obtained by multiplying the values at atmospheric pressure by P 0 - 55 where 
P is in atm. Also, it is recognized that the temperatures of different surfaces 
surrounding a person are probably different, and T suir represents the mean 
radiation temperature, which is the temperature of an imaginary iso- 
thermal enclosure in which radiation heat exchange with the human body 
equals the radiation heat exchange with the actual enclosure. Noting that 
most clothing and building materials are very nearly black, the mean radi- 
ation temperature of an enclosure that consists of N surfaces at different 
temperatures can be determined from 

T'sutr = ■fpereon-l T\ + ^penon-2 T 2 + ■ * ' ' + Tv (13-63) 

where 7} is the temperature of the surface i and is the view factor 

between the person and surface r. 

Total sensible heat loss can also be expressed conveniently by combining 
the convection and radiation heat losses as 


Gcmv+rsd /'combined dot fling (Teeing "Cp £rat j Vl .) 

(/'com- ' clothing (Toothing Tjpemve) 


(W) 


( 13 - 64 ) 

( 13 - 65 ) 


where the operative temperature Thrive is the average of the mean radi- 
ant and ambient temperatures weighed by their respective convection and 
radiation heat transfer coefficients and is expressed as (Fig. 13-42) 


T. 


/'conv T am t,; en t 4* T. 


SUIT 


ambient 


+ r, 


suit 


operative 


/'conv + h 


( 13 - 66 ) 


rad 


Note that the operative temperature will be the arithmetic average of the 
ambient and surrounding surface temperatures when the convection and 
radiation heat transfer coefficients are equal to each other. Another en- 
vironmental index used in thermal comfort analysis is the effective tem- 
perature, which combines the effects of temperature and humidity. Two 
environments with the same effective temperature evokes the same thermal 
response in people even though they are at different temperatures and 
humidities. 

Heat transfer through the clothing can be expressed as 


Q 


A 


cfotlilns 


(T £ !d„ ^clothing) 


com' + rad 


R, 


clothing 


( 13 - 67 ) 


where J? cloth ing is the unit thermal resistance of clothing in m 2 * °C/W, which , 
involves the combined effects of conduction, convection, and radiation be- 
tween the skin and the outer surface of clothing. The thermal resistance of 
clothing is usually expressed in the unit clo where 1 clo — 0.155 m 2 - °CAV. 
The thermal resistance of trousers, long-sleeve shirt, long-sleeve sweater, and 
T-shirt is 1.0 clo, or 0.155 m 2 ■ °CAV. Summer clothing such as light slacks 
and short-sleeved shirt has an insulation value of 0.5 clo, whereas winter 
clothing such as heavy slacks, long-sleeve shirt, and a sweater or jacket has 
an insulation value of 0.9 clo. 


Then the total sensible heat loss can be expressed in terms of the 
skin temperature instead of the inconvenient clothing temperature as 
(Fig. 13^13) 


(3 COUV 


^dulhtng (T ; fctn T 0(X . r j t ' lve ) 


COJTr -f md 


■^clothing 


combined 


(13-68) 


At a state of thermal comfort, the average skin temperature of the body is 
observed to be 33°C. No discomfort is experienced as the skin temperature 
fluctuates by ± 1.5°C. T his is the case whether the body is clothed or un- 
clothed. 

Evaporative or latent heat loss from the skin is proportional to the dif- 
ference between the water vapor pressure at the skin and the ambient air, 
and the skin wettedness, which is a measure of the amount of moisture on 
the skin. It is due to the combined effects of the evaporation of sweat and 
the diffusion of water through the skin, and can be expressed as 

2 1 lie nt m vapor ^Jg (13—69) 



Simplified thermal resistance 
network for heat transfer 
from a clothed person. 


where 


>h npor — the rate of evaporation from the body, kg/s 

hf g — the enthalpy of vaporization of water = 2430 kj/kg at 30°C 

Heat loss by evaporation is maximum when the skin is completely wetted. 
Also, clothing offers resistance to evaporation, and the rate of evaporation 
in clothed bodies depends on the moisture permeability of the clothes. The 
maximum evaporation rate for an average man is about 1 L/h (0.3 g/s), 
which represents an upper limit of 730 W for the evaporative cooling rate. 
A person'can lose as much as 2 kg of water per hour during a workout on a 
hot day, biff any excess sweat slides off the skin surface without evaporat- 
ing (Fig. 13-44). 

During respiration, the inhaled" air enters at ambient conditions and ex- 
haled air leaves nearly saturated at a temperature close to the deep body 
temperature (Fig. 13^45). Therefore, the body loses both sensible heat by 
convection and latent heat by evaporation from the lungs, and these can be 
expressed as 


Q conv. I-Uri 4) h.i.ii F I Ir.y ^ambient) 

Q latent, lungs vapor, lungs ^fg ^air, lungs C^exhak *4uubknt)fyjj 


(13-70) 

(13-71) 


where 

^air. lungs = rate °f air intake to the lungs, kg/s 
c p,atr = specific heat of air = 1.0 kj/kg • °C 
Tfxhaie — temperature of exhaled air 

a) = humidity ratio (the mass of moisture per unit mass of dry air) 



^latent, max max fyg © 3 <? C 

= (0.3 g/s){2430 kJ/kg) 

= 729 W 

FIGURE 13-44 
An average person can lose heat at 
a rate of up to 730 W by evaporation. 



Cool Warm and moist 



FIGURE 13-45 

Part of the metabolic heat generated in 
the body is rejected to the air from 
the lungs during respiration. 



FIGURE 13-46 

Schematic for Example 13-15. 


The rate of air intake to the lungs is directly proportional to the metabolic 
rate Q ma . The rate of total heat loss from the lungs through respiration can 

be expressed approximately as 

Qcw + i-tcA L i™^ = 0.00140^., (34 - 7^,*) + 0.01730^, (5.87 - nt ) 

( 13 - 72 ) 

where P v is the vapor pressure of ambient air in kPa. 

The fraction of sensible heat varies from about 40 percent in the case of 
heavy work to about 70 percent during light work. The rest of the energy is 
rejected from the body by perspiration in the form of latent heat. 


EXAMPLE 13-15 Effect of Clothing on Thermal Comfort j 

It is well established that a clothed or unclothed person feels comfortable | 
when the skin temperature is about 33°C. Consider an average man wearing : 
summer clothes whose thermal resistance is 0.6 do. The man feels very com- 
fortable while standing in a room maintained at 22°C. The air motion in the 
room is negligible, and the interior surface temperature of the room is about 
the same as the air temperature. If this man were to stand in that room un- 
clothed, determine the temperature at which the room must be maintained for 
him to fee! thermally comfortable. 

SOLUTION A man wearing summer clothes feels comfortable in a room at 
22°C. The room temperature at which this man would feel thermally comfort- 
able when unclothed is to be determined. 

Assumptions 1 Steady conditions exist. 2 The latent heat loss from the person 
remains the same. 3 The heat transfer coefficients remain the same. 

Analysis The body loses heat in sensible and latent forms, and the sensible 
heat consists of convection and radiation heat transfer. At low air velocities, the 
convection heat transfer coefficient for a standing man is given in Table 13-5 
to be 4.0 W/m 2 • ?C, The radiation heat transfer coefficient at typical indoor 
conditions is 4.7 W/m 2 • °C. Therefore, the surface heat transfer coefficient for 
a standing person for combined convection and radiation is 


^combined 


= = 4.0 + 4.7 - 8.7 W/m 2 ■ X 


The thermal resistance of the clothing is given to be 

r, a . = 0.6 do = 0.6 X 0.155 m 2 ■ °CAV = 0.093 m 2 * °C/W 


’Clothing 


Noting that the surface area of an average man is 1.8 m 2 , the sensible heat 
loss from this person when clothed is determined to be (Fig. 13-46) 


Q sensible, clothed 


^arnbient) 

1 


(1.8 m 2 )(33 - 22)°C 


> j — 

1 clothing 1 ^ 


0.093 m 2 - °C/W + 


combined 


8.7 W/m 2 - °C 


- 95,2 W 


From a heat transfer point of view, taking the clothes off is equivalent to re- 
moving the clothing insulation or setting /? etot h irg = 0. The heat transfer in this 
case can be expressed as 





Q 


A s (T s v n - ' (1.8 m 2 )(33 - T^d ° C 


sensibly unclothed 


a 


combined 


i 

8.7 W/m 2 ■ °C 


To maintain thermal comfort after taking the clothes off, the skin temperature 
of the person and the rate of heat transfer from him must remain the same. 
Then setting the equation above equal to 95.2 W gives 


T, 


ambient 


26.9X 


l 

l 

? 

3 

i 





I 




m 


Therefore, the air temperature needs to be raised from 22 to 26.9°C to ensure 
that the person feels comfortable in the room after he takes his clothes off (Fig. 
13-47). 

Discussion Note that the effect of clothing on latent heat is assumed to be 
negligible in the solution above. We also assumed the surface area of the 
clothed and unclothed person to be the same for simplicity, and these two 
effects should counteract each other. 


> 




FIGURE 13-47 
Clothing serves as insulation, 
and the room temperature needs to be 
raised when a person is unclothed to 
maintain the same comfort level. 
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Radiaton heat transfer between surfaces depends on the ori- 
entation of the surfaces relative to each other. In a radiation 
analysis, this effect is accounted for by the geometric parame- 
ter view factor. The view factor from a surface i to a surface j 
is denoted by or F i} , and is defined as the fraction of the 
radiation leaving surface / that strikes surface j directly. The 
view factors between differential and finite surfaces are ex- 
pressed as 


dFiU^dA. 

n 

i 

F n = F A^A t 


QdA^dA, COS 0x COS 0 2 


dA- 


< 2 *. 

f COS d\ COS $2 


Ttr 




7 Tr 


0a , — s a, 1 


Qa, 


A, 


dA 2 

f COS $1 COS $2 


Ja 3 Ja, 


dA,dA- 


irr 


where r is the distance between dA { and dA 2 , and Q x and 9 2 are 
the angles between the normals of the surfaces and the line that 
connects dA x and dA 2 . 

The view factor F t ; represents the fraction of the radiation 
leaving surface i that strikes itself directly; F ( _» ,- = 0 for plane 
or convex surfaces and F f _ # 0 for concave surfaces. For 
view factors, the reciprocity ride is expressed as 


unity. This is known as the summation rule for an enclosure. 
The superposition rule is expressed as the view factor from a 
surface i to a surface j is equal to the sum of the view factors 
from surface i to the parts of surface j. The symmetry rule is 
expressed as if the surfaces y and k are symmetric about the sur- 
face i then Fj*_>y = F t ^ k . 

The rate of net radiation heat transfer between two black sur- 
faces is determined from 

Qx^7=A x F^ 2 a{Tt-n) 

The net radiation heat transfer from any surface i of a black 
enclosure is determined by adding up the net radiation heat 
transfers from surface i to each of the surfaces of the enclosure; 

N N 

Qt = X Qt^j = 2 A i F ^i ~ 

/=! 

The total radiation energy leaving a surface per unit time and 
per unit area is called the radiosity and is denoted by J. The 
net rate of radiation heat transfer from a surface i of surface 
area A t is expressed as 




Rt 


A.F ■ =AF- ■ 


where 


The sum of the view factors from surface / of an enclosure to 
all surfaces of the enclosure, including to itself, must equal 



1 ~~ £ f 

A,- e, 


■ i 


RADIATION HEAT TRANSFER 


is the surface resistance to radiation. The net rate of radiation The radiation effect in temperature measurements can be prop' 

heat transfer from surface i to surface j can be expressed as erly accounted for by 


_ ^ 'h 

R i 


T f =T^ + 


sarfi - n) 
h 


where 


~ 


44 


-4 J 


is the space resistance to radiation. The network method is 
applied to radiation enclosure problems by drawing a surface 
resistance associated with each surface of an enclosure and 
connecting them with space resistances. Then the problem is 
solved by treating it as an electrical network problem where the 
radiation heat transfer replaces the current and the radiosity 
replaces the potential. The direct method is based on the 
following two equations: 


Surfaces with specified . ' 

net heat transfer rate {?, 2, = ^ 2 /W W,> 


Surfaces with specified 
temperature T f 




j = I 


4 


The first and the second groups of equations give N linear 
algebraic equations for the determination of the N unknown ra- 
diosities for an jV- surface enclosure. Once the radiosities Jy J 2 > 
. . . , J N are available, the unknown surface temperatures and 
heat transfer rates can be determined from the equations just 
shown. 

The net rate of radiation transfer between any two gray, dif- 
fuse, opaque surfaces that form an enclosure is given by 


, ~ Tj) 

Ql1 1 ~ e i | 1 ! 1 ~~ e 2 

4 s E 4 F 12 A 2 s 2 

Radiation heat transfer between two surfaces can be reduced 
greatly by inserting between the two surfaces thin, high- 
reflectivity (low-emissivity) sheets of material called ra- 
diation shields. Radiation heat transfer between two large 
parallel plates separated by N radiation shields is 


where 7} is the actual fluid temperature, is the temperature 
value measured by the thermometer, and T w is the temperature 
of the surrounding walls, alL in K. 

Gases with asymmetric molecules such as H 2 0, C0 2 CO, 
S0 2 , and hydrocarbons H n C ffl participate in the radiation pro- 
cess by absorption and emission. The spectral transmissivity, 
absorptivity, and emissivity of a medium are expressed as 

t a = e~ KlL , a x = 1 - t a = 1 — and 

e* = a A = 1 “ e~ KiL 

where k a is the spectral absorption coefficient of the medium. 

The emissivities of H 2 0 and C0 2 gases are given in Figure 
13-36 for a total pressure of P = 1 atm. Emissivities at other 
pressures are determined from 

f'w i atm and e c C c s c , j aEra 

where C w and C c are the pressure correction factors. For gas 
mixtures that contain both of H 2 0 and C0 2 , the emissivity is 
determined from 

£g '■‘c d" ®w 1 atm d” C tv E, j a[m As 

where As is the emissivity correction factor, which accounts 
for' the overlap of emission bands. The gas absorptivities for ra- 
diation emitted by a source at temperature T s are determined 
similarly from 


a g = a c + a w - Ac* 

where Aa = As at the source temperature T s and 

C0 2 : a c ~C c X {T g !T s f « 5 X e c (T p P c LTJT g ) 

H 2 0: a*. = C w X (T s /T s f A5 X e„{T s , P w LTJT g ) 

The rate of radiation heat transfer between a gas and a sur- 
rounding surface is 


Qll, shields 



A<T(Tf - 

1+...+ 





Black enclosure: 

Gray enclosure , 
with e s > 0*7: 


(L t = 44>X 4 ~ a.Tf) 


Q net, gray = ^^44^ “ <*&) 
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The View Factor 

13-1 C What does the view factor represent? When is the 
view factor-fr&m a surface to itself not zero? 

13-2C How ban you determine the view factor F n when the 

view factor Fn and the surface areas are available? 

✓ 

13-3C What are the summation rule and the superposition 
rule for view factors? 

13-4 C f What is the crossed-strings method? For what kind of 
geomefries is the crossed-strings method applicable? 

13-5 Consider an enclosure consisting of eight surfaces. 
How many view factors does this geometry involve? How 
many of these view factors can be determined by the applica- 
tion of the reciprocity and the summation rules? 




*Problems designated by a “C" are concept questions, and 
students are encouraged to answer them all* Problems with the 
icon * are solved using EES* Problems with the icon i! are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software* 


13-6 Consider an enclosure consisting of five surfaces. How 
many view factors does this geometry involve? How many 
of these view factors can be determined by the application of 
the reciprocity and summation rules? 

13-7 Consider an enclosure consisting of 12 surfaces* How 
many view factors does this geometry involve? How many of 
these view factors can be determined by the application of the 
reciprocity and the summation rules? Answers: 144, 78 

13-8 Determine the view factors and F 23 between the 
rectangular surfaces shown in Fig* P13-8, 



FIGURE PI 3-8 

13-9 Consider a cylindrical enclosure whose height is twice 
the diameter of its base. Determine the view factor from the 
side surface of this cylindrical enclosure to its base surface. 


RADIATION HEAT TRANSFER 


13-1 0 Consider a hemispherical furnace with a flat circular 
base of diameter D. Determine the view factor from the dome 
of this furnace to its base. Answer: 0.5 

13-11 Determine the view factors F n and F 2X for the very 
long ducts shown in Fig. P13-11 without using any view factor 
tables or charts. Neglect end effects. 



<fl) (6) W 
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13-12 Determine the view factors from the very long 
grooves shown in Fig. PI 3-12 to the surroundings without us- 
ing any view factor tables or charts. Neglect end effects. 



13-13 Determine the view factors from the base of a cube to 
each of the other five surfaces. 

13-14 Consider a conical enclosure of height h and base 
diameter D. Determine the view factor from the conical side 
surface to a hole of diameter d located at the center of the 
base. 



13-15 Determine the four view factors associated with an 
enclosure formed by two very long concentric cylinders of 
radii r x and r 2 . Neglect the end effects. 

13-16 Determine the view factor F n between the rectangular 
surfaces shown in Fig. PI 3-1 6. 



13-17 Two infinitely long parallel cylinders of diameter D 
are located a distance s apart from each other. Determine the 
view factor F n between these two cylinders. 

13-18 Three infinitely long parallel cylinders of diameter D 
are located a distance s apart from each other. Determine the 
view factor between the cylinder in the middle and the 
surroundings. 



Radiation Heat Transfer between Surfaces 

13-1 9 C Why is the radiation analysis of enclosures that 
consist of black surfaces relatively easy? How is the rate of 
radiation heat transfer between two surfaces expressed in this 
case? 

13-20 C How does radiosity for a surface differ from the 
emitted energy? For what kind of surfaces are these two quan- 
tities identical? 

13-21 C What are the radiation surface and space resis- 
tances? How are they expressed? For what kind of surfaces is 
the radiation surface resistance zero? 

13-22C What are the two methods used in radiation analy- 
sis? How do these two methods differ? 

13-23 C What is a reradiating surface? What simplifi- 
cations does a reradiating surface offer in the radiation 
analysis? 

13-24 A solid sphere of 1 m diameter at 500 K is kept in an 
evacuated, long, equilateral triangular enclosure whose sides 
are 2 m long. The emissivity of the sphere is 0.45 and the tem- 
perature of the enclosure is 380 K. If heat is generated uni- 
formly within the sphere at a rate of 3100 W, determine (a) the 
view factor from the enclosure to the sphere and (b) the emis- 
sivity of the enclosure. 
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13-25 This question deals with steady-state radiation heat 
transfer between a sphere (r, = 30 cm) and a circular disk 
(r 2 = 120 cm), which are separated by a center-to-center 
distance h = 60 cm. When the normal to the center of disk 
passes tlirough the center of sphere, the radiation view factor is 
given by 



1 - 


1 + 


>2 


n-OJ 


h 


Surface temperatures of the sphere and the disk are 600°C and 
200°C, respectively; and their emissivities are 0.9 and 0.5, re- 
spectively. 

(a) Calculate the view factors F n and F 2l . 

(b) Calculate the net rate of radiation heat exchange be- 
tween the sphere and the disk. 

(c) For the given radii and temperatures of the sphere and 
the disk, the following four possible modifications could 
increase the net rate of radiation heat exchange; paint 
each of the two surfaces to alter their emissivities, adjust 
the distance between them, and provide an (refractory) 
enclosure. Calculate the net rate of radiation heat ex- 
changf^between the two bodies if the best values are se- 
lected for each of the above modifications. 


/ 



13-26 Two very large parallel plates are maintained at uni- 
form temperatures of T x = 600 K and T 2 = 400 K and have 
emissivities e x = 0.5 and e 2 = 0.9, respectively. Determine the 
net rate of radiation heat transfer between the two surfaces per 
unit area of the plates. 


_ CHAPTER 13 
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reconsider Frob. 13-26. Using EES (or other) 
software, investigate the effects of the temperature 
and the emissivity of the hot plate on the net rate of radiation 


heat transfer between the plates. Let the temperature vary from 
500 K to 1000 K and the emissivity from 0. 1 to 0.9. Plot the net 
rate of radiation heat transfer as functions of temperature and 
emissivity, and discuss the results. 


13-28 A furnace is of cylindrical shape with R ~ H = 2 m. 
The base, top, and side surfaces of the furnace are all black and 
are maintained at uniform temperatures of 500, 700, and 
1400 K, respectively. Determine the net rate of radiation heat 
transfer to or from the top surface during steady operation. 



H = 2rn 

_L 
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13-29 Consider a hemispherical furnace of diameter 
D — 5 m with a flat base. The dome of the furnace is black, and 
the base has an emissivity of 0.7. The base and the dome of the 
furnace are maintained at uniform temperatures of 400 and 
1000 K, respectively. Determine the net rate of radiation heat 
transfer from the dome to the base surface during steady oper- 
ation, Answer: 759 kW 
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13-30 Two very long concentric cylinders of diameters 
D j = 0.35 m and D 2 = 0.5 m are maintained at uniform tem- 
peratures of T\ = 950 K and 7) — 500 K and have emissivities 
«i = 1 and e 2 — 0.55, respectively. Determine the net rate of 
radiation heat transfer between the two cylinders per unit 
length of the cylinders. 







RADIATION HEAT TRANSFER 


13—31 This experiment is conducted to determine the emis- 
sivity of a certain material. A long cylindrical rod of diameter 
D x = 0.01 m is coated with this new material and is placed in 
an evacuated long cylindrical enclosure of diameter 
= 0.1 m and emissivity e 2 = 0.95, which is cooled exter- 
nally and maintained at a temperature of 200 K at all times. 
The rod is heated by passing electric current through it. When 
steady operating conditions are reached, it is observed that 
the rod is dissipating electric power at a rate of 8 W per unit 
of its length and its surface temperature is 500 K. Based on 
these measurements, determine the emissivity of the coating 

on the rod. 

13-32 A furnace is shaped like a long semicylindrical duct of 
diameter D = 5 m. The base and the dome of the furnace have 
emissivities of 0.5 and 0.9 and are maintained at uniform tem- 
peratures of 300 and 1000 K, respectively. Determine the net 
rate of radiation heat transfer from the dome to the base surface 
per unit length during steady operation. 
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13-33 Two parallel disks of diameter D = 0.6 m separated 
by L = 0.4 m are located directly on top of each other. Both 
disks are black and are maintained at a temperature of 450 K. 
The back sides of the disks are insulated, and the environment 
that the disks are in can be considered to be a blackbody at 
300 K. Determine the net rate of radiation heat transfer from 
the disks to the environment. Answer: 781 W 


13-34 A furnace is shaped like a long equilateral-triangular 
duct where the width of each side is 2 m. Heat is supplied from 
the base surface, whose emissivity is = 0.8, at a rate of 
800 W/m 2 while the side surfaces, whose emissivities are 0.5, 
are maintained at 500 K. Neglecting the end effects, determine 
the temperature of the base surface. Can you treat this geome- 


try as a two-surface enclosure? 

13-35 Reconsider Prob. 13-34. Using EES (or other) 

bgai software, investigate the effects of the rate of 
the heat transfer at the base surface and the temperature of the 
side surfaces on the temperature of the base surface. Let the 
rate of heat transfer vary from 500 W/m 2 to 1000 W/m 2 and 
the temperature from 300 K to 700 K. Plot the temperature of 
the base surface as functions of the rate of heat transfer and 


the temperature of the side surfaces, and discuss the results. 


13-36 Consider a 4-m X 4-m X 4-m cubical furnace 
whose floor and ceiling are black and whose side surfaces are 


reradiating. The floor and the ceiling of the furnace are main- 
tained at temperatures of 550 K and 1 100 K, respectively. De- 
termine the net rate of radiation heat transfer between the floor 
and the ceiling of the furnace. 

13-37 Two concentric spheres of diameters D x = 0.3 m 
and D 2 = 0.4 m are maintained at uniform temperatures 
T x = 700 K and T 2 = -500 K and have emissivities e, = 0.5 and 
s 2 = 0.7, respectively. Determine the net rate of radiation heat 
transfer between the two spheres. Also, determine the convec- 
tion heat transfer coefficient at the outer surface if both the sur- 
rounding medium and the surrounding surfaces are at 30°C. 
Assume the emissivity of the outer surface is 0.35. 

13-38 A spherical tank of diameter D = 2 m that is filled 
with liquid nitrogen at 100 K is kept in an evacuated cubic en- 
closure whose sides are 3 m long. The emissivities of the 
spherical tank and the enclosure are s x = 0.1 and e 2 = 0.8, 
respectively. If the temperature of the cubic enclosure is mea- 
sured to be 240 K, determine the net rate of radiation heat 
transfer to the liquid nitrogen. Answer: 228 W 



13-39 Repeat Prob. 13-38 by replacing the cubic enclosure 
by a spherical enclosure whose diameter is 3 m. 


13-40 



Reconsider Prob. 13-38. Using EES (or other) 
software, investigate the effects of the side 
length and the emissivity of the cubic enclosure, and the emis- 
sivity of the spherical tank on the net rate of radiation heat 
transfer. Let the side length vary from 2.5 m to 5.0 m and both 
emissivities from 0.1 to 0.9. Plot the net rate of radiation heat 
transfer as functions of side length and emissivities, and dis- 
cuss the results. 


13-41 Consider a circular grill whose diameter is 0.3 m. The 
bottom of the grill is covered with hot coal bricks at 950 K, 
while the wire mesh on top of the grill is covered with steaks 
initially at 5°C. The distance between the coal bricks and the 
steaks is 0.20 m. Treating both the steaks and the coal bricks as 
blackbodies, determine the initial rate of radiation heat transfer 
from the coal bricks to the steaks. Also, determine the initial 
rate of radiation heat transfer to the steaks if the side opening 


of the grill is covered by aluminum foil, which can be approx- 
imated as a reradiating surface. Answers: 928 W, 2085 W 
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13-42 A 2.75-m-high room with a base area of 3.7 m X 
3.7 m is to be heated by electric resistance heaters placed on 
the ceiling, which is maintained at a uniform temperature of 
32°C at all times. The floor of the room is at 17°C and has an 
emissivity of 0.8. The side surfaces are well insulated. Treating 
the ceiling as a bfackbody, determine the rate of heat loss from 
the room through the floor. 

13-43 Consider two rectangular surfaces perpendicular to 
each other with a common edge which is 1.6 m long. The hor- 
izontal surface is 0.8 m wide and the vertical surface is 1.2 m 
high. The horizontal surface has an emissivity of 0.75 and is 
maintained at 400 K. The vertical surface is black and is main- 
tained at 550 K. The back sides of the surfaces are insulated. 
The surrounding surfaces are at 290 K, and can be considered 
to have aherpissivity of 0.85. Determine the net rate of radia- 
tion heat transfers between the two surfaces, and between the 
horizontal surface and the surroundings. 


r 2 = 550 K 

e 2 =\ tv= 1.6 m © 

290 K 
0.85 


r,=400K 
= 0.75 
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13-44 Two long parallel 20-cm-diameter cylinders are 
located 30 cm apart from each other. Both cylinders are black, 
and are maintained at temperatures 425 K and 275 K. The 
surroundings can be treated as a blackbody at 300 K. For 
a 1-m-long section of the cylinders, determine the rates of 
radiation heat transfer between the cylinders and between the 
hot cylinder and the surroundings. 
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13-45 Consider a long semicylindrical duct of diameter 
1.0 m. Heat is supplied from the base surface, which is black, 
at a rate of 1200 W/nr, while the side surface with an emissiv- 
ity of 0.4 are is maintained at 650 K. Neglecting the end ef- 
fects, determine the temperature of the base surface. 

13-46 Consider a 20-cm-diameter hemispherical enclosure. 
The dome is maintained at 600 K and heat is supplied from the 
dome at a rate of 50 W while the base surface with an emissivity 
is 0.55 is maintained at 400 K. Determine the emissivity of the 
dome. 

Radiation Shields and the Radiation Effect 

13-47C What is a radiation shield? Why is it used? 

13-48C What is the radiation effect? How does it influence 
the temperature measurements? 

13-49C Give examples of radiation effects that affect human 
comfort. 

13-50 Consider a person whose exposed surface area is 
1.9 m\ emissivity is 0.85, and surface temperature is 30°C. De- 
termine the rate of heat loss from that person by radiation in a 
large room whose walls are at a temperature of (a) 300 K and 
(b ) 280 K. 

13-51 A thin aluminum sheet with an emissivity of 0.15 on 
both sides is placed between two very large parallel plates, 
which are maintained at uniform temperatures T) = 900 K and 
T 2 = 650 K and have emissivities e t = 0.5 and e 2 = 0.8, 
respectively. Determine the net rate of radiation heat transfer 
between the two plates per unit surface area of the plates and 
compare the result with that without the shield. 
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13-52 Reconsider Prob. 13—51. Using EES (or other) 

bldl software, plot the net rate of radiation heat 





transfer between the two plates as a function of the emissivity 
of the aluminum sheet as the emissivity varies from 0.05 to 
0.25, and discuss the results. 


13-53 Two very large parallel plates are maintained at uni- 
form temperatures of T x = 1000 K and T 2 = 800 K and have 
emissivities of e, = e 2 = 0.5, respectively. It is desired to 
reduce the net rate of radiation heat transfer between the two 
plates to one-fifth by placing thin aluminum sheets with an 
emissivity of 0.1 on both sides between the plates. Determine 
the number of sheets that need to be inserted. 


13-54 Five identical thin aluminum sheets with emissivities 
of 0.1 on both sides are placed between two very large paral- 
lel plates, which are maintained at uniform temperatures of 
T x = 800 K and T 2 = 450 K and have emissivities of £j = e 2 = 
0.1, respectively. Determine the net rate of radiation heat 
transfer between the two plates per unit surface area of the 
plates and compare the result to that without the shield. 


13-55 Reconsider Prob. 13-54. Using EES (or other) 

software, investigate the effects of the number 
of the aluminum sheets and the emissivities of the plates on the 
net rate of radiation heat transfer between the two plates. Let 
the number of sheets vary from 1 to 10 and the emissivities of 
the plates from 0.1 to 0.9. Plot the rate of radiation heat trans- 
fer as functions of the number of sheets and the emissivities of 
the plates, and discuss the results. 


13-56 Two parallel disks of diameter D — 1 m separated by 
L = 0.6 m are located directly on top of each other. The disks 
are separated by a radiation shield whose emissivity is 0.15. 
Both disks are black and are maintained at temperatures of 
650 K and 400 K, respectively. The environment that the disks 
are in can be considered to be a blackbody at 300 K. Determine 
the net rate of radiation heat transfer through the shield under 
steady conditions. Answer: 268 W 





13-57 A radiation shield that has the same emissivity e 3 on 
both sides is placed between two large parallel plates, which 
are maintained at uniform temperatures of T x = 650 K and 
T z — 400 K and have emissivities of 6] = 0.6 and s 2 — 0.9, 
respectively. Determine the emissivity of the radiation shield if 


the radiation heat transfer between the plates is to be reduced to 
15 percent of that without the radiation shield. 


13-58 



Reconsider Prob. 13-57. Using EES (or other) 
software, investigate the effect of the percent re- 


duction in the net rate of radiation heat transfer between the 
plates on the emissivity of the radiation shields. Let the percent 
reduction vary from 40 to 95 percent. Plot the emissivity versus 
the percent reduction in heat transfer, and discuss the results. 


13-59 Two coaxial cylinders of diameters D x = 0.10 m and 
D 2 = 0.30 m and emissivities £ t =0.7 and e 2 = 0.4 are main- 
tained at uniform temperatures of T, = 750 K and T 2 = 500 K, 
respectively. Now a coaxial radiation shield of diameter 
D 3 = 0.20 m and emissivity e 3 = 0.2 is placed between the two 
cylinders. Determine the net rate of radiation heat transfer 
between the two cylinders per unit length of the cylinders and 
compare the result with that without the shield. 


13-60 


W 


Reconsider Prob. 13-59. Using EES (or other) 
software, investigate the effects of the diameter 


of the outer cylinder and the emissivity of the radiation shield 
on the net rate of radiation heat transfer between the two cylin- 
ders. Let the diameter vary from 0.25 m to 0.50 m and the 
emissivity from 0.05 to 0.35. Plot the rate of radiation heat 
transfer as functions of the diameter and the emissivity, and 
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Radiation Exchange with Absorbing and Emitting Gases 

13-61C How does radiation transfer through a participating 
medium differ from that through a nonparticipating medium? 

13-62C Define spectral transmissivity of a medium of thick- 
ness L in terms of (a) spectral intensities and ( b ) the spectral 
absorption coefficient. 

13-63C Define spectral emissivity of a medium of thickness 
L in terms of the spectral absorption coefficient. 

13-64C How does the wavelength distribution of radiation 
emitted by a gas differ from that of a surface at the same 
temperature? 

13-65 Consider an equimolar mixture of C0 2 and 0 2 gases at 
800 K and a total pressure of 0.5 atm. For a path length of 
1.2 m, determine the emissivity of the gas. 

13-66 A cubic furnace whose side length is 6 m contains 
combustion gases at 1000 K and a total pressure of 1 atm. The 
composition of the combustion gases is 75 percent N 2 , 9 per- 
cent H 2 O t 6 percent 0 2 , and 10 percent C0 2 , Determine the 
effective emissivity of the combustion gases. 

13-67 A cylindrical container whose height and diameter are 
8 m is filled with a mixture of C0 2 and N 2 gases at 600 K and 
1 atm. The partial pressure of C0 2 in the mixture is 0.15 atm. 
If the walls are black at a temperature of 450 K, determine 
the rate of radiation heat transfer between the gas and the con- 
tainer walls. 


13-68 Repeat Prob. 13-67 by replacing C0 2 by the H 2 0 gas. 

13-69 A 3-m-diameter spherical furnace contains a mixture 
of C0 2 and N 2 gases at 1200 K and 1 atm. The mole fraction of 
C0 2 in the mixture is 0.15, If the furnace wall is black and its 
temperature is to be maintained at 600 K, determine the net 
rate of radiation heat transfer between the gas mixture and the 
furnace walls. 

13-70 A flow-through combustion chamber consists of 
15 cm diameter long tubes immersed in water. Compressed 
air is routed to the tube, and fuel is sprayed into the com- 
pressed air. The combustion gases consist of 70 percent N 2 , 9 
percent H 2 0, 15 percent 0 2 , and 6 percent C0 2 , and are main- 
tained at 1 atm and 1500 K. The tube surfaces are near black, 
with an emisstvity of 0.9. If the tubes are to be maintained at 
a temperature of 600 K, determine the rate of heat transfer 
from combustion gases to tube wall by radiation per m length 
of tube. 

13-71 Repeat Prob. 13-70 for a total pressure of 3 atm. 

13-72 In a cogeneration plant, combustion gases at 1 atm and 
800 K are used to preheat water by passing them through 6-m- 
long 10-cm-diameter tubes. The inner surface of the tube is 
black, and the partial pressures of C0 2 and H 2 0 in combustion 
gases are 0.12 atm and 0.18 atm, respectively. If the tube tem- 
perature is 500 K, determine the rate of radiation heat transfer 
from the gases to the tube. 

13-73 A gas at 1200 K and 1 atm consists of 10 percent C0 2 , 
10 percent H 2 0, 10 percent 0 2 , and 70 percent N 2 by volume. 
The gas flows between two large parallel black plates main- 
tained at 600 K. If the plates are 20 cm apart, determine the rate 
of heat transfer from the gas to each plate per unit surface area. 

p. . 

Special Topifc: Heat Transfer from the Human Body 

13-74C Consider a person who is resting or doing light 
work. Is it fair to say that roughly oije-third of the metabolic 
heat generated in the body is dissipated to the environment by 
convection, one-third by evaporation, and the remaining one- 
third ^y radiation? 

13-75C What is sensible heat? How is the sensible heat loss 
from a human body affected by (a) skin temperature, (b) envi- 
ronment temperature, and (c) air motion? 

13-76 C What is latent heat? How is the latent heat loss from 
the human body affected by (a) skin wettedness and (b) relative 
humidity of the environment? How is the rate of evaporation 
from the body related to the rate of latent heat loss? 

13-77C How is the insulating effect of clothing expressed? 
How does clothing affect heat loss from the body by convec- 
tion, radiation, and evaporation? How does clothing affect heat 
gain from the sun? 


13-78C Explain all the different mechanisms of heat transfer 
from the human body («) through the skin and (b) through 
the lungs. 

13-79C What is operative temperature? How is it related to 
the mean ambient and radiant temperatures? How does it differ 
from effective temperature? 

13-80 The convection heat transfer coefficient for a clothed 
person while walking in still air at a velocity of 0.5 to 2 m/s is 
given by h = 8.6V 0J3 , where V is in m/s and h is in W/m 2 • °C. 
Plot the convection coefficient against the walking velocity, 
and compare the convection coefficients in that range to the 
average radiation coefficient of about 5 W/m 2 • °C. 

13-81 A clothed or unclothed person feels comfortable when 
the skin temperature is about 33°C. Consider an average man 
wearing summer clothes whose thermal resistance is l.l clo. 
The man feels very comfortable while standing in a room 
maintained at 20°C. If this man were to stand in that room un- 
clothed, determine the temperature at which the room must be 
maintained for him to feel thermally comfortable. Assume the 
latent heat loss’ from the person to remain the same. 

Answer: 27.8°C 

13-82 An average (1.82 kg or 4,0 Ibm) chicken has a basal 
metabolic rate of 5.47 W and an average metabolic rate of 
10.2 W (3.78 W sensible and 6.42 W latent) during normal ac- 
tivity. If there are 100 chickens in a breeding room, determine 
the rate of total heat generation and the rate of moisture pro- 
duction in the room. Take the heat of vaporization of water to 
be 2430 kl/kg. 

13-83 Consider a large classroom with 90 students on a hot 
summer day. All the lights with 2.0 kW of rated power are kept 
on. The room has no external walls, and thus heat gain through 
the walls and the roof Is negligible. Chilled air is available at 
15°C, and the temperature of the return air is not to exceed 
25°C. The average rate of metabolic heat generation by a per- 
son sitting or doing light work is 115 W (70 W sensible and 
45 W latent). Determine the required flow rate of air that needs 
to be supplied to the room. Answer: 0.83 kg/s 

13-84 A person feels very comfortable in his house in light 
clothing when the thermostat is set at 22°C and the mean radi- 
ation temperature (the average temperature of the surrounding 
surfaces) is also 22°C. During a cold day, the average mean 
radiation temperature drops to 18°C. To what level must the 
indoor air temperature be raised to maintain the same level of 
comfort in the same clothing? 

13-85 Repeat Prob. 13-84 for a mean radiation temperature 
of 12°C. 

13-86 A car mechanic is working in a shop whose interior 
space is not heated. Comfort for the mechanic is provided by 
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two radiant heaters that radiate heat at a total rate of 4 kJ/s. 
About 5 percent of this heat strikes the mechanic directly. The 
shop and its surfaces can be assumed to be at the ambient tem- 
perature, and the emissivity and absorptivity of the mechanic 
can be taken to be 0.95 and the surface area to be L 8 m 2 . The 
mechanic is generating heat at a rate of 350 W t half of which is 
latent, and is wearing medium clothing with a thermal resis- 
tance of 0.7 do. Determine the lowest ambient temperature in 
which the mechanic can work comfortably. 
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Review Problems 

13-87 A thermocouple used to measure the temperature 
of hot air flowing in a duct whose walls are maintained at 
T w — 500 K shows a temperature reading of T& — 850 K. 
Assuming the emissivity of the thermocouple junction to be 
e = 0.6 and the convection heat transfer coefficient to be 
h = 60 W/m 2 * °C, determine the actual temperature of air. 
Answer: 1111 K 

13-88 Consider the two parallel coaxial disks of diameters a 
and b t shown in Fig. PI 3-8 8. For this geometry, the view factor 
from the smaller disk to the larger disk can be calculated from 


: Thermocouple 
] Tfo = 850 K 


Air 


* £ = 0.6 




fT v = 500 K 
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where, A = aS7L, B = bill, and C = 1 + [(1 + A 2 )/B 2 ]. The 
diameter, emissivity and temperature are 20 cm, 0.60, and 
600°C, respectively, for disk a, and 40 cm, 0.80 and 200°C for 
disk b. The distance between the two disks is L = 10 cm. 

(а) Calculate Kb and Fba- 

(б) Calculate the net rate of radiation heat exchange be- 
tween disks a and b in steady operation. 

(c) Suppose another (infinitely) large disk c, of negligible 
thickness and s = 0.7, is inserted between disks a and b 
such that it is parallel and equidistant to both disks. 
Calculate the net rate of radiation heat exchange 
between disks a and c and disks c and b in steady 
operation. 



a 


b 

I 

b 

j 
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13-89 A large number of long tubes, each of diameter D, 
are placed parallel to each other and at a center-to-center dis- 
tance of j. Since all of the tubes are geometrically similar and 
at the same temperature, these could be treated collectively as 
one surface (Ay) for radiation heat transfer calculations. As 
shown in Fig. PI 3-89, the tube-bank (Ay) is placed opposite a 
large flat wall (A f ) such that the tube-bank is parallel to the 
wall. The radiation view factor, F lJt for this arrangement is 
given by 



(а) Calculate the view factors F } j and F yt for s = 3.0 cm and 
D = 1.5 cm. 

(б) Calculate the net rate of radiation heat transfer between 
the wall and the tube-bank per unit area of the wall when 
T[ = 900°C, Tj = 60°C, Ej = 0.8, and = 0.9. 


(c) A fluid flows through the tubes at an average tempera- 
ture of 40°C, resulting in a heat transfer coefticient of 
2.0 kW/m 2 ■ K. Assuming T t = 900°C, e, = 0.8 and 
Sj = 0.9 (as above) and neglecting the tube wall 
thickness and convection from the outer surface, 
calculate the temperature of the tube surface in steady 
operation. 
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13-90 A thermocouple shielded by aluminum foil of ends- 
sivity 0.15 is used to measure the temperature of hot gases 
flowing in a duct whose walls are maintained at T w = 380 K. 
The thermometer shows a temperature reading of = 530 K. 

Assuming the emissivity of the thermocouple junction to 
be e = 0.7 and the convection heat transfer coefficient to be 
h = 120 W/m 2 • °C, determine the actual temperature of the 
gas. What would the thermometer reading be if no radiation 
shield was used? 

13-91 Consider a sealed 20-cm-high electronic box whose 
base dimensions are 30 cm X 30 cm placed in a vacuum 
chamber. The emissivity of the outer surface of the box is 0.95. 
If the electronic components in the box dissipate a total of 
90 W of power and the outer surface temperature of the box is 
not to exceed 55' “C, determine the highest temperature at which 
the surrounding surfaces must be kept if this box is to 
be cooled by radiation alone. Assume the heat transfer from the 
bottom surface of the box to the stand to be negligible. 
Answer: 11°C^ 



13-92 A 2-m-intemal-diameter double-walled spherical tank 
is used to store iced water at 0°C. Each wall is 0.5 cm thick, 
and the 1 ,5-cm-thick air space between the two walls of the 
tank is evacuated in order to minimize heat transfer. The sur- 
faces surrounding the evacuated space are polished so that each 
surface has an emissivity of 0.15. The temperature of the outer 


wall of the tank is measured to be 20°C. Assuming the inner 
wall of the steel tank to be at 0°C, determine (a) the rate of heat 
transfer to the iced water in the tank and (b) the amount of ice 
at 0°C that melts during a 24-h period. 



13-93 Two concentric spheres of diameters D Y = 15 cm and 
D 2 = 25 cm are separated by air at 1 atm pressure. The surface 
temperatures of the two spheres enclosing the air are 
T x - 350 K and T 2 = 275 K, respectively, and their emissivi- 
ties are 0.75. Determine the rate of heat transfer from the inner 
sphere to the outer sphere by (o) natural convection and 
(b) radiation. 

13-94 Consider a 1.5-m-high and 3-m-wide solar collector 
that is tilted at an angle 20° from the horizontal. The distance 
between the glass cover and the absorber plate is 3 cm, and the 
back side of the absorber is heavily insulated. The absorber 
plate and the glass cover are maintained at temperatures of 
80°C and 32°C, respectively. The emissivity of the glass sur- 
face is 0.9 and that of the absorber plate is 0.8. Determine the 
rate of heat loss from the absorber plate by natural convection 
and radiation. Answers: 750 W, 1289 W 



13-95 XTfei A solar collector consists of a horizontal aluml- 
num tube having an outer diameter of 6 cm 









enclosed in a concentric thin glass tube of diameter 12 cm* Wa- 
ter is heated as it flows through the tube, and the annular space 
between the aluminum and the glass tube is filled with air at 
0*5 atm pressure* The pump circulating the water fails during a 
clear day, and the water temperature in the tube starts rising* 
The aluminum tube absorbs solar radiation at a rate of 30 W 
per meter length, and the temperature of the ambient air outside 
is 25°C* The emissivities of the tube and the glass cover are 
0*9. Taking the effective sky temperature to be 15°C, determine 
the temperature of the aluminum tube when thermal equilib- 
rium is established (he*, when the rate of heat loss from the 
tube equals the amount of solar energy gained by the tube)* 

13-96 A vertical 2-m-high and 5-m-wide double-pane 
window consists of two sheets of glass separated by a 3-cm- 
thick air gap. In order to reduce heat transfer through the win- 
dow, the air space between the two glasses is partially 
evacuated to 0*3 atm pressure* The emissivities of the glass sur- 
faces are 0*9* Taking the glass surface temperatures across the 
air gap to be 15°C and 5°C, determine the rate of heat transfer 
through the window by natural convection and radiation* 



13-97 A simple solar collector is built by placing a 

x8>y 6-cm-diameter clear plastic tube around a gar- 
den hose whose outer diameter is 2 cm* The hose is painted 
black to maximize solar absorption, and some plastic rings 
are used to keep the spacing between the hose and the clear 


Solar = 15°C 

radiation 
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plastic cover constant The emissivities of the hose surface and 
the glass cover are 0*9, and the effective sky temperature is 
estimated to be 15°C. The temperature of the plastic tube 
is measured to be 40°C, while the ambient air temperature is 
25°C* Determine the rate of heat loss from the water In the hose 
by natural convection and radiation per meter of its length 
under steady conditions* Answers: 5.2 W, 26*1 W 

13-98 A solar collector consists of a horizontal copper tube 
of outer diameter 5 cm enclosed in a concentric thin glass 
tube of diameter 12 cm* Water is heated as it flows through 
the tube, and the annular space between the copper and the 
glass tubes is filled with air at 1 atm pressure* The emissivi- 
ties of the tube surface and the glass cover are 0*85 and 0*9, 
respectively. During a clear day, the temperatures of the tube 
surface and the glass cover are measured to be 60°C and 
40 °C t respectively* Determine the rate of heat loss from the 
collector by natural convection and radiation per meter length 
of the tube. 

13-99 A furnace is of cylindrical shape with a diameter of 
1*2 m and a length of 1*2 m. The top surface has an emissivity 
of 0*70 and is maintained at 500 K. The bottom surface has an 
emissivity of 0*50 and is maintained at 650 K* The side surface 
has an emissivity of 0.40* Heat is supplied from the base 
surface at a net rate of 1400 W* Determine the temperature of 
the side surface and the net rates of heat transfer between the 
top and the bottom surfaces, and between the bottom and side 
surfaces. 
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13-100 Consider a cubical furnace with a side length of 3 m* 
The top surface is maintained at 700 K* The base surface has an 
emissivity of 0.90 and is maintained at 950 K* The side surface 
is black and is maintained at 450 K* Heat is supplied from the 
base surface at a rate of 340 kW. Determine the emissivity of 
the top surface and the net rates of heat transfer between the 
top and the bottom surfaces, and between the bottom and side 
surfaces* 


r 



13-1 01 A thin aluminum sheet with an emissivity of 0.12 on 
both sides is placed between two very large parallel plates main- 
tained at uniform temperatures of T x — 750 K and T 2 = 400 K. 
The emissivities of the plates are =0,8 and e 2 ~ 0,7. Deter- 
mine the net rate of radiation heat transfer between the two 
plates per unit surface area of the plates, and the temperature of 
the radiation shield in steady operation. 

13-102 Two thin radiation shields with emissivities ' of 
e 3 — 0.10 and e 4 = QT5 on both sides are placed between 
two very large parallel plates, which are maintained at uni- 
form temperatures = 600 K and T 2 = 300 K and have 
emissivities s x = 0.6 and s 2 — 0.7, respectively. Determine 
the net rates of radiation heat transfer between the two plates 
with and without the shields per unit surface area of the 
plates, and the temperatures of the radiation shields in steady 
operation. 

^ r, = MO K 
= 0.6 

= 0.10 
^£ 4 = 0J5 

T 2 = 300 K 

C e i <>•? 
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13-103 Two square plates, with the sides a and b (and 
b > a), are coaxial and parallel to each other, as shown in 
Fig. P 13-1 03, and they are separated by a center- to-center dis- 
tance of-i,: T^ie radiation view factor from the smaller to the 
larger plate, is given by 

F ab = ^{[(5 + A? + 4f* - KB - A) 2 + 4] 0J J 
\vher$- A = a/L and B = bit. 

(a) Calculate the view factors F ab and F ba for a = 20 cm, 
b = 60 cm, and L = 40 cm. 

(b) Calculate the net rate of radiation heat exchange be- 
tween the two plates described above if T a = 800°C, 
T b = 200°C, s a = 0.8, and s b = 0.4. 


a 



(c) A large square plate (with the side c = 2.0 m, e c = 0.1, 
and negligible thickness) is inserted symmetrically be- 
tween the two plates such that it is parallel to and equi- 
distant from them. For the data given above, calculate 
the temperature of this third plate when steady operating 
conditions are established. 

13-104 Two parallel concentric disks, 20 cm and 40 cm in 
diameter, are separated by a distance of 10 cm. The smaller 
disk (e = 0.80) is at a temperature of 300°C. The larger disk 
(s = 0.60) is at a temperature of 800°C. 

(a) Calculate the radiation view factors. 

( b ) Determine the rate of radiation heat exchange between 
the two disks. 

(c) Suppose that the space between the two disks is com- 
pletely surrounded by a reflective surface. Estimate the 
rate of radiation heat exchange between the two disks. 

13-105 In a natural-gas fired boiler, combustion gases pass 
through 6-m-long 15-cm-diameter tubes immersed in water at 
1 atm pressure. The tube temperature is measured to be I05°C, 
and the emissivity of the inner surfaces of the tubes is estimated 
to be 0.9. Combustion gases enter the tube at 1 atm and 1200 K 
at a mean velocity of 3 m/s. The mole fractions of C0 2 and H 2 0 
in combustion gases are 8 percent and 1 6 percent, respectively. 
Assuming fully developed flow and using properties of air for 
combustion gases, determine (a) the rates of heat transfer by 
convection and by radiation from the combustion gases to the 
tube wall and (b) the rate of evaporation of water, 

13-106 Repeat Prob. 13-105 for a total pressure of 3 atm for 
the combustion gases. 

Fundamentals of Engineering (FE) Exam Problems 

13-107 Consider two concentric spheres with diameters 
12 cm and 18 cm forming an enclosure. The view factor from 
the inner surface of the outer sphere to the inner sphere is 
(a) 0 (b) 0.18 (c) 0.44 (d) 0.56 (e) 0.67 

13-108 Consider an infinitely long three-sided enclosure 
with side lengths 2 cm, 3 cm, and 4 cm. The view factor from 
the 2 cm side to the 4 cm side is 
(a) 0.25 (b) 0.50 (c) 0.64 (d) 0.75 (e) 0.87 

13-109 Consider a 15-cm-diameter sphere placed within a 
cubical enclosure with a side length of 15 cm. The view factor 
from any of the square-cube surfaces to the sphere is 
(a) 0.09 ( b ) 0.26 (c) 0.52 (d) 0.78 (e) 1 

13-110 The number of view factors that need to be evaluated 
directly for a 10-surface enclosure is 
(a) 1 (b) 10 (c) 22 (d) 34 (e) 45 

13-111 A 70-cm-diameter flat black disk is placed in the 
center of the top surface of a 1-m X l-m X 1-m black box. The 
view factor from the entire interior surface of the box to the in- 
terior surface of the disk is 
(a) 0.077 ( b ) 0.144 

(d) 0.220 (e) 1.0 


(c) 0.356 


13-112 Consider two concentric spheres forming an enclo- 
sure with diameters of 12 cm and IS cm and surface tempera- 
tures 300 K and 500 K, respectively. Assuming that the 
surfaces are black, the net radiation exchange between the two 
spheres is 

(a) 21 W (b) MOW (c) 160W 
id) 1275 W (e) 3084 W 

13-113 The base surface of a cubical furnace with a side 
length of 3 m has an emissivity of 0.80 and is maintained 
at 500 K. If the top and side surfaces also have an emissivity 
of 0.80 and are maintained at 900 K, the net rate of radiation 
heat transfer from the top and side surfaces to the bottom sur- 
face is 

(a) 194 kW (b) 233 kW (c) 288 kW 
id) 312 kW (e) 242 kW 

13-114 Consider a vertical 2-m-diameter cylindrical furnace 
whose surfaces closely approximate black surfaces. The base, 
top, and side surfaces of the furnace are maintained at 400 K, 
600 K, and 900 K, respectively. If the view factor from the base 
surface to the top surface is 0.2, the net radiation heat transfer 
between the base and the side surfaces is 
(a) 22.5 kW (b) 38.6 kW (t) 60.7 kW 

(d) 89.8 kW (e) 151 kW 

13-115 Consider a vertical 2-m-diameter cylindrical furnace 
whose surfaces closely approximate black surfaces. The base, 
top, and side surfaces of the furnace are maintained at 400 K, 
600 K, and 900 K, respectively. If the view factor from the base 
surface to the top surface is 0.2, the net radiation heat transfer 
from the bottom surface is 
(a) -93.6 kW (6) -86.1 kW (c) 0 kW 

(d) 86.1 kW (e) 93.6 kW 

13-116 Consider a surface at 0°C that may be assumed to be 
a blackbody in an environment at 25°C. If 300 W/m 2 of radia- 
tion is incident on the surface, the radiosity of this black sur- 
face is 

(a) 0 W/m 2 (b) 15 W/m 2 (c) 132 W/m 2 

id) 300 W/m 2 (e)315 W/m 2 

13-117 Consider a gray and opaque surface at 0°C in an en- 
vironment at 25°C. The surface has an emissivity of 0.8. If 
300 W/m 2 of radiation is incident on the surface, the radiosity 
of the surface is 

(a) 60 W/m 2 (b) 132 W/m 2 0) 300 W/m 2 

(d) 3 12 W/m 2 0) 315 W/m 2 

13-118 Consider a two-surface enclosure with T x — 550 K, 
A, = 0.25 m 2 , S[ = 0.65, T 2 = 350 K, A 2 - 0.40 m 2 , and 
e 2 = 1. If the view factor F 2X is 0.55, the net rate of radiation 
heat transfer between the surfaces is 
(a) 460 W (b) 539 W (c) 648 W 

id) 772 W (e) 828 W 

13-119 Consider two infinitely long concentric cylinders 
with diameters 20 and 25 cm. The inner surface is maintained 
at 700 K and has an emissivity of 0.40, while the outer surface 


is black. If the rate of radiation heat transfer from the inner sur- 
face to the outer surface is 2400 W per unit area of the inner 
surface, the temperature of the outer surface is 
(a) 605 K (b) 538 K (c) 517 K 

{d) 451 K (e) 415 K 

13-120 Two concentric spheres are maintained at uniform 
temperatures T x = 45°C and T 2 — 280°C and have emissivities 
gj = 0.25 and e 2 — 0.7, respectively. If the ratio of the diame- 
ters is D x /D 2 — 0.30, the net rate of radiation heat transfer 
between the two spheres per unit surface area of the inner 
sphere is 

(a) 86 W/m 2 ( b ) 1169 W/m 2 (c) 1181 W/m 2 

id) 2510 W/m 2 (e) 3306 W/m 2 

13-121 Consider a 3-m X 3-m X 3-m cubical furnace. 

The base surface of the furnace is black and has a temperature 
of 400 K. The radiosities for the top and side surfaces are 
calculated to be 7500 W/m 2 and 3200 W/m 2 , respectively. 
The net rate of radiation heat transfer to the bottom surface is 
(a) 2.61 kW (b) 8.27 kW (c) 14.7 kW 

(d) 23.5 kW ie) 141 kW 

13-122 Consider a 3-m X 3-m X 3-m cubical furnace. 

The base surface is black and has a temperature of 400 K. The 
radiosities for the top and side surfaces are calculated to 
be 7500 W/m 2 and 3200 W/m 2 , respectively. If the tempera- 
ture of the side surfaces is 485 K, the emissivity of the side 
surfaces is 

(a) 0.37 (b) 0.55 (c) 0.63 (rf) 0.80 (e) 0.89 

13-123 Two very large parallel plates are maintained at uni- 
form temperatures T x = 750 K and T 2 = 500 K and have emis- 
sivities Sj = 0.85 and e 2 = 0.7, respectively. If a thin 
aluminum sheet with the same emissivity on both sides is to be 
placed between the plates in order to reduce the net rate of ra- 
diation heat transfer between the plates by 90 percent, the 
emissivity of the aluminum sheet must be 
(a) 0.07 (b) 0.10 (c) 0.13 (d) 0.16 (e) 0.19 

13-124 A 70-cm-diameter flat black disk is placed in the 
center of the top surface of a 1-m X 1-m X 1-m black box. If 
the temperature of the box is 427°C and the temperature of the 
disk is 27°C, the rate of heat transfer by radiation between the 
interior of the box and the disk is 
(a) 2 kW (b) 3 kW (c) 4 kW 
(d) 5 kW ie) 6 kW 

13-125 A 70-cm-diameter flat disk is placed in the center of 
the top of a 1-m X 1-m X 1-m black box. If the temperature of 
the box is 427 °C, the temperature of the disk is 27 C ’C, and the 
emissivity of the interior surface of the disk is 0.3, the rate of 
heat transfer by radiation between the interior of the box and 
the disk is 

{a) 1.0 kW (&) 1.5 kW (c) 2.0 kW 

(rf) 2.5 kW (e) 3.2 kW 

13-126 Two grey surfaces that form an enclosure exchange 
heat with one another by thermal radiation. Surface 1 has a 


temperature of 400 K, an area of 0.2 m 2 , and a total emissivity 
of 0.4. Surface 2 has a temperature of 600 K, an area of 0.3 m 2 , 
and a total emissivity of 0.6. If the view factor F t2 is 0.3, the 
rate of radiation heat transfer between the two surfaces is 
(a) 135 W (b) 223 W (c) 296 W 

(d) 342 W (e) 422 W 

13-127 The surfaces of a two-surface enclosure exchange 
heat with one another by thermal radiation. Surface 1 has a 
temperature of 400 K, an area of 0.2 m 2 , and a total emissivity 
of 0.4. Surface 2 is black, has a temperature of 600 K, and an 
area of 0.3 m 2 . If the view factor F n is 0.3, the rate of radiation 
heat transfer between the two surfaces is 
(a) 87 W (b) 135 W (c) 244 W 

(d) 342 W 0) 386 W 

13-128 A solar flux of 1400 W/m 2 directly strikes a space- 
vehicle surface which has a solar absortivity of 0.4 and thermal 
emissivity of 0.6. The equilibrium temperature of this surface 
in space at 0 K is 

(a) 300 K {b) 360 K (c) 410 K 

(d) 467 K 0) 510 K 


Design and Essay Problems 

13-129 Consider an enclosure consisting of N diffuse and 
gray surfaces. The emissivity and temperature of each surface 
as well as the view factors between the surfaces are specified. 
Write a program to determine the net rate of radiation heat 
transfer for each surface. 

13-130 Radiation shields are commonly used in the design 
of superinsulations for use in space and cryogenics applica- 
tions. Write an essay on superinsulations and how they are used 
in different applications. 

13-131 Thermal comfort in a house is strongly affected by 
the so-called radiation effect, which is due to radiation heat 
transfer between the person and surrounding surface. A person 
feels much colder in the morning, for example, becaus of the 
lower surface temperature of the walls at that time, although 
the thermostat setting of the house is fixed. Write an essay on 
the radiation effect, how it affect human comfort, and how it is 
accounted for in heating and air-conditioning applications. 
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T o this point we have restricted our attention to heat transfer problems 
that did not involve any mass transfer. However, many significant 
heat transfer problems encountered in practice involve mass transfer. For 
example, about one-third of the heat loss from a resting person is due to evap- 
oration. It turns out that mass transfer is analogous to heat transfer in many re- 
spects, and there is close resemblance between heat and mass transfer 
relations. In this chapter we discuss the mass transfer mechanisms and de- 
velop relations for mass transfer rate for situations commonly encountered in 
practice. 

Distinction should be made between mass transfer and the bulk fluid motion 
(or fluid flow) that occurs on a macroscopic level as a fluid is transported from 
one location to another. Mass transfer requires the presence of two regions at 
different chemical compositions, and mass transfer refers to the movement of 
a chemical species from a high concentration region toward a lower concen- 
tration one. The primary driving force for fluid flow is the pressure difference, 
whereas for mass transfer it is the concentration difference. 

We begin tjiis chapter by pointing out numerous analogies between heat 
and mass transfer and draw several parallels between them. We then discuss 
boundary conditions associated with mass transfer and one-dimensional 
steady and transient mass diffusion^ followed by a discussion of mass transfer 
in a moving medium. Finally, we consider convection mass transfer and 
simultaneous heat and mass transfer. 

■ T 

OBJECTIVES 

When you finish studying this chapter, you should be able to: 

m Understand the concenration gradient and the physical mechanism of mass transfer, 

« Recognize the analogy between heat and mass transfer, 

a Describe the concenration at a location on mass or mote basis, and relate the rate of 
diffusion to the concentration gradient by Fick’s law, 

m Calculate the rate of mass diffusion through a plain layer under steady conditions, 
a Predict the migration^ water vapor in buildings, 
m Perform a transient mass diffusion analysis in large mediums, 
u Calculate mass transfer by convection, and 
a Analyze simultaneous heat and mass transfer. 
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FIGURE 14-1 

Whenever there is concentration 
difference of a physical quantity in 
a medium, nature tends to equalize 
things by forcing a flow from the 
high to the low concentration region. 
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FIGURE 14-2 

A tank that contains N 2 and air in its 
two compartments, and the diffusion 
of N 2 into the air (and the diffusion of 
0 2 into N 2 ) when the partition 
is removed. 


14-1 ■ INTRODUCTION 

It is a common observation that whenever there is an imbalance of a 
commodity in a medium, nature tends to redistribute it until a “balance” or 
“equality” is established. This tendency is often referred to as the driving 
force, which is the mechanism behind many naturally occurring transport 
phenomena. 

If we define the amount of a commodity per unit volume as the concentra- 
tion of that commodity, we can say that the flow of a commodity is always 
in the direction of decreasing concentration; that is, from the region of 
high concentration to the region of low concentration (Fig. 14-1). The com- 
modity simply creeps away during redistribution, and thus the flow is a diffu- 
sion process. The rate of flow of the commodity is proportional to the 
concentration gradient dC/dx, which is the change in the concentration C per 
unit length in the flow direction x, and the area A normal to flow direction, 
and is expressed as 

Flow rate « (Normal area)(Concentration gradient) 


or 




( 14 - 1 ) 


Here the proportionality constant k m is the diffusion coefficient of the 
medium, which is a measure of how fast a commodity diffuses in the medium, 
and the negative sign is to make the flow in the positive direction a positive 
quantity (note that dC/dx is a negative quantity since concentration decreases 
in the flow direction). You may recall that Fourier’s law of heat conduction. 
Ohm’s law of electrical conduction, and Newton’s law of viscosity are all in 
the form of Eq. 14-1. 

To understand the diffusion process better, consider a tank that is divided 
into two equal parts by a partition. Initially, the left half of the tank contains 
nitrogen N 2 gas while the right half contains air (about 21 percent 0 2 and 
79 percent N 2 ) at the same temperature and pressure. The 0 2 and N 2 mole- 
cules are indicated by dark and light circles, respectively. When the partition 
is removed, we know that the N 2 molecules will start diffusing into the air 
while the 0 2 molecules diffuse into the N 2 , as shown in Fig. 14-2. If we wait 
long enough, we will have a homogeneous mixture of N 2 and 0 2 in the tank. 
This mass diffusion process can be explained by considering an imaginary 
plane indicated by the dashed line in the figure as: Gas molecules move ran- 
domly, and thus the probability of a molecule moving to the right or to the left 
is the same. Consequently, half of the molecules on one side of the dashed line 
at any given moment will move to the other side. Since the concentration of 
N 2 is greater on the left side than it is on the right side, more N 2 molecules will 
move toward the right than toward the left, resulting in a net flow of N 2 toward 
the right. As a result, N 2 is said to be transferred to the right. A similar argu- 
ment can be given for 0 2 being transferred to the left. The process continues 
until uniform concentrations of N 2 and 0 2 are established throughout the 
tank so that the number of N 2 (or 0 2 ) molecules moving to the right equals 





the number moving to the left, resulting in zero net transfer of N 2 or 0 2 across 
an imaginary plane. 

The molecules in a gas mixture continually collide with each other, and the 
diffusion process is strongly influenced by this collision process. The collision 
of like molecules is of little consequence since both molecules are identical 
and it makes no difference which' molecule crosses a certain plane. The colli- 
sions of unlike molecules, however, influence the rate of diffusion since unlike 
molecules may have different masses and thus different momentums, and thus 
the diffusion process is dominated by the heavier molecules. The diffusion co- 
efficients and thus diffusion rates of gases depend strongly on temperature 
since the temperature is a measure of the average velocity of gas molecules. 
Therefore, the diffusion rates are higher at higher temperatures. 

Mass transfer can also occur in liquids and solids as well as in gases. For 
example, a cup of water left in a room eventually evaporates as a result of 
water molecules diffusing into the air (liquid- to-gas mass transfer). A piece of 
solid C0 2 (dry ice) also gets smaller and smaller in time as the C0 2 molecules 
diffuse into the air (solid-to-gas mass transfer). A spoon of sugar in a cup of 
coffee eventually moves up and sweetens the coffee although the sugar mol- 
ecules are much heavier than the water molecules, and the molecules of a col- 
ored pencil inserted into a glass of water diffuses into the water as evidenced 
by the gradual spread of color in the water ( soUd-to-liquid mass transfer ). Of 
course, mass transfer can also occur from a gas to a liquid or solid if the con- 
centration of the species is higher in the gas phase. For example, a small frac- 
tion of 0 2 in the air diffuses into the water and meets the oxygen needs of 
marine animals. The diffusion of carbon into iron during case-hardening, dop- 
ing of semiconductors for transistors, and the migration of doped molecules in 
semiconductors at high temperature are examples of solid-to-solid diffusion 
processes (Fig. 14-3). 

Another factor that influences the diffusion process is the molecular 
spacing . Jhe larger the spacing, in general, the higher the diffusion rate. 
Therefore, fhe diffusion rates are typically much liigher in gases than they are 
in liquids &nd much higher in liquids than in solids. Diffusion coefficients in 
gas mixtures are a few orders of magnitude larger than these of liquid or solid 
solutions. 
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FIGURE 14-3 

Some examples of mass transfer that 
involve a liquid and/or a solid. 


14+2 ■ ANALOGY BETWEEN 

HEAT AND MASS TRANSFER 


We have spent a considerable amount of time studying heat transfer, and we 
could spend just as much time studying mass transfer. However, the mecha- 
nisms of heat and mass transfer are analogous to each other, and thus we can 
develop an understanding of mass transfer in a short time with little effort by 
s im ply drawing parallels between heat and mass transfer. Establishing those 
“bridges” between the two seemingly unrelated areas will make it possible to 
use our heat transfer knowledge to solve mass transfer problems. Alternately, 
gaining a working knowledge of mass transfer will help us to better under- 
stand the heat transfer processes by thinking of heat as a massless substance 
as they did in the nineteenth century. The short-lived caloric theory of heat is 
the origin of most heat transfer terminology used today and served its purpose 
well until it was replaced by the kinetic theory. Mass is, in essence, energy 
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Analogy between 
heat and mass transfer. 
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FIGURE 14-5 

Unlike heat radiation, there is 
no such thing as mass radiation. 




Analogy between heat conduction 
and mass diffusion. 


since mass and energy can be converted to each other according to Einstein’s 
formula E ~ me 2 , where c is the speed of light. Therefore, we can look at mass 
and heat as two different forms of energy and exploit this to advantage with- 
out going overboard. 

Temperature 

The driving force for heat transfer is the temperature difference. In contrast, 
the driving force for mass transfer is the concentration difference. We can 
view temperature as a measure of “heat concentration,” and thus a high tem- 
perature region as one that has a high heat concentration (Fig. 14-4). There- 
fore, both heat and mass are transferred from the more concentrated regions to 
the less concentrated ones. If there is no temperature difference between two 
regions, then there is no heat transfer. Likewise, if there is no difference be- 
tween the concentrations of a species at different parts of a medium, there will 
be no mass transfer. 

Conduction 

You will recall that heat is transferred by conduction, convection, and radia- 
tion. Mass, however, is transferred by conduction (called diffusion) and con- 
vection only, and there is no such thing as “mass radiation” (unless there is 
something Scotty knows that we don’t when he “beams” people to anywhere 
in space at the speed of light) (Fig. 14-5). The rate of heat conduction in a di- 
rection .r is proportional to the temperature gradient dT/dx in that direction and 
is expressed by Fourier’s law of heat conduction as 

Qc^=~kA% U4-2) 

where k is the thermal conductivity of the medium and A is the area normal to 
the direction of heat transfer. Likewise, the rate of mass diffusion m di(r of a 
chemical species A in a stationary medium in the direction x is proportional to 
the concentration gradient dC/dx in that direction and is expressed by Fick’s 
law of diffusion by (Fig. 14-6) 


dC A 

04 - 3 ) 

where D AB is the diffusion coefficient (or mass dffusivity) of the species in 
the mixture and C A is the concentration of the species in the mixture at that 
location. 

It can be shown that the differential equations for both heat conduction and 
mass diffusion are of the same form. Therefore, the solutions of mass dif- 
fusion equations can be obtained from the solutions of corresponding heat 
conduction equations for the same type of boundary conditions by simply 
switching the corresponding coefficients and variables. 

Heat Generation 

Heat generation refers to the conversion of some form of energy such as elec- 
trical, chemical, or nuclear energy into sensible thermal energy in the 
medium. Heat generation occurs throughout the medium and exhibits itself as 


a rise in temperature. Similarly, some mass transfer problems involve chemi- 
cal reactions that occur within the medium and result in the generation of a 
species throughout, Therefore, species generation is a volumetric phenome- 
non, and the rate of generation may vary from point to point in the medium. 
Such reactions that occur within the medium are called homogeneous reac- 
tions and are analogous to internal heat generation. In contrast, some chemi- 
cal reactions result in the generation of a species at the surface as a result of 
chemical reactions occurring at the surface due to ' contact between the 
medium and the surroundings. This is a surface phenomenon, and as such it 
needs to be treated as a boundary condition. In mass transfer studies, such re- 
actions are called heterogeneous reactions and are analogous to specified 
surface heat flux. 




CHAPTER 14 


Convection 

You may recall that heat convection is the heat transfer mechanism that in- 
volves both heat conduction (molecular diffusion) and bulk fluid motion. Fluid 
motion enhances heat transfer considerably by removing the heated fluid near 
the surface and replacing it by the cooler fluid further away. In the limiting 
case of no bulk fluid motion, convection reduces to conduction. Likewise, 
mass convection (or convective mass transfer ) is the mass transfer mecha- 
nism between a surface and a moving fluid that involves both mass diffusion 
and bulk fluid motion. Fluid motion also enhances mass transfer considerably 
by removing the high concentration fluid near the surface and replacing it by 
the lower concentration fluid further away. In mass convection, we define a 
concentration boundary layer in an analogous manner to the thermal bound- 
ary layer and define new d im ensionless numbers that are counterparts of the 
Nusselt and Prandtl numbers. 

The rate of heat convection for external flow was expressed conveniently by 
Newton’s law of cooling as 

- ^ 

. / = K^AfT, - r») (14-4) 

where is the heat transfer coefficient, A s is the surface area, and T s — 
is the temperature difference across the thermal boundary layer. Likewise, the 
rate of mass convection can be expressed as (Fig. 14-7) 

7 

m- = - C x ) (14-5) 

where /i mass is the mass transfer coefficient , A s is the surface area, and C s — C a 
is a suitable concentration difference across the concentration boundary layer. 

Various aspects of the analogy between heat and mass convection are ex- 
plored in Section 14—9. The analogy is valid for low mass transfer rate cases 
in which the flow rate of species undergoing mass flow is low (under 10 per- 
cent) relative to the total flow rate of the liquid or gas mixture. 



Analogy between convection heat 
transfer and convection mass transfer. 


14-3 - MASS DIFFUSION 

Fick’s law of diffusion, proposed in 1855, states that the rate of diffusion of a 
chemical species at a location in a gas mixture (or liquid or solid solution) is 
proportional to the concentration gradient of that species at that location. 
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FIGURE 14-8 

Different ways of expressing the 
concentration of species A of 
a binary mixture A and B. 


Although a higher concentration for a species means more molecules of that 
species per unit volume, the concentration of a species can be expressed in 
several ways. Next we describe two common ways. 

1 Mass Basis 

On a mass basis, concentration is expressed in terms of density (or mass con- 
centration), which is mass per unit volume. Considering a small volume V at 
a location within the mixture, the densities of a species (subscript t) and of the 
mixture (no subscript) at that location are given by (Fig. 14-8) 

Partial density of species i: p- t = m-JV (kg/m 3 ) 

Total density of mixture: p = ml \J = X 111 d ^ " 2 Pi 

Therefore, the density of a mixture at a location is equal to the sum of the 
densities of its constituents at that location. Mass concentration can also be 
expressed in dimensionless form in terms of mass fraction w as 

nij mfV pj 

Mass fraction of species i: = 7 ^ “ ffpf ~ ~p (14-6) 

Note that the mass fraction of a species ranges between 0 and 1 , and the con- 
servation of mass requires that the sum of the mass fractions of the con- 
stituents of a mixture be equal to 1 . That is, = 1 . Also note that the density 
and mass fraction of a constituent in a mixture, in general, vary with location 
unless the concentration gradients are zero. 

2 Mole Basis 

On a mole basis , concentration is expressed in terms of molar concentration 
(or molar density), which is the amount of matter in kmol per unit volume. 
Again considering a small volume (/at a location within the mixture, the mo- 
lar concentrations of a species (subscript 1 ) and of the mixture (no subscript) 
at that location are given by 

Partial molar concentration of species i: Q = N,N (kmol/m 3 ) 

Total molar concentration of mixture: C ' N/V = X A/f/V/ = ]>) C,- 

Therefore, the molar concentration of a mixture at a location is equal to the 
sum of the molar concentrations of its constituents at that location. Molar 
concentration can also be expressed in dimensionless form in terms of mole 
fraction y as 


N i _ N-JV _ C, 

Mole fraction of species i: )’,* ~~ ~ NfV ~ C (14-7) 

Again the mole fraction of a species ranges between 0 and 1, and the sum of 
the mole fractions of the constituents of a mixture is unity, 2y ( - = 1. 

The mass m and mole number N of a substance are related to each other by 
m - NM (or, for a unit volume, p = CM) where M is the molar mass (also 
called the molecular weight) of the substance. This is expected since the mass 
of 1 kmol of the substance is M kg, and thus the mass of N kmol is NM kg. 
Therefore, the mass and molar concentrations are related to each other by 


(14-8) 


P* P 

Q = j~ (for species z) and C = ^ (for the mixture) 


where M is the molar mass of the mixture which can be determined from 


m 2 NjMj Nj _ x ^ 

m = t; — rr _ 2 j\r ^ i — 2 y'i ^ i 


N 


N 


(14-9) 


The mass and mole fractions of species i of a mixture are related to each 
other by 


VI', 


ft 
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q M, _ M, 
CM - >V M 


(14-10) 


Two different approaches are presented above for the description of con- 
centration at a location, and you may be wondering which approach is better 
to use. Well, the answer depends on the situation on hand. Both approaches 
are equivalent, and the better approach for a given problem is the one that 
yields the desired solution more easily. 


Special Case: ideal Gas Mixtures 

At low pressures, a gas or gas mixture can conveniently be approximated as an 
ideal gas with negligible error. For example, a mixture of dry air and water va- 
por at atmospheric conditions can be treated as an ideal gas with an error 
much less than 1 percent. The total pressure of a gas mixture P is equal to the 
sum of the partial pressures P f of the individual gases in the mixture and is ex- 
pressed as P = 2 P { . Here P t is called the partial pressure of species i, which 
is the pressure species i would exert if it existed alone at the mixture temper- 
ature and volume. This is known as Dalton’s law of additive pressures. Then 
using thejdeal gas relation P\J = NR U T where R u is the universal gas constant 
for both the Species i and the mixture, the pressure fraction of species i can 
be expressed as (Fig. 14-9) 


P, N-,R„T/V _ Ni _ 

~P ~ NRJIV ~ M ~ y> 


(14-11) 


Therefore, the pressure fraction of species i of an ideal gas mixture is equiva- 
lent to the mole fraction of that species and can be used in place of it in mass 
transfer analysis. 
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Pick’s Law of Diffusion: 

Stationary Medium Consisting of Two Species 

We mentioned earlier that the rate of mass diffusion of a chemical species in a 
stagnant medium in a specified direction is proportional to the local concen- 
tration gradient in that direction. This linear relationship between the rate of 
diffusion and the concentration gradient proposed by Fick in 1855 is known as 
Fick’s law of diffusion and can be expressed as 

Mass flux = Constant of proportionality X Concentration gradient . 
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FIGURE 14-10 

Various expressions of Fick’s law of 
diffusion for a binary mixture. 
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FIGURE 14-11 

Analogy between Fourier’s law of heat 
conduction and Fick’s law of mass 
diffusion. 


But the concentration of a species in a gas mixture or liquid or solid solution 
can be defined in several ways such as density, mass fraction, molar concen- 
tration, and mole fraction, as already discussed, and thus Fick’s law can be 
expressed mathematically in many ways. It turns out that it is best to express 
the concentration gradient in terms of the mass or mole fraction, and the most 
appropriate formulation of Fick’s law for the diffusion of a species A in a 
stationary binary mixture of species A and B in a specified direction x is given 
by (Fig. 14-10) 


Mass basis: j m -_ A = = ~pD AB 


Fm,A 


Mole basis: j mA = — ” = ~CD AB 


dip a lp) 
dx 

d( C A /C) 
dx 


~ PD A8 


dw A 

dx 

dx 


(kg/s • m 2 ) 


—CD AB ff f (kmol/s ■ m 2 ) 


(14-12) 


Heref diff>A is the (diffusive) mass flux of species A (mass transfer by diffusion 
per unit time and per unit area normal to the direction of mass transfer, in 
kg/s • m 2 ) and _/ diff ^ is the (diffusive) molar flux (in kmol/s * m 2 ). The mass 
flux of a species at a location is proportional to the density of the mixture at 
that location. Note that p = p A + p B is the density and C = C A V C B is the 
molar concentration of the binary mixture, and in general, they may vary 
throughout the mixture. Therefore, pd(p A /p ) V dp A or Cd(C A IC) A dC A . But 
in the special case of constant mixture density p or constant molar concentra- 
tion C, the relations above simplify to 


Mass basis (p = constant): 
Mole basts (C = constant): 


_ _ n { }Pa 

7difr,A U AB ^ 

-■ n dC * 

J&ft.A ~ U AB ^ 


(kg/s * m 2 ) 

(kmol/s ■ m 2 ) (14-13) 


The constant density or constant molar concentration assumption is usually 
appropriate for solid and dilute liquid solutions, but often this is not the case 
for gas mixtures or concentrated liquid solutions. Therefore, Eq. 14-12 should 
be used in the latter case. In this introductory treatment we limit our consider- 
ation to one-dimensional mass diffusion. For two- or three-dimensional cases, 
Fick’s law can conveniently be expressed in vector form by simply replacing 
the derivatives in the above relations by the corresponding gradients (such as 

Ja “ —p&AB Vw A ). 

Remember that the constant of proportionality in Fourier’s law was defined 
as the transport property thermal conductivity. Similarly, the constant of pro- 
portionality in Fick’s law is defined as another transport property called the 
binary diffusion coefficient or mass diffusivity, D AB . The unit of mass diffu- 
sivity is m 2 /s, which is the same as the units of thermal diffusivity or momen- 
tum diffusivity (also called kinematic viscosity) (Fig. 14—1 1). 

Because of the complex nature of mass diffusion, the diffusion coefficients 
are usually dete rmin ed experimentally. The kinetic theory of gases indicates 
that the diffusion coefficient for dilute gases at ordinary pressures is essen- 
tially independent of mixture composition and tends to increase with temper- 
ature while decreasing with pressure as 
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AB 
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3/2 


Auu = Pi (Tffv n 
Dab, z P i Vi) 


P 


or 


(14-14) 


This relation is useful in determining the diffusion coefficient for gases at dif- 
ferent temperatures and pressures from a knowledge of the diffusion coeffi- 
cient at a specified temperature and pressure. More general but complicated 
relations that account for the effects of molecular collisions are also available. 
The diffusion coefficients of some gases in air at 1 atm pressure are given in 
Table 14—1 at various temperatures. 

The diffusion coefficients of solids and liquids also tend to increase with 
temperature while exhibiting a strong dependence oh the composition. The 
diffusion process in solids and liquids is a great deal more complicated than 
that in gases, and the diffusion coefficients in this case are almost exclusively 
determined experimentally. 

The binary diffusion coefficients for several binary gas mixtures and solid 
and liquid solutions are given in Tables 14-2 and 14—3. We make two obser- 
vations from these tables: 

1. The diffusion coefficients, in general, are highest in gases and lowest 
in solids. The diffusion coefficients of gases are several orders of magnitude 
greater than those of liquids. 

2. Diffusion coefficients increase with temperature. The diffusion coefficient 
(and thus the mass diffusion rate) of carbon through iron during a hardening 
process, for example, increases by 6000 times as the temperature is raised 
from 500°C to 1000°C. 


TAB LE 1 4-1 ^ .t.v 

Binary diffusion coefficients of 
some gases in air at 1 atm pressure 
(from Mills, 1995; Table A.17a, 
p. 869) __ 

Binary Diffusion Coefficient, 




nd/s 

X JO 5 


T, K 

o 2 

C0 2 

h 2 

NO 

200 

0.95 

0.74 

3.75 

0.88 

300 

1.88 

1.57 

7.77 

1.80 

400 

5.25 

2.63 

12.5 

3.03 

500 

4.75 

3.85 

17.1 

4.43 

600 

6.46 

5.37 

24.4 

6.03 

700 

8.38 

6.84 

31.7 

7.82 

800 

10.5 

8.57 

39.3 

9.78 

900 

12.6 

10.5 

47.7 

11.8 

1000 

15.2 

12.4 

56.9 

14.1 

1200 

20.6 

16.9 

77.7 

19.2 

1400 

26.6 

21.7 

99.0 

24.5 

1600 

33.2 

27.5 

125 

30.4 

1800 

40.3 

32.8 

152 

37.0 

2000 

48.0 

39.4 

180 

44.8 


TABLE 14-2 ' 

Binary diffusion coefficients of dilute gas mixtures at 1 atm 

(from Barrbr, 1941; Geankoplis, 1972; Perry, 1963; and Reid et al., 1977) 


\.J I ui 1 1 i tct , 

Substance A 

x -r jl , i nupi i j f 

Substance B 

x z_ r 

J, 

K 

D A b or D BA , 
m 2 /s 

Substance A 

Substance B 

T, 

K 

Dab or 
m 2 /s 

Air .. 

Acetone 

273 

1.1 X 

10“ 5 

Argon, Ar 

Nitrogen, N 2 

293 

1.9 

X 10~ 5 

Air? 

Ammonia, NH 3 

298 

2.6 x 

IQ-5 

Carbon dioxide, C0 2 

Benzene 

318 

0.72 X 10“ 5 

Air 

Benzene 

298 

0.88 x 

io - 5 

Carbon dioxide, C0 2 

Hydrogen, H 2 

273 

5.5 

X 10“ 5 

Air 

Carbon dioxide 

298 

1.6 X 

10“ 5 

Carbon dioxide, C0 2 

Nitrogen, N 2 

293 

1.6 

X 10” 5 

Air 

Chlorine 

273 

1.2 X 

IO" 5 

Carbon dioxide, C0 2 

Oxygen, 0 2 

273 

1.4 

x IO" 5 

Air 

Ethyl alcohol 

298 

1.2 x 

10“ 5 

Carbon dioxide, C0 2 

Water vapor 

298 

1.6 

x 10^ 5 

Air 

Ethyl ether 

298 

0.93 x 

10“ 5 

Hydrogen, H 2 

Nitrogen, N 2 

273 

6.8 

X 10“ 5 

Air 

Helium, He 

298 

7.2 x 

10- 5 

Hydrogen, H 2 

Oxygen, 0 2 

273 

7.0 

x 10“ 5 

Air 

Hydrogen, H 2 

298 

7.2 x 

10“ 5 

Oxygen, 0 2 

Ammonia 

293 

2.5 

X 10“ 5 

Air 

Iodine, l 2 

298 

0.83 X 

10“ 5 

Oxygen, 0 2 

Benzene 

296 

0.39 X 10- s 

Air 

Methanol 

298 

1.6 X 

10- 5 

Oxygen, 0 2 

Nitrogen, N 2 

273 

1.8 

X IO” 5 

Air 

Mercury 

614 

4.7 X 

10“ 5 

Oxygen, 0 2 

Water vapor 

298 

2.5 

X 10“ 5 

Air 

Napthalene 

300 

0.62 x 

10“ 5 

Water vapor 

Argon, Ar 

298 

2.4 

x 10“ 5 

Air 

Oxygen, 0 2 

298 

2.1 X 

10“ 5 

Water vapor 

Helium, He 

298 

9.2 

X 10“ 5 

Air 

Water vapor 

298 

2.5 X 

io - 5 

Water vapor 

Nitrogen, N 2 

298 

2.5 

X 10' 5 


Note: The effect of pressure and temperature on D AS can be accounted for through ~ T^/P.. 
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TABL E 14-3 ; / I - . i '7.\ . X ' '. —ill: 

Binary diffusion coefficients of dilute liquid solutions and solid solutions at 1 atm 

(from Barrer, 1941 ; Reid et af 1977 ; Thomas, 1991 ; and van Black, 1980 ) 

(a) Diffusion through Liquids (b) Diffusion through Solids 


Substance A 
(Solute) 

Substance B 
(Solvent) 

r, 

K 

D ah , m 2 /s 

Ammonia 

Water 

285 

1.6 X 10" 9 

Benzene 

Water 

293 

1.0 x 10" 9 

Carbon dioxide 

Water 

298 

2.0 X 10" 9 

Chlorine 

Water 

285 

1.4 X 10" 9 

Ethanol 

Water 

283 

0.84 x 10" 9 

Ethanol 

Water 

288 

1.0 x 10" 9 

Ethanol 

Water 

298 

1.2 X 10" 9 

Glucose 

Water 

298 

0.69 X 10" 9 

Hydrogen 

Water 

298 

6.3 X 10" 9 

Methane 

Water 

275 

0.85 X 10" 9 

Methane 

Water 

293 

1.5 X 10" 9 

Methane 

Water 

333 

3.6 x 10" 9 

Methanol 

Water 

288 

1.3 X 10" 9 

Nitrogen 

Water 

298 

2.6 X 10" 9 

Oxygen 

Water 

298 

2.4 x 10“ 9 

Water 

Ethanol 

298 

1.2 X 10" 9 

Water 

Ethylene glycol 

298 

0.18 X 10" 9 

Water 

Methanol 

298 

1.8 X 10" 9 

Chloroform 

Methanol 

288 

2.1 x 10" 9 


Substance A 
(Solute) 

Substance B 
(Solvent) 

T, 

K 

Dab, m 2 /s 

Carbon dioxide Natural rubber 

298 

1.1 X 10" 10 

Nitrogen 

Natural rubber 

298 

1.5 X 10~ 10 

Oxygen 

Natural rubber 

298 

2.1 X 10" 10 

Helium 

Pyrex 

773 

2.0 X 10" 12 

Helium 

Pyrex 

293 

4.5 X 10" 15 

Helium 

Silicon dioxide 

298 

4.0 x 10" u 

Hydrogen 

Iron 

298 

2.6 X 10" 13 

Hydrogen 

Nickel 

358 

1.2 x 10~ 12 

Hydrogen 

Nickel 

438 

1.0 x 10" 11 

Cadmium 

Copper 

293 

2.7 X 10" X9 

Zinc 

Copper 

773 

4.0 x 10" 18 

Zinc 

Copper 

1273 

5.0 x 10" 13 

Antimony 

Silver 

293 

3.5 X 10" 25 

Bismuth 

Lead 

293 

1.1 X 10" 20 

Mercury 

Lead 

293 

2.5 X 10" 19 

Copper 

Aluminum 

773 

4.0 X 10" u 

Copper 

Aluminum 

1273 

1.0 X 10" 10 

Carbon 

Iron (fee) 

773 

5.0 x 10" 15 

Carbon 

Iron (fee) 

1273 

3.0 X 10“ n 


TABLE 14-4 

In a binary ideal gas mixture of 
species A and B, the diffusion 
coefficient of A in B is equal to 


the diffusion coefficient of B in A, 
and both increase with temperature 


r, °C 

^HjO-Ai’f or Avir-HjO 

at 1 atm, in m 2 /s 
(from Eq. 14-15) 

0 

2.09 x 10“ 5 

5 

2.17 x 10- 5 

10 

2.25 X 10- 5 

15 

2.33 X lO” 5 

20 

2.42 X 10" 5 

25 

2.50 X 10“ 5 

30 

2.59 X 10“ 5 

35 

2.68 X lO" 5 

40 

2.77 X 10“ 5 

50 

2.96 X lO" 5 

100 

3.99 x 10“ 5 

150 

5.18 X 10“ 5 


Due to its practical importance, the diffusion of water vapor in air has been 
the topic of several studies, and some empirical formulas have been developed 
for the diffusion coefficient D^o-air Marrero and Mason (1972) proposed this 
popular formula (Table 14-4): 

7 - 2 . 0 72 

Z) Hi o_ Air - 1.87 X 10" 10 (m 3 /s), 280 K < T < 450 K (14-1 5) 

where P is total pressure in atm and T is the temperature in K. 

The primary driving mechanism of mass diffusion is the concentration 
gradient, and mass diffusion due to a concentration gradient is known as the or- 
dinary diffusion. However, diffusion may also be caused by other effects. Tem- 
perature gradients in a medium can cause thermal diffusion (also called the 
soret effect), and pressure gradients may result in pressure diffusion. Both of 
these effects are usually negligible, however, unless the gradients are very large. 
In centrifuges, the pressure gradient generated by the centrifugal effect is used to 
separate liquid solutions and gaseous isotopes. An external force field such as an 
electric or magnetic field applied on a mixture or solution can be used success- 
fully to separate electrically charged or magnetized molecules (as in an elec- 
trolyte or ionized gas) from the mixture. This is called forced diffusion. Also, 
when the pores of a porous solid such as silica-gel are smaller than the mean free 
path of the gas molecules, the molecular collisions may be negligible and a free 
molecule flow may be initiated. This is known as Knudsen diffusion. When the 
size of the gas molecules is comparable to the pore size, adsorbed molecules 
move along the pore walls. This is known as surface diffusion. Finally, particles 


whose diameter is under 0.1 pm such as mist and soot particles act like large 
molecules, and the diffusion process of such particles due to the concentration 
gradient is called Brownian motion. Large particles (those whose diameter is 
greater than 1 pm) are not affected by diffusion as the motion of such particles is 
governed by Newton’s laws. In our elementary treatment of mass diffusion, we 
assume these additional effects to be nonexistent or negligible, as is usually the 
case, and refer the interested reader to advanced books on these topics. 


| EXAMPLE 14-1 Determining Mass Fractions from Mole 
| Fractions 

I The composition of dry standard atmosphere is given on a molar basis to be 
I 78.1 percent N 2 , 20.9 percent 0 2f and 1.0 percent Ar and small amounts of 
1 other constituents (Fig. 14-12). Treating other constituents as Ar, determine 
ia the mass fractions of the constituents of air. 


SOLUTION The molar fractions of the constituents of air are given. The mass 
fractions are to be determined. 

Assumptions The small amounts of other gases in air are treated as argon. , 
Properties The molar masses of N 2 , 0 2t and Ar are 28.0, 32,0, and 39.9 
kg/kmol, respectively (Table A— 1). 

Analysis The molar mass of air is determined to be 

U = S y,M t = 0.781 X 28.0 + 0.209 X 32.0 + 0.01 X 39.9 = 29.0 kg/kmol 

Then the mass fractions of constituent gases are determined from Eq. 14—10 
to bo 

A/ N) 28 0 

N 2 : = ( 0.781) 0.754 p 

M 0 32 0 

0 2 : ^ ^ = ^^ = ( 0 . 209 ) 1 ^ = 0.231 ■ 

Ar: w #I = ^^ = (0.01)111=0.014 A 


,k| 

p 



Therefore, the mass fractions of N 2i 0 2 , and Ar in dry standard atmosphere are 
75.4 percent, 23.1 percent, and 1.4 percent, respectively. 

f 


14-4 * BOUNDARY CONDITIONS 

We mentioned earlier that the mass diffusion equation is analogous to the heat 
diffusion (conduction) equation, and thus we need comparable boundary con- 
ditions to determine the species concentration distribution in a medium. Two 
common types of boundary conditions are the (1) specified species concen- 
tration , which corresponds to specified temperature, and (2) specified species 
flux, which corresponds to specified heat flux. 

Despite their apparent similarity, an important difference exists between 
temperature and concentration: temperature is necessarily a continuous function, 
but concentration, in general, is not. The wall and air temperatures at a wall sur- 
face, for example, are always the same. The concentrations of air on the two 
sides of a water-air interface, however, are obviously very different (in fact, the 


AIR 

.78.1% n 2 
20.9% 0 2 
1,0% Ar 

FIGURE 14-12 
Schematic for Example 14-1. 



Unlike temperature, the concentration 
of species on the two sides of a 
liquid-gas (or solid-gas or 
solid-liquid) interface are 
usually not the same. 
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An impermeable surface in 
mass transfer is analogous to an 
insulated surface in heat transfer. 


concentration of air in water is close to zero). Likewise, the concentrations of wa- 
ter on the two sides of a water-air interface are also different even when air is sat- 
urated (Fig. 14-13). Therefore, when specifying a boundary condition, 
specifying the location is not enough. We also need to specify the side of the 
boundary. To do this, we consider two imaginary surfaces on the two sides of the 
interface that are infinitesimally close to the interface. Whenever there is a doubt, 
we indicate the desired side of the interface by specifying its phase as a subscript. 
For example, the water (liquid or vapor) concentration at the liquid and gas sides 
of a water-air interface atx = 0 can be expressed on a molar basis is 

yHAiiqnidride (0) = yi >' HA ^ s ;<k(0)=y2 (14-16) 


Using Fick’s law, the constant species flux boundary condition for a diffus- 
ing species A at a boundary at x = 0 is expressed, in the absence of any blow- 
ing or suction, as 


-CD 


dy A 


AB 


dx 


x=0 


~ Ja,o 


or 


-P&A 


dW ; 


B 


dx 


x = 0 


Ja. o 


( 14 - 17 ) 


where J A 0 and j A 0 are the specified mole and mass fluxes of species A at the 
boundary, respectively. The special case of zero mass flux (j At „ = j At 0 = 0) 
corresponds to an impermeable surface for which dy A {0)/dx = dw A (0)/ 
dx = 0 (Fig. 14-14). 

To apply the specified concentration boundary condition, we must know the 
concentration of a species at the boundary. This information is usually ob- 
tained from the requirement that thermodynamic equilibrium must exist at the 
interface of two phases of a species. In the case of air- water interface, the con- 
centration values of water vapor in the air are easily determined from satura- 
tion data, as shown in Example 14-2. 


Air 

92kPa, 15°C 


EXAMPLE 14-2 Mole Fraction of Water Vapor I 

. at the Surface of a Lake 1 

Determine the mote fraction of the water vapor at the surface of a lake whose | 
temperature is 15°C and compare it to the moie fraction of water in the lake | 
(Fig. 14-15). Take the atmospheric pressure at lake level to be 92 kPa. § 


Saturated air 



air side 


= 0.0185 


- Lake 
!5“C 


LHjO, rquid-sUe “4'9-" . - 3 


FIGURE 14-15 

Schematic for Example 14-2. 


SOLUTION The mole fraction of the water vapor at the surface of a lake and 
the mole fraction of water in the lake are to be determined and compared. 
Assumptions 1 Both the air and water vapor are ideal gases. 2 The mole frac- 
tion of dissolved air in water is negligible. 

Properties The saturation pressure of water at 1 5°C is 1 .705 kPa (Table A-9). 
Analysis The air at the water surface is saturated. Therefore, the partial pres- 
sure of water vapor in the air at the lake surface simply is the saturation pres- 
sure of water at 15°C, 


Fyapot — F sat @ i5~‘c — 1.705 kPa 


Assuming both the air and vapor to be ideal gases, the mote fraction of water 
vapor in the air at the surface of the lake is determined from Eq. 14-11 to be 


f vapor 1.705 kPa 


vapor 


- 0.0185 


(or 1.85 percent) 


92 kPa 


"lA'iV V ( P Vi a Hi J : i : P'. ; '' r .<! ’■ v: : C}-': V -T > i t ' ' Z V r r: ? ' 'i |rg I * t< # I jrfW 1 ■> I 


Water contains some dissolved air, but the amount is negligible. Therefore, we 
can assume the entire lake to be liquid water. Then its mole fraction becomes 

>W,ii qui[Isi d £ = 1-0 (° r lOOpercent) 

Discussion Note that the concentration of water on a molar basis is 100 per- 
cent just beneath the air— water interface and 1.85 percent just above it, even 
though the air is assumed to be saturated (so this is the highest value at 15°C). 
Therefore, huge discontinuities can occur in the concentrations of a species 

across phase boundaries. 


The situation is similar at solid-liquid interfaces. Again, at a given temper- 
ature, only a certain amount of solid can be dissolved in a liquid, and the sol- 
ubility of the solid in the liquid is determined front the requirement that 
thermodynamic equilibrium exists between the solid and the solution at the in- 
terface. The solubility represents the maximum amount of solid that can be 
dissolved in a liquid at a specified temperature and is widely available in 
chemistry handbooks. In Table 14—5 we present sample solubility data for 
sodium chloride (NaCl) and calcium bicarbonate [Ca(HC0 3 ) 2 ] at various 
temperatures. For example, the solubility of salt (NaCl) in water at 310 K. is 
36.5 kg per 100 kg of water. Therefore, the mass fraction of salt in the brine at 

the interface is simply 




36.5 kg 


liquid side m (100 + 36.5) kg 


= 0.267 (or 26.7 percent) 


whereas the mass fraction of salt in the pure solid salt is vv = 1.0. Note that 
water becomes saturated with salt when 36.5 kg of salt are dissolved in 

100 kg of w^ter at 310 K. 

Many processes involve the absorption of a gas into a liquid. Most gases are 
weakly soluble in liquids (such as air in water), and for such dilute solutions 
the mole fractions of a species i in the gas and liquid phases at the interface are 
observed to be proportional to each other. That is, y fi gas s ,d e a >7, liquid side or 
P,, “ P.y,,r v u,u, ™ce = P,,^,JP for ideal gas mixtures. This 

is known as Henry’s law and is expressed as 


37, liquid ;':'o 


Ff, | is side 


(at interface) 


(14-18) 


TABLE 14-5 

Solubility of two inorganic 
compounds in water at various 
temperatures, in kg, in 100 kg of 
water [from Handbook of Chemistry 
(New York: McGraw-Hill, 1961)] 

Solute 


Tempera- 
ture, K 

Salt, 

NaCl 

Calcium 

Bicarbonate, 

Ca(HC0 3 ) 2 

273.15 

35.7 

16.15 

280 

35.8 

16.30 

290 

35.9 

16.53 

300 

36.2 

16.75 

310 

36.5 

16.98 

320 

36.9 

17.20 

330 

37.2 

17.43 

340 

37.6 

17.65 

350 

38.2 

17.88 

360 

38.8 

18.10 

370 

39.5 

18.33 

373.15 

39.8 

18.40 


where H is Henry’s constant, which is the product of the total pressure of the 
gas mixture and the proportionality constant. For a given species, it is a func- 
tion of temperature only and is practically independent of pressure for pres- 
sures under about 5 atm. Values of Henry’s constant for a number of aqueous 
solutions are given in Table 14-6 for various temperatures. From this table and 
the equation above we make the following observations: 

1, The concentration of a gas dissolved in a liquid is inversely proportional 
to Henry’s constant. Therefore, the larger the Henry s constant, the 
smaller the concentration of dissolved gases in the liquid. 


-■•ft*-* 
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or 
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FIGURE 14-18 

Dissolved gases in a liquid can 
be driven off by heating the liquid. 


TABL E 14-6 


Henry’s constant H (in bars) for selected gases in water at low to moderate 
pressures (for gas i, H = P,, eas 3id5 /y,- wter side ) 

(from Mills, 1995; Table A.21) 


Solute 

290 K 

300 K 

310 K 

320 K 

330 K 

340 K 

h 2 s 

440 

560 

700 

830 

980 

1140 

C0 2 

1280 

1710 

2170 

2720 

3220 

— 

0 2 

38,000 

45,000 

52,000 

57,000 

61,000 

65,000 

H 2 

67,000 

72,000 

75,000 

76,000 

77,000 

76,000 

CO 

51,000 

60,000 

67,000 

74,000 

80,000 

84,000 

Air 

62,000 

74,000 

84,000 

92,000 

99,000 

104,000 

n 2 

76,000 

89,000 

101,000 

110,000 

118,000 

124,000 


2. Henry’s constant increases (and thus the fraction of a dissolved gas 
in the liquid decreases) with increasing temperature. Therefore, the 
dissolved gases in a liquid can be driven off by heating the liquid 
(Fig. 14-16). 

3. The concentration of a gas dissolved in a liquid is proportional to the 
partial pressure of the gas. Therefore, the amount of gas dissolved in a 
liquid can be increased by increasing the pressure of the gas. This can 
be used to advantage in the carbonarion of soft drinks with C0 2 gas. 

Strictly speaking, the result obtained from Eq. 14-18 for the mole fraction of 
dissolved gas is valid for the liquid layer just beneath the interface and not 
necessarily the entire liquid. The latter will be the case only when thermo- 
dynamic phase equilibrium is established throughout the entire liquid body. 


Air 


Saturated air 


Lake 

17°C 




dry air, gas side 


y dry air, liquid side v: : . 


FIGURE 14-17 

Schematic for Example 14-3. 


EXAMPLE 14-3 Mole Fraction of Dissolved Air in Water 

Determine the mole fraction of air dissolved in water at the surface of a lake 
whose temperature is 17°C (Fig. 14-17), Take the atmospheric pressure at 
lake level to he 92 kPa. - 

SOLUTION The mole fraction of air dissolved in water at the surface of a lake 
is to be determined. 

Assumptions 1 Both the air and water vapor are idea! gases. 2 Air is weakly 
soluble in water so that Henry's law is applicable. 

Properties The saturation pressure of water at 17°C is 1.96 kPa (Table A-9). 
Henry’s constant for air dissolved in. water at 290 K is H = 62,000 bar 
(Table 14-6). 

Analysis This example is similar to the previous example. Again the air at the 
water surface is saturated, and thus the partial pressure of water vapor in the 
air at the lake surface is the saturation pressure of water at 17°C, 



F^por — P&t® n=c ~ 1-96 kPa ; 

Assuming both the air and vapor to be ideal gases, the partial pressure of dry 
air is determined to be 

P £iy air -P p^ = 92 ~ 1.96 = 90.04 kPa = 0.9004 bar : 
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Note that with little loss in accuracy (an error of about 2 percent), we cou d 
have ignored the vapor pressure since the amount of vapor in air is so small. 
Then the mole fraction of air in the water becomes 


P dry air, gas side ^ 0.9004 bflX __ ^ ^ 10”^ 

Jdry air T litpiid sutc ^ f{ 62,900 bar 


which is very small, as expected. Therefore, the concentration of air in water 
just below the air-water interface is 1.45 moles per 100,0000 moles But J b " 
viously this is enough oxygen for fish.and other creatures in the lake. Note that 
the amount of air dissolved in water decreases with increasing depth* 


We mentioned earlier that the use of Henry’s law is limited to dilute gas-liquid 
solutions; that is, a liquid with a small amount of gas dissolved in it. Then the 
question that arises naturally is, what do we do when the gas is highly soluble 
in the liquid (or solid), such as ammonia in water? In this case the linear 
relationship of Henry’s law does not apply, and the mole fraction of a gas dis- 
solved in the liquid (or solid) is usually expressed as a function of the partial 
pressure of the gas in the gas phase and the temperature. An approximate 
relation in this case for the mole fractions of a species on the liquid and gas 
sides of the interface is given by Raoult’s law as 

Pi, gas silk ” }’t. gas side P = - V '. ! iquid side Pi. (14-19) 


where P t m (T) is the saturation pressure of the species i at the interface 
temperature and P is the total pressure on the gas phase side. Tabular data 
are available in chemical handbooks for common solutions such as the 
ammonia-water solution that is widely used in absorption-refrigeration systems. 

Gases may.also dissolve in solids, but the diffusion process in this case can 
be very complicated. The dissolution of a gas may be independent of the 
structure of the solid, or it may depend strongly on its porosity. Some dissolu- 
tion processes (such as the dissolution of hydrogen in titanium, similar to the 
dissolution of C0 2 in water) are reversible , and thus maintaining the gas con- 
tent in the solid requires constant contact of the solid with a reservoir of that 
gas. S&me other dissolution processes are irreversible. For example, oxygen 
gas dissolving in titanium forms Ti0 2 on the surface, and the process does not 

reverse itself. , - r 

The concentration of the gas species i in the solid at the interface c ( - i50lids i de 

is proportional to the partial pressure of the species i in the gas P u ga sskk on the 
gas side of the interface and is expressed as 

r . = x P t .-j, (kmol/m 3 ) (14-20) 

where $P is the solubility’ Expressing the pressure in bars and noting that the 
unit of molar concentration is kmol of species i per m 3 , the unit of solubility is 
kmol/m 3 • bar. Solubility data for selected gas-solid combinations are given in 
Table 14-7. The product of the solubility of a gas and the diffusion coefficient 
of the gas in a solid is referred to as the permeability which is a measure 
of the ability of the gas to penetrate a solid. That is, 0* = ^Dab where P AB is 


TABLE 14-7 V ' 

Solubility of selected 
gases and solids 
(for gaS 1 , Sf ■7', 

(from Barrer, 1941) 

Gas Solid T, K kmol/m 3 • bar 


0 2 Rubber 298 0.00312 

N 2 Rubber 298 0.00156 

C0 2 Rubber 298 0.04015 

He Si0 2 293 0.00045 

H 2 Ni 358 0.00901 
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Nickel 

plate 



Air 


FIGURE 14-18 

Schematic for Example 14—4. 


the diffustvity of the gas in the solid. Permeability is inversely proportional to 
thickness and has the unit kmol/s • bar. 

Finally, if a process involves the sublimation of a pure solid (such as ice or 
solid C0 2 ) or the evaporation of a pure liquid (such as water) in a different 
medium such as air, the mole (or mass) fraction of the substance in the liquid 
or solid phase is simply taken to be 1.0, and the partial pressure and thus the 
mole fraction of the substance in the gas phase can readily be determined from 
the saturation data of the substance at the specified temperature. Also, the as- 
sumption of thermodynamic equilibrium at the interface is very reasonable for 
pure solids, pure liquids, and solutions, except when chemical reactions are 
occurring at the interface. 


EXAMPLE 14-4 Diffusion of Hydrogen Gas into a Nickel Plate g 

Ip 

Consider a nickel plate that is in contact with hydrogen gas at 358 K and g 
300 kPa. Determine the molar and mass density of hydrogen in the nickel at 1 
the interface (Fig. 14-18). 1 


SOLUTION A nickel plate is exposed to hydrogen. The molar and mass den- 
sity of hydrogen in the nickel at the interface is to be determined. 

Assumptions Nickel and hydrogen are in thermodynamic equilibrium at the 
interface. 

Properties The molar mass of hydrogen is M = 2 kg/kmol (Table A-l). The sol- 
ubility of hydrogen in nickel at 358 K is 0.00901 kmoi/m 3 * bar (Table 14-7). 
Analysis Noting that 300 k Pa = 3 bar, the molar density of hydrogen in the 
nickel at the interface is determined from Eq. 14-20 to be 


Ch„ solid side ^ ^Hj, gas side 


= (0.00901 kmol/m 3 ■ bar)(3 bar) = 0.027 kmol/m 3 


TABLE 1 4-8 


It corresponds to a mass density of 

•r / 

PH,, solid side f H., soliJ side H 3 

- (0.027 kmoI/m 3 )(2) - 0.054 kg/m 3 

That is, there will be 0.027 kmof (or 0.054 kg) of H 2 gas in each m 3 volume of 
nickel adjacent to the interface. 


Analogy between heat conduction 
and mass diffusion in a 
stationary medium 
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14-5 - STEADY MASS DIFFUSION 
THROUGH A WALL 

Many practical mass transfer problems involve the diffusion of a species 
through a plane-parallel medium that does not involve any homogeneous 
chemical reactions under one-dimensional steady conditions. Such mass 
transfer problems are analogous to the steady one-dimensional heat conduc- 
tion problems in a plane wall with no heat generation and can be analyzed 
similarly. In fact, many of the relations developed in Chapter 3 can be used 
for mass transfer by replacing temperature by mass (or molar) fraction, ther- 
mal conductivity by pD AB (or CD AB ), and heat flux by mass (or molar) flux 
(Table 14-8). 


Consider a solid plane wall (medium B) of area A , thickness L, and 
density p. The wall is subjected on both sides to different concentrations of a 
species A to which it is permeable. The boundary surfaces at x = 0 and x~ L 
are located within the solid adjacent to the interfaces, and the mass fractions 
of A at those surfaces are maintained at w Aw x and w A2 , respectively, at all times 
(Fig. 14—19). The mass fraction of species A in the wall varies in the 
.r-direction only and can be expressed as w A (x). Therefore, mass transfer 
through the wall in this case can be modeled as steady and one-dimensional. 
Here we determine the rate of mass diffusion of species A through the wall 
using a similar approach to that used in Chapter 3 for heat conduction. 

The concentration of species A at any point does not change with time since 
operation is steady, and there is no production or destruction of species A 
since no chemical reactions are occurring in the medium. Then the conserva- 
tion of mass principle for species A can be expressed as the mass flow rate of 
species A through the wall at any cross section is the same. That is 

= JjA = constant (kg/s) 

Then Fick’s law of diffusion becomes 

w W.a dw A 

Ja ~ " A = -p£ } AB~£ ( r = constant 

Separating the variables in this equation and integrating across the wall from 
x = 0, where w(0) = w A< 1} to x = L, where w(L) ~ w Ai2 , we get 



mass diffusion of species A 
through a plane wall. 


A 


ft 

dx = 

,o 


M _2 


pD AB dw A 


*4,1 


(14-21) 


where the mass transfer rate m diffiA and the wall area A are taken out of the 
integral sign since both are constants. If the density p and the mass diffusion 
coefficient* /2 AB vary little along the wall, they can be assumed to be constant. 
The integration can be performed in that case to yield 


,?1 <jifeA.vra]i — P^abA 


L 


— &ab A 


Pa. i Pa. 2 
_ 


This relation can be rearranged as 


m 


dt wall 


I - Wa,2 H'a.1 - Wa,2 
ldpD AB A wall 


(kg/s) (14—22) 


(14-23) 


where 


R 


dlff* wal] 


L 

P^arA 


is the diffusion resistance of the wall, in s/kg, which is analogous to the elec- 
trical or conduction resistance of a plane wall of thickness L and area A (Fig. 
14-20). Thus, we conclude that the rate of mass diffusion through a plane wall 
is proportional to the average density , ; the wall area , and the concentration 
difference across the wall, but is inversely proportional to the wall thickness. 
Also, once the rate of mass diffusion is determined, the mass fraction w A (x) at 
any location x can be determined by replacing w At 2 in Eq. 14-22 by w A (x) and 
L by x. 
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(c) Mass flow 


FIGURE 14-20 


Analogy between 
thermal, electrical, and mass 
diffusion resistance concepts. 
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FIGURE 14—21 

One-dimensional mass diffusion 
through a cylindrical or 
spherical shell. 



FIGURE 14 — 22 

The diffusion rate of a gas species 
through a solid can be determined 
from a knowledge of the partial 
pressures of the gas on both sides 
and the permeability of the solid 
to that gas. 


The preceding analysis can be repeated on a molar basis with this result, 




cliff, /*> wril 


_ rn i 1 y *' 2 - D A — Shi = } ' AA yA 'l (14-24} 

— CD ab A l ^ab a l 


l d[ff, wall 


vhere ,, = L(CD ab A is the molar diffusion resistance of the wall m 

s/kmol. Note that mole fractions are accompanied by molar concentrations 
and mass fractions are accompanied by density. Either relation can be used to 
determine the diffusion rate of species A across the wall, depending on 
whether the mass or molar fractions of species A are known at the boundaries 
Also the concentration gradients on both sides of an interface are different, 
and thus diffusion resistance networks cannot be constructed m an analogous 

manner to thermal resistance networks. _ . 

In developing these relations, we assumed the density and the diffusion co- 
efficient of the wall to be nearly constant. This assumption is reasonable when 
a small amount of species A diffuses through the wall and thus the concentra- 
tion of A is small. The species A can be a gas, a liquid, or a solid. Also, the 
wall can be a plane layer of a liquid or gas provided that it is stationary . 

The analogy between heat and mass transfer also applies to cylindrical and 
spherical geometries. Repeating the approach outlined in Chapter 3 for heat 
conduction, we obtain the following analogous relations for steady one- 
dimensional mass transfer through nonreacting cylindrical and spherical 

layers (Fig. 14-21) 


*'a. i “ w a 

wm.a.c ) i - 2 ttL p D ab ln(j y r[) 


w A 1 Pa, i 

= 2 itLD ab — 


Pa .2 




w 


a. i 


it 


A>2 


m 
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'i difr, a. s P h = 4 t rr } r 2 pD AB ^ _ ,-f^ = ^rp 2 D AB ^ ^ 


(14-25) 


(14-26) 


or, on a molar basis, 


>'a, 1 " 32.3 


Nditf,A,cyi - 2 ttLCD ab ln(f y r] j 

>u, 1 “ y’A. 2 


= 2t tLD. 


Q, i Ca. 2 


N dlff .A.s P h = fanriCD 


\'i '-' LJ Ab n — r. 


ln(r 2 /rj) 

C AA ~ 

= 4t Trp- 2 D AB r - r - 


(14-27} 

(14-28) 


Here, L is the length of the cylinder, r, is the inner radius, and r 2 is the outer 
radius for the cylinder or the sphere. Again, the boundary surfaces at r - H 
r = r 2 are located within the solid adjacent to the interfaces, and the mass 
fractions of A at those surfaces are maintained at w Ai j and w A:2 , respectively, 
at all times. (We could make similar statements for the density, molar concen- 
tration, and mole fraction of species A at the boundaries.) t 

We mentioned earlier that the concentration of the gas species m a solid 
at the interface is proportional to the partial pressure of the adjacent gas and 

was expressed as C,. solidsMt = id. where ^ is the (m 

kmol/m 3 * bar) of the gas A in the solid B. We also mentioned that the product 
of solubility and the diffusion coefficient is called the permeability, & Ab — 
5 ? D (in kmol/m • s * bar). Then the molar flow rate of a gas through a solid 
under steady one-dimensional conditions can be expressed in terms of die 
partial pressures of the adjacent gas on the two sides of the solid by replacing 
C A in these relations by P A or <3> AB P A ID AB . In the case of a plane wall, for 

example, it gives (Fig. 14-22) 


(kmol/s) (14-29) 


N&B.A, wall “ ^AB^AB^ £ £ 

where P At j and P A 2 are the partial pressures of gas A on the two sides of the 
wall. Similar relations can be obtained for cylindrical and spherical walls by 
following the same procedure. Also, if the permeability is given on a mass 
basis (in kg/m - s ■ bar), then Eq. 14-29 gives the diffusion mass flow rate. 

Noting that 1 kmol of an ideal gas at the standard conditions of 0°C and 
1 atm occupies a volume of 22.414 m 3 , the volume flow rate of the gas 
through the wall by diffusion can be determined from 

= 22.414iV dift;A (standard m 3 /s, at 0°C and 1 atm) 

The volume flow rate at other conditions can be determined from the ideal gas 
relation P A V — N A R U T. 


EXAMPLE 14-5 Diffusion of Hydrogen through a 

Spherical Container 

Pressurized hydrogen gas is stored at 358 K in a 4.8-m-outer-diameter spher- 
ical container made of nickel (Fig. 14-23). The shell of the container is 6 cm 
thick. The molar concentration of hydrogen in the nickel at the inner surface is 
determined to be 0.087 kmof/m 3 . The concentration of hydrogen in the nickel 
at the outer surface is negligible. Determine the mass flow rate of hydrogen by 
diffusion through the nickel container. 


SOLUTION Pressurized hydrogen gas is stored in a spherical container. The 
diffusion^ate of hydrogen through the container is to be determined. 
Assumption^ 1 Mass diffusion is steady and one-dimensional since the hydro- 
gen concentration in the tank and thus at the inner surface of the container is 
practically constant, and the hydrogen concentration in the atmosphere and 
thus at the outer surface is practically zero. Also, there is thermal symmetry 
about the center. 2 There are no chemical reactions in the nickel shell that re- 
sult in the generation or depletion of hydrogen. 

ProjferlieS' The binary diffusion coefficient for hydrogen in the nickel at the 
specified temperature is 1.2 x 10~ 12 m 2 /s (Table 14-3b). 

Analysis We can consider the total molar concentration to be constant {C — 
C A -t -'C e = .C fl = constant), and the container to be a stationary medium since: 
there is no diffusion of nickel molecules (N g — 0) and the concentration of the : 
hydrogen in the container is extremely low {C A < D.Then the molar flow rate of 
hydrogen through this spherical shell by diffusion can readily be determined 
from Eq. 14-28 to be , 



= 4tjt 


1 


— 0.2 

-try 


(0.087 — 0) kmol/m 3 

= 4tt( 2.34 m)(2.40 m)(1.2 X 10“ 12 m 2 /s) (2 AQ -234 ) m r 


= 1.228 X 10“ 10 kmol/s 
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The mass flow rate is determined by multiplying the molar flow rate by the 
molar mass of hydrogen, which is M = 2 kg/kmol, 

m m = MN m = (2 kg/kmol) (1.228 X 10" 10 kmol/s) = 2.46 X 10" 10 kg/s 


Therefore, hydrogen will teak out through the shell of the container by diffusion 
at a rate of 2.46 x 10 -l ° kg/s or 7.8 g/year. Note that the concentration of 
hydrogen in the nickel at the inner surface depends on the temperature and 
pressure of the hydrogen in the tank and can be determined as explained in 
Example 14-4. Also, the assumption of zero hydrogen concentration in nickel 
at the outer surface is reasonable since there is only a trace amount of hydro- 
gen in the atmosphere (0.5 part per million by mole numbers). 


14-6 - WATER VAPOR MIGRATION IN BUILDINGS 


Dry 

insulation 



0% 


moisture 


FIGURE 14-24 


Wet 

insulation 



5 % 

moisture 


A 5 percent moisture content can 
increase heat transfer through wall 
insulation by 25 percent. 


Moisture greatly influences the performance and durability of building mate- 
rials, and thus moisture transmission is an important consideration in the con- 
struction and maintenance of buildings. 

The dimensions of wood and other hygroscopic substances change with 
moisture content. For example, a variation of 4.5 percent in moisture content 
causes the volume of white oak wood to change by 2.5 percent. Such cyclic 
changes of dimensions weaken the joints and can jeopardize the structural in- 
tegrity of building components, causing “squeaking" at the minimum. Excess 
moisture can also cause changes in the appearance and physical properties of 
materials: corrosion and rusting in metals, rotting in woods, and peeling of 
paint on the interior and exterior wall surfaces. Soaked wood with a water 
content of 24 to 31 percent is observed to decay rapidly at temperatures 10 to 
38°C. Also, molds grow on wood surfaces at relative humidities above 85 per- 
cent. The expansion of water during freezing may damage the cell structure of 
porous materials. 

Moisture content also affects the effective conductivity of porous mediums 
such as soils, building materials, and insulations, and thus heat transfer 
through them. Several studies have indicated that heat transfer increases 
almost linearly with moisture content, at a rate of 3 to 5 percent for each per- 
cent increase in moisture content by volume. Insulation with 5 percent mois- 
ture content by volume, for example, increases heat transfer by 15 to 25 
percent relative to dry insulation (ASHRAE Handbook of Fundamentals , 
1993, Chap. 20) (Fig. 14-24). Moisture migration may also serve as a transfer 
mechanism for latent heat by alternate evaporation and condensation. During 
a hot and humid day, for example, water vapor may migrate through a wall 
and condense on the inner side, releasing the heat of vaporization, with the 
process reversing during a cool night. Moisture content also affects the spe- 
cific heat and thus the heat storage characteristics of building materials. 

Moisture migration in the walls, floors, or ceilings of buildings and in other 
applications is controlled by either vapor barriers or vapor retarders. Vapor 
barriers are materials that are impermeable to moisture, such as sheet metals, 


heavy metal foils, and thick plastic layers, and they effectively bar the vapor 
from migrating. Vapor retarders, on the other hand, retard or slow down the 
flow of moisture through the structures but do not totally eliminate it. Vapor 
retarders are available as solid, flexible, or coating materials, but they usually 
consist of a thin sheet or coating. Common forms of vapor retarders are rein- 
forced plastics or metals , thin foils, plastic films, treated papers, coated felts, 
and polymeric or asphaltic paint coatings. In applications such as the building 
of walls where vapor penetration is unavoidable because of numerous open- 
ings such as electrical boxes, telephone lines, and plumbing passages, vapor 
retarders are used instead of vapor barriers to allow the vapor that somehow 
leaks in to exit to the outside instead of trapping it in. Vapor retarders with 
a permeance of 57.4 X 10“ 9 kg/s • m 2 are commonly used in residential 
buildings. 

The insulation on chilled water lines and other impermeable surfaces that 
are always cold must be wrapped with a vapor barrier jacket, or such cold 
surfaces must be insulated with a material that is impermeable to moisture. 
This is because moisture that migrates through the insulation to the cold 
surface condenses and remains there indefinitely with no possibility of 
vaporizing and moving back to the outside. The accumulation of moisture* in 
such cases may render the insulation useless, resulting in excessive energy 
consumption. 

Atmospheric air can be viewed as a mixture of dry air and water vapor, and 
the atmospheric pressure is the sum of the pressure of dry air and the pressure 
of water vapor, which is called the vapor pressure P v . Air can hold a certain 
amount of moisture only, and the ratio of the actual amount of moisture in the 
air at a given temperature to the maximum amount air can hold at that tem- 
perature is called the relative humidity <f>. The relative humidity ranges from 
0 for dry air to 100 percent for saturated air (air that cannot hold any more 
moisture). The partial pressure of water vapor in saturated air is called the 
saturation pressure P sat . Table 14-9 lists the saturation pressure at various 
temperatures 

The am 6 lint of moisture in the air is completely specified by the tempera- 
ture and the relative humidity, and yhe vapor pressure is related to relative hu- 
midity <p by 


7' (14-30) 

■* X 

where P fat is the saturation (or boiling) pressure of water at the specified tem- 
perature. Then the mass flow rate of moisture through a plain layer of thick- 
ness L and normal area A can be expressed as 


/?! 


= ®A 


2 

L 


$>A 


4> I P sat. t <f>2 P ssi, 2 

~ L ~ 


(kg/s) 


(14-31) 


where 9* is the vapor permeability of the material, which is usually expressed 
on a mass basis in the unit ng/s • m ■ Pa, where ng = 10 “ 11 kg and 1 Pa = 10 -5 
bar. Note that vapor migrates or diffuses from a region of higher vapor pres- 
sure toward a region of lower vapor pressure. 
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TABLE, 14-9 


Saturation pressure of water at 
various temperatures 


Temperature, °C 

Saturation 
Pressure, Pa 

-40 

13 

-36 

20 

-32 

31 

-28 

47 

-24 

70 

-20 

104 

-16 

151 

-12 

218 

-8 

310 

-4 

438 

0 

611 

5 

872 

10 

1228 

15 

1705 

20 

2339 

25 

3169 

30 

4246 

35 

5628 

40 

7384 

50 

12,350 

100 

101,330 

200 

1.55 X 10 6 

300 

8.58 X 10 6 
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The permeability of most construction materials is usually expressed for a 
given thickness instead of per unit thickness. It is called the permeance Jl, 
which is the ratio of the permeability of the material to its thickness. That is. 


TABLE 14-1 0 . 

lypical vapor permeance of common 
building materials (from ASHRAE, 
1993, Chap. 22, Table 9)* 


Materials and 


Permeance 


Its Thickness ng/s 

• m 2 ■ P£ 

Concrete (1:2:4 mix, 1 m) 

4.7 

Brick, masonry, 100 mm 

46 

Piaster on metai lath, 
19 mm 

860 

Plaster on wood lath, 
19mm 

630 

Gypsum wall board, 
9.5 mm 

2860 

Plywood, 6.4 mm 40-109 

Still air, 1 m 

174 

Mineral wool insulation 
(unprotected), 1 m 

245 

Expanded polyurethane 
insulation board, 1 m 0.58-2.3 

Aluminum foil, 0.025 mm 

0.0 

Aluminum foil, 0.009 mm 

2.9 

Polyethylene, 0.051 mm 

9.1 

Polyethylene, 0.2 mm 

2.3 

Polyester, 0.19 mm 

4.6 

Vapor retarder latex paint, 
0.070 mm 

26 

Exterior acrylic house 3nd 
trim paint, 0.040 mm 

313 

Building paper, unit mass 
of 0.16-0.68 kg/m 2 0.1-2400 


*Data vary greatly. Consult manufacturer for more 
accurate data. Also, 1 ng = 10' 12 kg. 


Permeability 

Permeance = THckness 

it = y (kg/s • m 2 ■ Pa) (14-32) 

The reciprocal of permeance is called (unit) vapor resistance and is ex- 
pressed as 

Vapor resistance = Penn g anC g 

(s • m 2 • Pa/kg) (14-33) 


Note that vapor resistance represents the resistance of a material to water 
vapor transmission. 

It should be pointed out that the amount of moisture that enters or leaves a 
building by diffusion is usually negligible compared to the amount that enters 
with infiltrating air or leaves with exjilt rating air. The primary cause of inter- 
est in the moisture diffusion is its impact on the performance and longevity of 

building materials. 

The overall vapor resistance of a composite building structure that consists 
of several layers in series is the sum of the resistances of the individual layers 

and is expressed as 


R 


v, total 


^r„ a + r , <2 + 


+ R 


IV ft 




(14-34) 


Then the rate of vapor transmission through a composite structure can be de- 
termined in an analogous manner to heat transfer from 

A p 

til „ = A „ — — (kg/s) (14-35) 

total 

Vapor permeance of common building materials is given in Table 14-10. 


EXAMPLE 14-6 Condensation and Freezing of Moisture in Walls 

The condensation and even freezing of moisture in wails without effective vapor 
retarders is a real concern in cold climates, and it undermines the effectiveness 
of insulations. Consider a wood frame waif that is built around 38 mm x 
90 mm (2 x 4 nominal) wood studs. The 90-mm-wide cavity between the studs 
is filled with glass fiber insulation. The inside is finished with 13-mm gypsum 
wa l (board and the outside with 13-mm wood f iberboard and 13-mm x 200-mm 
wood bevel lapped siding. Using manufacturer’s data, the thermal and vapor 
resistances of various components for a unit wall area are determined to be 



/?-Value, 

/7,,-Value, 

Construction 

m 2 • °C/W 

s * m 2 - Pa/ng 

1. Outside surface, 24 km/h wind 

0.030 

— 

2. Painted wood bevel lapped siding 

0.14 

0.019 

3. Wood fiberboard sheeting, 13 mm 

0.23 

0.0138 

4. Glass fiber insulation, 90 mm 

2.45 

0.0004 

5. Painted gypsum wallboard, 13 mm 

0.079 *■ 

0.012 

6. Inside surface, stilt air 

0.12 

• 

TOTAL 

3.05 

0.0452 


The indoor conditions are 20°C and 60 percent relative humidity while the 
outside conditions are -16°C and 70 percent relative humidity. Determine if 
condensation or freezing of moisture will occur in the insulation. 



SOLUTION The thermal and vapor resistances of different layers of a wail are 
given. The possibility of condensation or freezing of moisture in the wall is to 
be investigated. 

Assumptions 1 Steady operating conditions exist. 2 Heat transfer through the 
wall is one-dimensional. 3 Thermal and vapor resistances of different layers of 
the wall and the heat transfer coefficients are constant. 

Properties The thermal and vapor resistances are as given in the problem 
1 statement. The saturation pressures of water at 20°C and -16°C are 2339 Pa 
and 151 Pa, respectively {Table 14-9). 

Analysis The schematic of the wall as well as the different elements used in its 
construction are shown in Figure 14-25. Condensation is most likely to occur at 
the coldest part of insulation, which is the part adjacent to the exterior sheath- 
ing. Noting that the total thermal resistance of the wall is 3,05 m 2 - °C/W, the 
rate of heat transfer through a unit area A = 1 m 2 of the wall is 
*< 




T. — T 
= A * ° 


R 


= a m 2 ) 


total 


[20 - (— 16)°C] 
3.05 m 2 * °CAV 


-■11.8W- 


The thermal resistance of the exterior part of the wall beyond the insulation is 
0.03 .3- 0.14 + 0.23 = 0.40 m 2 • °C/W. Then the temperature of the insula- 
tion^uter sheathing interface is 

T r =T„ + = — 16°C + (11.8 \V)(0.40°CAV) - 11.3°C ■ 

The saturation pressure of water at — 11.3°C is 234 Pa, as shown in Table 
14-9, and if there is condensation or freezing, the vapor pressure at the insu- 
lation-outer sheathing interface will have to be this value. The vapor pressure 
at the indoors and the outdoors is 




&/> ! = 0.60 X (2340 Pa) = 1404 Pa 


P v . 2 ■ <WW = 0.70 X (151 Pa) - 106 Pa 

Then the rate of moisture flow through the interior and exterior parts of the wall 
becomes 


i 



MASS TRANSFER 


m 


j\ interior 


= A 


A P 


R 
(1 m 2 ) 


= A 


P„ , - P, 


Vj 

R, 


V,/ 


v / interior *• v. i n tenor 

(1404 - 234) Pa 


(0.012 + 0.0004) Pa - m 2 ■ s/ng 


m 


i\ exienor 


= A 


A P 


R 

(1 nr) 


A 


v,I 


v,2 


v / exterior 
2 " 


R, 


extenor 

(234 - 106) Pa 


= 94,355 ng/s = 94.4 pg/s 


(0.019 + 0.0138) Pa - nr * s/ng 


= 3902 ng/s = 3.9 |rg/s 


That is, moisture is flowing toward the interface at a rate of 94.4 jig/s but flow- 
ing from the interface to the outdoors at a rate of only 3.9 g.g/s. Noting that the 
interface pressure cannot exceed 234 Pa, these results indicate that moisture 
is freezing in the insulation at a rate of 


mi 


t\ freezing 


m K Ink rior ^ v, ex krior 


94.4 - 3.9 = 90.5 pg/s 


Discussion This result corresponds to 7.82 g during a 24-h period, which can 
be absorbed by the insulation or sheathing, and then flows out when the condi- 
tions improve. However, excessive condensation (or frosting at temperatures be- 
low 0°C) of moisture in the walls during long cold spells can cause serious 
problems. This problem can be avoided or minimized by installing vapor barriers 
on the interior side of the wait, which will limit the moisture flow rate to 3.9 pg/s. 
Note that if there were no condensation or freezing, the flow rate of moisture 
through a 1 m 2 section of the wail would be 28.7 jig/s (can you verify this?). 






14-7 * TRANSIENT MASS DIFFUSION 



FIGURE 14-26 

The surface hardening of a mild steel 
component by the diffusion of carbon 
molecules is a transient mass 
diffusion process. 


The steady analysis discussed earlier is useful when determining the leakage 
rate of a species through a stationary layer. But sometimes we are interested in 
the diffusion of a species into a body during a limited time before steady op- 
erating conditions are established. Such problems are studied using transient 
analysis. For example, the surface of a mild steel component is commonly 
hardened by packing the component in a carbonaceous material in a furnace 
at high temperature. During the short time period in the furnace, the carbon 
molecules diffuse through the surface of the steel component, but they pene- 
trate to a depth of only a few millimeters. The carbon concentration decreases 
exponentially from the surface to the inner parts, and the result is a steel com- 
ponent with a very hard surface and a relatively soft core region (Fig. 14—26). 

The same process is used in the gem industry to color clear stones. For ex- 
ample, a clear sapphire is given a brilliant blue color by packing it in titanium 
and iron oxide powders and baking it in an oven at about 2000°C for about a 
month. The titanium and iron molecules penetrate less than 0.5 mm in the sap- 
phire during this process. Diffusion in solids is usually done at high tempera- 
tures to take advantage of the high diffusion coefficients at high temperatures 
and thus to keep the diffusion time at a reasonable level. Such diffusion or 
“doping” is also commonly practiced in the production of n- or p-type semi- 
conductor materials used in the manufacture of electronic components. Dry- 
ing processes such as the drying of coal, timber, food, and textiles constitute 
another major application area of transient mass diffusion. 
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CHAPTER 14 



Transient mass diffusion in a stationary medium is analogous to. transient 
heat transfer provided that the solution is dilute and thus the density of the 
medium p is constant. In Chapter 4 we presented analytical and graphical so- 
lutions for one-dimensional transient heat conduction problems m solids with 
constant properties, no heat generation, and uniform initial temperature. Trie 
analogous one-dimensional transient mass diffusion problems satisfy these 

requirements: 

1. The diffusion coefficient is constant. This is valid for an isothermal 
medium since D AB varies with temperature (corresponds to constant 

thermal diffusivity). 

2. There are no homogeneous reactions in the medium that generate or 
deplete the diffusing species A (corresponds to no heat generation). 

3. Initially (t = 0) the concentration of species A is constant throughout 
the medium (corresponds to uniform initial temperature). 

Then the solution of a mass diffusion problem can be obtained directly from 
the analytical or graphical solution of the corresponding heat conduction prob- 
lem given in Chapter 4. The analogous quantities between heat and mass 
transfer are summarized in Table 14-1 1 for easy reference. For the case of a 
semi-infinite medium with constant surface concentration, for example, the 
solution can be expressed in an analogous manner to Eq. 4-45 as 


TABLE 14-1 1 

Analogy between the quantities 
that appear in the formulation 
and solution of transient heat 
conduction and transient mass 
diffusion in a stationary medium 

Heat Mass 

Conduction Diffusion 

T C,y t p or w 

a &ab 


e = 


T(x , t ) - C 
7i- C 

T(x, t) - T t 
T,~ T s 

x 
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w A (X, t)~w A 
w Ai -w A ^ 

W A (X, t ) - W A 


Bi = 


T " 


2 Vrt 


a t 
L 1 




wXi 

X 


Wa 




T — 


&AB 

Dab t 
13 


C A (x, t ) C AJ / x_\ ( 14 - 36 ) 

Ct.'-Cu \2 VD^t) 


where C A f is the initial concentration of species A at time t - 0 and C At s is the 
concentration at the inner side of the exposed surface of the medium. By using 
the definitions of molar fraction, mass fraction, and density, it can be shown 

that for dilute solutions, 


CAxTO 7 C AJ 


C 


A t s 


c 


A, l 


Pa(x, 0 - Pa, I 
Pa.s Paj 


W A {x, f) - W A , i 

w Al , - 1‘h. ; 


>uCx, Q - y A ,i 

yA'S^yXi 


( 14 - 37 ) 


since the total density or total molar concentration of dilute solutions is usu 
ally constant (p - constant or C = constant). Therefore, other measures of 

concer$tration can be used in Eq. 14-36. . . 

A quantity of interest in mass diffusion processes is the depth or diffusion at 

a given time. This is usually characterized by the penetration depth defined 
as the location x where the tangent to the concentration profile at the surface 
(x = 0) intercepts the C A = C AJ line, as shown in Figure 14-27. Obtaining the 
concentration gradient at x = 0 by differentiating Eq. 14-36, the penetration 

depth is determined to be 


SdifT — 


C A , .t C 


i 


Ca.a - C 


AJ 


(dC A /dx\ t=0 ( C - C A ,i)lV^D^t 


= VwD AB i 


( 14 - 38 ) 


Therefore, the penetration depth is proportional to the square root of both the 
diffusion coefficient and time. The diffusion coefficient of zinc m copper at 
1000°C, for example, is 5.0 X 10~ 13 m 2 /s (Table 14-3). Then the penetration 

depth of zinc in copper in 10 h is 



FIGURE 14-27 

The concentration profile of species A 
in a semi-infinite medium during 
transient mass diffusion and the 
penetration depth. 


1 


S m = \ZirD AB t = V-Tr^.O x 10 13 m 2 /s)(10 X 3600 s) 

— 0.00024 m = 0.24 mm 

That is, zinc will penetrate to a depth of about 0.24 m m in an appreciable 
amount in 10 h, and there will hardly be any zinc in the copper block beyond 
a depth of 0.24 mm. 

The diffusion coefficients in solids are typically very low (on the order of 
10~ 9 to 10“ 15 m 2 /s), and thus the diffusion process usually affects a thin layer 
at the surface. A solid can conveniently be treated as a semi-infinite medium 
during transient mass diffusion regardless of its size and shape when the pen- 
etration depth is small relative to the thickness of the solid. When this is not 
the case, solutions for one-dimensional transient mass diffusion through a 
plane wall, cylinder, and sphere can be obtained from the solutions of analo- 
gous heat conduction problems using the Heisler charts or one- term solutions 
presented in Chapter 4. 


Furnace 



Schematic for Example 14-7, 


EXAMPLE 14-7 Hardening of Steel by the Diffusion of Carbon 

The surface of a mild steel component is commonly hardened by packing the 
component in a carbonaceous material in a furnace at a high temperature for a 
predetermined time. Consider such a component with a uniform initial carbon 
concentration of 0.15 percent by mass. The component is now packed in a 
carbonaceous material and is placed in a high-temperature furnace. The diffu- 
sion coefficient of carbon in steel at the furnace temperature is given to be 
4.8 x 10“ 10 m 3 /s, and the equilibrium concentration of carbon in the iron 
at the interface is determined from equilibrium data to be 1.2 percent by 
mass. Determine how long the component should be kept in the furnace for the 
mass concentration of carbon 0.5 mm below the surface to reach 1 percent 
(Fig. 14-28). 


3 

a 

•4 

9 

a 

£ 

9 

n 

■i 

a 

-i 

m 


SOLUTION A steel component is to be surface hardened by packing it in a 
carbonaceous material in a furnace. The length of time the component should 
be kept in the furnace is to be determined. 

Assumptions Carbon penetrates into a very thin layer beneath the surface of 
the component, and thus the component can be modeled as a semi-infinite 
medium regardless of its thickness or shape. 

Properties The relevant properties are given in the problem statement. 
Analysis This problem is analogous to the one-dimensional transient heat 
conduction problem in a semi-infinite medium with specified surface temper- 
ature, and thus can be solved accordingly. Using mass fraction for concentra- 
tion since the data are given in that form, the solution can be expressed as 


u^Cr, /) - w Aj , 
Wa,1 


erfc 


%y/D AB t, 


Substituting the specified quantities gives 



1 



0.01 -0.0015 J x 

0.012-0.0015 °‘ 81 erfC V2VD^r, 


The argument whose complementary error function is 0,81 is determined from 
Table 4-4 to be 0.17. That is, 


x 

2 \/ D^ E t 


= 0.17 


Then solving for the time t gives 



x 1 _ (0.0005 m) 2 

?_ 4D A5 (0.17) 2 ”4 X (4.8 X 1<T 10 m 2 /s)(0.17) 2 “ 4505 S “ lh 15 m - 1 " 

Discussion The steel component in this case "must be held in the furnace for 
1 h and 15 min to achieve the desired level of hardening. The diffusion coeffi- 
cient of carbon in steel increases exponentially with temperature, and thus this 
process is commonly done at high temperatures to keep the diffusion time at a 
reasonable level. 


14-8 * DIFFUSION IN A MOVING MEDIUM 


To this point we have limited our consideration to mass diffusion in a station- 
ary medium , and thus the only motion involved was the creeping motion of 
molecules in the direction of decreasing concentration, and there was no mo- 
tion of the mixture as a whole. Many practical problems, such as the evapora- 
tion of water from a lake under the influence of the wind or the mixing of two 
fluids as they flow in a pipe, involve diffusion in a moving medium where the 
bulk motion is caused by an external force. Mass diffusion in such cases is 
complicated by the fact that chemical species are transported both by diffusion 
and by the bulk motion of the medium (i.e., convection). The velocities and 
mass flow rates of species in a moving medium consist of two components: 
one due to mofecular diffusion and one due to convection (Fig. 14-29). 

Diffusion in a moving medium, in general, is difficult to analyze since var- 
ious species can move at different velocities in different directions. Turbulence 
complicates the things even more. To gain a firm understanding of the physi- 
cal mechanism while keeping the mathematical complexities to a minimum, 
we liiait our consideration to systems that involve only two components 
(species A and B) in one-dimensional flow (velocity and other properties 
change in one direction only, say the x- direction). We also assume the total 
density (or molar concentration) of the medium remains constant. That is, p = 
p A + Pb~ constant (or C ~ C A + C B — constant) but the densities of species 
A and B may vary in the x- direct ion. 

Several possibilities are- summarized in Figure 14—30. In the trivial case 
(case a) of a stationary homogeneous mixture, there will be no mass transfer 
by molecular diffusion or convection since there is no concentration gradient 
or bulk motion. The next case (case b) corresponds to the flow of a well-mixed 
fluid mixture through a pipe. Note that there is no concentration gradients and 
thus molecular diffusion in this case, and all species move at the bulk flow ve- 
locity of V. The mixture in the third case (case e) is stationary {V= 0) and thus 
it corresponds to ordinary molecular diffusion in stationary mediums, which 
we discussed before. Note that the velocity of a species at a location i.n this 
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FIGURE 14-29 

In a moving medium, mass transfer is 
due to both diffusion and convection. 
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OS 

Species 

Density 

Velocity 

Mass flow rate 

(ti) Homogeneous mixture 0000000000 

without bulk motion o©oeo©o©o© 

S S o 0 o 22 2 S o * = 0 
and thus no diffusion) @0©0@0@0@0 

O©O 0 O©O©O© 

Species A 

Species B 

Mixture of 
A and B 

p A — constant 
p B - constant 

P = Pa + Pb 
= constant 

v A =o 
v B = o 
v=o 

*A = 0 
m B = 0 
;m = 0 

{, b ) Homogeneous mixture GO©O 0 O©O©O 

with bulk motion oeo©oeo©o© 

(no concentration gradients © 0 © 0 © 0 © 0©0 — 

and thus no diffusion) ©000000000 

000000000© 

Species A 

Species B 

Mixture of 
A and B 

p A — constant 
p B = constant 

P = Pa + Pb 
- constant 

v B = v 

V= V 

™A = PA V A A 

** l B “ Pb^B^ 

m - pVA 
= m A + m 8 

(c) Nonhomogeneous mixture 0906009000 

without bulk motion 0000000000 

(stationary medium with ©0©00©00©0 y_Q 

concentration gradients) eG 0 O OO 0 OOO 

0000000000 

Species A 

Species B 

Mixture of 
A and B 

p A ^ constant 
p B ^ constant 

P = Pa + Pb 
= constant 

V A =V mi A 

V B = v diffi s 

lh A^PA V 6 iff,A A 
,n B “ P^diff, B A 

m - pVA = 0 
{thus m A = — riig) 

(d) Nonhomogeneous mixture ©900006000 

with bulk motion ©©00000000 

(moving medium with K V 

concentration gradients) ® e ©000©000 

0090000000 

Species A 

Species B 

Mixture of 
A andfJ 

p A ^ constant 
p 3 ^ constant 

P = Pa + Pb 
- constant 

v* = v+v miA 
iB 

v = v 

™A^PA V mA A 
* l B ^ Pfl^diff, B A 

m = pVA 
= m A + m B 


FIGURE 14-30 

Various quantities associated with a mixture of two species A and B at a location x under one-dimensional flow or no-flow 
conditions. (The density of the mixture p = p A + p B is assumed to remain constant.) 


case is simply the diffusion velocity, which is the average velocity of a group 
of molecules at that location moving under the influence of concentration gra- 
dient. Finally, the last case (case d) involves both molecular diffusion and con- 
vection, and the velocity of a species in this case is equal to the sum of the 
bulk flow velocity and the diffusion velocity. Note that the flow and the diffu- 
sion velocities can be in the same or opposite directions, depending on the di- 
rection of the concentration gradient. The diffusion velocity of a species is 
negative when the bulk flow is in the positive ^-direction and the concentra- 
tion gradient is positive (i.e., the concentration of the species increases in the 
^-direction). 

Noting that the mass flow rate at any flow section is expressed as m ^ pVA 
where p is the density, V is the velocity, and A is the cross-sectional area, the 
conservation of mass relation for the flow of a mixture that involves two 
species A and B can be expressed as 

fix — m A + m 3 


or 


pVA = Pa V a A + Pb V b A 
Canceling A and solving for V gives 


V 


Pa^'a + Pb' ; u Pa 


Pb 


= ~ VT + ^ V B = ir.V, + w 8 V B 


A > A 


(14-39) 


where V is called die mass-average velocity of the flow, which is the velocity 
that would be measured by a velocity sensor such as a pitot tube, a turbine de- 
vice, or a hot wire anemometer inserted into the flow. 

The special case V = 0 corresponds to a stationary medium, which can 
now be defined more precisely as a medium whose mass-average velocity is 
zero. Therefore, mass transport in a stationary medium is by diffusion only, 
and zero mass-average velocity indicates that there is no bulk fluid motion. 

When there is no concentration gradient (and thus no molecular 
mass diffusion) in the fluid, the velocity of all species will be equal to the 
mass-average velocity of the flow. That is, V — V A — V B . But when there is a 
concentration gradient, there will also be a simultaneous flow of species in the 
direction of decreasing concentration at a diffusion velocity of Vdjfr- Then the 
average velocity of the species A and B can be determined by superimposing 
the average flow velocity and the diffusion velocity as (Fig. 14-31) 

- V + V m , A 

V B =V+V mB (14-40) 

Similarly, we apply the superposition principle to the species mass flow rates 
to get 

m A = p A V A A = Pa(V + kdiff.aM ~ Pa^A + PtYm.AA — Wcouv.a + ^dLff.A 

m B = p B V B A = p B (V + Vdar.sM = PbVA + p B V m , B A = m^ B + m mB (1441) 
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(a) No concentration gradient 


Using Fick’s law of diffusion, the total mass fluxes j = mi A can be ex 
pressed as 


Pa dw A 

JA = “ PV~ P°AB fa 


■ >' p B dw B 

Jb = PbV + PffV diff, B = ~P V ~ P D BA "fa 


dw A 

= w a(Ja 4 J’b) - P d ab -fa 

dw B 

= w B {j A + js) - P d ba 


(1442) 


Note that the diffusion velocity of a species is negative when the molecular 
diffusion occurs in the negative x-direction (opposite to flow direction). The 
mass diffusio'n rates of the species A and B at a specified location x can be ex- 
pressed as 


/«ditr,A = PA V m,A A - Pa( v a k)A 
w’idiff.s = pB^m.aA — PbWb F)A 


(1443) 


By substituting the V relation from Eq. 14-39 into Eq. 1 1-43, it can be shown 
that at any cross section 

dw A d\Vg 

mam, A + »W.b = 0 ^ "Wa = diff. a ~P ADab 1u ~~ pADsA dx 

(14-44) 


' / diff,A *0 

Va = v+v ^.a 
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(b) Mass concentration gradient and thus 
mass diffusion 

FIGURE 14-31 

The velocity of a species at a point is 
equal to the sum of the bulk 
flow velocity and the diffusion 
velocity of that species at that point. 


which indicates that the rates of diffusion of species A and B must be equal 
in magnitude but opposite in sign. This is a consequence of the assumption 


MASS TRANSFER 


p — p A + p B — constant, and it indicates that anytime the species A diffuses in 
one direction , an equal amount of species B must diffuse in the opposite di- 
rection to maintain the density (or the molar concentration) constant. This 
behavior is closely approximated by dilute gas mixtures and dilute liquid 
or solid solutions. For example, when a small amount of gas diffuses into a 
liquid, it is reasonable to assume the density of the liquid to remain constant. 

Note that for a binary mixture, w A + w B — 1 at any location x Taking the 
derivative with respect to x gives 


dw A dw B 

dx dx 


(14-45) 
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W A = ~ W 8 
dw A dw B 

dx dx 


Thus we conclude fromEq. 14-44 that (Fig. 14—32) 

D ab = D BA (1446) 

That is, in the case of constant total concentration, the diffusion coefficient of 
species A into B is equal to the diffusion coefficient of species B into A . 

We now repeat the analysis presented above with molar concentration C and 
the molar flow rate N. The conservation of matter in this case is expressed as 

N = N A +N B 


or 

pVA = Pa V a A + p B V B A 
Canceling A and solving for V gives 


- C A V A + C g V B C A - C fl - - - 

F = A A B B = -Av A +-£ VB = y A V A + y BVa 


(1447) 


(1448) 


m difr,A _-m difr, B 
D A8 ~ D BA 

FIGURE 14-32 

In a binary mixture of species A and B 
with p — Pa + P b — constant, the 
rates of mass diffusion of species A 
and B are equal magnitude and 
opposite in direction. 


where V is called the molar-average velocity of the flow. Note that V + V 
unless the mass and molar fractions are the same. The molar flow rates of 
species are determined similarly to be 

Ha = C a V a A = C A (V + V m<A )A = CjpA + C^_ WtA A = N^, A + N m , A 

Nb = CgVgA = Cg(V + Vdiff, g)A = CgVA + CgV^gA = iV com , g + N difrs (1449) 

— 4 

Using Fick’s law of diffusion, the total molar fluxes j — NIA and diffusion 
molar flow rates rV diff can be expressed as 


h - c A v + c A v mA = %cv- cd ab ^ = yffJk + 1b) - CD AB ^ 

1b = CgV + C B V mB = ffCV-CD BA d ^ = ys U A + j B ) - CD m ^ (14-50) 


and 


N^a = C A V m . A A = C A (V A - V)A 
= C B V^ B A = C B (V B - V)A 


(14-51) 


By substituting the V relation fromEq. 14—48 into these two equations, it can 
be shown that 


Mufu + fl -> N^,a = ~X m , B (14-52) 

which again indicates that the rates of diffusion of species A and B must be 
equal in magnitude but opposite in sign. 

It is important to note that when working with molar units, a medium is said 
to be stationary when the molar-average velocity is zero. The average veloc- 
ity of the molecules will be zero in this case, but the apparent velocity of the 
mixture as measured by a velocimeter placed in the flow will not necessarily 
be zero because of the different masses of different molecules. In a 
mass-based stationary medium , for each unit mass of species A moving in one 
direction, a unit mass of species B moves in the opposite direction. In a 
mole-based stationary medium, however, for each mole of species A moving 
in one direction, one mole of species B moves in the opposite direction. But 
this may result in a net mass flow rate in one direction that can be measured 
by a velocimeter since the masses of different molecules are different. 

You may be wondering whether to use the mass analysis or molar analysis 
in a problem. The two approaches are equivalent, and either approach can be 
used in mass transfer analysis. But sometimes it may be easier to use one of 
the approaches, depending on what is given. When mass-average velocity is 
known or can easily be obtained, obviously it is more convenient to use the 
mass-based formulation. When the total pressure and temperature of a mix- 
ture are constant, however, it is more convenient to use the molar formulation, 
as explained next. 

Special Case: Gas Mixtures 
at Constant Pressure and Temperature 

Consider ~a gas mixture whose total pressure and temperature are constant 
throughout. When the mixture is homogeneous, the mass density p, the molar 
density (or concentration) C, the gas constant R, and the molar mass M of the 
mixture are the same throughout the mixture. But when the concentration of 
one or more gases in the mixture is not constant, setting the stage for mass dif- 
fusion ^then the mole fractions y { of the species will vary throughout the mix- 
ture. As a result, the gas constant R, the molar mass M, and the mass density p 
of the mixture will also vary since, assuming ideal gas behavior, 

At = 2 yiAtp tt = -j-j, and p — 

where R u = 8.314 kJ/kmol • K is the universal gas constant. Therefore, the as- 
sumption of constant mixture density (p — constant) in such cases will not be 
accurate unless the gas or gases with variable concentrations constitute a very 
small fraction of the mixture. However, the molar density C of a mixture re- 
mains constant when the mixture pressure P and temperature T are constant 
since 


= p 


K 

M 


T = CR U T 


P = pRT 


(14-53) 


Gas 

mixture 

T = constant 
P “ constant 


Independent 
of composition 
of mixture 



P _ P 
P RT (RJM)T 


Depends on 
composition 
of mixture 

FIGURE 14-33 

When the total pressure P and 
temperature T of a binary mixture 
of ideal gases is held constant, then 
the molar concentration C of the 
mixture remains constant. 
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FIGURE 14-34 
Diffusion of a vapor A 
through a stagnant gas B. 


The condition C = constant offers considerable simplification in mass 
transfer analysis, and thus it is more convenient to use the molar formulation 
when dealing with gas mixtures at constant total pressure and temperature 

(Fig. 14-33). 

Diffusion of Vapor through a Stationary Gas: 

Stefan Flow 

Many engineering applications such as heat pipes, cooling ponds, and the fa- 
miliar perspiration involve condensation, evaporation, and transpiration in the 
presence of a noncondensable gas, and thus the diffusion of a vapor through a 
stationary (or stagnant) gas. To understand and analyze such processes, con- 
sider a liquid layer of species A in a tank surrounded by a gas of species B, 
such as a layer of liquid water in a tank open to the atmospheric air (Fig. 
14_34), at constant pressure P and temperature T Equilibrium exists between 
the liquid and vapor phases at the interface (x = 0), and thus the vapor pres- 
sure at the interface must equal the saturation pressure of species A at the 
specified temperature. We assume the gas to be insoluble in the liquid, and 
both the gas and the vapor to behave as ideal gases. 

If the surrounding gas at the top of the tank (x = L) is not saturated, the 
vapor pressure at the interface will be greater than the vapor pressure at the top 
of the tank (P Ai „ > P A . L and thus y At Q > y A , L since y A - P A fP), and this pres- 
sure (or concentration) difference will drive the vapor upward from the 
air-water interface into the stagnant gas. The upward flow of vapor will be 
sustained by the evaporation of water at the interface. Under steady condi- 
tions, the molar (or mass) flow rate of vapor throughout the stagnant gas col- 
umn remains constant. That is, 

j A = N a /A = constant (or j A — m A iA = constant) 

The pressure and temperature of the gas-vapor mixture are said to be con- 
stant, and thus the molar density of the mixture must be constant throughout 
the mixture, as shown earlier. That is, C = C A + C B = constant, and it is more 
convenient to work with mole fractions or molar concentrations in this case 
instead of mass fractions or densities since p + constant. 

Noting that y A + y B = 1 and that y Ai 0 > y Ai u we must have y Bt 0 < y B , L . That 
is, the mole fraction of the gas must be decreasing downward by the same 
amount that the mole fraction of the vapor is increasing. Therefore, gas must 
be diffusing from the top of the column toward the liquid interface. However, 
the gas is said to be insoluble in the liquid, and thus there can be no net mass 
flow of the gas downward. Then under steady conditions, there must be an 
upward bulk fluid motion with an average velocity V that is just large enough 
to balance the diffusion of air downward so that the net molar (or mass) flow 
rate of the gas at any point is zero. In other words, the upward bulk motion off- 
sets the downward diffusion, and for each air molecule that moves downward, 
there is another air molecule that moves upward. As a result, the air appears to 
be stagnant (it does not move). That is, 

j B = N s /A = 0 (or j B = m B !A = 0) 

The diffusion medium is no longer stationary because of the bulk motion. The 
implication of the bulk motion of the gas is that it transports vapor as well as 


the gas upward with a velocity of V, which results in additional mass flow of 
vapor upward. Therefore, the molar flux of the vapor can be expressed as 


j A = N a /A = j At COEV + 1 diir ” J’aC Ja + Jb) cd ab 


<fy 'a 
dx 


( 14 - 54 ) 


Noting that j B = 0, it simplifies to 


Ja = J'aJa " 


CD 


A8 


dyA 

dx 


( 14 - 55 ) 


Solving fory A gives 


CD A b dy A 
1 - y A dx 


1 dy A 
l ~y A dx 


Ja 

cd as 


— constant 


( 14 - 56 ) 


since j A = constant, C = constant, and D AB = constant. Separating the vari- 
ables and integrating from x = 0, where y A (0) — y A< 0 , to x = L, where 
y A (L) = }’a, l gives 

» 

dx (14-57) 


•JXi dy A 


o l 


C L Ja 
lo CD 


Performing the integrations, 

, i — >’a.l j A r 
In T — " — - - nrt L 
1 “ }'a, o CD ab 


(. 14 - 58 ) 


Then the molar flux of vapor A, which is the evaporation rate of species A per 
unit interface area, becomes 


t CD ab I Va.l 

= WaM= — In 


(kmol/s - m 1 2 ) 


(14-59) 


1 £ 

This relation is known as Stefan’s law, and the induced convective flow 
described that enhances mass diffusion is called the Stefan flow. Noting that 
y A = Pj/P and C = P/RfT for an ideal gas mixture, the evaporation rate of 

specie^-A can also be expressed as 


Na = 


D^P P-P. 


In 


A,L 


LR..T P- Pi 


(kmol/s) 


( 14 - 60 ) 


An expression for the variation of the mole fraction of A with x can be de- 
termined by performing the Integration in Eq. 14—57 to the upper limit of x 
where y A (x) — y A (instead of to L where y A (L ) ~ y^i)- & yields 


In 


i - yA 
i -y*.o 


Ja 

cd ab 


x 


Substituting the j A expression from Eq. 14—59 into this relation and rearrang- 
ing gives 


1 ~y A = p ~ 
i -y A o v ~yA, o/ 


and 


}'B,0 (>’b. o j 


£ 14 - 61 ) 
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The second relation for the variation of the mole fraction of the stationary gas B 
is obtained from the first one by substituting 1 — y A = y B since y A + y B ~ 1 ■ 

To maintain isothermal conditions in the tank during evaporation, heat must 
be supplied to the tank at a rate of 

Q = m A h fgiA =j A A,h /gjA = Cj A M A )A s h fg ' A (kJ/s) (14-82) 

where A s is the surface area of the liquid-vapor interface, h fgiA is the latent 
heat of vaporization, and M A is the molar mass of species A. 
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Equimolar Counterdiffusion 

Consider two large reservoirs connected by a channel of length L, as shown in 
Figure 14-35. The entire system contains a binary mixture of gases A and B at 
a uniform temperature T and pressure P throughout. The concentrations of 
species are maintained constant in each of the reservoirs such that y Ai 0 > y Ai L 
and y B 0 < y B> L . The resulting concentration gradients will cause the species A 
to diffuse in the positive .^direction and the species B in the opposite direc- 
tion. Assuming the gases to behave as ideal gases and thus P = CR U T, the total 
molar concentration of the mixture C will remain constant throughout the 
mixture since P and T are constant. That is, 


FIGURE 14-35 

Equimolar isothermal counterdiffusion 
of two gases A and B. 


C = C A + C B = constant (kmol/m 3 ) 

This requires that for each molecule of A that moves to the right, a molecule 
of B moves to the left, and thus the molar flow rates of species A and B must 
be equal in magnitude and opposite in sign. That is. 


N a = -N b or N a + N b = 0 (kmol/s) 


This process is called equimolar counterdiffusion for obvious reasons. The 
net molar flow rate of the mixture for such a process, and thus the molar- 
average velocity, is zero since 

N=N a + N b = 0 CAV — 0 V = 0 

Therefore, the mixture is stationary on a molar basis and thus mass transfer is 
by diffusion only (there is no mass transfer by convection) so that 


dy A 

Ja = n a ia = -cd ab 


and j 3 = N b /A = -CD^ ~ 


( 14 - 63 ) 


Under steady conditions, the molar flow rates of species A and S can be 
determined directly from Eq. 14-24 developed earlier for one-dimensional 
steady diffusion in a stationary medium, noting that P ~ CR a T and thus 
C - PIR U T for each constituent gas and the mixture. For one-dimensional flow 
through a channel of uniform cross sectional area A with no homogeneous 
chemical reactions, they are expressed as 




, h.i 1U T : „ , C ,, Ca.i &ab , ^a.q Pa.l 

CD AB A — 7 “ Dm A . r, rrr A 


'AB 


L 


R..T 


L 


. }'b, i y's, i d 8 ] c Bi 2 d ba p b ,o p b , l 

CD Bi A y — D ba A — £ 7 , A 


L 


L 


L 


( 14 - 64 ) 


These relations imply that the mole fraction, molar concentration, and the par- 
tial pressure of either gas vary linearly during equimolar counterdiffusion. 

It is interesting to note that the mixture is stationary on a molar basis, but 
it is not stationary on a mass basis unless the molar masses of A and B are 
equal. Although the net molar flow rate through the channel is zero, the net 
mass flow rate of the mixture through the channel is not zero and can be 
determined from 



til — ih A + th g — N a M a + N g M g — N a (M a -Mg) (14-65) 

4 ■ 

since N B = ~~N A . Note that the direction of net mass flow rate is the flow 
direction of the gas with the larger molar mass. A velocity measurement 
device such as an anemometer placed in the channel will indicate a velocity 
of V — m/pA where p is the total density of the mixture at the site of 
measurement. 


EXAMPLE 14-8 


Venting of Helium into the Atmosphere 
by Diffusion 


The pressure in a pipeline that transports helium gas at a rate of 2 kg/s is 
maintained at 1 atm by venting helium to the atmosphere through a 5-mrn- 
internal-diameter tube that extends 15 m into the air, as shown in Figure 
14-36. Assuming both the helium and the atmospheric air to be at 25°C, 
| determine (a) the mass flow rate of helium lost to the atmosphere through the 
tube, (b) the mass flow rate of air that infiltrates into the pipeline, and (c) the 
flow velocity at the bottom of the tube where it is attached to the pipeline that 
will be measured by an anemometer in steady operation. 



SOLUTION The pressure in a helium pipeline is maintained constant by vent- 
ing to the atmosphere through a tong tube. The mass flow rates of helium and 
air through the tube and the net flow velocity at the bottom are to be deter- 
mined. ' / 

Assumptions 1 Steady operating conditions exist, 2 Helium and atmospheric 
air are ideal gases. 3 No chemical reactions occur in the tube. 4 Air concen- 
tration in the pipeline and helium concentration in the atmosphere are negligi- 
ble SQ'that the mole fraction of the helium is 1 in the pipeline and 0 jn the 
atmosphere, (we will check this assumption later). 

Properties The diffusion coefficient of heiium in atr (or air in helium) at 
normal atmospheric conditions is 0 AB = 7.2 x 10~ 5 m 2 /s (Table 14-2). The 
molar masses of air and heiium are 29 and 4 kg/kmol, respectively (Table A-l). 
Analysis This is a typical equimolar counterdiffusion process since the prob- 
lem involves two large reservoirs of idea! gas mixtures connected to each other 
by a channel, and the concentrations of species in each reservoir (the pipeline 
and the atmosphere) remain constant. 

(a) The flow area, which is the cross sectional area of the tube, is 
A = ttDVA = 7r(0.005 m) 2 /4 = 1.963 X 1CT 5 m 2 


Noting that the pressure of helium is 1 atm at the bottom of the tube (x = 0) 
and 0 at the top (x = L), its molar flow rate Is determined from Eq. 14-64 
to be 


Air 
1 atm 
25°C 

Air 



- ,V = D AbA P A, 0 P A,L 
^UYium — /? r L 

_ (7.20 X 10~ 5 m 2 /s)( 1.963 X 10~ 5 m 2 ) h a tm - O V lOl.3 kPa 
(S.314 kPa - m 3 /kmol ■ K)(298 K) V 15 m 1 atm 
= 3.85 X 10 _!2 kmol/s 


Therefore, 

in htiiuni = (WA/) ilfii:uiu = (3.85 X 10“ 12 kmoI/s)(4 kg/kmol) = 1.54 x 10“ n kg/s 
which corresponds to about 0.5 g per year. 

(£>) Noting that N B = -N A during an equimolar counterdiffusion process, the 
molar flow rate of air into the helium pipeline is equal to the molar flow rate of 
helium. The mass flow rate of air into the pipeline is 

= (-3.85 X 10^ 12 kmoi/s)(29 kg/kmol) - -112 X 10~ 12 kg/s 


The mass fraction of air in the helium pipeline is 


W 


m 


air 


112 x io- 12 kg/s 








which validates our original assumption of negligible air in the pipeline, 
(c) The net mass flow rate through the tube is 


^helium 


+ fh& = L54 X 10 


-ii 


112 X 10 -12 = —9.66 X 10' n kg/s 


The mass fraction of air at the bottom of the tube is very small, as shown 
above, and thus the density of the mixture at x = 0 can simpiy be taken to be 
the density of helium, which is 

p = fK r = — = — jO 1.325 kPa ____ = 0.1637 kg/m 3 

P Pheimm RT (2 .0769 kPa - m 3 /kg • K)(298K) 

Then the average flow velocity at the bottom part of the tube becomes 


y n — 9.66 X 10 11 kg/s 

pA ~ (0.1637 kg/m 3 )( 1.963 X 10" 5 m 2 ) 


3.01 x 10 _s nt/s 


which is difficult to measure by even the most sensitive velocity measurement 
devices. The negative sign indicates flow in the negative x-direction (toward the 
pipeline). 


EXAMPLE 14-9 Measuring Diffusion Coefficient by the Stefan 

Tube 

A 3-cnvdia meter Stefan tube is used to measure the binary diffusion coefficient 
of water vapor in air at 20°C at an elevation of 1600 m where the atmospheric 






pressure is 83.5 kPa. The tube is partially filled with water, and the distance 
from the water surface to the open end of the tube is 40 cm (Fig. 14-37). Dry 
| air is blown over the open end of the tube so that water vapor rising to the 
| top is removed immediately and the concentration of vapor at the top of 
the tube is zero. In 15 days of continuous operation at constant pressure 
and temperature, the amount of water that has evaporated is measured to be 
1.23 g. Determine the diffusion coefficient of water vapor in air at 20 9 C and 
83.5 kPa. ' : ^ 


SOLUTION The amount of water that evaporates from a Stefan tube at a spec- 
ified temperature and pressure over a specified time period is measured. The 
diffusion coefficient of water vapor in air is to be determined. 

Assumptions 1 Water vapor and atmospheric air are ideal gases. 2 The amount 
of air dissolved in liquid water is negligible. 3 Heat is transferred to the water 
from the surroundings to make up for the latent heat of vaporization so that the 
temperature of water remains constant at 20°C. 

Properties The saturation pressure of water at 20°C is 2.34 kPa (Table A-9). 
Analysis The vapor pressure at the air-water interface is the saturation pres- 
sure of water at 20°C, and the mole fraction of water vapor (species A) at the, 
interface is determined from . 


Tvapor, 0 Ta, 0 


^Vapor, o _ 2.34 kPa 
P — 83.5 kPa 


= 0.0280 


Dry air is blown on top of the tube and, thus, y rapCiri L — Ya l ~ 0- Also, the total 
molar density throughout the tube remains constant because of the constant 
temperature and pressure conditions and is determined to be : 


C = 


83.5 kPa 


RJ (8.314 kPa • nvVkmol • K)(293 K) 


= 0.0343 kmol/m 3 


The cross-sectional area of the tube is 


y 


A = ttDVA = 77(0.03 m)V4 - 7.069 X 10 4 m 2 


The evaporation rate is given to be^l.23 g per 15 days. Then the molar flow 
rate of vapor is determined to be 


$ 




m 


1.23 X 10“ 3 kg 


vapor 


*•** (15 X 24 X 3600s)(18kg/kmol) 


• 5.27 X 10' 11 kmol/s 

Finally, substituting the information above into Eq. 14-59 we get 
5.27 X 1 0~ ] 1 kmol/s (0-0343 kmol/m 3 )^ ^ 1 = 0 


7.069 X 10~ 4 m 2 


0.4 m 


1 - 0.028 


which gives 


D ab = 3.06 x 10~ 5 m 2 /s 


for the binary diffusion coefficient of water vapor in air at 20°C and 83.5 kPa. 


Air, B 

■ 



Schematic for Example 14-9. 
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FIGURE 14-38 

The development of a concentration 
boundary layer for species A during 
external flow on a flat surface. 
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FIGURE 14-39 

The development of the velocity, 
thermal, and concentration boundary 
layers in internal flow. 


So far we have considered mass diffusion, which is the transfer of mass due to 
a concentration gradient. Now we consider mass convection (or convective 
mass transfer ), which is the transfer of mass between a surface and a moving 
fluid due to both mass diffusion and bulk fluid motion. We mentioned ear- 
lier that fluid motion enhances heat transfer considerably by removing the 
heated fluid near the surface and replacing it by the cooler fluid further 
away. Likewise, fluid motion enhances mass transfer considerably by remov- 
ing the high-concentration fluid near the surface and replacing it by the 
lower-concentration fluid further away. In the limiting case of no bulk fluid 
motion, mass convection reduces to mass diffusion, just as convection reduces 
to conduction. The analogy between heat and mass convection holds for both 
forced and natural convection, laminar and turbulent flow, and internal and 
external flow. 

Like heat convection, mass convection is also complicated because of the 
complications associated with fluid flow such as the surface geometry, flow 
regime, flow velocity, and the variation of the fluid properties and composi- 
tion. Therefore, we have to rely on experimental relations to determine mass 
transfer. Also, mass convection is usually analyzed on a mass basis rather than 
on a molar basis. Therefore, we will present formulations in terms of mass 
concentration (density p or mass fraction w) instead of molar concentration 
(molar density C or mole fraction y). But the formulations on a molar basis 
can be obtained using the relation C = p/M where M is the molar mass. Also, 
for simplicity, we will restrict our attention to convection in fluids that are (or 
can be treated as) binary mixtures. 

Consider the flow of air over the free surface of a water body such as a lake 
under isothermal conditions. If the air is not saturated, the concentration of 
water vapor will vary from a maximum at the water surface where the air is al- 
ways saturated to the free steam value far from the surface. In heat convection, 
we defined the region in which temperature gradients exist as the thermal 
boundary layer. Similarly, in mass convection, we define the region of the 
fluid in which concentration gradients exist as the concentration boundary 
layer, as shown in Figure 14-38. In external flow, the thickness of the con- 
centration boundary layer S c for a species A at a specified location on the sur- 
face is defined as the normal distance y from the surface at which 

Pa,s “ Pa 


Pa, i Pa,- 


= 0.99 


where p Ay s and p AyX are the densities of species A at the surface (on the fluid 
side) and the free stream, respectively. 

In internal flow, we have a concentration entrance region where the 
concentration profile develops, in addition to the hydrodynamic and thermal 
entry regions (Fig. 14-39). The concentration boundary layer continues to 
develop in the flow direction until its thickness reaches the tube center and 
the boundary layers merge. The distance from the tube inlet to the location 
where this merging occurs is called the concentration entry length L c , and 
the region beyond that point is called the fully developed region, which is 
characterized by 

cl f Pa.s ~ Pa 
to \Pa, s ~ Pa.s 


= 0 


( 14 - 66 ) 


where p At b is the bulk mean density of species A defined as 


?A,b ~ 



( 14 - 67 ) 


Therefore, the nondimensionalized concentration difference profile as well as 
the mass transfer coefficient remain constant in the folly developed region. 
This is analogous to the friction and heat transfer coefficients remaining con- 
stant in the folly developed region. 

In heat convection, the relative magnitudes of momentum and heat diffusion 
in the velocity and thermal boundary layers are expressed by the dimension- 
less Prandtl number, defined as (Fig. 14—40) 


Prandtl number: 


v Momentum diffusivity 
a Thermal diffusivity 


(14-68) 


The corresponding quantity in mass convection is the dimensionless Schmidt 
number, defined as 


Schmidt number : 


Sc 


v Momentum diffusivity 

D ab Mass diffusivity 


(14-69) 


Heat transfer: 'Pr = ~ :/ 

Mass transfer: Sc “ jy— 

' Mts ■. 


FIGURE 14—40 
In mass transfer, the Schmidt number 
plays the role of the Prandtl 
number in heat transfer. 


which represents the relative magnitudes of molecular momentum and mass 
diffusion in the velocity and concentration boundary layers, respectively. 

The relative growth of the velocity and thermal boundary layers in laminar 
flow is governed by the Prandtl number, whereas the relative growth of the ve- 
locity and concentration boundary layers is governed by the Schmidt number. 
A Prandtl number of near unity (Pr ~ 1) indicates that momentum and heat 
transfer by diffusion are comparable, and velocity and thermal boundary lay- 
ers aknos ^coincide with each other. A Schmidt number of near unity (Sc ~ 1) 
indicates that jnomentum and mass transfer by diffusion are comparable, and 
velocity and concentration boundary layers almost coincide with each other. 

It seems like we need one more dimensionless number to represent the rel- 
ative magnitudes of heat and mass diffusion in the thermal and concentration 
boundary layers. That is the Lewis number, defined as (Fig. 14—41) 

-7 


i i 

Lewis number: 



a Thermal diffusivity 

D ab Mass diffusivity 


( 14 - 70 ) 


Thermal diffusivity 


Le = — = 


CL 


Pr D 


A3 


Mass diffusivity 


FIGURE 14-41 


Lewis number is a measure of heat 
diffusion relative to mass diffusion. 


The relative thicknesses of velocity, thermal, and concentration boundary 
layers in laminar flow are expressed as 


^vdoc 
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Thermal 


= Pr", 




etocity 


Sc", 


'coffee ntraiion 


and __ Le „ (14-71) 

^concent/ailon 


where n — j for most applications in all three relations. These relations, in 
general, are not applicable to turbulent boundary layers since turbulent mixing 
in this case may dominate the diffusion processes. 

Note that species transfer at the surface (y = 0) is by diffusion only because 
of the no-slip boundary condition, and mass flux of species A at the surface 
can be expressed by Fick’s law as (Fig. 14-42) 


(14-72) 
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FIGURE 14-42 

Mass transfer at a surface occurs by 
diffusion because of the no-slip 
boundary condition, just like heat 
transfer occurring by conduction. 


j A = m A /A s 


dw. 

P D 


y=0 


(kg/s • m 2 ) 


This is analogous to heat transfer at the surface being by conduction only and 
expressing it by Fourier’s law. 

The rate of heat convection for external flow was expressed conveniently by 
Newton ’s law of cooling as 


Qca nv ^coiiv 



where /i conv is the average heat transfer coefficient, A s is the surface area, and 
T s — T„ is the temperature difference across the thermal boundary layer. 
Likewise, the rate of mass convection can be expressed as 


OTconv = J1mssA<(Pa, , " Pa. s ~ *) (kg/s) (14-73) 

where /i mass is the average mass transfer coefficient, in m/s; A s is the surface 
area; p A s — p A ^ is the mass concentration difference of species A across the 
concentration boundary layer; and p is the average density of the fluid in the 
boundary layer. The product /i miss p, whose unit is kg/m 2 • s, is called the mass 
transfer conductance. For internal flow we have 
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mass 


Jo 


(14-74) 


where Ap A , e = p A , s ~ p A , e and A p AJ - p AiS - p AtK If the local mass transfer 
coefficient varies in the flow direction, the average mass transfer coefficient 
can be determined from 
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FIGURE 14-43 

In mass transfer, the Sherwood 
number plays the role the Nusselt 
number plays in heat transfer. 
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In heat convection analysis, it is often convenient to express the heat trans- 
fer coefficient in a nondimensionalized form in terms of the dimensionless 
Nusselt number, defined as 

^conv i ' t 

Nusselt number: Nu = — ^ (14-75) 

where L c is the characteristic length and k is the thermal conductivity of the 
fluid. The corresponding quantity in mass convection is the dimensionless 
Sherwood number, defined as (Fig. 14—43) 

Sherwood number: Sh = (14-76) 

U AB 


where /i raass is the mass transfer coefficient and D AB is the mass diffusivity. The 
Nusselt and Sherwood numbers represent the effectiveness of heat and mass 
convection at the surface, respectively. 

Sometimes it is more convenient to express the heat and mass transfer co- 
efficients in terms of the dimensionless Stanton number as 


Heat transfer Stanton number: 


St = 


*COflV 


pVc f 


Nu 


(14-77) 


Re Pr 


and 


TABLE 14-12 


Mass transfer Stanton number 


Qt = 


haass = Sh 1 


V 


Re Sc 


(14-78) 


where V is the free steam velocity in external flow and the bulk mean fluid 
velocity in internal flow. 

For a given geometry, the average Nusselt number- in forced convection 
depends on the Reynolds and Prandtl numbers, whereas the average Sherwood 
number depends on the Reynolds and Schmidt numbers. That is, 


Nusselt number: 
Shenvood number: 


Nu = ff Re, Pr) 
Sh - fffe, Sc) 


where the functional form of/is the same for both the Nusselt and Sherwood 
numbers in a given geometry, provided that the thermal and concentration 
boundary conditions are of the same type. Therefore, the Sherwood number 
can be obtained from the Nusselt number expression by simply replacing the 
Prandtl number by the Schmidt number This shows what a powerful tool anal- 
ogy can be in the study of natural phenomena (Table 14-12). 

In natural convection mass transfer, the analogy between the Nusselt and 
Sherwood numbers still holds, and thus Sh =/( Gr, Sc). But the Grashof num- 
ber in this case should be determined directly from 


Gr 


g(px - p s ) L] g{Sp/p) if. 


(14-79) 


pv 


V 


which is applicable to both temperature- and/or concentration-driven natural 
convection flows. Note that in homogeneous fluids (i.e., fluids with no con- 
centration gradients), density differences are due to temperature differences 
only, and thus, we can replace A pip by /3A T for convenience, as we did in nat- 
ural convection heat transfer. However, in nonhomogeneous fluids, density 
differences are due to the combined effects of temperature and concentration 
differences, and A pip cannot be replaced by j3A T in such cases even when all 
we care about is heat transfer and we have no interest in mass transfer. For ex- 
ample, hot water at the bottom pf a pond rises to the top. But when salt is 
placed/at the bottom, as it is done ihsolar ponds, the salty water (brine) at the 
bottom will'not rise because it is now heavier than the fresh water at the top 
(Fig. 14-44). 

Concentration-driven natural convection flows are based on the densities of 
different species in a mixture being different. Therefore, at isothermal condi- 
tions, there will be no natural convection in a gas mixture that is composed of 
gases with identical molar masses. Also, the case of a hot surface facing up 
corresponds to diffusing fluid having a lower density than the mixture (and 
thus rising under the influence of buoyancy), and the case of a hot surface fac- 
ing down corresponds to the diffusing fluid having a higher density. For ex- 
ample, the evaporation of water into air corresponds to a hot surface facing up 
since water vapor is lighter than the air and it tends to rise. But this is not the 
case for gasoline unless the temperature of the gasoline-air mixture at the 
gasoline surface is so high that thermal expansion overwhelms the density dif- 
ferential due to higher gasoline concentration near the surface. 


Analogy between the quantities 
that appear in the formulation 
and solution of heat convection 
and mass convection 
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FIGURE 14-44 
A hot fluid at the bottom will rise and 
initiate natural convection currents 
only if its density is lower. 
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FIGURE 14-45 

The friction, heat, and mass transfer 
coefficients for flow over a surface are 
proportional to the slope of the tangent 
line of the velocity, temperature, and 
concentration profiles, respectively, 
at the surface. 
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Reynolds analogy 
v = a = D AB 
(or Pr =t Sc = Le) 

FIGURE 14-46 

When the molecular diffiisivities of 
momentum, heat, and mass are equal 
to each other, the velocity, 
temperature, and concentration 
boundary layers coincide. 


Analogy between Friction, Heat Transfer, 
and Mass Transfer Coefficients 

Consider the flow of a fluid over a flat plate of length L with free steam con- 
ditions of Toe, V, and w Ai „ (Fig. 14-45). Noting that convection at the surface 
(y - 0) is equal to diffusion because of the no-slip condition, the friction, heat 
transfer, and mass transfer conditions at the surface can be expressed as 


Wall friction: 

P\ 

ro 

II 

b 1 

>■= o 


(14-80) 

Heat transfer: 

, dT 
q ‘ = k dy 

>-0 


(14-81) 

Mass transfer: 

dw A 

Ja,£ Dab Qy 

>■=0 


(14-82) 


These relations can be rewritten for internal flow by using bulk mean proper- 
lies instead of free stream properties. After some simple mathematical manip- 
ulations, the three relations above can be rearranged as 


Wall friction: 

d(u/V) 

d(y/L e ) 

fpVL c 

y- 0 2 /X 

= {Re 

(14-83) 

Heat transfer: 

d[(T ~ T S )/(T„ - T s )} 
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Mass transfer: 

d[(w A - w A ^)i(w A ^ - w AiS J] 


= Sh 

(14-85) 

d(ylL c ) 
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The left sides of these three relations are the slopes of the normalized veloc- 
ity, temperature, and concentration profiles at the surface, and the right sides 
are the dimensionless numbers discussed earlier. 


Special Case: Pr ^ Sc « 1 (Reynolds Analogy) 

Now consider the hypothetical case in which the molecular diffiisivities of 
momentum, heat, and mass are identical. That is, v = a = D AB and thus Pr = 
Sc = Le = 1. In this case the normalized velocity, temperature, and concen- 
tration profiles will coincide, and thus the slope of these three curves at the 
surface (the left sides of Eqs. 14-83 through 14-85) will be identical (Fig. 
14_46). Then we can set the right sides of those three equations equal to each 
other and obtain 


/ 

^ Re = Nu = Sh or 

Noting that Pr = Sc = 1, we can also 

/_ Nu ^ Sh 
2 Re Pr Re Sc 


f VL C ^ /theat fr _ ^tnass X- 
2 V k D ab 

write this equation as 
or ^ = St = St roass 


(14—86) 


(14-87) 


This relation is known as the Reynolds analogy, and it enables us to deter- 
mine the seemingly unrelated friction, heat transfer, and mass transfer coeffi- 
cients when only one of them is known or measured. (Actually the original 
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Reynolds analogy proposed by O. Reynolds in 1874 is St =f/2, which is then 
extended to include mass transfer.) However, it should always be remembered 
that the analogy is restricted to situations for which Pr Sc ~ 1. Of course 
the first part of the analogy between friction and heat transfer coefficients can 
always be used for gases since their Prandtl number is close to unity. 


General Case: Pr ^ Sc ^ 1 (Chilton— Colburn Analogy) 

The Reynolds analogy is a very useful relation, and it is certainly desirable to 
extend it to a wider range of Pr and Sc numbers. Several attempts have been 
made in this regard, but the simplest and the best known is the one suggested 
by Chilton and Colburn in 1934 as 

{ = St = St^Sc 20 (14-88) 


for 0.6 < Pr < 60 and 0.6 < Sc < 3000. This equation is known as the 
Chilton-Colburn analogy. Using the definition of heat and mass Stanton 
numbers, the analogy between heat and mass transfer can be expressed more 
conveniently as (Fig. 14-47) 
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(14-89) 


For air-water vapor mixtures at 298 K, the mass and thermal diffusivities are 
D ab = 2.5 X 10 -5 m 2 /s and a — 2.18 X 10~ 5 m 2 /s and thus the Lewis number 
is Le — a/D AB — 0.872. (\Ve simply use the a value of dry air instead of the 
moist air since the fraction of vapor in the air at atmospheric conditions is 
low.) ThsTt'ia/D^y^ — 0.872 273 = 0.913, which is close to unity. Also, the 
Lewis number is relatively insensitive to variations in temperature. Therefore, 
for air-water vapor mixtures, the relation between heat and mass transfer co- 
efficients can be expressed with a good accuracy as 

/ih„[ = pc„/i raaiS (air-water vapor mixtures) (14-90) 

y 

where p and' c p are the density and specific heat of air at average conditions (or 
pc p is the specific heat of air per unit volume). Equation 14—90 is known as 
the Lewis relation and is commonly used in air-conditioning applications. 
Another important consequence of Le = 1 is that the wet-bulb and adiabatic 
saturation temperatures of moist air are nearly identical. In turbulent flow , the 
Lewis relation can be used even when the Lewis number is not 1 since eddy 
mixing in turbulent flow overwhelms any molecular diffusion, and heat and 
mass are transported at the same rate. 

The Chilton-Colburn analogy has been observed to hold quite well in lam- 
inar or turbulent flow over plane surfaces. But this is not always the case for 
internal flow and flow over irregular geometries, and in such cases specific re- 
lations developed should be used. When dealing with flow over blunt bodies, 
it is important to note that/in these relations is the skin friction coefficient, not 
the total drag coefficient, which also includes the pressure drag. 
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FIGURE 14-47 

When the friction or heat transfer 
coefficient is known, the mass transfer 
coefficient can be determined directly 
from the Chilton-Colburn analogy. 
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FIGURE 14-48 

Evaporation from the free surface of 
water into air. 


Limitation on the Heat-Mass Convection Analogy 

Caution should be exercised when using the analogy in Eq. 14-88 since there 
are a few factors that put some shadow on the accuracy of that relation. For 
one thing, the Nusselt numbers are usually evaluated for smooth surfaces, but 
many mass transfer problems involve wavy or roughened surfaces. Also, many 
Nusselt relations are obtained for constant surface temperature situations, but 
the concentration may not be constant over the entire surface because of the 
possible surface dryout. The blowing or suction at the surface during mass 
transfer may also cause some deviation, especially during high speed blowing 
or suction. 

Finally, the heat-mass convection analogy is valid for low mass flux cases 
in which the flow rate of species undergoing mass flow is low relative to the 
total flow rate of the liquid or gas mixture so that the mass transfer between 
the fluid and the surface does not affect the flow velocity. (Note that convec- 
tion relations are based on zero fluid velocity at the surface, which is true only 
when there is no net mass transfer at the surface.) Therefore, the heat-mass 
convection analogy is not applicable when the rate of mass transfer of a 
species is high relative to the flow rate of that species. 

Consider, for example, the evaporation and transfer of water vapor into air 
in an air washer, an evaporative cooler, a wet cooling tower, or just at the free 
surface of a lake or river (Fig. 14-48). Even at a temperature of 40°C, the 
vapor pressure at the water surface is the saturation pressure of 7,4 kPa, which 
corresponds to a mole fraction of 0.074 or a mass fraction of w AtS = 0.047 for 
the vapor. Then the mass fraction difference across the boundary layer will be, 
at most, Aw = w At s - w At „ = 0.047 - 0 - 0.047. For the evaporation of 
water into air, the error involved in the low mass flux approximation is 
roughly Aw/2, which is 2.5 percent in the worst case considered above. There- 
fore, in processes that involve the evaporation of water into air, we can use the 
heat-mass convection analogy with confidence. However, the mass fraction of 
vapor approaches 1 as the water temperature approaches the saturation tem- 
perature, and thus the low mass flux approximation is not applicable to mass 
transfer in boilers, condensers, and the evaporation of fuel droplets in com- 
bustion chambers. In this chapter, we limit our consideration to low mass flux 
applications. 


Mass Convection Relations 

Under low mass flux conditions, the mass convection coefficients can be de- 
termined by either (1) determining the friction or heat transfer coefficient and 
then using the Chilton-Colbum analogy or (2) picking the appropriate Nusselt 
number relation for the given geometry and analogous boundary conditions, 
replacing the Nusselt number by the Sherwood number and the Prandtl num- 
ber by the Schmidt number, as shown in Table 14-13 for some representative 
cases. The first approach is obviously more convenient when the friction or 
heat transfer coefficient is already known. Otherwise, the second approach 
should be preferred since it is generally more accurate, and the Chilton-Colbum 
analogy offers no significant advantage in this case. Relations for convection 
mass transfer in other geometries can be written similarly using the corre- 
sponding heat transfer relation in Chapters 6 through 9. 





TABLE 14-13 

Sherwood number relations in mass convection for specified concentration at the surface corresponding to the Nusselt 
number relations in heat convection for specified surface temperature 

Convective Heat Transfer Convective Mass Transfer 


1 . Forced Convection over a Fiat Plate 

[a] Laminar flow (Re < 5 X 10 5 } 

Nu = 0.664 Re?- 5 Pr 173 , Pr > 0.6 

(b) Turbulent flow {5 x 10 5 < Re < 10 7 ) 

Nu = 0.037 Re?- 8 Pr 173 , Pr > 0.6 

2. Fully Developed Flow in Smooth Circular Pipes 
(a) Laminar flow (Re < 2300) 

Nu = 3.66 

ib) Turbulent flow (Re > 10,000) 

Nu = 0.023 Re 0 - 8 Pr 0 - 4 , 0.7 < Pr < 160 

3. Natural Convection over Surfaces 

(a) Vertical plate 

Nu = 0.59(Gr Pr) 1/4 t 10 5 < Gr Pr <10 9 

Nu = 0.1(Gr Pr) 1 *, 10 9 < Gr Pr < 10 13 

(b) Upper surface of a horizontal plate 
Surface is hot (T s > TJ 

Nu = 0.54(Gr Pr) 174 , 10 4 < Gr Pr < 10 7 

Nu = 0.15(Gr Pr) 173 , 10 7 < Gr Pr < 10 11 

(c) Lower surface of a horizontal plate 
Surface Is hot ( T s > TJ 

Nu = 0.27(Gr Pr) 1 ' 4 , 10 5 < Gr Pr < 10 u 


Sh = 0.664 Re?- 5 Sc 173 , Sc > 0.5 

Sh = 0.037 Re? 8 Sc 173 , Sc > 0.5 


Sh = 3.66 

Sh = 0.023 Re 0 - 8 Sc° 

Sh = O.sgCGrSc) 174 , 
Sh = 0.1(Gr Sc) 173 , 


0.7 < Sc 160 

10 5 < Gr Sc < 10 9 
10 9 < Gr Sc < 10 13 


Fluid near the surface is light (p s < pj 
Sh = 0.54(Gr Sc) U4 , 10 4 < Gr Sc < 10 7 

Sh = 0.15(Gr Sc) 173 , 10 7 < Gr Sc < 10 11 


Fluid near the surface is light { p s < pj 
Sh = 0.27(Gr Sc) 174 , 10 5 < Gr Sc < 10 u 


I EXAMPLE J4-10 Mass Convection inside a Circular Pipe 

Consider a circular pipe of inner diameter D = 0.01 5 m whose inner surface is 
covered with a layer of liquid water as a result of condensation (Fig. 14-49). in 
order to dry the pipe, air at 300 K and 1 atm is forced to flow through it with 
an average velocity of 1.2 m/s. Using the analogy between heat and mass 
transfer, determine the mass transfer coefficient inside the pipe for fully de- 
i veloped flow. 


SOLUTION The liquid layer on the inner surface of a circular pipe is dried by 
blowing air through it. The mass transfer coefficient is to be determined. 
Assumptions 1 The low mass flux model and thus the analogy between heat 
and mass transfer is applicable since the mass fraction of vapor in the air is 
low (about 2 percent for saturated air at 300 K), 2 The flow is fully developed. 
Properties Because of low mass flux conditions, we can use dry air properties 
for the mixture at the specified temperature of 300 K and ! atm, for which v 
' - 1.58 x 10 -5 m 2 /s (Table A-15). The mass diffusivity of water vapor in the 
air at 300 K is determined from Eq. 14-15 to be 


7*2.072 qnfl2.072 

Dab = Afc o-air = 1.87 X lO" 10 ^ = 1.87 X 1(T 10 ^— 


— 2.54 X 10~ 5 m 2 /s 



Schematic for Example 14-10. 
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Analysis The Reynolds number for this internal flow is 



VD 

v 


(1.2 m/s)(0.015 m) 
1.58 X IQ -5 m 2 /s 


= 1139 


which is less than 2300 and thus the flow is laminar. Therefore, based on the 
analogy between heat and mass transfer, the Nusselt and the Sherwood num- 
bers in this case are Nu = Sh = 3.66. Using the definition of Sherwood num- 
ber, the mass transfer coefficient is determined to be 


it 


ntiss 


Sh D ab (3.66)(2.54 X 10“ 5 mVs) 

D ~ 0.015 m 


0.00620 m/s 


The mass transfer rate (or the evaporation rate) in this case can be determined 
by defining the logarithmic mean concentration difference in an analogous 
manner to the logarithmic mean temperature difference. 
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FIGURE 14-50 

Schematic for Example 14-11. 


EXAMPLE 14-11 Analogy between Heat and Mass Transfer 

Heat transfer coefficients in complex geometries with complicated boundary 
conditions can be determined by mass transfer measurements on similar 
geometries under similar flow conditions using volatile solids such as naphtha- 
lene and dichlorobenzene and utilizing the Chslton-Colburn analogy between 
heat and mass transfer at low mass flux conditions. The amount of mass trans- 
fer during a specified time period is determined by weighing the model or mea- 
suring the surface recession. 

During a certain experiment involving the flow of dry air at 25°C and 1 atm 
at a free stream velocity of 2 m/s over a body covered with a layer of naphtha- 
lene, It is observed that 12 g of naphthalene has sublimated in 15 min (Fig. 
14-50). The surface area of the body is 0.3 m 2 . Both the body and the air were 
kept at 25°C during the study. The vapor pressure of naphthalene at 25°C is 
11 Pa and the mass diffusivity of naphthalene in air at 25°C is D AB = 0.61 x 
10 -5 m 2 /s. Determine the heat transfer coefficient under the same flow condi- 
tions over the same geometry. 


SOLUTION Air is blown over a body covered with a layer of naphthalene, and 
the rate of sublimation is measured. The heat transfer coefficient under the 
same flow conditions over the same geometry is to be determined. 

Assumptions 1 The low mass flux conditions exist so that the Chilton-Colburn 
analogy between heat and mass transfer is applicable (will be verified). 2 Both 
air and naphthalene vapor are ideal gases. 

Properties The molar mass of naphthalene is 128.2 kg/kmol. Because of low 
mass flux conditions, we can use dry air properties for the mixture at the 
specified temperature of 25°C and 1 atm, at which p = 1.184 kg/m 3 , c p = 
1007 J/kg* K, and a = 2.141 x 10^ 5 m 2 /s (Table A-15). 

Analysis The incoming air is free of naphthalene, and thus the mass fraction 
of naphthalene at free stream conditions is zero, H = 0. Noting that the 
vapor pressure of naphthalene at the surface is 11 Pa, its mass fraction at the 
surface is determined to be 
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4.8 X 10 
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which confirms that the low mass flux approximation is valid. The rate of evap- 
oration of naphthalene in this case is 


m 


m 


0.012 kg 
m p Ar (15 X 60s) 


= 1.33 X 10 -5 kg/s 


Then the mass convection coefficient becomes 

1.33 X 10” 5 kg/s 


m 


hnast pA£w Ai s - w A= ) (1.184 kg/m 3 )(0.3 m 2 )(4.8 X 10“ 4 
= 0.0780 m/s 


. 0 ) 


Using the analogy between heat and mass transfer, the average heat transfer 
coefficient is determined from Eq. 14-89 to be 


2/3 


ms 


a 




ABj 


= (1.184 kg/m 3 )(1007 J/kg * °C)(0.0780 m/s)| 
= 215 W/m 2 ■ °C 


2,141 X 1Q~ 5 m 2 /s 
0.61 X 10 -5 m 2 /s 


2/3 


Discussion Because of the convenience it offers, naphthalene has been used in 
numerous heat transfer studies to determine convection heattransfer coefficients. 


14-10 » SIMULTANEOUS HEAT AND 
' MASS TRANSFER 

J. 

Many mass transfer processes encountered in practice occur isothermaUy, and 
thus they do not involve any heat transfer. But some engineering applications 
involve the vaporization of a liquid and the diffusion of this vapor into the sur- 
rounding gas. Such processes require the transfer of the latent heat of vapor- 
ization h fg to the liquid in order to vaporize it, and thus such problems involve 
simultaneous heat and mass transfer. To generalize, any mass transfer problem 
involving phase change (evaporation, sublimation, condensation, melting, 
etc.) must also involve heat transfer, and the solution of such problems needs 
to be analyzed by considering simultaneous heat and mass transfer. Some ex- 
amples of simultaneous heat and mass problems are drying, evaporative cool- 
ing, transpiration (or sweat) cooling, cooling by dry ice, combustion of fuel 
droplets, and ablation cooling of space vehicles during reentry, and even ordi- 
nary events like rain, snow, and hail. In wanner locations, for example, the 
snow melts and the rain evaporates before reaching the ground (Fig. 14—51). 

To understand the mechanism of simultaneous heat and mass transfer, con- 
sider the evaporation of water from a swimming pool into air. Let us assume 
that the water and the air are initially at the same temperature. If the air is 
saturated (a relative humidity of 0 — 100 percent), there will be no heat or 
mass transfer as long as the isothermal conditions remain. But if the air is not 
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FIGURE 14-51 

Many problems 
encountered in practice involve 
simultaneous heat and mass transfer. 



FIGURE 14-52 

Various mechanisms of heat transfer 
involved during the evaporation of 
water from the surface of a lake. 


saturated (<f> < 100 percent), there will be a difference between the concen- 
tration of water vapor at the water-air interface (which is always saturated) 
and some distance above the interface (the concentration boundary layer). 
Concentration difference is the driving force for mass transfer, and thus this 
concentration difference drives the water into the air. But the water must va- 
porize first, and it must absorb the latent heat of vaporization in order to va- 
porize. Initially, the entire heat of vaporization comes from the water near the 
interface since there is no temperature difference between the water and the 
surroundings and thus there cannot be any heat transfer. The temperature of 
water near the surface must drop as a result of the sensible heat loss, which 
also drops the saturation pressure and thus vapor concentration at the inter- 
face. 

This temperature drop creates temperature differences within the water at 
the top as well as between the water and the surrounding air. These tempera- 
ture differences drive heat transfer toward the water surface from both the air 
and the deeper parts of the water, as shown in Figure 14-52. If the evaporation 
rate is high and thus the demand for the heat of vaporization is higher than the 
amount of heat that can be supplied from the lower parts of the water body and 
the surroundings, the deficit is made up from the sensible heat of the water at 
the surface, and thus the temperature of water at the surface drops further. The 
process continues until the latent heat of vaporization equals the heat transfer 
to the water at the surface. Once the steady operation conditions are reached 
and the interface temperature stabilizes, the energy balance on a thin layer of 
liquid at the surface can be expressed as 

2 sensible, transferred ~ 2lnlent. tibsotbid 0f Q ~~ 'U v [14-91) 

where m v is the rate of evaporation and h fg is the latent heat of vaporization of 
water at the surface temperature. Various expressions for m v under various 
approximations are given in Table 14-14. The mixture properties such as the 
specific heat c p and molar mass M should normally be evaluated at the mean 
film composition and mean film temperature. However, when dealing with 
air-water vapor mixtures at atmospheric conditions or other low mass flux sit- 
uations, we can simply use the properties of the gas with reasonable accuracy. 


TABLE 14-14 

Various expressions for evaporation rate of a liquid into a gas through an 
interface area A s under various approximations (subscript v stands for vapor, 
s for liquid-gas interface, and ^ away from surface) 

Assumption Evaporation Rate 


General 

Assuming vapor to be an ideal gas, 

P v = p v RJ 

Using Chiiton-Colburn analogy, 

fyisat — P^p^massLe 

111 7"s ' 

Using y-y^j, where T = — - 
and P = P RT = p(RJM)T 


ri\ = 

rp, = 
ni = 

rhy = 


hmaiS A-sfiv, s Pv, ») 

trass A /A, 5 Pv, A 

R v \T S Tj 

tnass A f Py. s _ Py, = ) 
pc p Le m R v \ T s A j 

Aiass A At P V| s ~~ Py, * 
pCple 2/3 M P 




* 

The Q in Eq. 14-91 represents all forms of.heat from all sources transferred 
to the surface, including convection and radiation from the surroundings and 
conduction from the deeper parts of the water due to the sensible energy of the 
water itself or due to heating the water body by a resistance heater, heating 
coil, or even chemical reactions in the water. If heat transfer from the water 
body to the surface as well as radiation from the surroundings is negligible, 
which is often the case, then the heat loss by evaporation must equal heat gain 
by convection. That is. 



Q com or A conv A,(7V — T s ) — 


hcmv A j hf g M v P x , rS P v 


CpLe m M 


Canceling h com A s from both sides of the second equation gives 

hf, P v .s ~ P v . -, 


T ~T — 

1 J 1 ^ 


Cp Le M M P 


Cl 4-92) 


which is a relation for the temperature of the liquid under steady conditions. 


EXAMPLE 14-12 Evaporative Cooling of a Canned Drink 

During a hot summer day, a canned drink is to be cooled by wrapping it in a 
cloth that is kept wet continually, and blowing air to it by a fan (Fig. 14-53). If 
the environment conditions are 1 atm, 30°C, and. 40 percent relative humidity, 
determine the temperature of the drink when steady conditions are reached! 

SOLUTION Air is biown over a canned drink wrapped in a wet cloth to cool it 
by simultaneous heat and mass transfer. The temperature of the drink when 
steady conditions are reached is to be determined. 

Assumptions 1 The low mass flux conditions exist so that the Chilton-Coiburn 
analogy between heat and mass transfer is applicable since the mass fraction of 
vapor in the air is low (about 2 percent for saturated air at 25°C). 2 Both air and 
water vapor at specified conditions are ideal gases (the error involved in this as- 
sumption is less than 1 percent). 3 Radiation effects are negligible. 

Properties Because of low mass flux conditions, we can use dry air properties 
for the mixture at the average temperature of (7V + 7^/2 which cannot be de- 
termined at this point because of the unknown surface temperature 7V We know 
that T s < 7a and, for the purpose of property evaluation, we take T s to be 20°C. 
Then the properties of water at 20°C and the properties of dry air at the average 
temperature of 25°C and 1 atm are (Tables A-9 and A-15) 


1 atm 



Schematic for Example 14-12. 


Water: h fs = 2454 kJ/kg, P v = 2.34 kPa; also, P v = 4.25 fcPa at 30°C : 

Dry air: c p - 1.007 kJ/kg • °C, « = 2.141 X 10~ 5 m 2 /s 

The molar masses of water and air are 18 and 29 kg/kmol, respectively 
(Table A-l). Also, the mass diffusivity of water vapor in air at 25 < ’C is CL - 
2.50 x 10 b m ? /s (Table 14-4). 4 

Analysis Utilizing the Chilton-Coiburn analogy, the surface temperature of the 
drink can be determined from Eq. 14-92, 






t s = n 


hjg M v P Vt ,-P v , 

c p Le M M P 


where the Lewis number is 


= 2 441 x = a856 

Z> Afi 2.5 X 10“ 5 m 2 /s 

Note that we could take the Lewis number to be 1 for simplicity, but we chose 
to incorporate it for better accuracy. 

The air at the surface is saturated, and thus the vapor pressure at the sur- 
face is simply the saturation pressure of water at the surface temperature 
(2.34 kPa). The vapor pressure of air away from the surface is 


P v , » - « 7 . = (0-40 )P M e 3 o ; c = (0.40)(4.25 kPa) = 1.70 kPa j 


Noting that the atmospheric pressure is 1 atm - 101.3 kPa, substituting gives 

2454 kJ/kg 1 8 kg/kmol (2.34 - 1.70) kPa | 




T s = 30°C - 
- 19.4°C 


(1.007 kJ/kg ■ °C)(0.856 ) m 29 kg/kmol 101.3 KPa 


Therefore, the temperature of the drink can be lowered to 19.4°C by this 
process. 



FIGURE 14-54 

Schematic for Example 14-13. 


EXAMPLE 14-13 Heat Loss from Uncovered Hot Water Baths | 

Hot water baths with open tops are commonly used in manufacturing facilities ^ 
for various reasons. In a plant that manufactures spray paints, the pressurized | 
paint cans are temperature tested by submerging them in hot water at 50°C in jg 
a 40-cm-deep rectangular bath and keeping them there until the cans are 
heated to 50°C to ensure that the cans can withstand temperatures up to 50°C | 
during transportation and storage (Fig. 14-54). The water bath is 1 m wide ^ 
and 3.5 m long, and its top surface is open to ambient air to facilitate easy ob- | 
servation for the workers, if the average conditions in the plant are 92 kPa, | 
25°C and 52 percent relative humidity, determine the rate of heat loss from §j 
the top surface of the water bath by (a) radiation, (b) natural convection, and | 
(c) evaporation. Assume the water is well agitated and maintained at a uniform g 
temperature of 50°C at all times by a heater, and take the average temperature ^ 
of the surrounding surfaces to be 20°C. g 


SOLUTION Spray paint cans are temperature tested by submerging them in 
an uncovered hot water bath. The rates of heat loss from the top surface of the 
bath by radiation, natural convection, and evaporation are to be determined. 
Assumptions 1 The low mass flux conditions exist so that the Chilton-Colburn 
analogy between heat and mass transfer is applicable since the mass fraction 
of vapor in the air is low (about 2 percent for saturated air at 300 K). 2 Both 
air and water vapor at specified conditions are ideal gases (the error involved in 
this assumption is less than 1 percent). 3 Water is maintained at a uniform 

temperature of 50°C. 


Properties Relevant properties for each mode of heat transfer are determined 
below in respective sections. 

Analysis (a) The emissivity of liquid water is given in Table A-18 to be 
0.95. Then the radiation heat loss from the water to the surrounding surfaces 
becomes 


Grad = sA s (T(T? - 

= (0.95X3.5 m 2 )(5.67 X 10^ s W/m 2 ■ K 4 )[(323 K) 4 - (293 K) 4 ] 

= 663 W 

( b ) The air-water vapor mixture is dilute and thus we can use dry air properties 
for the mixture at the average temperature of (!„ + T S )I2 = (25 +- 50)/2 = 
37.5°C. Noting that the total atmospheric pressure is 92/101.3 = 0.9080 atm, 
the properties of dry airat37.5°C and 0.9080 atm are (Table A-15) 

k = 0.02644 W/m • °C, Pr = 0.7262 (independent of pressure) 
a = (2.312 X 10“ 5 m 2 /s)/0.9080 = 2.546 X I0“ 5 m 2 /s 
v = (1.679 X 10~ 5 m 2 /s)/0.9080 = 1.849 X 10' 5 m 2 /s 

t 

The properties of water at 50°C are 

hf s = 2383 kJ/kg and P v = 12.35 kPa 

The air at the surface is saturated, and thus the vapor pressure at the surface 
is simply the saturation pressure of water at the surface temperature. The va- 
por pressure of air far from the water surface is 


& 



11 




Py.~ = 4>P ^ @ r. = (0.52)/^ @ - (0.52)(3.17 kPa) = 1.65 kPa 

Treating the water vapor and the air as ideal gases and noting that the total at- 
mospheric pressure is the sum of the vapor and dry air pressures, the densities 
of the waterf vapor, dry air, and their mixture at the water-air interface and far 
from the- surface are determined to be 

At the 
surface: 

4 


Pv,s 
Pa, s 

ft 


v.s 


12.35 kPa 


(0.4615 kPa - m 3 /kg - K)(323 K) 


a, 5 


(92 - 12.35) kPa 


(0.287 kPa • m 3 /kg • K)(323 K) 
p„ t , + p a , s = 0.0829 + 0.8592 = 0.9421 kg/m 3 


= 0.0829 kg/m : 


0.8592 kg/m- 


Away from 
(he surface: 


_ . 1.65 kPa 

pKa3 R V T * (0.4615 kPa • m 3 /kg • K)(298 K) 

P a ,~ (92 — 1.65) kPa 

Pa, “ ~ RJ* ~ (0.287 kPa • m 3 /kg * K)(298 K) 


= 0.0120 kg/m 3 
= 1.0564 kg/m 3 


p„ = p Vt „ + = 0.0120 + 1.0564 = 1.0684 kg/m 3 


The area of the top surface of the water bath is A s = (3.5 m)(l m) = 3.5 m 2 
and its perimeter is p = 2(3.5 + 1) = 9 m. Therefore, the characteristic 
length is 


L c = ~ ~ - 0.3889 m 

c P 9 m 


Then using densities (instead of temperatures) since the mixture is not homo- 
geneous, the Grashof number is 


Gr = 


s(p* ~ Ps)h 


pv‘ 


_ (9.81 m/s 2 )(1.0684 - 0.9421 kg/m 3 )(0.3889 m ) 3 
~~ [(0.9421 + 1.0684)/2 kg/m 3 ](1.849 X 10 ^ 3 m 2 /s ) 2 
= 2.121 X 10 s 

Recognizing that this is a natural convection problem with hot horizontal sur- 
face facing up, the Nusselt number and the convection heat transfer coeffi- 
cients are determined to be 

Nu = 0.15(Gr Pr ) i/3 = 0.15(2.121 X 10 s X 0.7262) 173 - 80.41 


_ m _ (80.41X0.02644 W/m • -Q , _ w/rf . „ c 


"conv 


L, 


0.3889 m 


Then the natural convection heat transfer rate becomes 

Gconv — ^conv-^jC-Ti “ 

= (5.47 W/m 2 • °C)(3.5 m 2 )(50 - 25)°C = 479 W 

Note that the magnitude of natural convection heat transfer is comparable to 
that of radiation, as expected. 

(c) Utilizing the analogy between heat and mass convection, the mass transfer 
coefficient is determined the same way by replacing Pr by Sc. The mass diffu- 
sivity of water vapor fn air at the average temperature of31G.5 K is determined 
from Eq. 14-15 to be 


& 








l 




7*1072 rtiftizISni 

Dab = D = 1-87 X 10-*^-= 1.87 X 
= 3.00 X 10 “ 5 m 2 /s 


The Schmidt number is 


V 1.849 X 10 ± 5 m 2 /s 

Sc = 77 — — — 7 — — U.olo 

D A b 3.00 X 10" 5 m 2 /s 

The Sherwood number and the mass transfer coefficients are determined to be 

Sh = 0.15(Gr Sc) lfi - 0.15(2.121 X 10 s X 0.616) I/3 = 76.1 
ShZ>, ff (76.1)(3.00 X 10 “ 5 m 2 /s) 




0.3889 m 


= 0.00587 m/s 


m 


Then the evaporation rate and the rate of heat transfer by evaporation become 

^ v ^(rassArtfV, s Pi-, *>) 

= (0.00587 m/s)(3.5 m 2 )(0.0829 - 0.0120)kg/m 3 
= 0.00146 kg/s = 5.24 kg/h 


Fd 



Gewp = m „ h fs = (0.00146 kg/s)(2383 kJ/kg) = 3.479 kVV = 3479 W 

which is more than seven times the rate of heat transfer by natural convection. 

Finally, noting that the direction of heat transfer is always from high to low 
temperature, all forms of heat transfer determined above are in the same direc- 
tion, and the total rate of heat loss from the water to the surrounding air and 
surfaces is 

Gwd = Q^d + Q conv + p = 663 + 479 + 3479 = 4621 W 

Discussion Note that if the water bath is heated electrically, a 4.6 kW resis- 
tance heater will be needed just to make up for the heat loss from the top sur- 
face. The total heater size will have to be larger to account for the heat lossg? 
from the side and bottom surfaces of the bath as well as the heat absorbed by 
the spray paint cans as they are heated to 50°C. Also note that water needs to 
be supplied to the bath at a rate of 5.24 kg/h to make up for the water loss by 
evaporation. Also, in reality, the surface temperature will probably be a little 
lower than the bulk water temperature, and thus the heat transfer rates will be 
somewhat lower than indicated here. 



Mass transfer is the movement of a chemical species from a 
high concentration region toward a lower concentration one 
reiative to the other chemical species present in the medium. 
Heat and mass transfer are analogous to each other, and several 
parallels can be drawn between them. The driving forces are 
the temperature difference in heat transfer and the concentra- 
tion difference in mass transfer. Fick’s law of mass diffusion is 
of the same form as Fourier’s law of heat conduction. The 
species generation in a medium due to homogeneous reactions 
is analogous to heat generation. Also, mass convection due to 
bulk fluid motion is analogous to heat convection. Constant 
surface temperature corresponds to constant concentration at 
the surface, and an adiabatic wall corresponds to an imperme- 
able wall. However, concentration is usually not a continuous 
function at a phase interface. 

The concentration of a species A can be expressed in 
terms of density p A or molar concentration C A . It can also be 
expressed in dimensionless form in terms of mass or molar 


Mass fraction of species A; 
Mole fraction of species A: 


= = m A t\J Pa 

Wa m ml V ~ p 
_N a _N a IV _C A 
yA N N/V C 


In the case of an ideal gas mixture, the mole fraction of a gas is 
equal to its pressure fraction. Fick’s law for the diffusion of a 
species A in a stationary binary mixture of species A and B in a 
specified direction x is expressed as 


Mass basis: 


m diff,A _ d(p A /p) 

a P&AB 


-pD 


AB 


dw ? 

dx 


dx 


Mole basis: 


Jdifr,A 


^diff.A 


= “CD 


AB 


d{ C A IC) 
dx 


where D AR is the diffusion coefficient (or mass diffitsivity ) of die 
species in the mixture, is the diffusive mass flux of species 

A, and ] mA is the molar flux. ...... e 

The mole fractions of a species i in the gas and liquid phases 

at the interface of a dilute mixture are proportional to each 

other and are expressed by Henry 's law as 


yi, liquid side 


Pi t gas side 

fT^ 


where H is Henry’s constant. When the mixture is not dilute, 
an approximate relation for the mole fractions of a species on 
the liquid and gas sides of the interface are expressed approxi- 
mately by Raoult’s law as 


Pa, i Pa. 2 


" Dab^abA £ 
Pa, 1 ~ Pa, 2 


= ®a*A 


L 


where P A , and P Ai2 are the partial pressures of gas A on the 
two sides of the wall. 

During mass transfer in a moving medium, chemical spe- 
cies are transported both by molecular diffusion and by the 
bulk fluid motion, and the velocities of the species are ex- 
pressed as 


Va = V + V mA 
V B = V + V mB 


Pi. gas side ~ A, gas side P liquid side Pi, s aCO 

where P, ,JT) is the saturation pressure of the species f at the 
interface temperature and P is the total pressure on the gas 

phase side. 

The concentration of the gas species i in the solid at the in- 
terface C; so!id si(te is proportional to the partial pressure of the 
species i in the gas P fi ga5 on the gas side of the interface and 

is expressed as 

Cj, solid side = ^ ^ Pi. gas sick 


where V is the mass-average velocity of the flow. It is the 
velocity that would be measured by a velocity sensor and is 
expressed as 

V = w A V A + w B V B 

The special case V = 0 corresponds to a stationary medium. 
Using Fick’s law of diffusion, the total mass fluxes j = lii/A in 
a moving medium are expressed as 

dw A 

j A ~ p A V + Pd iff. X “ W a(Ja + Jb) “ P&AB fa 


where if is the solubility. The product of the solubility of a gas 
and the diffusion coefficient of the gas in a solid is referred to 
as the permeability which is a measure of the ability of the 
gas to penetrate a solid. 

In the absence of any chemical reactions, the mass transfer 
rates A through a plane wall of area A and thickness L and 
cylindrical and spherical shells of inner and outer radii u and r 2 
under one-dimensional steady conditions are expressed as 


dw B 

Jb = PbV + Pfli'diff.s = w bUa + Jb) “ P^ba fa 

The rate of mass convection of species A in a binary mixture 
is expressed in an analogous manner to Newton s law of cool- 
ing as 

f, iconv = ^mass^/pA.J — Px,*) ~ P I 




, Wa,i - W A. 2 _ . Pa, 1 Pa, 2 

pD AB A r P>abA 


L 

Wa, l “ W x,2 


- 2 irL P D AB In ( r2 / ri ) 


= 2 irLD 


L 

Paa ~ Pa, 2 

AB ln(r 2 /ri) 


m d!fT + v4 + sph 


Wj 1 2 

4irr ] r 1 pD AB - ' r - r “ 


= AurfaDw 


Pa A " Pa. 2 
r 2 - r, 


The flow rate of a gas through a solid plane wall under steady 
one-dtmensional conditions can also be expressed in terms of 
the partial pressures of the adjacent gas on the two sides of the 

solid as 


where /i mass is the average mass transfer coefficient, in m/s. 

The counterparts of the Prandtl and Nusselt numbers in mass 
convection are the Schmidt number Sc and the Shenvood num- 
ber Sh, defined as 

Momentum diffusivity . h m ^L c 

= -d— = — — - — — - — and bn — f- ■ 

0 D ab Mass diffusivity u ab 


The relative magnitudes of heat and mass diffusion in the ther- 
mal and concentration boundary layers are represented by the 
Lewis number, defined as 



a Thermal diffusivity 

&AB 


Mass diffusivity 


Heat and mass transfer coefficients are sometimes expressed in 
terms of the dimensionless Stanton number, defined as 
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For the general case of Pr A Sc A 1, it is modified as 


St = = Nu 

pVCp 


1 


RePr 


and 


Cf = 


'mass 


v 


= Sh 


1 

Re Sc 


where V is the free-stream velocity in external flow and the 
bulk mean fluid velocity in internal flow. For a given geometry 
and boundary conditions, the Sherwood number in natural or 
forced convection can be determined from the corresponding 
Nusselt number expression by simply replacing the Prandtl 
number by the Schmidt number. But in natural convection, the 
Grashof number should be expressed in terms of density dif- 
ference instead of temperature difference. 

When the molecular diffusivities of momentum, heat, 
and mass are identical, we have v = a = D AB , and thus Pr = 
Sc = Le = 1. The similarity between momentum, heat, and 
mass transfer in this case is given by the Reynolds analogy, 
expressed as 


{ = St Pr* 1 2 3 4 5 6 7 8 9 - St mi5$ Sc^ 

which is known as the Chilton-Colburn analogy. The analogy 
between heat and mass transfer is expressed more conve- 
niently as 


= pcflKP Kiss = pc p {aJD AB ) m h m ^ 

For air-water vapor mixtures, Le = 1, and thus this relation 
simplifies further. The heat-mass convection analogy is limited 
to low mass flux cases in which the flow rate of species under- 
going mass flow is low relative to the total flow rate of the 
liquid or gas mixture. The mass transfer problems that Involve 
phase change (evaporation, sublimation, condensation, melt- 
ing, etc.) also involve heat transfer, and such problems are an- 
alyzed by considering heat and mass transfer simultaneously. 


/ 

^Re = Nn = Sh or 
f V^L __ 

d ab 


or 


2 St — 
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Analogy between Heat and Mass Transfer 

14-1 C How does mass transfer differ from bulk fluid flow? 
Can mass transfer occur in a homogeneous medium? 

14-2 C How is the concentration of a commodity defined? 
How is the concentration gradient defined? How is the diffu- 
sion rate of a commodity related to the concentration gradient? 

14-3C Give examples for («) iiquid-to-gas, ( b ) solid-to- liquid, 
(c) solid-to-gas, and (d) gas-to-liquid mass transfer. 

14-4C Someone suggests that thermal (or heat) radiation can 
also be viewed as mass radiation since, according to Einstein’s 
formula, an energy transfer in the amount of E corresponds to 
a mass transfer in the amo'unt of m = E/c 2 . What do you think? 

14-5C What is the driving force for (a) heat transfer, 
(b) electric current flow, (c) fluid flow, and (d) mass transfer? 


14-9 C Mark these statements as being True or False for a 
binary mixture of substances A and B. 

(a) The molar concentration of a mixture is always 

equal to the sum of the molar concentrations of its 
constituents. 

( b ) The ratio of the molar concentration of A to the molar 

concentration of B is equal to the mole fraction of 
component A. 

(c) If the mole fraction of component A is greater than 

0.5, then at least half of the mass of the mixture is 
component A. 

.. .(d) If both A and B are ideal gases, then the pressure frac- 
tion of A is equal to its mole fraction. 

.(e) If the mole fractions of A and B are both 0.5, then the 

molar mass of the mixture is simply the arithmetic 
average of the molar masses of A and B. 


14-6C What do (a) homogeneous reactions and ( b ) hetero- 
geneous reactions represent in mass transfer? To what do they 
correspond in heat transfer? 

Mass Diffusion 

14-7C Both Fourier’s law of heat conduction and Fick’s law 
of mass diffusion can be expressed as Q = ~kA(dT!dx). What 
do the quantities Q,k,A, and T represent in (a) heat conduction 
and ( b ) mass diffusion? 

14-8 C Mark these statements as being True or False for a 
binary mixture of substances A and B. 

.(a) The density of a mixture is always equal to the sum 

of the densities of its constituents. 

. .(b) The ratio of the density of component A to the den- 

sity of component B is equal to the mass fraction of 
component A. 

(c) If the mass fraction of component A is greater than 

0.5, then at least half of the moles of the mixture are 
component A. 

(d) If the molar masses of A and B are equal to each 

other, then the mass fraction of A will be equal to the 
mole fraction of A. 

.(e) If the mass fractions of A and B are both 0.5, then the 

molar mass of the mixture is simply the arithmetic 
average of the molar masses of A and B . 


14-10 C Fick’s law of diffusion is expressed on the mass 
and mole basis as = ^ pAD A B (d w A /dv) and = 

— CAD A3 (dy A !dx ), respectively. Are the diffusion coefficients 
D ab in the two relations the same or different? 

14-11C How does the mass diffusivity of a gas mixture 
change with (a) temperature and (b) pressure? 

14-12C At a given temperature and pressure, do you think 
the mass diffusivity of air in water vapor will be equal to the 
mass diffusivity of water vapor in air? Explain. 

14-13C At a given temperature and pressure, do you think 
the mass diffusivity of copper in aluminum will be equal to the 
mass diffusivity of aluminum in copper? Explain. 

14-14C In a mass production facility, steel components are 
to be hardened by carbon diffusion. Would you carry out the 
hardening process at room temperature or in a furnace at a high 
temperature, say 900°C? Why? 

14-15C Someone claims that the mass and the mole frac- 
tions for a mixture of C0 2 and N 2 0 gases are identical. Do you 
agree? Explain. 

14-16 Determine the maximum mass fraction of calcium 
bicarbonate [Ca(HC0 3 ) 2 )] in water at 350 K. 

Answer.- 0.152 

14-17 The composition of moist air is given on a molar basis 
to be 78 percent N 2 , 20 percent 0 2 , and 2 percent water vapor. 
Determine the mass fractions of the constituents of air. 
Answers; 76.4 percent N 2 , 22.4 percent 0 2 , 1,2 percent H 2 0 


^Problems designated by a “C" are concept questions, and 
students are encouraged to answer them ail. Problems with the 
icon are solved using EES. Problems with the icon 13 are 
comprehensive in nature, and are intended to be solved with a 
computer, preferably using the EES software. 


14-18 A gas mixture consists of 8 kmol of H 2 and 2 kmol of 
N 2 . Determine the mass of each gas and the apparent gas con- 
stant of the mixture. 


14-19 The molar analysis of a gas mixture at 290 K and 
250 kPa is 65 percent N 2 , 20 percent 0 2 , and 15 percent C0 2 . 
Determine the mass fraction and partial pressure of each gas. 

14-20 Determine the binary diffusion coefficient of C0 2 
in air at (a) 200 K and 1 atm, ( b ) 400 K and 0.5 atm, and 
(c) 600 K and 5 atm. 

14-21 Repeat Prob. 14-20 for 0 2 in N 2 . 

14-22 The relative humidity of air at 27°C and 1 atm is in-' 
creased from 30 percent to 90 percent during a humidification 
process at constant temperature and pressure. Determine the 
percent error involved in assuming the density of air to have re- 
mained constant Answer: 2.\ percent 
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14-23 The diffusion coefficient of hydrogen in steel Is given 
as a function of temperature as 

D ab =/1.65 X 10“ 6 exp (-4 63 0/7) (m 2 /s) 


where T is in K. Determine the diffusion coefficients at 200 K, 
500 K, 1000 K, and 1500 K. 

14-24 f/Wg Reconsider Prob, 14-23. Using EES (or other) 
software, plot the diffusion coefficient as a 


function of the' temperature in the range of 200 K to 1200 K. 


14-28 C When prescribing a boundary condition for mass 
transfer at a solid-gas interface, why do we need to specify the 
side of the surface (whether the solid or the gas side)? Why did 
we not do It in heat transfer? 

14-29C Using properties of saturated water, explain how you 
would determine the mole fraction of water vapor at the surface 
of a lake when the temperature of the lake surface and the at- 
mospheric pressure are specified. 

14— 30C Using solubility data of a solid in a specified liquid, 
explain how you would determine the mass fraction of the solid 
in the liquid at the interface at a specified temperature. 

14-31C Using solubility data of a gas in a solid, explain how 
you would determine the molar concentration of the gas in the 
solid at the solid-gas interface at a specified temperature. 

14-32C Using Henry’s constant data for a gas dissolved in a liq- 
uid, explain how you would determine the mole fraction of the gas 
dissolved in the liquid at the interface at a specified temperature. 

14-33C What is permeability? How is the permeability of a 
gas in a solid related to the solubility of the gas in that solid? 

14-34 Determine the mole fraction of carbon dioxide (C0 2 ) 
dissolved in water at the surface of water at 300 K. The mole 
fraction of C0 2 in air is 0.005, and the local atmosphere pres- 
sure is 100 kPa. 


14-35 Determine the mole fraction of the water vapor at the 
surface of a lake whose temperature at the surface is 2 1 °C, and 
compare it to the mole fraction of water in the lake. Take the at- 
mospheric pressure at lake level to be 95 kPa, 


14-36 Determine the mole fraction of dry air at the surface of 
a lake whose temperature is 15°C. Take the atmospheric pres- 
sure at lake level to be 100 kPa. Answer: 98.3 percent 


14-37 




Reconsider Prob. 14—36. Using EES (or other) 
software, plot the mole fraction of dry air at the 
surface of the lake as a function of the lake temperature as the 
temperature varies from 5°C to 25°C, and discuss the results. 


14-38 Consider a rubber plate that is in contact with nitrogen 
gas at 298 K and 250 kPa. Determine the molar and mass den- 
sities of nitrogen in the rubber at the interface. 

Answers: 0.0039 kmol/m 3 , 0.1092 kg/m 3 


Boundary Conditions 

14-25C Write three boundary conditions for mass transfer 
(on a mass basis) for species A at .t = 0 that correspond to 
specified temperature, specified heat flux, and convection 
boundary conditions in heat transfer. 

14-26C What is an impermeable surface in mass transfer? 
How is it expressed mathematically (on a mass basis)? To what 
does it correspond in heat transfer? 

14-27C Consider the free surface of a lake exposed to the 
atmosphere. If the air at the lake surface is saturated, will the 
mole fraction of water vapor in air at the lake surface be the same 
as the mole fraction of water in the lake (which is nearly 1)? 


Rubber 

plate 


n 2 

-■ - 298 K 
250 kPa 




FIGURE PI 4-38 


: : ■ MASS TRANSFER 


14-39 A wall made of natural rubber separates 0 2 and N 2 
gases at 25°C and 750 kPa. Determine the molar concentra- 
tions of 0 2 and N 2 in the wall. 


14-40 Consider a glass of water in a room at 20°C and 
97 kPa. If the relative humidity in the room is 100 percent and 
the water and the air are in thermal and phase equilibrium, de- 
termine (n) the mole fraction of the water vapor in the air and 
(b) the mole fraction of air in the water. 


14—41 Consider a carbonated drink in a bottle at 37 °C and 
130 kPa. Assuming the gas space above the liquid consists of a 
saturated mixture of C0 2 and water vapor and treating the 
drink as water, determine (a) the mole fraction of the water 
vapor in the C0 2 gas and (h) the mass of dissolved C0 2 in a 
200-ml drink. Answers: (a) 4.9 percent, {b) 0.28 g 



Steady Mass Diffusion through a Wall 

14-42C Write down the relations for steady one-dimensional 
heat conduction and mass diffusion through a plane wall, and 
identify the quantities in the two equations that correspond to 
each other. 

14—43C Consider steady one-dimensional mass diffusion 
through a wall. Mark these statements as being True or 
False. 

(n) Other things being equal, the higher the density of the 

wall, the higher the rate of mass transfer. 

( b ) Other things being equal, doubling the thickness of 

the wall will double the rate of mass transfer. 

, .(c) Other things being equal, the higher the temperature, 

the higher the rate of mass transfer. 


_{d) Other things being equal, doubling the mass fraction 
of the diffusing species at the high concentration side 
wilt double the rate of mass transfer. 

14_44C Consider one-dimensional mass diffusion of species 
A through a plane wall of thickness L. Under what conditions 
will the concentration profile of species A in the wall be a 
straight line? 

14-45C Consider one-dimensional mass diffusion of species 
A through a plane wall. Does the species A content of the wall 
change during steady mass diffusion? How about during tran- 
sient mass diffusion? 

14-46 Helium gas is stored at 293 K in a 3-m-outer-diameter 
spherical container made of 5 -cm- thick Pyrex. The molar con- 
centration of helium in the Pyrex is 0.00073 kmol/m 3 at the 
inner surface and negligible at the outer surface. Determine 
the mass flow rate of helium by diffusion through the Pyrex 
container. Answer: 7.2 x 10 -15 kg/s 


5 cm 



14-47 A thin plastic membrane separates hydrogen from air. 
The molar concentrations of hydrogen in the membrane at the 
inner and outer surfaces are determined to be 0.045 and 
0.002 kmol/m 3 , respectively. The binary diffusion coefficient of 
hydrogen in plastic at the operation temperature is 5.3 X 
10" 10 m 2 /s. Determine the mass flow rate of hydrogen by dif- 
fusion through the membrane under steady conditions if the 
thickness of the membrane is (a) 2 mm and (b) 0.5 mm. 

14-48 The solubility of hydrogen gas in steel in terms of its 
mass fraction is given as iv H2 = 2.09 X 10" 4 exp(-3950/T)/ J H ! 5 
where P Hi is the partial pressure of hydrogen in bars and T is 
the temperature in K. If natural gas is transported in a 
1-cm-thick, 3-m-internal-diameter steel pipe at 500 kPa pres- 
sure and the mole fraction of hydrogen in the natural gas is 
8 percent, determine the highest rate of hydrogen loss through 
a 100-m-long section of the pipe at steady conditions at a 
temperature of 293 K if the pipe is exposed to air. Take the 
diffusivity of hydrogen in steel to be 2.9 X 10" 13 m 2 /s. 

Answer-. 3.98 x 10' 14 kg/s 


CHAPTER 14 


14-49 frgg Reconsider Prob. 14-48. Using EE$ (or other) 
Pal software, plot the highest rate of hydrogen loss as 
a function of the mole fraction of hydrogen in natural gas as the 
mole fraction varies from 5 to 1 5 percent, and discuss the results. 

14-50 Helium gas is stored at 293 K and 500 kPa in a 
I-cm-thick, 2-m-inner- diameter spherical tank made of fused 
silica (SiO z ). The area where the container is located is well 
ventilated. Determine (a) the mass flow rate of helium by dif- 
fusion through the tank and ( b ) the pressure drop in the tank in 
one week as a result of the loss of helium gas. 

14-51 You probably have noticed that balloons inflated with 
helium gas rise in the air the first day during a party but they 
fall down the next day and act like ordinary balloons filled with 
air. This is because the helium in the balloon slowly leaks out 
through the wall while air leaks in by diffusion. 

Consider a balloon that is made of 0.1-mm-thick soft rubber 
and has a diameter of 15 cm when inflated. The pressure and 
temperature inside the balloon are initially 1 10 kPa and 25°C. 
The permeability of rubber to helium, oxygen, and 
nitrogen at 25°C are 9.4 X 10 -13 , 7.05 X 10 -13 , and 2.6 X 
10 -13 kmol/m - s • bar, respectively. Determine the initial rates 
of diffusion of helium, oxygen, and nitrogen through the bal- 
loon wall and the mass fraction of helium that escapes the 
balloon during the first 5 h assuming the helium pressure inside 
the balloon remains nearly constant. Assume air to be 21 percent 
oxygen and 79 percent nitrogen by mole numbers and take the 
room conditions to be 100 kPa and 25°C. 
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14-52 Reconsider the balloon discussed in Prob. 1A-51. As- 
suming the volume to remain constant and disregarding the dif- 
fusion of air into the balloon, obtain a relation for the variation 
of pressure in the balloon with time. Using the results obtained 
and the numerical values given in the problem, determine how 
long it will take for the pressure inside the balloon to drop to 
100 kPa. 


14-53 Pure N 2 gas at 1 atm and 25°C is flowing through a 
10-m-long, 3-cm-inner diameter pipe made of 2-mm-thick 
rubber. Determine the rate at which N 2 leaks out of the pipe if 
the medium surrounding the pipe is (a) a vacuum and (£>) at- 
mospheric air at I atm and 25 °C with 21 percent 0 2 and 
79 percent N 2 . 

Answers : (a) 2.28 x 10 -10 kmol/s, (fa) 4.78 X 10" 11 kmol/s 

Vacuum 


N 2 



Water Vapor Migration in Buildings 

\ 

14-54C Consider a tank that contains moist air at 3 atm and 
whose walls are permeable to water vapor. The surrounding air 
at 1 atm pressure also contains some moisture, fs it possible for 
the water vapor to flow into the tank from surroundings? 
Explain, 

14-55C Express the mass flow rate of water vapor through a 
wall of thickness L in terms of the partial pressure of water 
vapor on both sides of the wall and the permeability of the wall 
to the water vapor. 

14-56C How does the condensation or freezing of water 
vapor in the wall affect the effectiveness of the insulation in the 
wall? How does the moisture content affect the effective ther- 
mal conductivity of soil? 

14-57C Moisture migration in the walls, floors, and ceilings 
of buildings is controlled by vapor barriers or vapor retarders. 
Explain the difference between the two, and discuss which is 
more suitable for use in the walls of residential buildings. 

14-58C What are the adverse effects of excess moisture 
on the wood and metal components of a house and the paint on 
the walls? 

14-59 C Why are the insulations on the chilled water lines 
always wrapped with vapor barrier jackets? 

14-60C Explain how vapor pressure of the ambient air is 
determined when the temperature, total pressure, and relative 
humidity of the air are given. 

14-61 Consider a 20-cm-thick brick wall of a house. The 
indoor conditions are 25 °C and 50 percent relative humidity 
while the outside conditions are 40°C and 50 percent relative 
humidity. Assuming that there is no condensation or 
freezing within the wall, determine the amount of moisture 
flowing through a unit surface area of the wall during a 24-h 
period. 
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14-62 The diffusion of water vapor through plaster boards 
and its condensation in the wall insulation in cold weather are 
of concern since they reduce the effectiveness of insulation. 
Consider a house that is maintained at 20°C and 60 percent 
relative humidity at a location where the atmospheric pressure 
is 97 kPa. The inside of the walls is finished with 9.5-mm-thick 
gypsum wallboard. Taking the vapor pressure at the outer side 
of the wallboard to be zero, determine the maximum amount of 
water vapor that will diffuse through a 3-m X 8-tn section of a 
wall during a 24-h period. The permeance of the 9.5-mm-thick 
gypsum wallboard to water vapor is 2.86 X 10" 9 kg/s * m 2 ■ Pa. 
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14-63 Reconsider Prob. 14-62. In order to reduce the 
migration of water vapor through the wall, it is proposed to use 
a0.051-mm-thick polyethylene film with a permeance of 9.1 X 
10 -12 kg/s • m 2 • Pa. Determine the amount of water vapor that 
will diffuse through the wall in this case during a 24-h period. 

Answer: 26.4 g 


14-64 The roof of a house is 15 m X 8 m and is made of a 
20-cm-thick concrete layer. The interior of the house is main- 
tained at 25 °C and 50 percent relative humidity and the local 
atmospheric pressure is 100 kPa. Determine the amount of 
water vapor that will migrate through the roof in 24 h if the av- 
erage outside conditions during that period are 3°C and 30 per- 
cent relative humidity. The permeability of concrete to water 
vapor ts 24.7 X 10 -12 kg/s • m * Pa. 


14-65 fffijjlj Reconsider Prob. 14-64. Using EES (or other) 
“ software, investigate the effects of temperature 


and relative humidity of air inside the house on the amount of 
water vapor that will migrate through the roof. Let the temper- 
ature vary from 15°C to 30°C and the relative humidity from 
30 to 70 percent. Plot the amount of water vapor that will mi- 
grate as functions of the temperature and the relative humidity, 
and discuss the results. 


14-66 Reconsider Prob. 14—64. In order to reduce the migra- 
tion of water vapor, the inner surface of the wall is painted with 
vapor retarder latex paint whose permeance is 26 X 10“ 12 kg/s • 
m 2 ■ Pa. Determine the amount of water vapor that will diffuse 
through the roof in this case during a 24-h period. 


14-67 A glass of milk left on top of a counter in the kitchen 
at 15°C, 88 kPa, and 50 percent relative humidity is tightly 
sealed by a sheet of 0.009-mm-thick aluminum foil whose 
permeance is 2.9 X 10“ 12 kg/s * m 2 • Pa. The inner diameter of 
the glass is 12 cm. Assuming the air in the glass to be saturated 
at all times, determine how much the level of the milk in the 
glass will recede in 12 h. Answer: 0.00011 mm 


15°C 
88 kPa 
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Transient Mass Diffusion 

14-68 C In transient mass diffusion analysis, can we treat the 
diffusion of a solid into another solid of finite thickness (such 
as the diffusion of carbon into an ordinary steel component) as 
a diffusion process in a semi-infinite medium? Explain. 

14-69C Define the penetration depth for mass transfer, and 
explain how it can be determined at a specified time when the 
diffusion coefficient is known. 

14-70 C When the density of a species A in a semi-infinite 
medium is known at the beginning and at the surface, explain 
how you would determine the concentration of the species A at 
a specified location and time. 

14-71 A steel part whose initial carbon content is 0. 12 per- 
cent by mass is to be case-hardened in a furnace at 1 150 K by 
exposing it to a carburizing gas. The diffusion coefficient of 
carbon in steel is strongly temperature dependent, and at the 
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furnace temperature it is given to be D AB = 7.2 X 10“ 12 m 2 /s. 
Also, the mass fraction of carbon at the exposed surface of the 
steel part is maintained at 0.01 1 by the carbon-rich environ- 
ment in the furnace. If the hardening process is to continue 
until the mass fraction of carbon at a depth of 0.7 mm is raised 
to 0.32 percent, determine how long the part should be held in 
the furnace. Answer.- 5.9 h 

14-72 Repeat Prob. 1 4-7 1 for a furnace temperature of 500 K 
at which the diffusion coefficient of carbon in steel is D AB = 
2.1 X lO” 20 m 2 /s. 

14-73 A pond with an initial oxygen content of zero is to be 
oxygenated by forming a tent over the water surface and filling 
the tent with oxygen gas at 25°C and 130 kPa. Determine the 
mole fraction of oxygen at a depth of 1 cm from the surface 
after 24 h. 



14-74 A long nickel bar with a diameter of 5 cm has been 
stored in a hydrogen-rich environment at 358 K and 300 kPa 
for a long time, and thus it contains hydrogen gas throughout 
uniformly. Now the bar is taken into a well-ventilated area so 
that the hydrogen concentration at the outer surface remains at 
almost zero afall times. Determine how long it will take for the 
hydrogen concentration at the center of the bar to drop by half. 
The diffusion coefficient of hydrogen jn the nickel bar at the 
room temperature of 298 K can be taken to be D AB = 1.2 X 
10 -12 m 2 /s. Answer: 3.3 years 

Diffusion in a Moving Medium 

14-75C Define the following terms: mass-average velocity, 
diffusion velocity, stationary medium, and moving medium. 

14-76C What is diffusion velocity? How does it affect the 
mass-average velocity? Can the velocity of a species in a mov- 
ing medium relative to a fixed reference point be zero in a 
moving medium? Explain. 

14-77C What is the difference between mass-average veloc- 
ity and mole-average velocity during mass transfer in a moving 
medium? If one of these velocities is zero, will the other also 
necessarily be zero? Under what conditions will these two ve- 
locities be the same for a binary mixture? 

14-78 C Consider one-dimensional mass transfer in a moving 
medium that consists of species A and B with p = p A + p B = 
constant. Mack these statements as being True or False. 


_ — .(a) The rates of mass diffusion of species A and B are 
equal in magnitude and opposite in direction. 

ib) ®ab ~ Dba- 

.(c) During equimolar counterdiffusion through a tube, 

equal numbers of moles of A and B move in opposite 
directions, and thus a velocity measurement device 
placed in the tube will read zero. 

— . — .(d) The lid of a tank containing propane gas (which is 
heavier than air) is left open. If the surrounding air 
and the propane in the tank are at the same tempera- 
ture and pressure, no propane will escape the tank 
and no air will enter. 

14-79C What is Stefan flow? Write the expression for 
Stefan’s law and indicate what each variable represents. 

14-80 The pressure in a pipeline that transports helium gas at 
a rate of 2.3 kg/s is maintained at 100 kPa by venting helium to 
the atmosphere through a 0.64 cm internal diameter tube that 
extends 9 m into the air. Assuming both the helium and the 
atmospheric air to be at 27°C, determine (o) the mass flow rate 
of helium lost to the atmosphere through the tube, (b) the mass 
flow rate of air that infiltrates into the pipeline, and (c) the flow 
velocity at the bottom of the tube where it is attached to the 
pipeline that will be measured by an anemometer in steady 
operation. 


Air 

27°C 



14-81 Repeat Prob. 14-80 for a pipeline that transports car- 
bon dioxide instead of helium. 

14-82 A tank with a 2-cm-thick shell contains hydrogen gas 
at the atmospheric conditions of 25°C and 90 kPa. The charg- 
ing valve of the tank has an internal diameter of 3 cm and ex- 
tends 8 cm above the tank. If the lid of the tank is left open so 
that hydrogen and air can undergo equimolar counterdiffusion 
through the 10-cm-long passageway, determine the mass flow 
rate of hydrogen lost to the atmosphere through the valve at the 
initial stages of the process. Answer; 4.20 x 10 _a kg/s 


MASS TRANSFER 


14-S3 fffiji Reconsider Prob. 14-82. Using EES {or other) 


IggsU software, plot the mass flow rate of hydrogen 
lost as a function of the diameter of the charging valve as the 
diameter varies from 1 cm to 5 cm, and discuss the results. 


14-84 A 2.5-cm-diameter Stefan tube is used to measure the 
binary diffusion coefficient of water vapor in air at 25°C and 95 
kPa. The tube is partially filled with water with a distance from 
the water surface to the open end of the tube of 25 cm. Dry air 
is blown over the open end of the tube so that water 
vapor rising to the top is removed immediately and the concen- 
tration of vapor at the top of the tube is zero. During 10 days of 
continuous operation at constant pressure and temperature, the 
amount of water that has evaporated is measured to be 0.0011 
kg. Determine the diffusion coefficient of water 
vapor in air at 25°C and 95 kPa. 

14-85 An 8-cm-internal-diameter, 30-cm-high pitcher half 
filled with water is left in a dry room at 15°C and 87 kPa with 
its top open. If the water is maintained at 15°C at all times also, 
determine how long it will take for the water to evaporate 
completely. Answer: 1125 days 


Room 

15°C 
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14-86 A large tank containing ammonia at 1 atm and 25°C is 
vented to the atmosphere through a 2-m-long tube whose inter- 
nal diameter is 1 .5 cm. Determine the rate of loss of ammonia 
and the rate of infiltration of air into the tank. 

Mass Convection 

14-87 C Heat convection is expressed by Newton’s law of 
cooling as Q = hA s (T s - T x ). Express mass convection in an 
analogous manner on a mass basis, and identify all the quanti- 
ties in the expression and state their units. 


14-8 8C What is a concentration boundary layer? How is it 
defined for flow over a plate? 

14-89C What is the physical significance of the Schmidt 
number? How is it defined? To what dimensionless number 
does it correspond in heat transfer? What does a Schmidt num- 
ber of 1 indicate? 

14-90C What is the physical significance of the Sherwood 
number? How is it defined? To what dimensionless number 
does it correspond in heat transfer? What does a Sherwood 
number of 1 indicate for a plain fluid layer? 

14-91C What is the physical significance of the Lewis number? 
How is it defined? What does a Lewis number of 1 indicate? 

14-92C In natural convection mass transfer, the Grashof 
number is evaluated using density difference instead of tem- 
perature difference. Can the Grashof number evaluated this 
way be used in heat transfer calculations also? 

14-93C Using the analogy between heat and mass transfer, 
explain how the mass transfer coefficient can be determined 
from the relations for the heat transfer coefficient. 

14_94C It is well known that warm air in a cooler environ- 
ment rises. Now consider a warm mixture of air and gasoline 
(C g H 18 ) on top of an open gasoiine can. Do you think this gas 
mixture will rise in a cooler environment? 

14-95C Consider two identical cups of coffee, one with no 
sugar and the other with plenty of sugar at the bottom. Initially, 
both cups are at the same temperature. If left unattended, which 
cup of coffee will cool faster? 

14-96 C Under what conditions will the normalized velocity, 
thermal, and concentration boundary layers coincide during 
flow over a flat plate? 

14-97 C What is the relation ( fit) Re = Nu = Sh known as? 
Under what conditions is it valid? What is the practical im- 
portance of it? 

14-98C What is the name of the relation f ! 2 = St Pr M = 
St mjj; Sc 2 ' 3 and what are the names of the variables in it? Under 
what conditions is it valid? What is the importance of it in 
engineering? 

14-9 9 C What is the relation h^ t = pc p h mw known as? For 
what kind of mixtures is it valid? What is the practical im- 
portance of it? 

14-100C What is the low mass flux approximation in mass 
transfer analysis? Can the evaporation of water from a lake be 
treated as a low mass flux process? 

14-101 Air at 40°C and 1 atm flows over a 5-m-long wet 
plate with an average velocity of 2.5 m/s in order to dry the 
surface. Using the analogy between heat and mass transfer, 
determine the mass transfer coefficient on the plate. 

14-102 The average heat transfer coefficient for air flow over 
an odd-shaped body is to be determined by mass transfer mea- 


surements and using the Chilton-Colbum analogy between heat 
and mass transfer. The experiment is conducted by blowing dry 
air at 1 atm at a free stream velocity of 2 m/s over a body 
covered with a layer of naphthalene. The surface area of the 
body is 0.75 m 2 , and it is observed that 100 g of naphthalene has 
sublimated in 45 min. During the experiment, both the body and 
the air were kept at 25 °C, at which the vapor pressure and mass 
diffusivity of naphthalene are 11 Pa and D AB = 0.61 X 10~ 5 
m 2 /s, respectively. Determine the heat transfer coefficient under 
the same flow conditions over the same geometry. 



14-103 Consider a 15 -cm -internal-diameter, 10-m-long cir- 
cular duct whose interior surface is wet. The duct is to be dried 
by forcing dry air at 1 atm and 15°C through it at an average 
velocity of 3 m/s. The duct passes through a chilled room, and 
it remains at an average temperature of 15°C at all times. De- 
termine the mass transfer coefficient in the duct. 


14-104 



Reconsider Prob. 14-103. Using EES (or 
other) software, plot the mass transfer coeffi- 
cient as a function of the air velocity as the velocity varies from 
1 m/s to 8 m/s, and discuss the results. 


14-105 Dry air at 15°C and 85 kPa flows over a 2-m-Iong 
wet surface \yith a free stream velocity of 3 m/s. Determine the 
average mass transfer coefficient Answer: 0.00463 m/s 

■ i 
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14-106 Consider a 5-m X 5-m wet concrete patio with an 
average water film thickness of 0.3 mm. Now wind at 50 km/h 
is blowing over the surface. If the air is at 1 atm, I5°C, and 
35 percent relative humidity, determine how long it will take 
for the patio to dry completely. Answer: 18.6 min 

14-107 A 5-cm -diameter spherical naphthalene ball is sus- 
pended in a room at 1 atm and 25°C. Determine the average 
mass transfer coefficient between the naphthalene and the air 
if air is forced to flow over naphthalene with a free stream ve- 
locity of 4.5 m/s. The Schmidt number of naphthalene in air at 
room temperature is 2.35. Answer 0.0160 m/s 

14-108 Consider a 3-mm-diameter raindrop that is falling 
freely in atmospheric air at 25°C. Taking the temperature of the 
raindrop to be 9°C, determine the terminal velocity of the rain- 
drop at which the drag force equals the weight of the drop and 
the average mass transfer coefficient at that time. 

14-109 In a manufacturing facility, 40 cm X 40 cm wet 
brass plates coming out of a water bath are to be dried by pass- 
ing them through a section where dry air at 1 atm and 25°C is 
blown parallel to their surfaces at 4 m/s. If the plates are at 
15°C and there are no dry spots, determine the rate of evapora- 
tion from both sides of a plate. 



FIGURE P14-109 


14-110 Air at 25°C, 1 atm, and 30 percent relative humidity 
is blown over the surface of a 35-cm X 35-cm square pan filled 
with water at a free stream velocity of 3 m/s. If the water is 
maintained at a uniform temperature of 25°C, determine the 
rate of evaporation of water and the amount of heat that needs 
to be supplied to the water to maintain its temperature constant. 

14-111 Repeat Prob. 14-110 for temperature of 15°C for 
both the air and water. 

Simultaneous Heat and Mass Transfer 

14-112C Does a mass transfer process have to involve heat 
transfer? Describe a process that involves both heat and mass 
transfer. 

14-1 13C Consider a shallow body of water. Is it possible for 
this water to freeze during a cold and dry night even when the 
ambient air and surrounding surface temperatures never drop to 
0°C? Explain. 


MASS TRANSFER 


14-114C During evaporation from a water body to air, under 
what conditions will the latent heat of vaporization be equal to 
convection heat transfer from the air? 

14-115 Jugs made of porous clay were commonly used to 
cool water in the past. A small amount of water that leaks out 
keeps the outer surface of the jug wet at all times, and hot and 
relatively dry air flowing over the jug causes this water to evap- 
orate. Part of the latent heat of evaporation comes from the wa- 
ter in the jug, and the water is cooled as a result. If the 
environment conditions are 1 atm, 30°C, and 35 percent rela- 
tive humidity, determine the temperature of the water when 
steady conditions are reached. 



FIGURE P14-115 


14-116 Reconsider Prob. 14-115. Using EES (or 

ksdl other) software, plot the water temperature as 
a function of the relative humidity of air as the relative humid- 
ity varies from 10 to 100 percent, and discuss the results. 

14-1 17 During a hot summer day, a 2-L bottle drink is to be 
cooled by wrapping it in a cloth kept wet continually and blow- 
ing air to it with a fan. If the environment conditions are 1 atm, 
25°C, and 30 percent relative humidity, determine the temper- 
ature of the drink when steady conditions are reached. 


14-118 A glass bottle washing facility uses a well 

xgiz agitated hot water bath at 55°C with an open 
top that is placed on the ground. The bathtub is 1 m high, 2 m 
wide, and 4 m long and is made of sheet metal so that the outer 
side surfaces are also at about 55°C. The bottles enter at a rate 
of 800 per minute at ambient temperature and leave at the wa- 
ter temperature. Each bottle has a mass of 150 g and removes 
0.6 g of water as it leaves the bath wet. Makeup water is sup- 
plied at 15°C. If the average conditions in the plant are 1 atm, 
25°C, and 50 percent relative humidity, and the average tem- 
perature of the surrounding surfaces is 15°C, determine ( a ) the 
amount of heat and water removed by the bottles themselves 
per second, (b) the rate of heat loss from the top surface of the 
water bath by radiation, natural convection, and evaporation, 
(c) the rate of heat loss from the side surfaces by natural con- 
vection and radiation, and (d) the rate at which heat and water 
must be supplied to maintain steady operating conditions. Dis- 
regard heat loss through the bottom surface of the bath and take 


the emissivities of sheet metal and water to be 0.61 and 0.95, 
respectively. 

Answers ; (a) 61.3 kW, 28.8 kg/h, ( b ) 14.2 kW, (c) 3.22 kW, 
(d) 80.9 kW, 45.1 kg/h 

14-119 Repeat Prob. 14-1 1 8 for a water bath temperature of 
50°C. 

14-120 One way of increasing heat transfer from the head on 
a hot summer day is to wet it. This is especially effective in 
windy weather, as you may have noticed. Approximating the 
head as a 30-cm-diameter sphere at 30°C with an emissivky of 
0 95, determine the total rate of heat loss from the head at am- 
bient air conditions of 1 atm, 25°C, 30 percent relative humid- 
ity, and 25 km/h winds if the head is (a) dry and ( b ) wet. Take 
the surrounding temperature to be 25 °C. 

1 atm 
25°C 
30% RH 


25 km/h 


14-121 A 2-m-deep 20-m X 20-m heated swimming pool is 
maintained at a constant temperature of 30°C at a location 
where the atmospheric pressure is 1 atm. If the ambient air is at 
20°C and 60 percent relative humidity and the effective sky 
temperature is 0°C, determine the rate of heat loss from the top 
surface of the pool by (a) radiation, (b) natural convection, and 
(c) evaporation, (d) Assuming the heat losses to the ground to 
be negligible, determine the size of the heater. 

14-122 RepeatProb. 14-121 for a pool temperature of 25°C. 

Review Problems 

14-123C Mark these statements as being True or False. 

_(a) The units of mass diffusivity, heat diffusivity, and 
momentum diffusivity are all the same. 

( b ) If the molar concentration (or molar density) C of a 

mixture is constant, then its density p must also be 
constant, 

(c) if the mass-average velocity of a binary mixture is 

zero, then the mole-average velocity of the mixture 
must also be zero. 

(if) if the mole fractions of A and B of a mixture are both 

0.5, then the molar mass of the mixture is simply the 
arithmetic average of the molar masses of A and B. 

14-124 Using Henry’s law, show that the dissolved gases in 
a liquid can be driven off by heating the liquid. 


Answers: (a) 40.5 W, (W 385 W 



14-125 Show that for an ideal gas mixture maintained at a 
constant temperature and pressure, the molar concentration C 
of the mixture remains constant but this is not necessarily the 
case for the density p of the mixture- 

14-126 A gas mixture in a tank at 330 K and 140 kPa con- 
sists of 0,5 kg of CO 2 and 1.5 kg of CH 4 . Determine the vol- 
ume of the tank and the partial pressure of each gas. 

14-127 Dry air whose molar analysis is 78.1 percent N 2 , 
20.9 percent 0 2 , and 1 percent Ar flows over a water body un- 
til it is saturated. If the pressure and temperature of air remain 
constant at 1 atm and 25 °C during the process, determine (a) 
the molar analysis of the saturated air and (£>) the density of air 
before and after the process. What do you conclude from your 
results? 

14-128 Consider a glass of water in a room at 20°C and 
100 kPa. If the relative humidity in the room is 70 percent and 
the water and the air are at the same temperature, determine 
(a) the mole fraction of the water vapor in the room air, (b) the 
mole fraction of the water vapor in the air adjacent to the water 
surface, and (c) the mole fraction of air in the water near the 
surface. 

Answers: (a) 1.64 percent, (b) 2.34 percent, (c) 0.0015 percent 


20°C 
tOOkPa 
lb% RH 
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14-129 jTKlj The diffusion coefficient of carbon in steel is 
agSU given as 

D ab = 2.67 X 10“ 5 exp(-17,400/7) (m 2 /s) 

where T is in K. Determine the diffusion coefficient from 
300 K to 1500 K in 100 K increments and plot the results. 

14-130 A carbonated drink is fully charged with C0 2 gas at 
17 °C and 600 kPa such that the entire bulk of the drink is in 
thermodynamic equilibrium with the C0 2 -water vapor mix- 
ture. Now consider a 2-L soda bottle. If the C0 2 gas in that 
bottle were to be released and stored in a container at 25°C and 
100 kPa, determine the volume of the container. 

Answer: 12.7 L 
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14-131 Consider a brick house that is maintained at 20°C 
and 60 percent relative humidity at a location where the atmos- 
pheric pressure is 85 kPa. The walls of the house are made of 
20-cm-thick brick whose permeance is 23 X 10“ 12 kg/s ■ m 2 * 
Pa. Taking the vapor pressure at the outer side of the wallboard 
to be zero, determine the maximum amount of water vapor that 
will diffuse through a 3-m X 5-m section of a wall during a 
24-h period. 
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14-132 The oxygen needs of fish in aquariums are usually 
met by forcing air to the bottom of the aquarium by a compres- 
sor. The air bubbles provide a large contact area between the 
water and the air, and as the bubbles rise, oxygen and nitrogen 
gases in the air dissolve in water while some water evaporates 
into the bubbles. Consider an aquarium that is maintained at 
room temperature of 25°C at all times. The air bubbles are ob- 
served to rise to the free surface of water in 2 s. If the air enter- 
ing the aquarium is completely dry and the diameter of the air 
bubbles is 4 mm, determine the mole fraction of water vapor at 
the center of the bubble when it leaves the aquarium. Assume 
no fluid motion in the bubble so that water vapor propagates in 
the bubble by diffusion only. Answer ; 3.13 percent 


1 atm 
25°C 

A av kitVililar <— i 



14-133 Oxygen gas is forced into an aquarium at 1 atm and 
25 °C, and the oxygen bubbles are observed to rise to the free 
surface in 4 s. Determine the penetration depth of oxygen into 
water from a bubble during this time period. 

14-134 Consider a 30-cm-diameter pan filled with water 
at 15 °C in a room at 20°C, 1 atm, and 30 percent relative 
humidity. Determine (o) the rate of heat transfer by convection, 
(b) the rate of evaporation of water, and (c) the rate of heat 
transfer to the water needed to maintain its temperature at 
15°C. Disregard any radiation effects. 

14-135 Repeat Prob. 14-134 assuming a fan blows air over 
the water surface at a velocity of 3 m/s. Take the radius of the 
pan to be the characteristic length. 


14-136 Naphthalene is commonly used as a repellent against 
moths to protect clothing during storage. Consider a 1.5-cm- 
diameter spherical naphthalene ball hanging In a closet at 25°C 
and 1 atm. Considering the variation of diameter with time, de- 
termine how long it will take for the naphthalene to sublimate 
completely. The density and vapor pressure of naphthalene at 
25°C are 1100 kg/m 3 and 1 1 Pa, respectively, and the mass 
diffusivity of naphthalene in air at 25 °C is D AB = 0.61 X 
10~ 5 m 3 /s. Answer-. 103 days 



14-137 A swimmer extends his wet arms into the windy air 
outside at 1 atm, 5°C, 50 percent relative humidity, and 
30 km/h. If the average skin temperature is 25°C, determine the 
rate at which water evaporates from both arms and the 
corresponding rate of heat transfer by evaporation. The arm can 
be modeled as a 0.6-m-long and 7.5-cm-diameter cylinder with 
adiabatic ends. 

14-138 A thick part made of nickel is put into a room filled 
with hydrogen at 3 atm and 85°C. Determine the hydrogen 
concentration at a depth of 2-mm from the surface after 24 h. 
■ Answer: 4.1 x 10 -7 kmol/m 3 

14-139 A membrane made of 0.1-mm-thick soft rubber sep- 
arates pure 0 2 at 1 atm and 25°C from air at 3 atm pressure. 
Determine the mass flow rate of 0 2 through the membrane per 
unit area and the direction of flow. 


14-440 Liquid toluene (C 6 H 5 CH 3 ) was stored at 6.4°C in an 
open top 20-cm-diameter cylindrical container. The vapor pres- 
sure of toluene at 6.4°C is 10 mm Hg t A gentle stream of fresh air 
at 6.4°C and 10 13 kPa was allowed to flow over the open end of 
the container. The rate of evaporation of toluene into air was 
measured to be 60 g/day. Estimate the concentration of toluene 
(in g/m 3 ) at exactly 10 mm above the liquid surface. The diffu- 
sion coefficient of toluene at 25° C is D A3 = 0.084 X 10" 4 m 2 /s. 

14-141 In an experiment, a sphere of crystalline sodium . 
chloride (NaCl) was suspended in a stirred tank filled with wa- 
ter at 20 Q C Its initial mass was 100 g. In 10 minutes, the mass 
of sphere was found to have decreased by 10 percent. The den- 
sity of NaCl is 2160 kg/m 3 . Its solubility in water at 20°C is 
320 kg/m 3 . Use these results to obatin an average value for the 
mass transfer coefficient. 

14-142 Benzene-free air at 25°C and 101,3 kPa enters a 
5-cm-diameter tube at an average velocity of 5 m/s. The inner 
surface of the 6-m-Iong tube is coated with a thin film of pure 
benzene at 25 °C. The vapor pressure of benzene (C fi H 6 ) at 
25°C is 13 kPa, and the solubility of air in benezene is assumed 
to be negligible. Calculate (a) the average mass transfer coeffi- 
cient in m/s, (b) the molar concentration of benzene in the 
outlet air, and (c) the evaporation rate of benzene in kg/h, 

14-143 Air at 52°C, 1013 kPa, and 10 percent relative hu- 
midity enters a 5-cnvdiameter tube with an average velocity of 
5 m/s. The tube inner surface is wetted uniformly with water, 
whose vapor pressure at 52°C is 13.6 kPa. While the tempera- 
ture and pressure of air remain constant, the partial pressure of 
vapor in the outlet air Is increased to 10 kPa. Detemine {a) the 
average mass transfer coefficient in m/s, (b) the log-mean dri- 
ving force for mass transfer in molar concentration units, (c) the 
water evaporation rate in kg/h, and (d) the length of the tube. 

14-144 The following experiment was performed to measure 
the mass diffusivity of n-octane (C s H lg , M = 1 14.2 kg/kmol) 
in air. Pure liquid n-octane was placed jn a vertical tube, 5 cm 
in diameter. With the tube bottom closed, its top was exposed 
to a gentle cross flow of air (free of n-octane). The entire sys- 
tem wa^ al lowed to reach a steady state at 20°C and 101.3 kPa, 
while maintaining the distance between the tube-top and the 
liquid-surface constant at 10 cm. It was observed that, after 
38 hours, 1.0 g of n-octane had evaporated. At 20°C, the vapor 
pressure and density of liquid n-octane are 1.41 kPa and 
703 kg/m 3 , respectively. Calculate the mass diffusivity of 
n-octane in air at 20°C and 101.3 kPa. 

14-145 A sphere of ice, 5 cm in diameter, is exposed to 
50 km/h wind with 10 percent relative humidity. Both the 
ice sphere and air are at —1°C and 90 kPa. Predict the rate of 
evaporation of the ice in g/h by use of the following correlation 
for single spheres: Sh = [4.0 +1.21 (ReSc) 273 ] 05 . Data at 
— 1°C and 90 kPa: = 2.5 X 10” 5 m 2 /s 3 , kinematic 

viscosity (air) = 1.32 X 10 -7 mVs, vapor pressure (H 2 0) = 
0.56 kPa and density (ice) = 915 kg/m 3 . 



Fundamentals of Engineering (FE) Exam Problems 


14-146 When the is unity, one can expect the 

momentum and mass transfer by diffusion to be the same. 

(a) Grashof (6) Reynolds (c) Lewis 

(d) Schmidt (e) Sherwood 


14-147 The basic equation describing the diffusion of one 
medium through another stationary medium is 


(«) Ja = - CD 


d(C A /Q 


AB 


dx 


M . d{C A tC) 

(<?) none of them 


(b) j A 
(d) Ja 


= -D 


d{C A tC) 


AB 


dx 


14-148 For the absorption of a gas (like carbon dioxide) into 
a liquid (like water) Henry’s law states that partial pressure of 
the gas is proportional to the mole fraction of the gas in the 
liquid-gas solution with the constant of proportionality being 
Henry’s constant. A bottle of soda pop (C0 2 -H 2 0) at room 
temperature has a Henry’s constant of 17,100 kPa. If the pres- 
sure in this bottle is 120 kPa and the partial pressure of the wa- 
ter vapor in the gas volume at the top of the bottle is neglected, 
the concentration of the C0 2 in the liquid H 2 0 is 
(a) 0.003 mol-COj/mol ( b ) 0.007 mol-C0 2 /moI 

(c) 0.013 mol-C0 2 /mol (d) 0.022 mol-C0 2 /moI 

(e) 0.047 mol-C0 2 /mol 


14-149 A recent attempt to circumnavigate the world in a bal- 
loon used a helium-filled balloon whose volume was 7240 m 3 
and surface area was 1800 m 2 . The skin of this balloon is 2 mm 
thick and is made of a material whose helium diffusion coeffi- 
cient is 1 X 10 -9 m 2 /s. The molar concentration of the helium at 
the inner surface of the balloon skin is 0.2 kmol/m 3 and the mo- 
lar concentration at the outer surface is extremely small. The 
rate at which helium is lost from this balloon is 
00 0.26 kg/h (b) 1.5 kg/h (c) 2.6 kg/h 
00 3.8 kg/h (e) 5.2 kg/h 

14-150 A rubber object is in contact with nitrogen (N 2 ) at 
298 K and 250 kPa. The solubility of nitrogen gas in rubber is 
0.00156 kmol/m 3 ■ bar. The mass density of nitrogen at the in- 
terface is 

(a) 0.049 kg/m 3 (b) 0.064 kg/m 3 (c) 0.077 kg/m 3 
(d) 0.092 kg/m 3 (e) 0.109 kg/m 3 

14-151 Nitrogen gas at high pressure and 298 K is contained 
in a 2-m X 2-m X 2-m cubical container made of natural rub- 
ber whose walls are 4 cm thick. The concentration of nitrogen 
in the rubber at the inner and outer surfaces are 0.067 kg/m 3 
and 0.009 kg/m 3 , respectively. The diffusion coefficient of 
nitrogen through rubber is 1.5 X 10 -1 ° m 2 /s. The mass flow 
rate of nitrogen by diffusion through the cubical container is 


(a) 8.24 X 10“ 10 kg/s (b) 1.35 X 10- 10 kg/s 

(c) 5.22 X 10~ 9 kg/s (d) 9.71 X 10 _9 kg/s 

00 3.58 X IQ- 8 kg/s 
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14-152 Carbon at 1273 K is contained in a7-cm inner-diame- 
ter cylinder made of iron whose thickness is 1.2 mm. The con- 
centration of carbon in the iron at the inner surface is 0.5 kg/m 3 
and the concentration of carbon in the iron at the outer surface is 
negligible. The diffusion coefficient of carbon through iron is 
3 X 10 -11 m 2 /s. The mass flow rate carbon by diffusion through 
the cylinder shell per unit length of the cylinder is 
(a) 2.8 X 10 -9 kg/s (b) 5.4 X 10- 9 kg/s 

(c) 8.8 X 10 -9 kg/s (d) 1.6 X 1Q“ 8 kg/s 

(e) 5.2 X 10~ 8 kg/s 

14-153 The surface of an iron component is to be hardened 
by carbon. The diffusion coefficient of carbon in iron at 
1000°C is given to be 3 X 10 -11 m 2 /s. If the penetration depth 
of carbon in iron is desired to be 1 .0 mm, the hardening process 
must take at least 

(a) 1.10 h (b) 1.47 h (c) 1.86 h ( d) 2.50 h (e) 2.95 h 

14-154 Saturated water vapor at 25°C (P sll — 3.17 kPa) 
flows in a pipe that passes through air at 25°C with a relative 
humidity of 40 percent. The vapor is vented to the atmosphere 
through a 7-ram internal-diameter tube that extends 10 m into 
the air. The diffusion coefficient of vapor through air is 
2.5 X 10 -5 m 2 /s. The amount of water vapor lost to the atmo- 
sphere through this individual tube by diffusion is 
6 a ) 1.02 X 10~ 6 kg (b) 1.37 X 10" 6 kg 

(c) 2.28 X 10" 6 kg (d) 4.13 X 10“ 6 kg 

(e) 6.07 X 10 -6 kg 

14-155 Air flows in a 4-cm-diameter wet pipe at 20°C and 
1 atm with an average velocity of 4 m/s in order to dry the sur- 
face. The Nusselt number in this case can be determined from 
Nu = 0.023Re°- 8 Pr a4 where Re = 10,550 and Pr - 0.731. 
Also, the diffusion coefficient of water vapor in air is 
2.42 X 10 -5 m 2 /s. Using the analogy between heat and mass 
transfer, the mass transfer coefficient inside the pipe for fully 
developed flow becomes 

(«) 0.09 1 8 m/s (b) 0.0408 m/s (c) 0.0366 m/s 

(d) 0.0203 m/s (e) 0.0022 m/s 

14-156 Air flows through a wet pipe at 298 K and 1 atm, 
and the diffusion coefficient of water vapor in air is 2.5 X 
10“ 3 m 2 /s. If the heat transfer coefficient is determined to be 
35 W/m 2 ■ °C, the mass transfer coefficient is 
(a) 0.0326 m/s (b) 0.0387 m/s (c) 0.0517 m/s 
(i d) 0.0583 m/s (e) 0.0707 m/s 

14-157 A natural gas (methane, CH 4 ) storage facility uses 
3-cm-diameter by 6-m-Iong vent tubes on its storage tanks to 
keep the pressure in these tanks at atmospheric value. If the 
diffusion coefficient for methane in air is 0.2 X 10 -4 m 2 /s 
and the temperature of the tank and environment is 300 K, the 
rate at which natural gas is lost from a tank through one vent 
tube is 

(a) 13 X 10“ 5 kg/day (6) 3.2 X I0“ 3 kg/day 
(c) 8.7 X 10^ 3 kg/day (d) 5.3 X 10' 5 kg/day 

(e) 0.12 X 10“ 3 kg/day 


Design, and Essay Problems 

14-158 Write an essay on diffusion caused by effects other 
than the concentration gradient such as thermal diffusion, pres- 
sure diffusion, forced diffusion, knodsen diffusion, and surface 
diffusion. 

14-159 Write a computer program that will convert the mole 
fractions of a gas mixture to mass fractions when the molar 
masses of the components of the mixture are specified. 

14-160 One way of generating electricity from solar energy 
involves the collection and storage of solar energy in large artifi- 
cial lakes of a few meters deep, called solar ponds. Solar energy 
is stored at the bottom part of the pond at temperatures close to 
boiling, and the rise of hot water to the top is prevented by plant- 
ing salt to the bottom of the pond. Write an essay on the opera- 
tion of solar pond power plants, and find out how much salt is 
used per year per m 2 . If the cost is not a factor, can sugar be used 
instead of salt to maintain the concentration gradient? Explain. 

14-161 The condensation and even freezing of moisture in 
building walls without effective vapor retarders is a real con- 
cern in cold climates as it undermines the effectiveness of the 
insulation. Investigate how the builders in your area are coping 
with this problem, whether they are using vapor retarders or 
vapor barriers in the walls, and where they are located in the 
walls. Prepare a report on your findings and explain the rea- 
soning for the current practice. 

14-162 You are asked to design a heating system for a swim- 
ming pool that is 2 m deep, 25 m long, and 25 m wide. Your 
client desires that the heating system be large enough to raise 
the water temperature from 20°C to 30°C in 3 h. The heater 
must also be able to maintain the pool at 30°C at the outdoor 
design conditions of 1 5°C, I atm, 35 percent relative humidity, 
40 mph winds, and effective sky temperature of 10°C. Heat 
losses to the ground are expected to be small and can be disre- 
garded, The heater considered is a natural gas furnace whose 
efficiency is 80 percent. What heater size (in Btu/h input) 
would you reco mm end that your client buy? 
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Molar mass, gas constant, and ideal-gas specific heats of some substances 


Specific Heat Data at 25°C 


Su bstance 

Air 

Ammonia, NH 3 
Argon, Ar 
Bromine, Br 2 
Isobutane, C 4 Hi 0 
n-Butane I 'C 4 H 1 o 
Carbon dioxide, C0 2 
Carbon monoxide, CO 
Chlorine, Ci 2 

Chlorodifluoromethane (R-22), CHC1F 2 

Ethane, C 2 H 6 

Ethylene, C 2 H 4 

Fluorine, F 2 

Helium, He 

n-Heptane, C 7 H 16 

n- Hexane, C 6 H 14 

Hydrogen, H 2 

Krypton, Kr 

Methane, CH 4 

Neon, Ne 

Nitrogen, N 2 

Nitric oxide, NO 

Nitrogen dioxide, N0 2 

Oxygen, 0 2 

n-Pentane, C 5 H 12 

Propane, C 3 H 8 

Propylene, C 3 H 6 

Steam, H 2 0 

Sulfur dioxide, S0 2 

Tetrachtoromethane, CCI 4 

Tetrafluoroethane (R-134a), C 2 H 2 F 4 

Trifluoroethane (R-143a), C 2 H 3 F 3 

Xenon, Xe 


Molar Mass 
M, kg/kmoi 

28.97 

17.03 
39.95 

159.81 

58.12 

58.12 

44.01 

28.01 
70.905 
86.47 
30.070 
28.054 

38.00 
4.003 

100.20 

86.18 

2.016 

83.80 

16.04 
20.183 

28.01 

30.006 

46.006 
32.00 

72.15 
44.097 
42,08 

18.015 

64.06 
153.82 
102.03 

84.04 
131.30 


Gas Constant 
R, kJ/kg • K* 

0.2870 

0.4882 

0.2081 

0.05202 

0.1430 

0.1430 

0.1889 

0.2968 

0.1173 

0.09615 

0.2765 

0.2964 

0.2187 

2.077 

0.08297 

0.09647 

4,124 

0.09921 

0.5182 

0.4119 

0.2968 

0.2771 

0.1889 

0.2598 

0.1152 

0.1885 

0.1976 

0.4615 

0.1298 

0.05405 

0.08149 

0.09893 

0.06332 


c„ kJ/kg ■ K c v! kJ/kg * K 


1.005 

2.093 

0.5203 

0.2253 

1.663 
1.694 
0.8439 

1.039 
0.4781 
0.6496 
1.744 
1.527 
0.8237 
5.193 
1.649 
1.654 

14.30 

0.2480 

2.226 

1.030 

1.040 
0.9992 
0.8060 
0.9180 

1.664 
1.669 
1.531 
1.865 
0.6228 
0.5415 
0.8334 
0.9291 
0.1583 


0.7180 

1,605 

0.3122 

0.1732 

1.520 

1.551 

0.6550 

0.7417 

0.3608 

0.5535 

1.468 

1.231 

0.6050 

3.116 

1.566 

1.558 

10.18 

0.1488 

1.708 

0.6180 

0.7429 

0.7221 

0.6171 

0.6582 

1.549 

1.480 

1.333 

1.403 

0.4930 

0.4875 

0.7519 

0.8302 

0.09499 


1.400 

1.304 

1.667 

1.300 

1.094 

1.092 

1.288 

1.400 

1.325 

1.174 

1.188 

1.241 

1.362 

1.667 

1.053 

1.062 

1.405 

1.667 

1.303 

1.667 

1.400 

1.384 

1.306 

1.395 

1.074 

1.127 

1.148 

1.329 

1.263 

1.111 

1.108 

1.119 

1.667 


‘The unit kJ/kg . K is equivalent to kPa • m 3 /kg • K. The gas constant is calculated from R = R U IM, where R u - 8.31447 kJ/kmo! ■ K is the universal gas 
constant and Mis the mofar mass* 

Source: Specific heat values are obtained primarily from the property routines prepared by The National Institute of Standards and Technology (NIST), 
Gaithersburg, MD* 


Boiling and freezing 


Substance 

Ammonia 


Argon 

Benzene 

Brine (20% sodium 

chloride by mass) 

/7-Butane 

Carbon dioxide 

Ethanol 

Ethyl alcohol 

Ethylene glycol 

Glycerine 

Helium 

Hydrogen 

Isobutane 

Kerosene 

Mercury 

Methane 

Methanol 

Nitrogen 

Octane 
Oii (light) J 
Oxygen ' 1 
Petroleum 
Propane 


4 

Refrigerant-1 34a 


Water 


lint properties 

Boiling Data at I atm 

Normal Latent Heat of 
Boiling Vaporization 
Point, °C h tg , kJ/kg 

-33.3 1357 


Freezing 
Point, °C 


-77.7 


Freezing Data 

Latent Heat 
:ing of Fusion 

, °C hjf, kJ/kg 

.7 322.4 


Liquid Properties 


Temperature, Density 
°C p, ke/m ; 


-33.3 


P, kg/m 3 
682 


Specific 
Heat 
„ kJ/kg ■ 

4.43 






-20 

665 

4.52 





0 

639 

4.60 





25 

602 

4.80 

-185.9 

161.6 

-189.3 

28 

-185.6 

1394 

1.14 

80.2 

394 

5.5 

126 

20 

879 

1.72 

103.9 


-17.4 

, 

20 

1150 

3.11 

-0.5 

385.2 

-138.5 

80.3 

-0.5 

601 

2.31 

-78.4* 

230.5 (at 0°C) 

— 56.6 


0 

298 

0.59 

78.2 

838.3 

-114.2 

109 

25 

783 

2.46 

78.6 

855 

-156 

108 

20 

789 

2.84 

198.1 

800.1 

-10.8 

181.1 

20 

1109 

2.84 

179.9 

974 

18.9 

200.6 

20 

1261 

2.32 

-268.9 

22.8 

— — 

— 

-268.9 

146.2 

22.8 

-252.8 

445.7 

-259.2 

59.5 

-252.8 

70.7 

10.0 

-11.7 

367.1 

-160 

105.7 

-11.7 

593.8 

2.28 

204-293 

251 

-24.9 



20 

820 

2.00 

356.7 

294.7 

-38.9 

11.4 

25 

13,560 

0.139 

-161.5 

510.4 

-182.2 

58.4 

-161.5 

423 

3.49 




-100 

301 

5.79 

64.5 

1100 

-97.7 . 

99.2 

25 

787 

2.55 

-195.8 

198.6 

-210 

25.3 

-195.8 

809 

2.06 




-160 

596 

2.97 

124.8 

306.3 

-57.5 

180.7 

20 

703 

2.10 





25 

910 

1.80 

-183 

212.7 

-218.8 

13.7 

-183 

1141 

1.71 


230-384 



20 

640 

2.0 

1 

\ 

427.8 

-187.7 

80.0 

-42.1 

581 

2.25 




0 

529 

2.53 





50 

449 

3.13 

-26.1 

216.8 

-96.6 

— 

-50 

1443 

1.23 




-26.1 

1374 

1.27 





0 

1295 

1.34 





25 

1207 

1.43 

100 

2257 

0.0 

333.7 

0 

1000 

4.22 




25 

997 

4.18 





50 

988 

4.18 





75 

975 

4.19 





100 

958 

4.22 


* Sublimation temperature. (At pressures below the triple-point pressure of 518 kPa, carbon dioxide exists as a solid or gas. Also, the freezing-point 
temperature of carbon dioxide is the triple-point temperature of -56.5°C.) 







Properties of solid metals 


Properties at 300 K 


Properties at Various Temperatures (K), 
MW/m ■ K)/c p (J/kg * K) 


Composition 

Point, 

K 

P 

kg/m 3 

c p 

J/KE • K 

k 

W/m ■ K 

a X 10 6 
m 2 /s 

100 

200 

400 

600 

800 

1000 

Aluminum: 












Pure 

933 

2702 

903 

237 

97.1 

302 

237 

240 

231 

218 








482 

798 

949 

1033 

1146 


Alloy 2024-T6 

775 

2770 

875 

177 

73.0 

65 

163 

186 

186 



(4.5% Cu, 1.5% Mg, 












0.6% Mn) 






473 

787 

925 

1042 



Alloy 195, Cast 












(4.5% Cu) 


2790 

883 

168 

68.2 



174 

185 



Beryllium 

1550 

1850 

1825 

200 

59.2 

990 

301 

161 

126 

106 

90.8 







203 

1114 

2191 

2604 

2823 

3018 

Bismuth 

545 

9780 

122 

7.86 

6.59 

16.5 

9.69 

7.04 










112 

120 

127 




Boron 

2573 

2500 

1107 

27.0 

9.76 

190 

55*5 

16.8 

10*6 

9*60 9.85 







128 

600 

1463 

1892 

2160 

2338 

Cadmium 

594 

, 8650 

231 

96.8 

48.4 

203 

99.3 

94.7 










198 

222 

242 




Chromium 

2118 

7160 

449 

93.7 

29.1 

159 

111 

90.9 

80.7 

71.3 

65.4 







192 

384 

484 

542 

581 

616 

Cobalt 

1769 

8862 

421 

99.2 

26.6 

167 

122 

85.4 

67.4 

58.2 

52.1 







236 

379 

450 

503 

550 

628 

Copper: 












Pure 

1358 

8933 

385 

401 

117 

482 

413 

393 

379 

366 

352 







252 

356 

397 

417 

433 

451 

Commercial bronze 

1293 

8800 

420 

52 

14 


42 

52 

59 



(90% Cu, 10% Al) 







785 

160 

545 



Phosphor gear bronze 

1104 

8780 

355 

54 

17 


41 

65 

74 



(89% Cu, 11% Sn) 







— 

— 

— 



Cartridge brass 

1188 

8530 

380 

110 

33,9 

75 

95 

137 

149 



(70% Cu, 30% Zn) 





* 


360 

395 

425 



Constant an 

1493 

8920 

384 

23 

6.71 

17 

19 





(55% Cu, 45% Ni) 






237 

362 





Germanium 

1211 

5360 

322 

‘ 59.9 

34.7 

232 

96.8 

43.2 

27.3 

19.8 

17.4 







190 

290 

337 

348 

357 

375 

Gold 

1336 

19,300 

129 

317 

127 

327 

323 

311 

298 

284 

270 







109 

124 

131 

135 

140 

145 

Iridium 

2720 

22,500 

130 

147 

50.3 

172 

153 

144 

138 

132 

126 







90 

122 

133 

138 

144 

153 

iron: 












Pure 

1810 

7870 

447 

80.2 

23.1 

134 

94.0 

69.5 

54.7 

43.3 

32.8 







216 

384 

490 

574 

680 

975 

Armco 












(99.75% pure) 


7870 

447 

72.7 

20.7 

95.6 

80.6 

65.7 

53.1 

42.2 

32.3 







215 

384 

490 

574 

680 

975 

Carbon steels: 












Plain carbon (Mn s; 1% 

7854 

434 

- 60.5 

17.7 



56.7 

48.0 

39.2 

30.0 

Si < 0.1%) : 








487 

559 

685 

1169 

AIS1 1010 


7832 

434 

63.9 

18.8 



58.7 

48.8 

39.2 

31.3 








487 

559 

685 

1168 


Carbon-silicon (Mn ^ 1% 

7817 

446 

51.9 

14.9 



49.8 

44.0 

37.4 

29.3 

0.1% < Si <0.6%) 








501 

582 

699 

971 


I 


Properties of solid metals (Continued) 


Composition 


Melting 

Point, p 
K kg/m 3 


Properties at 300 K 

c p k a x 10 6 
J/kg * K W/m ■ K m 2 /s 100 200 


Properties at Various Temperatures (K), 
MW/m - K)/c p (J/kg • K) 


400 


600 


800 1000 


Carbon-manganese-silicon 

8131 ; 

434 

41.0 

(1% < Mn < 1.65% 
0.1% < Si <0.6%) 
Chromium (low) steels: 

| Cr-£ Mo-Si (0.18% C, 


7822 

444 

37.7 

0.65% Cr, 0.23% Mo, 
0.6% Si) 

1 Cr-* Mo 


7858 

442 

42.3 

(0.16% C, 1 % Cr, 
0.54% Mo, 
0.39% Si) 

1 Cr-V 


7836 

443 

48.9 

(0.2% C, 1.02% Cr, 
0.15% V) 

Stainless steels: 
AIS1302 


8055 

480 

15.1 

AIS1 304 

1670 

7900 

477 

14.9 

AISl 316 


8238 

468 

13.4 

A1SI 347 

* 

7978 

480 

14.2 

Lead 

601 

11,340 

129 

35.3 

Magnesium 

923 

1740 

1024 

156 

Molybdenum 

* i 

2894 

10,240 

251 

138 

Nickel: 

Pure 

1728 

8900 

444 

90.7 

Nichrome 

1672 

8400 

420 

12 

(80o Ni, 20% Cr) 
Inconel X-750 

1665 

8510 

439 

11.7 

(73% Ni, 15% Cr, 
6.7% Fe) 
Niobium 

2741 

8570 

265 

53.7 

Palladium 

1827 

12,020 

.. 244 

71.8 

Platinum: 

Pure 

2045 

21,450 

" 133 

71.6 

Alloy 60Pt-40Rh ' 

1800 

16,630 

162 

47 

(60% Pt, 40% Rh) 
Rhenium 

3453 

21,100 

136 

47.9 

Rhodium 

2236 

12,450 

. 243 

150 


11.6 42.2 39.7 35.0 27.6 

487 559 685 1090 


10.9 

38.2 

36.7 

33.3 

26.9 


492 

575 

688 

969 

12.2 

42.0 

39.1 

34.5 

27.4 





492 

575 

688 

969 

14.1 



46.8 

42.1 

36.3 

28.2 




492 

575 

688 

969 

3.91 



17.3 

20.0 

22.8 

25.4 




512 

559 

585 

606 

3.95 

9.2 

12.6 

16.6 

19.8 

22.6 

25.4 


272 

402 

515 

557 

582 

611 

3.48 



15.2 

18.3 

21.3 

24.2 




504 

550 

576 

602 

3.71 



15.8 

18.9 

21.9 

24.7 




513 

559 

585 

606 

24.1 

39.7 

36.7 

34.0 

31.4 




118 

125 

132 

142 



87.6 

169 

159 

153 

149 

146 



649 

934 

1074 

1170 

1267 


53.7 

179 

143 

134 

126 

118 

112 


141 

224 

261 

275 

285 

295 

23.0 

164 

107 

80.2 

65.6 

67,6 

71.8 

232 

383 

485 

592 

530 

562 


3.4 



14 

16 

21 





480 

525 

545 


3.1 

8.7 

10.3 

13.5 

17.0 

20.5 

24.0 



372 

473 

510 

546 

626 

23.6 

55.2 

52.6 

55.2 

58.2 

61.3 

64.4 


188 

249 

274 

283 

292 

301 

24.5 

76.5 

71.6 

73.6 

79.7 

86.9 

94.2 


168 

227 

251 

261 

271 

281 

25.1 

77.5 

72.6 

71.8 

73.2 

75.6 

78.7 


100 

125 

136 

141 

146 

152 

17.4 



52 

59 

65 

69 

16.7 

58.9 

51.0 

46.1 

44.2 

44.1 

44.6 


97 

127 

139 

145 

151 

156 

49:6 

186 

154 

146 

136 

127 

121 


147 

220 

253 

274 

293 

311 


L 


1 



Properties of solid metals (Concluded) 

Properties at Various Temperatures (K), 

- Properties at 300 K MW/m • K)/c p (J/kg • K) 



'O 

Point, 

P 

c p 

k 

a X 10 6 







Composition 

K 

kg/m 3 

J/kg • K 

W/m ■ K 

m 2 /s 

100 

200 

400 

600 

800 

1000 

Silicon 

1685 

2330 

712 

148 

89.2 

884 

264 

98.9 

61.9 

42.4 

31.2 







259 

556 

790 

867 

913 

946 

Silver 

1235 

10,500 

235 

429 

174 

444 

430 

425 

412 

396 

379 







187 

225 

239 

250 

262 

277 

Tantalum 

3269 

16,600 

140 

57.5 

24.7 

59.2 

57.5 

57.8 

58.6 

59.4 

60.2 







no 

133 

144 

146 

149 

152 

Thorium 

2023 

11,700 

118 

54.0 

39.1 

59.8 

54.6 

54.5 

55.8 

56.9 

56.9 







99 

112 

124 

134 

145 

156 

Tin 

505 

7310 

227 

66*6 

40.1 

85.2 

73.3 

62,2 










188 

215 

243 




Titanium 

1953 

4500 

522 

21.9 

9.32 

30.5 

24.5 

20.4 

19.4 

19.7 

20.7 







300 

465 

551 

591 

633 

675 

Tungsten 

3660 

19,300 

132 

174 

68.3 

208 

186 

159 

137 

125 

118 






87 

122 

137 

142 

146 

148 

Uranium 

1406 

19,070 

116 

27.6 

12.5 

21,7 

25.1 

29.6 

34.0 

38.8 

43.9 







94 

108 . 

125 

146 

176 

180 

Vanadium 

2192 

6100 

489 

30.7 

10.3 

35.8 

31.3 

31.3 

33.3 

35.7 

38.2 







258 

430 

515 

540 

563 

597 

Zinc 

693 

7140 

389 

116 

41.8 

117 

118 

111 

103 









297 

367 

402 

436 



Zirconium 

: : 2125 

6570 

278 

22.7 

12.4 

33.2 

25.2 

21.6 

20.7 

21.6 

23.7 







205 

264 

300 

332 

342 

362 


From Frank P. Incropera and David P. DeWitt, Fundamentals of Heat and Mass Transfer, 3rd ed., 1990. This materia! is used by permission of John Wiley & 
Sons, Inc. 


Properties of soiid nonmetals 


Properties at Various Temperatures (K), 


Composition 

Melting 

Point, 

K 


Properties at 300 K 



k (W/m - 

K)/c p (J/kg - 

K> 


P 

kg/m 

C P 

3 J/kg ■ 

k 

KW/m • K 

a X 10 6 
m 2 /$ 

100 

200 

400 

600 

800 

1000 

Aluminum oxide, 

2323 

3970 

765 

46 

15.1 

450 

82 

32.4 

18.9 

13,0 

10.5 

sapphire 






— 

— 

940 

1110 

1180 

1225 

Aluminum oxide, 

2323 

3970 

765 

36.0 

11.9 

133 

55 

26.4 

15.8 

10.4 

7.85 

polycrystalline 






— 

— 

940 

1110 

1180 

1225 

Beryllium oxide 

2725 

3000 

1030 

272 

88.0 



196 

111 

70 

47 









1350 

1690 

1865 

1975 

Boron 

2573 

2500 

1105 

27.6 

9,99 

190 

52.5 

18.7 

11.3 

8.1 

6.3 







— 



1490 

1880 

2135 

2350 

Boron fiber epoxy 

590 

2080 










(30% vof.) composite 











k, II to fibers 




2.29 


2.10 

2.23 

2.28 




k t L to fibers 




0.59 


0.37 

0.49 

0.60 

- 



c p 



1122 



364 

757 

1431 




Carbon 












Amorphous 

1500 

1950 


1.60 

— 

0.67 

1.18 

1.89 

21.9 

2.37 

2.53 

Diamond, 












type l(a 

— 

3500 

509 

2300 

10,000 

4000 

1540 




insulator 






21 

194 

853 




Graphite, pyrolytic 

2273 

2210 










k , II to layers 




1950 


4970 

3230 

1390 

892 

667 

534 

k t X to layers 




5.70 


16.8 

9.23 

4.09 

2.68 

2.01 

1.60 

c p 



709 



136 

- 411 

992 

1406 

1650 

1793 

Graphite fiber 

450 

1400 










epoxy (25% voh) 












composite 












k t heat ffow'l^to fibers 



11.1 


5.7 

8.7 

13.0 




K heat flowi to fibers 


0.87 

0.46 

0.68 

1.1 





c p 



935 



337 

642 

1216 




Pyroceram, 

1623 

2600 

✓ 808 

3.98 

1.89 

5.25 

4.78 

3.64 

3.28 

3.08 

2.96 

Corning 9606 






- — - 

— 

908 

1038 

1122 

1197 

Silicon carbide 

3100 

3160 

675 

490 230 



— 

— 

. 

87 

4 








880 

1050 

1135 

1195 

Silicoo dioxide, 

1883 

2650 










crystalline (quartz) 












k r fl to c-axis 




10.4 


39 

16.4 

7.6 

5.0 

4.2 


/f,JL to c-axis 




6.21 


20.8 

9.5 

4.70 

3.4 

3.1 


c p 



745 



— 

— - 

885 

1075 

1250 


Silicon dioxide. 

1883 

2220 

745 

1.38 

0.834 

0.69 

1.14 

1.51 

1.75 

2.17 

2.87 

polycrystaliine 












(fused silica) 







— 

905 

1040 

1105 

1155 

Silicon nitride 

2173 

2400 

691 

16.0 

9.65 

— 

— 

13.9 

11.3 

9.88 

8.76 







— 

578 

778 

937 

1063 

1155 

Sulfur 

392 

2070 

708 

0.206 

0.141 

0.165 

0.185 











403 

606 





Thorium dioxide 

3573 

9110 

235 

13 

6.1 



10.2 

6.6 

4.7 

3.68 









255 

274 

285 

295 

Titanium dioxide, 

2133 

4157 

710 

8.4 

2.8 



7.01 

5.02 

8.94 

3.46 

polycrystaliine 








805 

880 

910 

930 



Properties of building materials (at a mean temperature of 24°C) 


Material 

Thickness, L 
mm 

Density, p 
kg/m 3 

Thermal 
Conductivity, k 
W/m ■ K 

Specific 
Heat, c p 
kJ/kg • K 

//-value 
(for listed 
thickness, Uk), 
K • m 2 /W 

Building Boards 

Asbestos-cement board 

6 mm 

1922 

— 

1.00 

0.011 

Gypsum of plaster board 

10 mm 

800 



1.09 

0.057 

13 mm 

800 

- — - 



0.078 

Plywood (Douglas fir) 



545 

0.12 

1.21 

0.055 

6 mm 

545 



1.21 


10 mm 

545 

— 

1.21 

0.083 


13 mm 

545 

— 

1.21 

0.110 


20 mm 

545 

— 

1.21 

0.165 

Insulated board and sheating 

13 mm 

288 



1.30 

0.232 

(regular density) 

20 mm 

288 

— 

1.30 

0.359 

Hard board (high density, standard 

tempered) 

— 

1010 

0.14 

1.34 

— — 

Particle board: 

Medium density 

— 

800 

0.14 

1.30 

0.144 

Underlayment 

16 mm 

640 

— 

1.21 

Wood subfloor 

20 mm 

— 

— 

1.38 

0.166 

Building Membrane 

Vapor- permeable felt 

- — 

; - — - 


— 

U.Oii 

Vapor-seal (2 layers of mopped 

0.73 kg/m 2 felt) 

• * 

— 

• 

— 

U.UZL 

Flooring Materials 

Carpet and fibrous pad 


— 

— 

1.42 

0.367 

Carpet and rubber pad 

- — ^ 

— 


1.38 

0.217 

Tile (asphalt, linoleum, vinyl) 

— 

— 



1.26 

0.009 

Masonry Materials 

Masonry units; 
Brick, common 


1922 

0.72 

• • 

— 

Brick, face 


2082 

1.30 

' * 

— 

Brick, fire clay 


2400 

1920 

1.34 

0.90 

0.79 

_ 

Concrete blocks (3 oval cores, 

100 mm 

1120 

0.41 

0.77 



0.13 

sand and gravel aggregate) 

200 mm 



1.0 

— — 

0.20 

300 mm 

— 

1.30 

— 

0.23 


Concretes; 

Lightweight aggregates, (including 
expanded shale, clay, or slate; 
expanded stags; cinders; 
pumice; and scoria) 

940 

Cement/lime, mortar, and stucco 


1920 

1.1 

. 

1600 

0.79 

0.84 

1280 

0.54 

0.84 

960 

0.33 

— 

0.18 

— 


1920 

1.40 

— 

1280 

0.65 

— 

1857 

0.72 

— 


Stucco 


Properties of building materials ( Concluded ) 
(at a mean temperature of 24°C) 


Material 

Roofing 

Asbestos-cement shingles 
Asphalt roll roofing 
Asphalt shingles 
Built-in roofing 
Slate 

Wood shingles {plain and 
plastic/film faced) 

Plastering Materials 
Cement plaster, sand aggregate 
Gypsum plaster: 

Lightweight aggregate 
Sand aggregate 
Perlite aggregate 

Siding Material (on flat surfaces) 

Asbestos-cement shingles 
Hardboard siding 
Wood (drop) siding 
Wood (plywood) siding lapped 
Aluminum or steel siding (over 
sheeting): 

Hollow backed 
Insulating- board backed 
Architectural fiass 
■ 7 

Woods 

Hardwoods (maple, oak, etc.) 
Softwoods (fir, pine, etc.) 

Metals j 

Aluminum (1100) 

Steel, mild 
Steel, Stainless 


mm 


10 mm 
13 mm 


19 mm 

13 mm 
13 mm 


11 mm 
25 mm 
10 mm 


10 mm 
10 mm 


Source: Table A-5 and A-6 are adapted from ASHRAE, Handbook of Fur 
Conditioning Engineers, 1993), Chap. 22, Table 4. Used with permission. 


Thermal 

Density, p Conductivity, k 


ke/m 3 


W/m • K 


Specific 
Heat, c p 
kJ/kg ■ K 


ff-value 
(for listed 
thickness, L/k), 
K • m 2 /W 


1900 


1.00 

0.037 

1100 


1.51 

0.026 

1100 

— 

1.26 

0.077 

1100 

— 

1.46 

0.058 

— 

— 

1.26 

0.009 




1.30 

0.166 

1860 

0.72 

. 0.84 

0.026 

720 

. .. ■ 



0.055 

1680 

0.81 

0.84 

0.016 

720 

0.22 

1.34 

— 

1900 



.0.037 

— 

— 

1.17 

0.12 

— 

— 

1.30 

0.139 

— 

— 

1.21 

0.111 


. 

■ 

1.22 

0,11 

— 

: 

1.34 

0.32 

2530 

1.0 

0.84 

0.018 

721 

0.159 

1.26 


513 

0.115 

1.38 

— 

2739 

222 

0.896 


7833 

45.3 

0.502 

' — — 

7913 

15.6 

0.456 



temente/s {Atlanta, 


GA: American Society of Heating, Refrigerating, and Air- 



1 



Properties of insulating materials 

(at a mean temperature of 24°C) — 

/?-va lue 


i 

i 




i 

: 


I 


Thickness, L 
mm 


Density, p 
kg/m 3 


Thermal 
Conductivity, k 
W/m ■ K 


Specific 
Heat, c p 
kJ/kg • K 


(for listed 
thickness, Uk), 
K • m 2 /W 


Blanket and Batt 
Mineral fiber (fibrous form 
processed from rock, slag, 
or glass) 

Board and Slab 
Cellular glass 

Glass fiber (organic bonded) 

Expanded polystyrene (molded beads) 

Expanded polyurethane (/?~11 expanded) 

Expanded perlite (organic bonded) 

Expanded rubber (rigid) 

Mineral fiber with resin binder 
Cork 

Sprayed or Formed in Place 
Polyurethane foam 
Glass fiber 

Urethane, two-part mixture (rigid foam) 

Mineral wool granules with asbestos/ 
inorganic binders (sprayed) 

Loose Fill 

Mineral fiber (rock, slag, or glass) "75 to 125 mm 

-165 to 222 mm 
-191 to 254 mm 
-185 mm 

Silica aerogel 
Vermiculite (expanded) 

Perlite, expanded 
Sawdust or shavings 

Celluiosic insulation (milled paper or wood pulp) 

Roof Insulation 

Cellular glass 

Preformed, for use above deck 13 mm 

25 mm 
50 mm 


4.8-32 

— 

0.71-0.96 

1.23 

4.8-32 

— 

0.71-0.96 

1.94 

4.8-32 

— 

0,71-0.96 

3.32 

136 

0.055 

1.0 

— 

64-144 

0.036 

0.96 

— 

16 

0.040 

1.2 

— 

24 

0.023 

1.6 

— 

16 

0.052 

1.26 

— 

72 

0.032 

1.68 

— 

240 

0.042 

0.71 


120 

0.039 

1.80 


24-40 

0.023-0.026 



— 

56-72 

0.038-0.039 

* 

— 

70 

0.026 

1.045 

— 

190 

0.046 

— - 

— 

9.6-32 


0.71 

1.94 

9.6-32 

— 

0.71 

3.35 



, - 

0,71 

3.87 

•fe ^ 

— 

0.71 

5.28 

122 

0.025 

— 

: 

122 

0.068 



32-66 

0.039-0.045 

1.09 

• 

128-240 

0.065 

1.38 

’ 

37-51 

0.039-0.046 


. . 

144 

0.058 

1.0 

, - 





1.0 

0.24 


_ , , 

2.1 

0.49 



3.9 

0,93 


50 to 70 mm 
75 to 90 mm 
135 to 165 mm 


Reflective Insulation 
Silica powder (evacuated) 

Aluminum foil separating fluffy glass mats; 10-12 layers 
(evacuated); for cryogenic applications (150 K) 
Aluminum foil and glass paper laminate; 75-150 
layers (evacuated); for cryogenic applications (150 K) 


160 0.0017 

40 0.00016 

120 0.000017 


Properties of common foods 

(a) Specific heats and freezing-point properties 
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Sc^Water content and freezing-point data are from ASHRAE, Handbook of Fundamentals, Si version (Atlanta, GA: American Society of Heating, Refrigerating and Air-Conditioning Engineers, 
Inc., 1993), Chap. 30. Table 1. Used with permission. Freezing point is the temperature at which freezing starts for fruits and vegetables, and the average freezing temperature for other foods. 

Specific heat data are based on the specific heat values of a water and ice at 0°C and are determined from Siebel's formulas: c. /rmh = 3.35 x (Water content) + 0,84, above freezing and 
c pjrozon “ 1*26 x [Water content) +0.84, below freezing. 

c The latent heat of fusion fs determined by multiplying the heat of fusion of water (334 kJ/kg) by the water content of the food. 
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Properties of common 
(6) Other properties 

foods ( Concluded ) 



Water 




Content, 

Temperatur 

Food 

% (mass) 


°C 

Fruits/Vegetables 




Apple juice 

87 


20 

Apples 

85 


8 

Apples, dried 

41.6 


23 

Apricots, dried 

43.6 


23 

Bananas, fresh 

76 


27 

Broccoli 




-6 

Cherries, fresh 

92 


0-30 

Figs 

40.4 


23 

Grape juice 

89 


20 

Peaches 

89 


2-32 

Plums 

— 


-16 

Potatoes 

78 


0-70 

Raisins 

32 


23 

Meats 




Beef, ground 

67 


6 

Beef, lean 

74 


3 

Beef fat 

0 


35 

Beef liver 

72 


35 

Cat food 

39.7 


23 

Chicken breast 

75 


0 

Dog food 

30.6 


23 

Fish, cod 

81 


3 

Fish, salmon 

67 


3 

Ham 

71.8 


20 

Lamb 

72 


20 

Pork, lean 

72 


4 

Turkey breast 

74 


3 

Veal 

75 


20 

Other 




Butter 

16 


4 

Chocolate cake 

31.9 


23 

Margarine 

16 


5 

Milk, skimmed 

91 


20 

Milk, whole 

88 


28 

Olive oil 

0 


32 

Peanut oil 

0 


4 

Water 

100 


0 


100 


30 

White cake 

32.3 


23 


Density, p 
kg/m 3 


Thermal 
Conductivity, k 
W/m • K 


1000 

840 

856 

1320 

980 

560 

1050 

1241 

1000 

960 

610 

1055 

1380 

950 

1090 

810 

1140 

1050 

1240 

1180 

1030 

1030 

1030 

1050 

1060 


340 

1000 


910 

920 

1000 

995 

450 


0.559 

0.418 

0.219 

0.375 

0.481 

0.385 

0.545 

0.310 

0.567 

0.526 

0.247 

0.498 

0.376 

0.406 

0.471 

0.190 

0.448 

0.326 

0.476 

0.319 

0.534 

0.531 

0.480 

0.456 

0.456 

0.496 

0.470 

0.197 

0.106 

0.233 

0.566 

0.580 

0.168 

0.168 

0.569 

0.618 

0.082 


Thermal 
Diffusivity, a 
m 2 /s 


0.14 x IO' 6 
0.13 x 10“ 6 
0.096 X 10“ 6 
0.11 x 10^ 6 
0.14 X 10“ 6 

0.13 x IO" 6 
0.096 X 10“ 6 
0.14 x 10' 6 
0.14 x IO" 6 

0.13 X 10“ 6 
0.11 x IO' 6 

0.13 X 10“ 6 
0.13 x 10^ 6 


0.11 X 10“ 6 
0.13 x 10“ 6 
0.11 X 10“ 6 
0.12 x 10“ 6 

0.14 X 10“ 6 
0.13 X 10“ 6 
0.13 x IO" 6 
0.13 X 10“ 6 
0.13 X 10“ 6 


0.12 X 10“ 6 
0.11 X io- 6 


0.14 X 10~ 6 
0.15 x IO" 6 
0.10 X 10~ 6 


Specific 
Heat, c p 
kJ/kg * K 


3.86 

3.81 

2.72 

2.77 

3.59 

3.99 

2.69 

3.91 

3.91 

3.64 

2.48 

3.36 

3.54 

3.49 
2.68 
3.56 
2.45 
3.71 
3.36 

3.48 

3.49 
3.49 
3.54 
3.56 

2.08 

2.48 

2.08 

3.96 

3.89 


4.217 

4.178 

2.49 


Source: Data obtained primarily from ASHRAE, Handbook of Fundamentals, Si vereion (Atlanta, GA: American Society of Heating, Refrigerating and Air- 
Conditioning Engineers, Inc., 1993), Chap. 30, Tables 7 and 9. Used with permission. 

Most specific heats are calculated from c p = 1.68 + 2.51 x (Water content), which is a good approximation in the temperature range of 3 to 32X. Most 
thermal d sff ussvities are calculated from a = klpc,. Property values given here are valid for the specific water content. 



Properties of miscellaneous materials 


{Values are at 300 K unless indicated otherwise) 


Material 

Density, p 
kg/m 3 

Thermal 
Conductivity, k 
W/m - K 

Specific 
Heat, c p 
J/kg • K 

Asphalt 

2115 

0.062 

920 

Bake life 

1300 

1.4 

1465 

Brick, refractory 
Chrome brick 

473 K 

3010 

2.3 

835 

823 K 


2.5 

* 

1173 K 



2.0 

_ 

Fire clay, burnt 
1600 K 

773 K 

2050 

1.0 

960 

1073 K 



1.1 

_ 

1373 K 

— - 

1.1 

_ 

Fire clay, burnt 
1725 K 

773 K 

2325 

1.3 

960 

1073 K 

— 

1.4 

^ m 

1373 K 

— 

1.4 


Fire clay brick 

478 K 

2645 

1.0 

960 

922 K 

— 

1.5 


1478 K 

— 

1.8 



Magnesite 

478 K 

— 

3.8 

1130 

922 K 

' 

2.8 


1478 K 

• 

1.9 

- 

Chicken meat, 
white ( 7 &$% :/ 

water content) 
198 K ' : 


: 1.60 


233 K 

• —r- •_ 

v 1.49 


253 K 


1.35 


273 K 

’ . ' 

0.48 

, , 

2^3 K 

’ 

0.49 


Clay, dry * 

1550 

0.930 

, 

Clay, wet 

1495 

1.675 



Coal, anthracite 

1350 

0.26 

1260 

Concrete (stone 

mix) 

2300 

1.4 

880 

Cork 

86 

0.048 

2030 

Cotton 

80 

0.06 

1300 

Fat 

— 

0.17 



Glass 

Window 

2800 

0.7 

750 

Pyrex 

2225 

1-1.4 

835 

Crown 

2500 

1.05 



Lead 

3400 

0.85 

* | 


Thermal Specific 
Density, p Conductivity, k Heat, c p 
Material kg/m 3 W/m • K J/kg ■ K 


Ice 


273 K 

920 

1.88 

2040 

253 K 

922 

2.03 

1945 

: 173 K 

928 

3.49 

1460 

Leather, sole 

998 

0.159 


Linoleum 

535 

0.081 

— - 


1180 

0.186 



Mica 

2900 

0.523 

^ 

Paper 

930 

0.180 

1340 

Plastics 

Plexiglass 

Teflon 

1190 

* 

0.19 

1465 

300 K 

2200 

0.35 

1050 

400 K 

— 

0.45 


Lexan 

1200 

0.19 

1260 

Nylon 

1145 

0.29 



Polypropylene 

910 

0.12 

1925 

Polyester 

1395 

0.15 

1170 

PVC, vinyl 

1470 

0.1 

840 

Porcelain 

2300 

1.5 



Rubber, natural 

1150 

0.28 

- 

Rubber, vulcanized 

Soft 

1100 

0.13 

2010 

Hard 

1190 

0.16 

— 

Sand 

1515 

0.2-1.0 

800 

Snow, fresh 

100 

0.60 


Snow, 273 K 

500 

2.2 


Soil, dry 

1500 

1.0 

1900 

Soil, wet 

1900 

2.0 

2200 

Sugar 

1600 

0.58 



Tissue, human 

Skin 

— 

0.37 

. 

Fat layer 



0.2 

— 

Muscle 

— 

0.41 


Vaseline 



0.17 


Wood, cross grain 

Balsa 

140 

0.055 



Fir 

415 

0.11 

2720 

Oak 

545 

0.17 

2385 

White pine 

435 

0.11 

- 

Yellow pine 

640 

0.15 

2805 

Wood, radial 

Oak 

545 

0.19 

2385 

Fir 

420 

0.14 

2720 

Wool, ship 

145 

0.05 




Source: Compiled from various sources. 



Properties of saturated watery 


Temp* 

r,*c 

0*01 

5 

10 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

80 

85 

90 

95 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

220 

240 

260 

280 

300 

320 

340 

360 

374*14 


Saturation 

Pressure 


0*6113 

0.8721 

1.2276 

1*7051 

2.339 

3.169 

4*246 

5*628 

7.384 

9*593 

12*35 

15.76 

19.94 

25*03 

31*19 

38*58 

47*39 

57*83 

70*14 

84*55 

101.33 

143*27 

198*53 

270*1 

361*3 

475*8 

617*8 

791*7 

1 , 002*1 

1 , 254*4 

1 , 553*8 

2,318 

3,344 

4,688 

6,412 

8,581 

11,274 

14,586 

18,651 

22,090 


Density 
p, kg/m 3 


Enthalpy 

of 

Vaporization 


Liquid Vapor hf gt kJ/kg 


Specific 

Heat 

c P , J/kg - K 
Liquid Vapor 


Thermal 
Conductivity 
k, W/m - K 

Liquid Vapor 


Dynamic Viscosity 
p, kg/m * s 


999.8 

999*9 

999*7 

999*1 

998*0 

997*0 

996*0 

994*0 

992*1 

990*1 

988*1 

985.2 
983*3 
980*4 

977.5 
974*7 
971*8 
968*1 

965.3 

961.5 
957*9 

950.6 
943*4 
934*6 
921*7 
916*6 
907*4 
897*7 
887*3 
876*4 

864.3 
840*3 
813*7 

783.7 
750*8 
713*8 
667*1 
610*5 


0*0048 

0*0068 

0*0094 

0*0128 

0*0173 

0*0231 

0*0304 

0*0397 

0*0512 

0*0655 

0*0831 

0*1045 

0*1304 

0*1614 

0*1983 

0.2421 

0.2935 

0*3536 

0*4235 

0*5045 

0*5978 

0*8263 

1*121 

1*496 

1*965 

2*546 

3*256 

4*119 

5*153 

6*388 

7*852 

11*60 

16*73 

23.69 

33*15 

46*15 

64.57 

92*62 


528*3 144*0 
317.0 317*0 


2501 

2490 

2478 

2466 

2454 

2442 

2431 

2419 

2407 

2395 

2383 

2371 

2359 

2346 

2334 

2321 

2309 

2296 

2283 

2270 

2257 

2230 

2203 

2174 

2145 

2114 

2083 

2050 

2015 

1979 

1941 

1859 

1767 

1663 

1544 

1405 

1239 

1028 

720 

0 


4217 

4205 
4194 
4185 

4182 
4180 
4178 

4178 

4179 

4180 

4181 

4183 
4185 
4187 
4190 
4193 
4197 
4201 

4206 
4212 
4217 
4229 
4244 
4263 
4286 
4311 
4340 
4370 
4410 
4460 
4500 
4610 
4760 
4970 
5280 
5750 
6540 
8240 

14,690 


1854 

1857 

1862 

1863 

1867 

1870 

1875 

1880 

1885 

1892 

1900 

1908 

1916 

1926 

1936 

1948 

1962 

1977 

1993 

2010 

2029 

2071 

2120 

2L77 

2244 

2314 

2420 

2490 

2590 

2710 

2840 

3110 

3520 

4070 

4835 

5980 

7900 

11,870 

25,800 


0.561 

0*571 

0*580 

0.589 

0*598 

0.607 

0*615 

0*623 

0.631 

0*637 

0*644 

0*649 

0.654 

0*659 

0*663 

0*667 

0*670 

0*673 

0*675 

0*677 

0*679 

0*682 

0*683 

0*684 

0.683 

0.682 

0*680 

0.677 

0*673 

0*669 

0.663 

0*650 

0*632 

0.609 

0*581 

0*548 

0.509 

0*469 

0*427 


0*0171 

0*0173 

0*0176 

0*0179 

0*0182 

0*0186 

0*0189 

0*0192 

0*0196 

0.0200 

0*0204 

0*0208 

0*0212 

0*0216 

0*0221 

0*0225 

0*0230 

0.0235 

0*0240 

0*0246 

0*0251 

0*0262 

0.0275 

0*0288 

0*0301 

0.0316 

0*0331 

0*0347 

0.0364 

0*0382 

0*0401 

0.0442 

0*0487 

0*0540 

0.0605 

0*0695 

0*0836 

0.110 

0*178 


Liquid 

1*792 x 10" 3 
1.519 X 10“ 3 
1*307 x 10“ 3 
1*138 X 10" 3 
1.002 X 10^ 3 
0*891 x 10“ 3 
0*798 X IQ" 3 
0*720 X 10^ 3 
0*653 x 10“ 3 
0*596 X 1G' 3 
0*547 X 10“ 3 
0*504 x 10^ 3 
0*467 X 10- 3 
0*433 x 10“ 3 
0*404 X 10" 3 
0*378 X 10“ 3 
0.355 x 10“ 3 
0.333 X IQ’ 3 
0*315 X lO^ 3 
0*297 x 1Q“ 3 
0*282 X 10“ 3 
0*255 X 10“ 3 
0.232 x 10“ 3 
0.213 X 10~ 3 
0*197 X 10“ 3 
0*183 x 10" 3 
0*170 X 10~ 3 
0*160 x 10“ 3 
0*150 x IQ" 3 
0.142 X 10^ 3 
0*134 x KT 3 
0*122 X 10" 3 
0.111 X KT 3 
0*102 x 10“ 3 
0*094 X 10" 3 
0*086 X 10“ 3 
0*078 x 10^ 3 
0*070 X 10“ 3 
0*060 x 10“ 3 
0*043 X 10 -3 


Vapor 

0.922 X 10~ 5 
0*934 X 10“ 5 
0*946 x 10“ 5 
0*959 X 10 -5 
0.973 X 10“ s 
0*987 x 10^ s 
1.001 X 10 -5 
1*016 X 10 “ & 
1*031 x iO^ 5 
1.046 X 10“ 3 
1*062 X 10 -* 
1.077 x 10~ 5 
1.093 X IQ" 5 
1*110 x 10“ 5 
1*126 X 10" 5 
1*142 X 10- 5 
1*159 x 10“ 5 
1*176 X 10“ 5 
1*193 x 10- 5 
1*210 x 10“ 5 
1*227 X 10~ 5 
1*261 X 10“ 3 
1.296 x 10“ 5 
1*330 X 10^ 5 
1*365 x IQ” 5 
1*399 X 10" 5 
1.434 X 10~ 5 
1.468 x 1G“ 5 
1*502 X 10" 5 
1*537 X 10- 5 
1*571 x I0“ 5 
1.641 X 10‘ 5 
1.712 X 10“ s 
1*788 X 10" 5 
1*870 X 10“ s 
1*965 x 10“ s 
2*084 X 10" 5 
2.255 X 10“ s 
2*571 x 10“ 5 
4*313 X 10" 5 


Prandtl 

Number 

Fr 

Liquid Vapor 


13.5 

11*2 

9*45 

8*09 

7*01 

6*14 

5*42 

4*83 

4*32 

3*91 

3*55 

3*25 

2*99 

2*75 

2*55 

2*38 

2*22 

2*08 

1*96 

1*85 

1*75 

1*58 

1*44 

1*33 

1*24 

1*16 

1.09 

1*03 

0*983 

0*947 

0*910 

0.865 

0*836 

0*832 

0.854 

0*902 

1*00 

1*23 

2*06 


1*00 

1*00 

1*00 

1.00 

1*00 

1*00 

1.00 

1*00 

1*00 

1*00 

LOO 

1*00 

1.00 

1*00 

1*00 

1*00 

1*00 

1*00 

1*00 

1.00 

1.00 

1*00 

1*00 

1*01 

1*02 

1*02 

1*05 

1*05 

1*07 

1.09 

1*11 

1*15 

1*24 

1*35 

1*49 

1.69 

1*97 

2*43 

3*73 


Volume 

Expansion 

Coefficient 

1/K 

Liquid 

— 0,068 X 10- 3 
0*015 X 10‘ 3 
0.733 X 10“ 3 
0*138 x 10“ 3 
0*195 X 10- 3 
0*247 X IQ” 3 
0*294 x 10" 3 
0*337 X 10' 3 
0.377 X 1Q“ 3 
0*415 x 10" 3 
0*451 X 10“ 3 
0*484 X 10“ 3 
0.517 x KT 3 
0*548 X 10“ 3 
0.578 X 10“ 3 
0*607 x IQ" 3 
0*653 X 10“ 3 
0*670 x 10 -3 
0.702 X IQ" 3 
0.716 X 10“ 3 
0*750 x 10“ 3 
0*798 X 1Q~ 3 
0*858 X 10“ 3 
0*913 x 10- 3 
0*970 X 10- 3 
1*025 X 10- 3 
1*145 X 10" 3 
1.178 X KL 3 
1*210 x 10“ 3 
1*280 x IQ" 3 
1.350 X KL 3 
1.620 x 10“ 3 
1*720 x IQ" 3 
2*000 X 10“ 3 
2*380 X 10“ 3 
2*950 X 10" 3 


Note 1- Kinematic viscosity v and thermal diffusely « can be calculated from their definitions, * = pfp and « = kJpc p = WPr The temperatures 0.01% 100PC 
and 374.14°C are the tripte-, boiling-, and critical-point temperatures of water, respectively. The properties listed above (except the vapor density) can be used 

any pressure with negligible error except at temperatures near the critical-point value. 

Note 2: T^e unit kJ/kg • °C for specific heat is equivalent to kJ/kg • K, and the unit W/m - e C for thermal conductivity is equivalent to W/m • K. 

Source: Viscosity and thermal conductivity data are from J. V. Sengers and J. T. R. Watson, Journal of Physical and Chemical Reference Data 15 (1986), 
pp. 1291-1322. Other data are obtained from various sources or calculated. 
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Properties of saturated refrigerant- 13 4a 


Temp. 


Saturation 

Pressure 


Density 


Enthalpy 

of 

Vaporization 


Specific 

Heat 

Ct, J/kg * K 


VC 

P, kPa 

Liquid 

Vapor 

V kJ/kg 

Liquid 

Vapor 

-40 

51.2 

1418 

2.773 

225.9 

1254 

748.6 

-35 

66.2 

1403 

3,524 

222.7 

1264 

764.1 

-30 

84.4 

1389 

4.429 

219,5 

1273 

780.2 

-25 

106.5 

1374 

5.509 

216.3 

1283 

797.2 

-20 

132.8 

1359 

6.787 

213.0 

1294 

814.9 

-15 

164.0 

1343 

8.288 

209.5 

1306 

833.5 

-10 

200.7 

1327 

10.04 

206,0 

1318 

853.1 

-5 

243.5 

1311 

12.07 

202,4 

1330 

873.8 

0 

293.0 

1295 

14,42 

198.7 

1344 

895,6 

5 

349.9 

1278 

17.12 

194,8 

1358 

918.7 

10 

414.9 

1261 

20.22 

190.8 

1374 

943.2 

15 

488.7 

1244 

23.75 

186.6 

1390 

969.4 

20 

572.1 

1226 

27.77 

182.3 

1408 

997.6 

25 

665.8 

1207 

32.34 

177.8 

1427 

1028 

30 

770,6 

1188 

37,53 

173.1 

1448 

1061 

35 

887.5 

1168 

43.41 

168.2 

1471 

1098 

40 

1017.1 

1147 

50.08 

163.0 

1498 

1138 

45 

1160,5 

1125 

57.66 

157.6 

1529 

1184 

50 

1318.6 

1102 

66.27 

151.8 

1566 

1237 

55 

1492,3 

1078 

76.11 

145.7 

1608 

1298 

60 

1682.8 

1053 

87.38 

139.1 

1659 

1372 

65 

1891,0 

1026 

100.4 

132.1 

1722 

1462 

70 

2118.2 

996.2 

115.6 

124.4 

1801 

1577 

75 

2365.8 

964 

133.6 

115.9 

1907 

1731 

80 

2635,2 

928.2 

155.3 

106.4 

2056 

1948 

85 

2928.2 

887.1 

182.3 

95.4 

2287 

2281 

90 

3246,9 

837,7 

217.8 

82.2 

2701 

2365 

95 

3594.1 

772,5 

269.3 

64.9 

3675 

4144 

100 

3975,1 

651.7 

376.3 

33.9 

7959 

8785 


Thermal 
Conductivity 
K W/m - K 

Liquid Vapor 


0.1101 

0.1084 

0.1066 

0.1047 

0,1028 

0.1009 

0.0989 

0.0968 

0.0947 

0.0925 

0.0903 

0.0880 

0.0856 

0.0833 

0.0808 

0.0783 

0,0757 

0.0731 

0.0704 

0,0676 

0.0647 

0.0618 

0.0587 

0.0555 

0.0521 

0.0484 

0.0444 

0.0396 

0.0322 


0.00811 

0.00862 

0.00913 

0.00963 

0.01013 

0.01063 

0.01112 

0.01161 

0,01210 

0.01259 

0.01308 

0,01357 

0,01406 

0.01456 

0,01507 

0.01558 

0.01610 

0.01664 

0.01720 

0.01777 

0.01838 

0.01902 

0.01972 

0.02048 

0.02133 

0.02233 

0.02357 

0.02544 

0.02989 


Dynamic Viscosity 

P, kg/m - s 

Liquid Vap 

4.878 x 10‘ 4 2,550 X 
4.509 x 10“ 4 3.003 > 
4.178 X 10“ 4 3.504 X 
3.882 x IQ" 4 4.054 > 
3.614 x 10 -4 4.651 x 
3.371 x 10^ 4 5,295 X 
3,150 x 1G“ 4 5.982 x 
2.947 X 10“ 4 6.709 > 
2,761 X 10“ 4 7.471 X 
2.589 x 10’ 4 8,264 x 
2.430 x 10“ 4 9.081 x 
2.281 X 10“ 4 9.915 X 
2,142 x lO’ 4 1,075 x 
2.012 x 10“ 4 1.160 x 
1,888 X 10“ 4 1.244 X 

1,772 X lO’ 4 1,327 > 
1.660 x 10“ 4 1.408 > 
1,554 X 10“ 4 1.486 > 
1,453 x 10~ 4 1.562 > 
1.355 x 10~ 4 1.634 > 
1,260 X 10“ 4 1.704 > 
1,167 X UT 4 1.771 X 
1.077 x 10‘ 4 1.839 > 
9.891 X 10“ 5 1.908 > 
9.011 X 10’ 5 1.982 > 
8.124 x 10^ s 2.071 > 
7.203 X 10“ 5 2.187 > 
6.190 x HT 5 2.370 > 
4.765 x 10‘ s 2.833 > 


Prandtl 

Number 

Pr 


Volume 

Expansion 

Coefficient ^ ur ^ ace 
0 t l/K Tension, 


Vapor 

Liquid 

Vapor 

Liquid 

N/m 

2.550 X lO’ 6 

5,558 

0.235 

0.00205 

0.01760 

3.003 x 1CT 6 

5,257 

0.266 

0.00209 

0.01682 

3.504 X 10-« 

4.992 

0.299 

0.00215 

0,01604 

4.054 X 1CT S 

4.757 

0.335 

0.00220 

0.01527 

4.651 x lO" 6 

4.548 

0.374 

0.00227 

0.01451 

5,295 X 10“ 6 

4.363 

0.415 

0.00233 

0.01376 

5.982 x 1CT 6 

4.198 

0.459 

0.00241 

0.01302 

6.709 x lO" 6 

4.051 

0.505 

0.00249 

0.01229 

7.471 X 10“ 6 

3.919 

0.553 

0,00258 

0.01156 

8,264 X 10' 6 

3*802 

0.603 

0.00269 

0.01084 

9.081 x 10~ 6 

3.697 

0.655 

0.00280 

0.01014 

9.915 X 10“ 6 

3.604 

0.708 

0.00293 

0.00944 

1.075 x 10' 5 

3.521 

0,763 

0.00307 

0.00876 

1.160 X. ICT 5 

3.448 

0.819 

0,00324 

0.00808 

1.244 X lO" 5 

3.383 

0.877 

0,00342 

0.00742 

1.327 x 10“ 5 

3,328 

0,935 

0.00364 

0.00677 

1.408 x lO* 5 

3.285 

0.995 

0.00390 

0.00613 

1.486 X 10“ 5 

3.253 

1.058 

0.00420 

0.00550 

1.562 x 10“ 5 

3.231 

1,123 

0.00455 

0.00489 

1.634 x LO' 5 

3.223 

1.193 

0.00500 

0.00429 

1.704 x lO" 5 

3.229 

1.272 

0.00554 

0.00372 

1.771 X 10“ 5 

3.255 

1.362 

0.00624 

0.00315 

1.839 X 10- 5 

3.307 

1.471 

0.00716 

0.00261 

1.908 x 10“ s 

3.400 

1.612 

0.00843 

0.00209 

1.982 X 10~ 5 

3.558 

1.810 

0.01031 

0,00160 

2.071 X lO* 5 

3.837 

2.116 

0,01336 

0.00114 

2.187 x lO" 5 

4.385 

2.658 

0.01911 

0.00071 

2.370 X 10“ 5 

5,746 

3.862 

0.03343 

0.00033 

2.833 x 10" s 

11.77 

8.326 

0.10047 

0.00004 


Note h Kinematic viscosity v and thermal drffusivity a can be calculated from their definitions, v — pJp and a = Upc p = y/Pr. The properties listed here (except 
the vapor density) can be used at any pressures with negligible error except at temperatures near the critical- point value. 

Note 2: The unit kJ/kg * °C for specific heat is equivalent to kJ/kg * K, and the unit W/m - C C for thermal conductivity is equivalent to W/m * K. 

Source; Data generated from the EES software developed by S. A. Klein and F. L. Alvarado. Original sources: R. Tillner-Roih and H. D. Baehr, '’An International 
Standard Formulation for the Thermodynamic Properties of 1,1,1,2-Tetrafluoroethane (HFC-134a) for Temperatures tram 170 K to 455 K and Pressures up to 
70 MPa," J- Phys. Chem t Ret Data, Vol. 23, No. 5, 1994; M J. Assael, N. K. Dalaouti, A, A. Griva, and J, H. Dymond, "Viscosity and Thermal Conductivity of 
Halogenated Methane and Ethane Refrigerants," UR, Vof, 22, pp. 525-535, 1999; NIST REFPROP 6 program (M. 0. McUnden, S. A. Klein, E. W. Lemmon, 
and A. P. Peskin, Physical and Chemical Properties Division, National institute of Standards and Technology, Boulder, CO 80303, 1995). 



Properties of saturated ammonia 


Volume 






Enthalpy 

rtf 

Specific 

Thermal 



Prandtl 

Expansion 




Density 

Heat 

Conductivity 

Dynamic Viscosity 

Number 

Coefficient 

Surface 

To/rrn 

Saturation 

PrpcC ||rp 

p, kg/m 3 

Vaporization c f * K 

k x W/m - K 

p, kg/m 

■ s 


Pr 

A l/K 

Tension, 

7, e C 

P, kPa 

Liquid 

Vapor 

h* %i kJ/kg 

Liquid Vapor 

Liquid 

Vapor 

Liquid 

Vapor 

Liquid 

Vapor 

Liquid 

N/m 

-40 

71,66 

690,2 

0,6435 

1389 

4414 

2242 


0,01792 

2.926 x IO' 4 

7.957 x IO' 6 

— 

0,9955 

0.00176 

0.03565 

-30 

119,4 

677.8 

1,037 

1360 

4465 

2322 

— 

0,01898 

2.630 x 10- 4 

8.311 x IO" 6 

— 

1,017 

0.00185 

0.03341 

-25 

151*5 

671,5 

1.296 

1345 

4489 

2369 

0.5968 

0.01957 

2.492 X 1CT 4 

8.490 X IO' 6 

1,875 

1.028 

0.00190 

0.03229 

-20 

190.1 

665,1 

1,603 

1329 

4514 

2420 

0.5853 

0.02015 

2.361 x IO' 4 

8.669 x 10' 6 

1,821 

1,041 

0.00194 

0,03118 

“15 

236,2 

658.6 

1.966 

1313 

4538 

2476 

0.5737 

0,02075 

2,236 X 10- 4 

8.851 X IO' 6 

1,769 

1,056 

0.00199 

0.03007 

-10 

290,8 

652,1 

2.391 

1297 

4564 

2536 

0,5621 

0.02138 

2.117 X IO' 4 

9.034 X IO' 6 

1,718 

1.072 

0.00205 

0.02896 

-5 

354,9 

645,4 

2,886 

1280 

4589 

2601 

0,5505 

0.02203 

2.003 x IO' 4 

9.218 x IO' 6 

1.670 

1,089 

0.00210 

0.02786 

0 

429,6 

638.6 

3,458 

1262 

4617 

2672 

0.5390 

0,02270 

1.896 X 10“ 4 

9.405 X IO' 6 

1,624 

1,107 

0,00216 

0.02676 

5 

516 

631,7 

4.116 

1244 

4645 

2749 

0,5274 

0,02341 

1.794 X 10" 4 

9.593 X IO' 6 

1,580 

1.126 

0.00223 

0.02566 

10 

615.3 

624.6 

4.870 

1226 

4676 

2831 

0.5158 

0,02415 

1.697 X IO' 4 

9.784 x IO' 6 

1.539 

1.147 

0.00230 

0.02457 

15 

728,8 

617.5 

5.729 

1206 

4709 

2920 

0,5042 

0.02492 

1.606 X 10“ 4 

9.978 X IO' 6 

1.500 

1,169 

0,00237 

0.02348 

20 

857.8 

610,2 

6.705 

1186 

4745 

3016 

0,4927 

0.02573 

1.519 x 10' 4 

1.017 X IO' 5 

1,463 

1,193 

0.00245 

0.02240 

25 

1003 

602.8 

7.809 

1166 

4784 

3120 

0,4811 

0,02658 

1.438 X 10“ 4 

1.037 x IO' 5 

1.430 

1.218 

0.00254 

0.02132 

30 

1167 

595.2 

9,055 

1144 

4828 

3232 

0,4695 

0.02748 

1.361 X 10“ 4 

1.057 X IO' 5 

1,399 

1,244 

0,00264 

0.02024 

35 

1351 

587.4 

10.46 

1122 

4877 

3354 

0.4579 

0.02843 

1.288 x IO’ 4 

1.078 X 10“ 5 

1,372 

1,272 

0.00275 

0.01917 

40 

1555 

579.4 

12.03 

1099 

4932 

3486 

0.4464 

0.02943 

1.219 X IO* 4 

1.099 x IO' 5 

1,347 

1.303 

0.00287 

0.01810 

45 

1782 

571,3 

13.8 

1075 

4993 

3631 

0,4348 

0.03049 

1.155 X It)' 4 

1.121 X IO' 3 

1,327 

1.335 

0.00301 

0.01704 

50 

2033 

562,9 

15.78 

1051 

5063 

3790 

0.4232 

0.03162 

1.094 x IO’ 4 

1.143 X 10' 5 

1.310 

1.371 

0.00316 

0.01598 

55 

2310 

554.2 

18.00 

1025 

5143 

3967 

0.4116 

0.03283 

1.037 X 10“ 4 

1.166 x IO' 5 

1.297 

1,409 

0.00334 

0.01493 

60 

2614 

545.2 

20.48 

997.4 

5234 

4163 

0,4001 

0,03412 

9.846 x IO' 5 

1.189 X IO' 5 

1.288 

1.452 

0.00354 

0,01389 

65 

2948 

536,0 

23.26 

968,9 

5340 

4384 

0.3885 

0.03550 

9.347 x IO' 3 

1,213 x IO' 5 

1,285 

1.499 

0.00377 

0.01285 

70 

3312 

526,3 

26.39 

939.0 

5463 

4634 

0.3769 

0.03700 

8.879 X 1CT 5 

1.238 X IO' 3 

1,287 

1.551 

0,00404 

0.01181 

75 

3709 

516.2 

29.90 

907.5 

5608 

4923 

0.3653 

0.03862 

8.440 x IO' 5 

1.264 X IO' 5 

1.296 

1,612 

0.00436 

0,01079 

80 

4141 

505.7 

33,87 

874,1 

5780 

5260 

0.3538 

0,04038 

8.030 x IO' 3 

1.292 X IO' 5 

1.312 

1.683 

0.00474 

0.00977 

85 

4609 

494,5 

38.36 

838.6 

5988 

5659 

0.3422 

0,04232 

7.646 X 10' s 

1.322 X IO' 3 

1,338 

1.768 

0,00521 

0.00876 

90 

5116 

482,8 

43.48 

800.6 

6242 

6142 

0,3306 

0,04447 

7.284 x IO' 5 

1.354 X 10' 5 

1,375 

1.871 

0.00579 

0.00776 

95 

5665 

470,2 

49,35 

759,8 

6561 

6740 

0,3190 

0.04687 

6.946 x IO' 5 

1.389 x IO' 5 

1,429 

1,999 

0.00652 

0.00677 

100 

6257 

456.6 

56.15 

715,5 

6972 

7503 

0.3075 

0,04958 

6.628 X IO' 5 

1.429 X IO' 3 

1,503 

2.163 

0.00749 

0.00579 


Note h Kinematic viscosity vand thermal diffusivity a can be calculated from their definitions, v = pip and a = k/pc p = vIPr, The properties listed here 
(except the vapor density) can be used at any pressures with negligible error except at temperatures near the critical-point value. 

Note 2: The unit kJ/kg - a C for specific heat is equivalent to kJ/kg ■ K, and the unit W/m • °C for thermal conductivity is equivalent to W/m • K. 

Source: Data generated from the EES software developed by S. A. Klein and F. L. Alvarado, Original sources: Tilfner-Roth, Harms-Watzenberg, and Baehr, 
“One neue Fundamentalgleichung fur Ammoniak,” DKV-Tagungsbericht 20:167-181, 1993; Uiey and Desai, “Thermophysical Properties of Refrigerants," 
ASHRAE, 1993, ISBN 1-1883413-10-9. 


Properties of saturated propane 


Volume 


Saturation 
Temp, Pressure 
T t c C P, kPa 

Density 
p t kg/m 3 

Enthalpy 

of 

Vaporization 
h Ut kJ/kg 

Specific 

Heat 

Cp, Jfkg * K 

Thermal 
Conductivity 
k, W/m * K 

Dynamic Viscosity 
p, kg/m - s 


Prandtl 

Number 

Pr 

Expansion 
Coefficient 
ft l/K 
Liquid 

Surface 

Tension, 

N/m 

Liquid 

Vapor 

Liquid 

Vapor 

Liquid 

Vapor 

Liquid 

Vapor 

Liquid 

Vapor 

-120 0.4053 

664.7 

0.01408 

498.3 

2003 

1115 

0,1802 

0,00589 

6,136 X 

10“ 4 

4,372 X 

10-® 

6,820 

0.827 

0.00153 

0,02630 

-110 1,157 

654.5 

0.03776 

489.3 

2021 

1148 

0,1738 

0.00645 

5,054 x 

l 0 -4 

4,625 X 

icr* 

5,878 

0,822 

0.00157 

0.02486 

“100 2, SSL 

644,2 

0,08872 

480.4 

2044 

1183 

0,1672 

0.00705 

4.252 x 

10- 4 

4.881 x 

icr 6 

5.195 

0,819 

0.00161 

0.02344 

-90 

6.406 

633.8 

0,1870 

471.5 

2070 

1221 

0,1606 

0.00769 

3,635 X 

icr 4 

5.143 x 

icr 6 

4.686 

0.8L7 

0.00166 

0.02202 

-SO 

12,97 

623.2 

0.3602 

462.4 

2100 

1263 

0.1539 

0.00836 

3,149 x 

10- 4 

5,409 X 

10~ 6 

4,297 

0,817 

0.00171 

0.02062 

“70 

24,26 

612,5 

0.6439 

453,1 

2134 

1308 

0.1472 

0.00908 

2.755 X 

10“ 4 

5.680 x 

icr 6 

3.994 

0.818 

0,00177 

0.01923 

-60 

42,46 

601.5 

1,081 

443.5 

2173 

1358 

0,1407 

0,00985 

2,430 X 

10“ 4 

5.956 X 

icr 6 

3.755 

0.821 

0.00184 

0,01785 

-50 

70,24 

590.3 

1.724 

433.6 

2217 

1412 

0.1343 

0.01067 

2,158 X 

io- 4 

6.239 X 

icr 6 

3.563 

0.825 

0.00192 

0.0L649 

“40 

110,7 

578,8 

2,629 

423.1 

2258 

1471 

0,1281 

0.01155 

1.926 x 

icr 4 

6.529 x 

icr 6 

3.395 

0.831 

0,00201 

0,01515 

-30 

167.3 

567,0 

3.864 

412,1 

2310 

1535 

0.1221 

0.01250 

1,726 X 

10- 4 

6.827 X 

icr s 

3.266 

0.839 

0,00213 

0,01382 

—20 

243,8 

554.7 

5.503 

400,3 

2368 

1605 

0.1163 

0.01351 

1.551 X 

icr 4 

7,136 X 

icr 6 

3,158 

0.848 

0.00226 

0,01251 

“10 

344.4 

542,0 

7,635 

387.8 

2433 

1682 

0,1107 

0,01459 

1.397 x 

IQ -4 

7.457 x 

io-« 

3.069 

0.860 

0.00242 

0.01122 

0 

473.3 

528.7 

10.36 

374.2 

2507 

1768 

0.1054 

0,01576 

1,259 X 

10- 4 

7.794 X 

icr 6 

2.996 

0.875 

0,00262 

0.00996 

5 

549,8 

521.8 

11.99 

367.0 

2547 

1814 

0,1028 

0.01637 

1.195 X 

lCr 4 

7,970 X 

icr 6 

2.964 

0.883 

0.00273 

0,00934 

10 

635,1 

514,7 

13.81 

359.5 

2590 

1864 

0.1002 

0,01701 

1.135 X 

10- 4 

8.151 X 

icr 6 

2.935 

0,893 

0.00286 

0.00872 

15 

729.8 

507,5 

15.85 

351,7 

2637 

1917 

0.0977 

0.01767 

1.077 X 

icr 4 

8.339 x 

icr 6 

2.909 

0,905 

0.00301 

0,00811 

20 

834,4 

500.0 

18.13 

343.4 

2688 

1974 

0,0952 

0.01836 

1.022 x 

to- 4 

8,534 X 

icr 6 

2.886 

0.918 

0.00318 

0.00751 

25 

949.7 

492,2 

20.68 

334.8 

2742 

2036 

0.0928 

0,01908 

9.702 x 

10- 3 

8.738 X 

icr 6 

2.866 

0,933 

0.00337 

0.00691 

30 

1076 

484.2 

23.53 

325,8 

2802 

2104 

0.0904 

0.01982 

9.197 X 

icr 3 

8.952 x 

io~ 6 

2.850 

0,950 

0,00358 

0.00633 

35 

1215 

475.8 

26,72 

316,2 

2869 

2179 

0.0881 

0.02061 

8.710 X 

Hr 5 

9.178 X 

io -6 

2.837 

0.971 

0.00384 

0.00575 

40 

1366 

467,1 

30.29 

306.1 

2943 

2264 

0,0857 

0.02142 

8.240 x 

icr 3 

9,417 X 

10-6 

2,828 

0,995 

0.00413 

0.00518 

45 

1530 

458.0 

34.29 

295,3 

3026 

2361 

0.0834 

0,02228 

7.785 x 

10- 3 

9.674 x 

10“ 6 

2.824 

1,025 

0.00448 

0,00463 

50 

1708 

448.5 

38.79 

283,9 

3122 

2473 

0.0811 

0.02319 

7.343 X 

10- 3 

9.950 X 

10- 3 

2.826 

1.061 

0.00491 

0.00408 

60 

2110 

427,5 

49,66 

258.4 

3283 

2769 

0,0765 

0.02517 

6,487 X 

10- 5 

1.058 X 

icr 5 

2,784 

1,164 

0.00609 

0.00303 

70 

2580 

403,2 

64,02 

228,0 

3595 

3241 

0.0717 

0.02746 

5.649 x 

10 - 3 

1.138 x 

10-5 

2.834 

1.343 

0,00811 

0,00204 

SO 

3127 

373.0 

84.28 

189.7 

4501 

4173 

0.0663 

0.03029 

4,790 X 

icr 5 

1.249 X 

10- 3 

3.251 

1.722 

0.01248 

0.00114 

90 

3769 

329,1 

118,6 

133.2 

6977 

7239 

0,0595 

0.03441 

3,807 X 

10" s 

1.448 X 

icr 5 

4.465 

3,047 

0.02847 

0.00037 


Afofe 1: Kinematic viscosity v and thermal diffusivity a can be calculated from their definitions, v = (ifp and a = kfnc p = vfPr. The properties listed here (except 
the vapor density f'bap be used at any pressures with negligible error except at temperatures near the critical-point value. 

Note 2-, The unit kJ(t% • C C for specific heat is equivalent to kJ/kg • K, and the unit W/m - °C for thermal conductivity is equivalent toW/m • K. 

Source-. Data generated from the EES software developed by S. A. Klein and F. L. Alvarado. Original sources: Reiner Tillner-Roth, “Fundamental Equations of 
State," Shaker, Veriag, Aachan, 1998; 8. A. Younglove and J. F. Ely, “Thermophysical Properties of Fluids. II Methane, Ethane, Propane, tsobutane, and Normal 
Butane," J. Phys. Chem. Ref. Data, Vol. 16, No. 4, 1987; G.R. Somayajulu, “A Generalized Equation for Surface Tension from the Triple-Point to the Critical- 
Point," International Journal of Thermophysics, Vol. 9, No. 4, 1988. 



I 



Properties of liquids 


Volume 


Temp. 
t c n 

Density 
o. ks/m 3 

Specific 

Heat 

c r „ J/ke * K 

Thermal 
Conductivity 
k, W/m . K 

Thermal 
Diffusivity 
a , m a /s 

Dynamic 
Viscosity 
Mx kg/m • s 

Kinematic 
Viscosity 
v t m % 

Prandti 

Number 

Pr 

Expansion 

Coeff. 

S3, 1/K 

- 1 r * •**... V — 

Methane [CHJ 

-160 

420.2 

3492 

0.1863 

1.270 X 10“ 7 

1.133 x 10“ 4 

2.699 X 10 -7 

2.126 

0.00352 

-150 

405.0 

3580 

0.1703 

1.174 X 10“ 7 

9.169 X 10- 5 

2.264 X 10 -7 

1.927 

0.00391 

-140 

388.8 

3700 

0.1550 

1.077 x 10- 7 

7.551 X 10“ 5 

1.942 X 10“ 7 

1.803 

0.00444 

-130 

371.1 

3875 

0.1402 

9.749 X 10’ 8 

6.288 X 10' s 

1.694 X 10~ 7 

1.738 

0.00520 

-120 

351.4 

4146 

0.1258 

8.634 X 10~ 8 

5.257 X 10' 5 

1.496 X 10" 7 

1.732 

0.00637 

-110 

328.8 

4611 

0.1115 

7.356 X 10“ 8 

4.377 X 10- 5 

1.331 x 10~ 7 

1.810 

0.00841 

-100 

301.0 

5578 

0.0967 

5.761 X 10“ 8 

3.577 x 10- 5 

1.188 X 10“ 7 

2.063 

0.01282 

-90 

261.7 

8902 

0.0797 

3.423 X 10“ 8 

2.761 x 10“ 5 

1.055 X 10“ 7 

3.082 

0.02922 

Methanol [CHi(0H)3 

20 

788.4 

2515 

0.1987 

1.002 x 10“ 7 

5.857 X 10“ 4 

7.429 X 10' 7 

7.414 

0.00118 

30 

779.1 

2577 

0.1980 

9.862 X 10“ 8 

5.088 X 10“ 4 

6.531 x 10 7 

6*622 

0,00120 

40 

769.6 

2644 

0.1972 

9,690 X 10~ 8 

4.460 X 10- 4 

5,795 X 10“ 7 

5.980 

0.00123 

50 

760.1 

2718 

0,1965 

9.509 X 10" 8 

3.942 X 10" 4 

5.185 X 10“ 7 

5.453 

0.00127 

60 

750.4 

2798 

0.1957 

9.320 X 10' 8 

3.510 X 10" 4 

4.677 X 10“ 7 

5,018 

0.00132 

70 

740.4 

2885 

0.1950 

9.128 X 10“ 8 

3.146 X 10“ 4 

4.250 X 10' 7 

4.655 

0.00137 

Isobutane (R600a) 

-100 

683.8 

1881 

0.1383 

1.075 x 10" 7 

9.305 X 10' 4 

1.360 X 10" 6 

12.65 

0.00142 

-75 

659.3 

1970 

0.1357 

1.044 X 10“ 7 

5.624 X 10~ 4 

8.531 X 10~ 7 

8.167 

0.00150 

-50 

634.3 

2069 

0.1283 

9.773 x 10“ 8 

3.769 x 10“ 4 

5.942 x 10- 7 

6*079 

0.00161 

-25 

608.2 

2180 

0.1181 

8.906 X 10“ 8 

2.688 X 10“ 4 

4.420 X 10“ 7 

4.963 

0.00177 

0 

580.6 

2306 

0.1068 

7.974 X 10“ 8 

1.993 X 10' 4 

3.432 X 10 -7 

4.304 

0.00199 

25 

550.7 

2455 

0.0956 

7.069 X 10' 8 

1.510 X 10' 4 

2.743 X 10“ 7 

3.880 

0.00232 

50 

517.3 

2640 

0.0851 

6.233 X 10' 8 

1.155 X 10" 4 

2.233 X 10~ 7 

3.582 

0.00286 

75 

478.5 

2896 

0.0757 

5.460 X 10- 8 

8.785 x 10' 5 

1.836 X 10" 7 

3.363 

0.00385 

100 

429.6 

3361 

0.0669 

4.634 X IQ” 8 

6,483 X 10“ 5 

i 

1.509 X 10~ 7 

3.256 

0.00628 

Glycerin 

0 

1276 

2262 

0.2820 

9.773 x 10^ 8 

10.49 

8.219 x 10~ 3 

84,101 


5 

1273 

2288 

0.2835 

9.732 x 1O- 0 

6.730 

5.287 X 10” 3 

54,327 


10 

1270 

2320 

0.2846 

9.662 X 1O- 0 

4.241 

3.339 X 10“ 3 

34,561 


15 

1267 

2354 

0,2856 

9.576 X 10“ 8 

2.496 

1.970 x 10 -3 

20,570 


20 

1264 

2386 

0.2860 

9.484 X 10" 8 

1.519 

1.201 x 10“ 3 

12,671 


25 

1261 

2416 

0.2860 

9.388 X 10~ 8 

0.9934 

7.878 x 10 -4 

8,392 


30 

1258 

2447 

0.2860 

9.291 x 10“ 8 

0.6582 

5.232 x 10' 4 

5,631 


35 

1255 

2478 

0.2860 

9.195 x 1O- 0 

0.4347 

3.464 x 10’ 4 

3,767 


40 

1252 

2513 

0.2863 

9.101 x 1O- 0 

0.3073 

2.455 x 10' 4 

2,697 


Engine Oil (unused) 

0 

899.0 

1797 

0.1469 

9.097 x 10“ 8 

3.814 

4.242 X 10' 3 

46,636 

0.00070 

20 

888.1 

1881 

0.1450 

8.680 X 10“ 8 

0.8374 

9.429 x 10~ 4 

10,863 

0.00070 

40 

876.0 

1964 

0.1444 

8.391 X 10~ 8 

0.2177 

2.485 x 10' 4 

2,962 

0.00070 

60 

863.9 

2048 

0.1404 

7.934 X 10‘ 8 

0.07399 

8.565 x 10“ 5 

1,080 

0.00070 

80 

852.0 

2132 

0.1380 

7.599 X 10' 8 

0.03232 

3.794 x 10“ 5 

499.3 

0.00070 

100 

840.0 

2220 

0.1367 

7.330 x 10" 8 

0.01718 

2.046 x 10~ 5 

279.1 

0.00070 

120 

828.9 

2308 

0.1347 

7.042 x 10 -8 

0.01029 

1.241 x 10-s 

176.3 

0.00070 

140 

816.8 

2395 

0.1330 

6.798 x 1O- 0 

0.006558 

8.029 X lO" 6 

118.1 

0.00070 

150 

810.3 

2441 

0.1327 

6.708 X 10- 8 

0.005344 

6.595 X 10" 6 

98.31 

0.00070 


J 


Source; Data generated from the EES software developed by S. A* Klein and F. L Alvarado. Originally based on various sources. 


Properties of liquid metals 

Volume 




Specific - 

Thermal 

Thermal 

Dynamic 

Kinematic 

Prandti Expansion 

Temp, 

Density 

Heat 

Conductivity 

Diffusivity 

Viscosity 

Viscosity 

Number Coeff. 

r: c 

P, kg/m 3 

c,, J/kg • K 

k, W/m - K 

a, m 2 /s 

n, kg/m • s 

v, m 2 /s 

Pr 3, 1/K 

Mercury- (Hg) Melting Point: -39*C 

0 

13595 

140.4 

8.18200 

4.287 x 10' 6 

1.687 x 10“ 3 

1.241 x 10- 7 

0.0289 1.810 x lO" 4 

25 

13534 

139.4 

8.51533 

4.514 X 10- 6 

1.534 x 10- 3 

1.133 x 10“ 7 

0.0251 1.810 x 10" 4 

50 

13473 

138.6 

8.83632 

4.734 X 10“ 6 

1.423 x 10“ 3 

1.056 x 10“ 7 

0.0223 1.810 X 10“ 4 

75 

13412 

137.8 

9.15632 

4.956 X 10“ 6 

1.316 x 10- 3 

9.819 x 10- s 

0.0198 1.810 X 10“ 4 

100 

13351 

137.1 

9.46706 

5.170 X 10“ 6 

1.245 x 10“ 3 

9.326 x 10' 8 

0.0180 1.810 X 10- 4 

150 

13231 

136.1 

10.07780 

5.595 X 10' 6 

1.126 x 10" 3 

8.514 X 10- 8 

0.0152 1.810 X 10' 4 

200 

13112 

135.5 

10.65465 

5.996 X 10' 6 

1.043 x 10~ 3 

7.959 X 10“ 8 

0.0133 1.815 x 10" 4 

250 

12993 

135.3 

11.18150 

6.363 X 10“ s 

9.820 x 10“ 4 

7.558 x 10- a 

0.0119 1.829 X 10“ 4 

300 

12873 

135.3 

11.68150 

6.705 X 10“ 6 

9.336 x 10“ 4 

7.252 X lO' 8 

0.0108 1.854 X 10“ 4 

Bismuth (Bi) Melting Point: 271°C 

350 

9969 

146.0 

16.28 

1.118 X lO' 5 

1.540 x lO- 3 

1.545 X lO' 7 

0.01381 

400 

9908 

148.2 

16.10 

1.096 X 10“ 5 

1.422 X lO- 3 

1.436 x lO' 7 

0.01310 

500 

9785 

152.8 

15.74 

1.052 X 10- 5 

1.188 X 10“ 3 

1.215 X lO’ 7 

0.01154 

600 

9663 

157.3 

15.60 

1.026 X 10~ 5 

1.013 x lO" 3 

1.048 X 10 -7 

0.01022 

700 

9540 

161.8 

15.60 

1.010 x 10“ 5 

8.736 x 10“ 4 

9.157 X lO” 3 

0.00906 

Lead (Pb) Melting Point: 32TC 

400 

10506 

158 

15.97 

9.623 X 10“ 6 

2.277 x lO” 3 

2.167 X 10- 7 

0.02252 

450 

10449 

156 

15.74 

9.649 X 10“ 6 

2.065 X lO” 3 

1.976 X 10- 7 

0.02048 

500 

10390 

155 

15.54 

9.651 X 10“ 6 

1.884 X lO" 3 

1.814 x 10" 7 

0.01879 

550 

10329 

155 

15.39 

9.610 X 10- s 

1.758 X lO- 3 

1.702 X 10- J 

0.01771 

600 

10267 

155 

15.23 

9.568 X 10“ 6 

1.632 X lO” 3 

1.589 X 10 -7 

0.01661 

650 

10206 

155 

15.07 

9.526 x 10“ 6 

1.505 X lO- 3 

1.475 X 10“ 7 

0.01549 

700 

10145 

155 

14.91 

9.483 x 10“ 6 

1.379 x lO- 3 

1.360 X lO' 7 

0.01434 


■* *■ 

r 



Sodium (Na) Melting Point: 98 s C 



100 

*927.3 

1378 

85.84 

6.718 x 10“ 5 

6.892 X 10“ 4 

7.432 X 10“ 7 

0.01106 

200 

902.5 

1349 

80.JJ4 

6.639 X 10' 5 

5.385 X 10' 4 

5.967 X lO' 7 

0.008987 

300 

877.8 

1320 

75,84 

6.544 X 10" 3 

3.878 x 10- 4 

4.418 x 10“ 7 

0.006751 

400 

853.0 

1296 

71.20 

6.437 X 10~ 5 

2.720 X 10“ 4 

3.188 X 10 -7 

0.004953 

500 

828.5 

1284 

67.41 

6.335 X 10“ 5 

2.411 X 10- 4 

2.909 X 10“ 7 

0.004593 

60^ 

,804.0 

1272 

63.63 

6.220 X 10“ 5 

2.101 X 10“ 4 

2.614 x 10~ 7 

0.004202 


Potassium (K) Melting Point: 64°C 


200 

795.2 

790.8 

43.99 

6.995 X 10- 5 

3.350 X 10“ 4 

4.213 X 10- 7 

0.006023 

300 

771.6 

772.8 

42.01 

7.045 x 10“ 5 

2.667 X 10" 4 

3.456 X lO" 7 

0.004906 

400 

748.0 

754.8 

40.03 

7.090 X 10" 5 

1.984 X lO' 4 

2.652 x lO’ 7 

0.00374 

500 

723,9 

750,0 

37.81 

6.964 x 10- 5 

1.668 x 10- 4 

2.304 x 10“ 7 

0.003309 

600 

699.6 

750.0 

35.50 

6.765 X lO" 5 

1.487 X 10“ 4 

2.126 X 10“ 7 

0.003143 




Sodium-Potassium ( %22Na-%78K ) Melting Point: 

-ire 


100 

847.3 

944.4 

25.64 

3.205 X lO” 5 

5.707 X 10“ 4 

6.736 X 10“ 7 

0.02102 

200 

823.2 

922.5 

26.27 

3.459 X lO” 5 

4.587 X lO” 4 

5.572 X 10 -7 

0.01611 

300 

799.1 

900.6 

26.89 

3.736 X 10- 5 

3.467 X 10- 4 

4.339 X 10- 7 

0.01161 

400 

775.0 

879.0 

27.50 

4.037 X 10" 5 

2.357 X 10- 4 

3.041 X lO' 7 

0.00753 

500 

751.5 

880.1 

27.89 

4.217 x lO- 5 

2.108 x 10' 4 

2.805 x lO" 7 

0.00665 

600 

728,0 

881.2 

28,28 

4.408 X lO -5 

1.859 x 10' 4 

2.553 x 10- 7 

0*00579 


Source-. Data generated from the EES software developed by S. A. Klein and F. L. Alvarado. Originally based on various sources. 





Properties of air at 1 atm pressure 




Specific 

Thermal 

Thermal 

Dynamic 

Kinematic 

Prandtl 

Temp* 

Density 

Heat 

Conductivity 

Diffusivity 

Viscosity 

Viscosity 

Number 

T t fl C 

p, kg/m 3 

c„. J/Kfi - K 

k t W/m - K 

a i m 2 /s 2 

j x, kg/m * s 

v, m 2 /s 

Pr 

-150 

2.866 

983 

0.01171 

4.158 x 10“ 6 

8.636 X lO' 6 

3.013 x 10“ 6 

0.7246 

-100 

2.038 

966 

0.01582 

8.036 X 10- 6 

1.189 X 10“ 5 

5.837 X 10“ 6 

0.7263 

-50 

1.582 

999 

0.01979 

1.252 X 10“ 5 

1.474 X 10“ 5 

9.319 X 10“ 6 

0.7440 

-40 

1.514 

1002 

0.02057 

1.356 x 10“ 5 

1.527 x 10“ 5 

1.008 x 10“ 5 

0.7436 

-30 

1.451 

1004 

0.02134 

1.465 X 10" 5 

1.579 X 10“ 5 

1.087 X 10' 5 

0.7425 

-20 

1.394 

1005 

0.02211 

1.578 X 10" 5 

1.630 X 10~ 5 

1.169 X 10" 5 

0,7408 

-10 

1.341 

1006 

0.02288 

1.696 X 10“ 5 

1.680 X 10“ 5 

1.252 X 10“ 5 

0.7387 

0 

1,292 

1006 

0.02364 

1.818 X 10“ 5 

1.729 X 10' 5 

1.338 X 10“ 5 

0.7362 

5 

1.269 

1006 

0.02401 

1.880 X 10“ 5 

1.754 X 10“ 5 

1.382 X lO” 5 

0.7350 

10 

1.246 

1006 

0.02439 

1.944 X 10" 5 

1.778 x 10“ 5 

1.426 X 10~ 5 

0.7336 

15 

1.225 

1007 

0.02476 

2.009 X 10“ 5 

1.802 x 10“ 5 

1.470 x 10" 5 

0.7323 

20 

1.204 

1007 

0.02514 

2.074 X 10" 5 

1.825 x 10' 5 

1.516 x lO’ 5 

0.7309 

25 

1.184 

1007 

0.02551 

2.141 X 10“ 5 

1.849 X 10“ 5 

1.562 X 10“ 5 

0.7296 

30 

1.164 

1007 

0.02588 

2.208 X 10“ 5 

1.872 x 10“ 5 

1.608 X lO” 5 

0.7282 

35 

1.145 

1007 

0.02625 

2.277 X 10“ 5 

1.895 X 10“ 5 

1.655 X 10“ 5 

0.7268 

40 

1.127 

1007 

0.02662 

2.346 X 10- 5 

1,918 x 10“ 5 

1.702 X 10“ 5 

0.7255 

45 

1.109 

1007 

0.02699 

2.416 X 10“ 5 

1.941 x 10“ 5 

1.750 X 10“ 5 

0.7241 

50 

1.092 

1007 

0.02735 

2.487 X lO’ 5 

1.963 x 10~ 5 - 

1.798 X 10“ 5 

0.7228 

60 

1.059 

1007 

0.02808 

2.632 X 10~ 5 

2.008 X 10‘ 5 

1.896 X 10“ 5 

0.7202 

70 

1.028 

1007 

0.02881 

2.780 x 10“ 5 

2.052 x 10~ 5 

1.995 X 10' 5 

0.7177 

80 

0.9994 

1008 

0.02953 

2,931 x 10“ 5 

2.096 X 10“ 5 

2.097 X 10“ 5 

0.7154 

90 

0.9718 

1008 

0.03024 

3.086 x 10“ 5 

2.139 x 10“ 5 

2.201 X 10“ 5 

0.7132 

100 

0.9458 

1009 

0.03095 

3.243 x 10~ 5 

2.181 x 10 -5 

2.306 x 10“ 5 

0.7111 

120 

0.8977 

1011 

0.03235 

3.565 X 10" 5 

2.264 x 10“ 5 

2.522 X 10“ 5 

0.7073 

140 

0.8542 

1013 

0.03374 

3.898 X 10~ 5 

2.345 X 10" 5 

2.745 X lO' 5 

0.7041 

160 

0.8148 

1016 

0.03511 

4.241 X 10“ 5 

2.420 X 10" 5 

2.975 X 10’ 5 

0.7014 

180 

0.7788 

1019 

0.03646 

4.593 X 10“ 5 

2.504 X 10“ 5 

3.212 X 10“ 5 

0.6992 

200 

0.7459 

1023 

0.03779 

4.954 X 10~ 5 

2.577 X 10“ 5 

3.455 X 10“ 5 

0.6974 

250 

0.6746 

1033 

0.04104 

5.890 X 10" 5 

2.760 X 10“ 5 

4.091 X 10“ 5 

0.6946 

300 

0.6158 

1044 

0.04418 

6.871 X 10' 5 

2.934 X 10“ 5 

4.765 X 10~ 5 

0.6935 

350 

0.5664 

1056 

0.04721 

7.892 x 10^ 5 

3.101 X 10‘ 5 

5.475 x lO' 5 

0,6937 

400 

0.5243 

1069 

0.05015 

8.951 x 10“ 5 

3.261 x 10' s 

6.219 x 10~ 5 

0.6948 

450 

0.4880 

1081 

0.05298 

1.004 x 10“ 4 

3.415 x 10“ 5 

6.997 X 10“ 5 

0.6965 

500 

0.4565 

1093 

0.05572 

1.117 x 10“ 4 

3.563 x 10“ 5 

7.806 X 10“ 5 

0.6986 

600 

0.4042 

1115 

0.06093 

1.352 x 10' 4 

3.846 x 10“ 5 

9.515 X 10“ 5 

0.7037 

700 

0.3627 

1135 

0.06581 

1.598 X 10~ 4 

4.111 x 10 -5 

1.133 X 10“ 4 

0.7092 

800 

0.3289 

1153 

0.07037 

1,855 x 10" 4 

4.362 x 10 -5 

1.326 X 10~ 4 

0.7149 

900 

0.3008 

1169 

0.07465 

2.122 X 10“ 4 

4.600 x 10“ 5 

1.529 X 10" 4 

0.7206 

1000 

0.2772 

1184 

0.07868 

2.398 X 10“ 4 

4.826 x 10' 5 

1.741 X 10“ 4 

0.7260 

1500 

0.1990 

1234 

0.09599 

3.908 X 10“ 4 

5.817 x 10~ 5 

2.922 X 10“ 4 

0.7478 

2000 

0.1553 

1264 

0.11113 

5.664 X 10~ 4 

6.630 x 10“ 5 

4.270 X 10“ 4 

0.7539 


/Vote: For ideal gases, the properties c ^ k, p, and Pr are independent of pressure* The properties p f v> and a at a pressure P(in atm) other than 1 atm are 
determined by multiplying the values of p at the given temperature by Fand by dividing v and a by P* 

Source: Data generated from the FES software developed by S. A* Klein and F. L Alvarado. Original sources: Keenan, Chao, Keyes, Gas Tables, Wiley, 198; 
and Thermophysical Properties of Matter, VoL 3: Thermal Conductivity, Y. S* Touloukian, P* E* U!ey, S. C* Saxena, Vol* 11: Viscosity, Y. S, Touloukian, S. C* 
Saxena, and P* Hestermans, IFI/Plenun, NY, 1970, ISBN 0-306067020-8* 


Properties of gases at 1 atm pressure 




Specific 

Thermal 

Thermal 

Dynamic 

Kinematic 

Prandtl 

Temp, 

Density 

Heat 

Conductivity 

Diffusivity 

Viscosity 

Viscosity 

Number 

r, °c 

P, kg4n 3 

c B , J/kg - K 

k, W/m • K 

a, m 2 /s 2 

M, kg/m ■ s 

v, m 2 /s 

Pr 

Carbon Dioxide, CO? 

-50 

2.4035 

746 

0.01051 

5.860 x 10“ 6 

1.129 x 10 -5 

4.699 x 10- 6 

0.8019 

0 

1.9635 

811 

0.01456 

9.141 x 10 s 

1.375 x 10 5 

7.003 x 10“ 6 

0,7661 

50 

1.6597 

866.6 

0.01858 

1.291 X IQ' 5 

1.612 X 10“ 5 

9.714 x 10“ 6 

0.7520 

100 

1.4373 

914.8 

0.02257 

1.716 x 10“ 5 

1.841 x 10- 5 

1.281 X 10“ 5 

0,7464 

150 

1.2675 

957.4 

0.02652 

2.186 X 10“ 5 

2.063 x 10" E 

1.627 X 10“ 5 

0.7445 

200 

1.1336 

995.2 

0.03044 

2.698 X 10~ 5 

2.276 X 10 -5 

2.008 X 10~ 5 

0.7442 

300 

0,9358 

1060 

0.03814 

3.847 X 10' s 

2.682 x 10“ 5 

2.866 x 10” 5 

0.7450 

400 

0.7968 

1112 

0.04565 

5.151 X 10~ s 

3.061 X 10- 5 

3.842 X 10“ 5 

0.7458 

500 

0.6937 

1156 

0.05293 

6.600 X 10“ 5 

3.416 X 10“ 5 

4.924 X 10“ 5 

0.7460 

1000 

0.4213 

1292 

0.08491 

1.560 x 10“ 4 

4.898 X 10~ 5 

1.162 X 10- 4 

0.7455 

1500 

0.3025 

1356 

0.10688 

2.606 x 10~ 4 

6.106 x 10“ 5 

2.019 X 10“ 4 

0.7745 

2000 

0.2359 

1387 

0.11522 

3.521 X 10" 4 

7.322 X 10“ 5 

3.103 x 10“ 4 

0.8815 


Carbon Monoxide, CO 


-50 

1.5297 

1081 

0.01901 

1.149 x 10“ 5 

1.378 x 10“ 5 

9.012 x 10~ 6 

0.7840 

0 

1.2497 

1048 

0.02278 

1.739 X 10~ 5 

1.629 x 10“ 5 

1.303 X 10“ 5 

0.7499 

50 

1.0563 

1039 

0.02641 

2.407 X 10“ 5 

1.863 X 10“ 5 

1.764 x 10“ 5 

0.7328 

100 

0.9148 

1041 

0.02992 

3.142 X 10“ 5 

2.080 X 10~ 5 

2.274 X 10^5 

0.7239 

150 

0.8067 

1049 

0.03330 

3.936 X 10^ 5 

2.283 X 10' 5 

2.830 X lO- 5 

0.7191 

200 

0.7214 

1060 

0.03656 

4.782 X 10- 5 

2.472 X 10“ 5 

3.426 X 10“ 5 

0.7164 

300 

0.5956 

1085 

0.04277 

6.619 X 10“ 5 

2.812 X 10“ 5 

4.722 X 10“ 5 

0.7134 

400 

0.5071 

1111 

0.04860 

8.628 x 10“ 5 

3.111 x 10 5 

6.136 x 10“ 5 

0.7111 

500 

0.4415 

1135 

0.05412 

1.079 X 10“ 4 

3.379 X 10~ 5 

7.653 X lO” 5 

0.7087 

1000 

0.2681 

1226 

0.07894 

2.401 X 10' 4 

4.557 X lO’ 5 

1.700 X 10“ 4 

0,7080 

1500 

0.1925 

1279 

0.10458 

4.246 X lO^ 4 

6.321 X 10’ 5 

3.284 X 10' 4 

0.7733 

2000 

0.1502 

1309 

0.13833 

7.034 X 10“ 4 

9.826 X 10“ 5 

6.543 X 10- 4 

0.9302 

' "■? 

r- 

i ' 

f 




Methane, CH 4 




-50 

0.8761 

2243 

0.02367 

1.204 X 10“ 5 

8.564 X 10 -6 

9.774 X 10~ 6 

0.8116 

0 

0.7158 

2217 ' 

0.03042 

1.917 X 10“ 5 

1.028 x 10“ 5 

1.436 X 10“ 5 

0.7494 

50 

0.6050 

2302 

0.03766 

2.704 X 10“ 5 

1.191 X 10“ 5 

1.969 X lO” 5 

0.7282 

100 

0.5240 

2443 

0.04534 

3.543 X lO’ 5 

1.345 X 10- 5 

2.567 X 10-5 

0.7247 

15$ 

0.4620 

2611 

0.05344 

4.431 X 10~ s 

1.491 x 10“ 5 

3.227 X lO" 5 

0.7284 

200 

0.4132 

2791 

0.06194 

5.370 x 10 -5 

1.630 x 10~ 5 

3.944 x 10- 5 

0.7344 

300 

0.3411 

3158 

0.07996 

7.422 X lO” 5 

1.886 X 10“ 5 

5.529 x 10“ 5 

0.7450 

400 

0.2904 

3510 

0.09918 

9.727 X 10“ 5 

2.119 X 10“ 5 

7.297 X 10“ 5 

0.7501 

500 

0.2529 

3836 

0.11933 

1.230 x 10‘ 4 

2.334 X lO” 5 

9.228 X lO' 5 

0.7502 

1000 

0.1536 

5042 

0.22562 

2.914 X 10~ 4 

3.281 x 10“ 5 

2.136 X lO" 4 

0.7331 

1500 

0.1103 

5701 

0.31857 

5.068 X 10“ 4 

4.434 x 10“ s 

4.022 x 10' 4 

0.7936 

2000 

0.0860 

6001 

0,36750 

7.120 x 10- 4 

6.360 x 10^ s 

7.395 x 10- 4 

1.0386 

Hydrogen , H 2 

-50 

0.11010 

12635 

0.1404 

1.009 X 10^ 4 

7.293 X 10“ 6 

6.624 X 10' s 

0.6562 

0 

0.08995 

13920 

0.1652 

1.319 X 10 -4 

8.391 X 10 -6 

9.329 x lO' 5 

0.7071 

50 

0.07603 

14349 

0.1881 

1.724 x 10“ 4 

9.427 X 10" 6 

1.240 x 10“ 4 

0.7191 

100 

0.06584 

14473 

0.2095 

2.199 x 10^ 4 

1.041 x 10“ 5 

1.582 x 10 -4 

0.7196 

150 

0.05806 

14492 

0.2296 

2.729 x lO" 4 

1.136 x 10 -5 

1.957 x 10“ 4 

0.7174 

200 

0.05193 

14482 

0.2486 

3.306 x 10" 4 

1.228 x 10“ 5 

2.365 X 10“ 4 

0,7155 


(Continued) 



Properties of eases at 1 atm pressure (Continued) 
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-50 

0 

50 

100 

150 

200 

300 

400 

500 

1000 

1500 

2000 


Density 
p, kgftn 3 

0.04287 

0.03650 

0.03178 

0.01930 

0.01386 

0.01081 


1.5299 

1,2498 

1.0564 

0.9149 

0.8068 

0.7215 

0.5956 

0.5072 

0.4416 

0.2681 

0.1925 

0.1502 


1.7475 

1.4277 

1.2068 

1.0451 

0.9216 

0.8242 

0.6804 

0.5793 

0.5044 

0.3063 

0.2199 

0.1716 


0.9839 

0.8038 

0.6794 

0.5884 

0.5189 

0.4640 

0.3831 

0.3262 

0.2840 

0.1725 

0.1238 

0.0966 


Specific 

Heat 

c„, i/kg • K 

14481 

14540 

14653 

15577 

16553 

17400 


957.3 

1035 

1042 
1041 

1043 
1050 
1070 
1095 
1120 
1213 
1266 
1297 


984.4 

928.7 

921.7 

931.8 

947.6 

964.7 
997.1 

1025 

1048 

1121 

1165 

1201 


1892 

1874 

1874 

1887 

1908 

1935 

1997 

2066 

2137 

2471 

2736 

2928 


Thermal 
Conductivity 
k, W/m • K 

0.2843 

0.3180 

0.3509 

0.5206 

0.6581 

0.5480 


0.02001 

0.02384 

0.02746 

0.03090 

0.03416 

0.03727 

0.04309 

0.04848 

0.05358 

0.07938 

0,11793 

0.18590 


0.02067 

0.02472 

0.02867 

0.03254 

0.03637 

0.04014 

0.04751 

0.05463 

0.06148 

0.09198 

0.11901 

0.14705 


0.01353 

0.01673 

0.02032 

0.02429 

0.02861 

0.03326 

0.04345 

0.05467 

0.06677 

0.13623 

0.21301 

0.29183 


Thermal 
Diffusivity 
a, m 2 /s 2 


4.580 X lO" 4 
5.992 X lO' 4 
7.535 x IO" 4 
1.732 X 10“ 3 
2.869 X IO" 3 
2.914 X IO" 3 


Nitrogen, N 2 


1.366 X 
1.843 x 
2.494 x 
3.244 X 
4.058 x 
4.921 X 
6.758 x 
8.727 X 
1.083 X 
2.440 X 
4.839 X 
9.543 x 


Oxygen, 0 2 


1.201 x 
1.865 x 
2.577 x 
3.342 x 
4.164 X 
5.048 x 
7.003 x 
9.204 x 
1.163 x 
2.678 x 
4.643 X 
7.139 X 


IO" 5 

IO" 5 

io- 5 

10" 5 

10- 5 

IO" 5 

IO" 5 

IO" 5 

10“ 4 

io- 4 

10- 4 

IO" 4 


IO" 5 

10- 5 

IO" 5 

10" 5 

IO" 5 

io- 5 

IO -5 

10- 5 

10-4 

IO- 4 

IO" 4 

10- 4 


Water Vapor, H 2 0 


7.271 x 
1.110 x 
1.596 x 
2.187 x 
2.890 x 
3.705 x 
5.680 x 
8.114 x 
1.100 x 
3.196 x 
6.288 x 
1.032 x 


10 -s 

10" 5 

IO" 5 

10“ 5 

10“ 5 

10" s 

IO" 5 

IO" 5 

IO" 4 

IO" 4 

IO" 4 

IO' 3 


Dynamic 
Viscosity 
P, kg/m ■ s 


1.403 x IO" 5 
1.570 X IO" 5 
1.730 x IO" 5 
2.455 x IO" 5 
3.099 X 10" 5 
3.690 X 10“ 5 


1.390 X 
1.640 x 
1.874 x 
2.094 x 
2.300 x 
2.494 x 
2.849 x 
3.166 x 
3.451 x 
4.594 X 
5.562 x 
6.426 X 


IO" 5 

IO " 5 

IO" 5 

IO " 5 

IO' 5 

10" 5 

IO" 5 

IO " 5 

IO " 5 

10-5 

IO " 5 

10" 5 


1.616 X 
1.916 x 
2.194 x 
2.451 x 
2.694 x 
2.923 x 
3.350 x 
3.744 X 
4.114 x 
5.732 x 
7.133 X 
8.417 X 


10-5 

IO' 5 

10" 5 

IO" 5 

IO" 5 

IO" 5 

IO" 5 

10“ 5 

IO" 5 

IO" 5 

IO" 5 

10" s 


7.187 X 
8.956 X 
1.078 X 
1.265 x 
1.456 X 
1.650 X 
2.045 X 
2.446 x 
2.847 x 
4.762 x 
6.411 x 
7.808 x 


10" 6 

IQ-6 

IO" 5 

10" 5 

10" 5 

10-5 

IO" 5 

10" 5 

IO" 5 

IO" 5 

IO" 5 

IQ-5 


Kinematic 
Viscosity 
v , m 3 /s 

3.274 x IO" 4 
4.302 X IO' 4 
5.443 X IO" 4 
1.272 X IO" 3 
2,237 x IO" 3 
3.414 X IO" 3 


9.091 X 
1.312 X 
1.774 x 
2.289 x 
2.851 x 
3.457 X 
4.783 X 
6.242 X 
7.816 X 
1.713 X 
2.889 X 
4.278 X 


IO" 6 

IO" 5 

IO" 5 

IO" 5 

IO" 5 

IO " 5 

IO " 5 

IO " 5 

IO " 5 

IO " 4 

10“ 4 

10-4 


9.246 X 
1.342 X 
1.818 X 
2.346 X 

2.923 x 
3.546 x 

4.923 X 
6.463 X 
8.156 X 
1.871 X 
3.243 X 
4.907 x 


10" s 

IO" 5 

10-s 

IO" 5 

IO" 5 

IO" 5 

IO" 5 

IO" 5 

10-5 

IO" 4 

10" 4 

IO" 4 


7.305 X 
1.114 x 
1.587 X 
2.150 x 
2.806 x 
3.556 x 
5.340 X 
7.498 X 
1.002 x 
2.761 x 
5.177 x 
8.084 x 


IO" 6 

10-s 

IO" 5 

IO" 5 

IO" 5 

IO" 5 

IO " 5 

IO " 5 

IO " 4 

10-4 

IO " 4 

IO " 4 


Prandti 

Number 

Pr 


Note-. For ideal gases, the properties c p . k, g, and Pr are independent of pressure. The properties p, v, and ct at a pressure P (in atm) other than 1 atm are 
determined by multiplying the values of pat the given temperature by p and by dividing v and a by P. 

Source-. Data generated from the EES software developed by S. A. Klein and F. L Alvarado. Originally based on various sources. 


Properties of the atmosphere at high altitude 


Altitude, Temperature, Pressure, Gravity 


z, m 

T, °C 

P, kPa 

g, m/s 2 

0 

15.00 

101.33 

9.807 

200 

13.70 

98.95 

9.806 

400 

12.40 

96.61 

9.805 

600 

11.10 

94.32 

9.805 

800 

9.80 

92.08 

9.804 

1000 

8.50 

89.88 

9.804 

1200 

7.20 

87.72 

9.803 

1400 

5.90 

85.60 

9.802 

1600 

4.60 

83.53 

9.802 

1800 

3.30 

81.49 

9.801 

2000 

2.00 

79.50 

9.800 

2200 

0.70 

77.55 

9.800 

2400 

- 0.59 

75.63 

9.799 

2600 

- 1.89 

73.76 

9.799 

2800 

- 3.19 

71.92 

9.798 

3000 

- 4.49 

70.12 

9.797 

3200 

- 5.79 

68.36 

9.797 

3400 

- 7.09 

66.63 

9.796 

3600 

- 8.39 

64.94 

9.796 

3800 

- 9.69 

63.28 

9.795 

4000 

- 10.98 

61.66 

9.794 

4200 

- 12.3 

60.07 

9.794 

4400 

- 13.6 

58.52 

9.793 

4600 

- 14.9 

57.00 

9.793 

4800 

- 16.2 

55.51 

9.792 

5000 

- 17.5 

54.05 

9.791 

5200 ' '' V 

- 18.8 

52.62 

9.791 

5400 ■ f : 

- 20.1 

51.23 

9.790 

5600 

- 21.4 

49.86 

9.789 

5800 

- 22.7 

4^.52 

9.785 

6000 

- 24.0 

47.22 

9.788 

6200 

■** 

- 25.3 

45.94 

9.788 

64.00 , 

- 26.6 

44.69 

9.787 

6600 

- 27.9 

43.47 

9.786 

6800 

- 29.2 

42.27 

9.785 

7000 

- 30.5 

41.11 

9.785 

8000 

- 36.9 

35.65 

9.782 

9000 

- 43.4 

30.80 

9.779 

10,000 

- 49.9 

26.50 

9.776 

12,000 

- 56.5 

19.40 

9.770 

14,000 

- 56,5 

14.17 

9.764 

16,000 

- 56.5 

10.53 

9.758 

18,000 

- 56.5 

7.57 

9.751 


Speed of 
Sound, 
c, m/s 

Density, 

P, kg/m 3 

Viscosity 
u , kg/m • s 

Thermal 
Conductivity, 
k, W/m • K 

340.3 

1.225 

1.789 X 10“ 5 

0.0253 

339.5 

1.202 

1.783 x 10“ 5 

0.0252 

338.8 

1.179 

1.777 x 10" 5 

0.0252 

338.0 

1.156 

1.771 x 10“ 5 

0.0251 

337.2 

1.134 

1.764 X 10“ 5 

0.0250 

336.4 

1.112 

1.758 x 10~ 5 

0.0249 

335.7 

1.090 

1.752 x 10“ 5 

0.0248 

334.9 

1.069 

1.745 X 10 -5 

0.0247 

334.1 

1.048 

1.739 X 10“ 5 

0.0245 

333.3 

1.027 

1.732 X 10“ 5 

0.0244 

332.5 

1.007 

1.726 X 10~ 5 

0.0243 

331.7 

0.987 

1.720 X 10 -5 

0.0242 

331.0 

0.967 

- 1.713 X 10“ 5 

0.0241 

330.2 

0.947 

1.707 x 10- 5 

0.0240 

329.4 

0.928 

1.700 X 10 -5 

0.0239 

328.6 

0.909 

1.694 x 10“ 5 

0.0238 

327.8 

0.891 

1.687 x 10“ 5 

0.0237 

327.0 

0.872 

1.681 X 10- 5 

0.0236 

326.2 

0.854 

1.674 X 10“ 5 

0.0235 

325.4 

0.837 

1.668 x 10~ 5 

0.0234 

324.6 

0.819 

1.661 X 10- 5 

0.0233 

323.8 

0.802 

1.655 X 10" 5 

0.0232 

323.0 

0.785 

1.648 x 10“ 5 

0.0231 

322.2 

0.769 

1.642 x 10~ 5 

0.0230 

321.4 

0.752 

1.635 x 10~ 5 

0.0229 

320.5 

0.736 

1.628 X 10 -5 

0.0228 

319.7 

0.721 

1.622 X 10“ 5 

0.0227 

318.9 

0.705 

1.615 x 10~ 5 

0.0226 

318.1 

0.690 

1.608 x 10~ 5 

0.0224 

317.3 

0.675 

1.602 X 10- 5 

0.0223 

316.5 

0.660 

1.595 X 10“ 5 

0.0222 

315.6 

0.646 

1.588 x 10“ 5 

0.0221 

314.8 

0.631 

1.582 x 10- 5 

0.0220 

314.0 

0.617 

1.575 X 10“ 5 

0.0219 

313.1 

0.604 

1.568 x 10“ 5 

0.0218 

312.3 

0.590 

1.561 X 10- 5 

0.0217 

308.1 

0.526 

1.527 X 10~ 5 

0.0212 

303.8 

0.467 

1.493 x 10“ 5 

0.0206 

299.5 

0.414 

1.458 x 10~ 5 

0.0201 

295.1 

0.312 

1.422 X 10“ 5 

0.0195 

295.1 

0.228 

1.422 X 10“ 5 

0.0195 

295.1 

0.166 

1.422 x 10" 5 

0.0195 

295.1 

0.122 

1.422 X 10- 5 

0.0195 


Source. U.S. Standard Atmosphere Supplements, U,S. Government Printing Office, 1966. Based on year-round mean conditions at 45° latitude and varies 
with the time of the year and the weather patterns. The conditions at sea level (z = 0) are taken to be P= 101.325 kPa T= 15°C a = 1 2250 kg/m 3 
g = 9.80665 m 2 /s. 


Emissivities of surfaces 
(a) Metals 

Material 


Temperature, 

K 

300-900 

400 

400-800 

300 

350 

500-650 

350 

300-600 

450-800 

300-1400 

300 

300-500 

300 

600-1000 

300 

300-1000 

300 

300-500 

300 

300-500 

300 

500-900 

300-500 
. 300 
300 


Emissivtty, 


0.04-0.06 

0.09 

0.20-0.33 

0.8 

0.34 

0.03-0.04 

0.09 

0.22 

0.6 

0.08-0.40 

0.02 

0.04-0.05 

0.15 

0.5-0.8 

0.78 

0.03-0.06 

0.07 

0.05-0.07 

0.44 

0.28 

0.61 

0.64-0.78 

0.06-0.08 

0.43 

0.63 


Material 

Temperature, 

K 

Emissivity, 

£ 

Magnesium, polished 

300-500 

0.07-0.13 

Mercury 

300-400 

0.09-0.12 

Molybdenum 

Polished 

300-2000 

0.05-0.21 

Oxidized 

600-800 

0.80-0.82 

Nickel 

Polished 

500-1200 

0.07-0.17 

Oxidized 

450-1000 

0.37-0.57 

Platinum, polished 

500-1500 

0.06-0.18 

Silver, polished 

300-1000 

0.02-0.07 

Stainless steel 

Polished 

300-1000 

0.17-0.30 

Lightly oxidized 

600-1000 

0.30-0.40 

Highly oxidized 

600-1000 

0.70-0.80 

Steel 

Polished sheet 

300-500 

0.08-0.14 

Commercial sheet 

500-1200 

0.20-0.32 

Heavily oxidized 

300 

0.81 

Tin, polished 

300 

0.05 

Tungsten 

Polished 

300-2500 

0.03-0.29 

Filament 

3500 

0.39 

Zinc ••• 

Polished 

: : 300-800 

0.02-0.05 

Oxidized 

: 300 

0.25 


Emissivities of surfaces (Concluded) 
( b ) Nonmetals 


Material 

Temperature, 

K 

Emissivity, 

€ 

Material 

Temperature, 

K 

Emissivity, 

s 

Alumina 

800-1400 

0.65-0.45 

Paper, white 

300 

0.90 

Aluminum oxide 

600-1500 

0.69-0.41 

Plaster, white 

300 

0.93 

Asbestos 

300 

0.96 

Porcelain, glazed 

300 

0.92 

Asphalt pavement 

300 

0.85-0.93 

Quartz, rough, fused 

300 

0.93 

Brick 



Rubber 



Common 

300 

0.93-0,96 

Hard 

300 

0.93 

Fireclay 

1200 

0.75 

Soft 

300 

0.86 

Carbon filament 

2000 

0.53 

Sand 

300 

0.90 

Cloth 

300 

0.75-0.90 

Silicon carbide 

600-1500 

0.87-0.85 

Concrete 

300 

0.88-0.94 

Skin, human 

300 

0.95 

Glass 



Snow 

273 

0.80-0.90 

Window 

300 

0.90-0.95 

Soil, earth 

300 

0.93-0.96 

Pyrex 

300-1200 

0.82-0.62 

Soot 

300-500 

0.95 

Pyroceram 

300-1500 

0.85-0.57 

Teflon 

300-500 

0.85-0.92 

Ice 

273 

0.95-0.99 

Water, deep 

273-373 

0.95-0.96 

Magnesium oxide 

400-800 

0.69-0.55 

Wood 



Masonry 

300 

0.80 

Beech 

300 

0.94 

Paints 



Oak 

300 

0.90 

Aluminum 

300 

0.40-0.50 




Black, lacquer, shiny 

300 

0.88 




Oils, all colors 

300 

0.92-0.96 




Red primer 

300 

0.93 




White acrylic 

300 

0.90 




White enamel 

300 

0.90 






> 1 * 1 * 




Solar radiative properties of materials 


Description/composition 

Solar 

Absorptivity, a s 

Emissivity, e, 
at 300 K 

Ratio, 

ajs 

Solar 

Transmissivity, t s 

Aluminum 

Polished 

0.09 

0.03 

3.0 

r 

Anodized 

0.14 

0.84 

0.17 


Quartz-overcoated 

0.11 

0.37 

. 0.30 


Foil 

0.15 

0.05 

3.0 


Brick, red (Purdue) 

0.63 

0.93 

0.68 


Concrete 

0.60 

0.88 

0.68 


Galvanized sheet metal 

Clean, new 

0.65 

0.13 

5.0 


Oxidized, weathered 

0.80 

0.28 

2.9 


Glass, 3.2-mm thickness 

Float or tempered 
Low iron oxide type 

Marble, slightly off-white (nonreflective) 

0.40 

0.88 

0.45 

0.79 

0.88 

Metal, plated 

Black sulfide 

0.92 

0.10 

9.2 


Black cobalt oxide 

0.93 

0.30 

3.1 


Black nickel oxide 

0.92 

0.08 

11 


Black chrome 

0.87 

0.09 

9.7 


Mylar, 0.13-mm thickness 




0.87 

Paints 

Black (Parsons) 

0.98 

0.98 

1,0 


White, acrylic 

0.26 

0.90 

0.29 


White, zinc oxide 

0.16 

0.93 

0.17 


Paper, white 

0.27 

0.83 

0,32 


Plexiglas, 3.2-mm thickness 

Porcelain tiles, white (reflective glazed surface) 

0.26 

0.85 

0.30 

0.90 

Roofing tiles, bright red 

Dry surface 

0.65 

0.85 

0.76 


Wet surface 

0.88 

0.91 

0.96 


Sand, dry 
Off-white 

0.52 

0.82 

0.63 


Dull red 

0.73 

0.86 

0.82 


Snow 

Fine particles, fresh 

0.13 

0.82 

0.16 


Ice granules 

0.33 

0.89 

0.37 


Steel 

Mirror-finish 

0.41 

0.05 

8.2 


Heavily rusted 

0.89 

0.92 

0.96 


Stone (light pink) 

0.65 

0.87 

0.74 


Tediar, 0.10-mm thickness 
Teflon, 0.13-mm thickness 
Wood 

0.59 

0.90 

0.66 

0.92 

0.92 


Source-. V. C. Sharma and A* Sharma, ‘'Solar Properties of Some Building Elements/ Energy 14 {1989}, pp. 805-810, and other sources. 
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A 

Absorptivity, 28, 684-686, 745, 746-750 
defined, 28, 684 

gases and gas mixtures, 748— 750 
radiative properties of, 680-684 
spectral, 745 
Air-conditioning, 40 
Approach velocity, 396 
Aspect ratio, 523—524 
Asymmetric thermal radiation, 42 
Atmospheric radiation, 688-692 
effective sky temperature, 690 
solar radiation and, 689-690 
Average temperature, 23, 105, 453-454 
internal forced convection, 453-454 
thermal conductivity, 23, 105 
Average velocity, 453-454 


Beam length, mean, 749 
Beer’s law, 745 

Binary diffusion coefficient, 780-782 
Biot number (Bi), 220-221 
Black surfaces, ?24— 726 
Blackbody, defined, 28 
Blackbody radiation, 28, 667-673 
defined, 28, 667 
emissive power, 667 
function, 671-673 
Pluck’s law, 668 
spectral emissive power, 668-671 
Stefan-Boltzmann law, 28, 667-671 
Wien’s displacement law, 669-670 
Boilers, 622 

Boiling, 561-578, 592-607 - 

burnout phenomenon, 567-568 
curve, 564—565 
defined, 562 
evaporation, 582 
film, 567-568, 571-572 
flow, 563, 576-578 
heat flux, 567, 569-570 
heat pipes, 592-597 
heat transfer, 562-564 
introduction to, 561 
Leidenfrost point, 567 
natural convection, 565 


nucleate, 565-567, 568-569 
pool, 563, 564-576 
saturated, 562-563 
subcooled, 562-563 
transition, 567 
Boltzmann’s constant, 668 
Boundary conditions, 77-86, 294—298, 
303-311,783-788 
combined, 84^-86, 296 
convection, 81-82, 295 
defined, 77 

finite difference formulation, 294— 
297 

generalized, 84—86 
heat conduction, 294—297 
heat flux, 80-81 
Henry’s constant, 785-786 
Henry’s law, 785 
impermeable surface, 784 
insulated, 79, 295 
interface, S3, 296 
mass transfer, 783-788 
minor image concept, 296-297 
T nodes, 294—298, 303-311 
one-dimensional, 292-298 
permeability, 787-788 
radiation, 82-83, 296 
Raoult’s law, 787 
solubility, 785—787 
specified heat flux, 79-81, 295 
specified temperature, 78-79, 294— 
295 

thermal symmetry, 80-81 
two-dimensional, 303-311 
Boundary layers, 357, 362-364, 364-365, 
366, 372,810-811 
approximation, 372 
buffer layer, 366 
concentration layer, 810 
defined, 357 

fully developed region, 810-811 
irrotational flow region, 363 
overlap layer, 366 
Prandtl number (Pr), 365 
region, 363, 455 
surface shear stress, 363-364 
thermal, 364-365 
turbulent layer, 366 
velocity, 362-363 


viscous sublayer, 366 
Boussinesq approximation, 507 
British thermal unit (Btu), 6 
Brownian motion, 783 
Buffer layer, 366 
Buoyancy force, 505-506 
Burnout heat flux, 568 
Burnout point, 568 



Caloric theory, defined, 4 
Capacity ratio, 636 
Characteristic equation, 228 
Chemical energy, 7 

Chilton-Colbum analogy, 383-384, 473, 
815 

Colburn equation, 473 
Colebrook equation, 475 
Combined heat transfer coefficient, 29, 134 
Compact heat exchangers, 610-61 1 
Complementary error function, 242-243 
Concentration, 774, 778, 810-81 1 
boundary layer, 810 
defined, 774 
entrance region, 810 
entry length, 810 
fully developed region, 810-811 
mass convection, 810-81 1 
molar, 778 

Condensation, 578-607 

dropwise, 578, 591-592 
film, 578-591 
heat pipes, 592-597 
heat transfer, 578 
introduction to, 561 
noncondensable gases, 587 
vapor velocity, effect of, 586-587 
Condensers, 622 

Conduction, 1, 17-25, 63-34, 86-97, 131- 
216, 217-284, 285-287, 776* 
See also Heat conduction; 
Numerical methods; Steady heat 
conduction; Thermal 
Conductivity; Transient 
Heat conduction 
defined, 1, 17 
diffusion coefficient, 776 
Fick’s law of diffusion, 776 


869 
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Heat conduction (continued) 

Fourier’s law of heat, 18, 776 
heat capacity, 23 
heat conduction, steady one- 
dimensional, 86-97 
introduction to, 17-25 
mass transfer, 776 
numerical methods, 285—287 
shape factor, 174—176 
steady heat, 131-216 
temperature gradient, 18 
thermal diffussivily, 23 
transient heat, 63—64, 217-284 
Conduction resistance, 133. See also 
Thermal resistance 
Conductivity, 18, 19-23, 522-523 
effective thermal, 522-523 
thermal, 18, 19-23 

Conservation of energy, 1 1—17, 372-374 
Conservation of mass, 789 
Constant, 107, 109,110 
coefficients, 110 
defined, 107 
integration, 109 
Continuity equation, 369-370 
Convection, 1, 25-27, 81—82, 134, 295— 

296, 355-394, 395-450, 451- 
502, 503-560, 777, 810-819* 

See also External forced 
convection; Internal forced 
convection; Natural convection 
boundary conditions, 81-82, 295-296 
boundary layers, 357, 362—364, 364— 
365 

coefficients, 381-382 
combined natural and forced, 530- 
532 

combined natural and radiation, 525— 
526 

defined, 1,25 

differential equations, 369—376 
energy equation, 278-380 
equations, 376-380 
external forced, 395—450 
flat plate, 376-380 
fluid flows, 359-362 
forced, 26 

friction, functional forms of, 381-382 
fundamentals of, 355-394 
Grashof number (Gr), 507-510 
heat transfer coefficient, 357 
internal forced, 451-502 
introduction to, 25—27, 355, 395, 451, 
503 

laminar flow, 360, 365-366 
mass, 777,810-819 
microscale heat transfer, 385-388 
momentum and heat transfer, 382- 
384 

natural, 26, 503-560 


Newton’s law of cooling, 26, 219, 
356-357 

Newton’s second law of motion, 370- 
371,372, 507-509 
no-slip condition, 357 
nondimensionalized equations and 
similarity, 380—381 
Nusselt number (Nu), 358-359 
physical mechanism, 356-359, 504- 
507 

Prandtl number (Pr), 365 
resistance, 134 
Reynolds number (Re), 366 
transitional flow, 360, 365, 482-490 
turbulent flow, 360, 365—366, 367— 

369 

Coordinate systems, 62--63 
Correction factor, 625-626, 748 
emissivity, gases, 748 
heat exchangers, 625-626 
pressure, gases, 748 
Counter-flow, heat exchangers, 624 
Critical radius of insulation, 156—159 
Critical Reynolds number (Re CT ), 366 
Cross-flow, 408-417, 417-423, 611, 625- 
626 

cylinders, 408-417 
heat exchangers, 611, 625-626 
spheres, 408-417 
tube banks, 417-423 
Crossed-strings method, 722-724 
Current, natural convection, 504 
Cylinders, 70—71, 94-96, 150^156, 224— 
240, 408-417, 512, 513-514, 
524-525 

concentric, natural convection inside, 
524-525 

cross-flow, 408— 417 
external forced convection, 408-417 
heat transfer coefficient, 412-413 
Heisler charts, 231-235 
horizontal, 513-514 
multilayered, 152-153 
natural convection over, 5 12, 5 13-514 
one-dimensional heat transfer, 70-71 
one-term approximation, 230-231 
steady heat conduction, 150-1 56 
steady one-dimensional heat 
conduction, 94—96 
surface roughness, 410-412 
transient heat conduction, 224—240 
vertical, 512 

Cylindrical coordinates, 62-63, 75—76 
determination of, 62-63 
heat conduction equation, 75—76 


D 

Dalton’s law of additive pressures, 779 
Darcy friction factor, 465 


Darcy-Weisbach friction factor, 465-466 
Density, defined, 778 
Dependant variable, defined, 107 
Derivative, defined, 108 
Differential equations, 107-1 1 1, 289-292, 
369-376, 376-380 
classification of, 109—1 10 
conservation of energy, 372-374 
continuity, 369-370 
convection, 369—376, 376—380 
finite difference formulation, 289- 
292 

heat conduction, as numerical method 
for, 289-292 
introduction to, 107-109 
momentum, 370-372 
solutions of, 110-111,376-380 
Diffuse reflection, 685 
Diffusion, 75, 776, 777-783, 788-792, 
797-799,799-809 

binary diffusion coefficient, 780-782 
Brownian motion, 783 
coefficient, 776 

Dalton’s law of additive pressures, 

779 

density, 778 
equation, 75 

equimolar counterdiffusiou, 806—807 

Pick’s law of, 776, 779-783 

forced, 782 

gas mixtures, 803-804 

Knudsen, 782 

mass, 777-783, 788-792 

mass flux, 780 

mass fraction, 778 

molar concentration, 778-779 

molar flux, 780 

mole fraction, 778 

moving medium, 799-809 

ordinary, 782 

partial pressure, 779 

pressure, 782 

pressure fraction, 779 

resistance, 789-790 

soret effect, 782 

steady (one-dimensional) mass, 788- 
792 

Stefan flow, 804—806 
Stefan’s law, 805 
surface, 783 
thermal, 782 
transient mass, 796-799 
vapor, 804—806 
velocity, 800-802 
wall, steady mass through, 782 
Direct method, 301-302, 730 
Discretization error, 329-330 
Dittus-Boelter equation, 474 
Double-pipe heat exchanger, 610 
Draft, 42 


Drag, 396—399 

coefficient, 397 
defined, 396 
external flow, 396-399 
friction, 396-398 
pressure, 396-398 
skin friction, 397 

Dropwise condensation, 578, 591-592 
Dynamic viscosity, 363 


Eddies, 367-369 
defined, 367 
kinematic viscosity, 369 
thermal diffusivity, 369 
turbulent flow, 367-369 
Effective emissivity, 181-183 
Effective sky temperature, 690 
Effective surface temperature, 688-689 
Effectiveness, heat transfer, 632-638 
Effectiveness-NTU method, 631-641 
heat exchangers, 631—641 
he at- transfer effectiveness, 632-633, 
635-638 

number of transfer units (NTU), 636, 
639 

selection process, 632 
Eigenfunction, 228 
Electrical resistance, 133 
Electromagnetic spectrum, 665-666 
Electromagnetic waves (radiation), 664- 
665 

Elimination method, 301 
Emissivity, 28, 181-183, 680-684, 745, 
746^750 

correction factor, 748-749 

defined, '28, 680 

effective, 181-183 

gases and gas mixtures, 746-750 

radiative properties of, 680-684 

spectral, 745 

Emittedyadiation, 675-676 
Enclosures, 521-530, 731—739 
aspect ratio, 523—524 
combined natural convection and 
radiation, 525-526 
concentric cylinders, 524—525 
concentric spheres, 525 
effective thermal conductivity, 522- 
523 

natural convection inside, 521—530 
radiation heat transfer, 731-732, 733- 
739 

rectangular, 523-524 
three-surface, 733-739 
two-surface, 731-732 
Energy, 6-11, 11-17, 372-374, 378-380, 
691 

balance, 11-17 


British thermal unit (Btu), 6 
chemical, 7 

conservation of, equation, 372-374 

conservation of, principle, 11-17 

enthalpy, 7 

equation, 378-380 

forms of, 6-11 

internal, 6-7 

international unit, 6 

latent, 7 

nuclear, 7 

rate form, 1 1 

renewable, 691 

sensible, 6 

specific heat, 7-9 

thermal, 9 

total, 6 

transfer, 9-11 

Energy balance, 11-17, 292-301 
closed systems, 12 
defined, 11 
method, 292-301 
steady-flow systems, 12-13 
surface, 13-14 

Engineering equation solver (EES), 38-39 
English units, property tables and charts, 
869-890 
Enthalpy, defined, 7 

Entrance region, 455-458, 470, 476, 810 
boundary layer region, 455 
concentration, 810 
entry lengths, 455, 457-458 
hydrodynamic, 455-456 
internal forced convection, 455-458, 
470 

inotational (core) region, 455 
laminar flow, 470 
thermal, 455-456 
turbulent flow, 476 
velocity boundary layer, 455 
Entry lengths, 455, 457-458, 810 
concentration, 810 
hydrodynamic, 455 
laminar flow, 457 
thermal, 455 
turbulent flow, 457-458 
Equimolar counterdiffusion, 806-807 
Error, 329-332* See also Correction factor 
defined, 329 
discretization, 329-330 
numerical, 329-332 
numerical methods, controlling, 331— 
332 

round-off, 329, 331 
Error function, 242 
Evaporation, 582, 755 
condensation, 582 
latent heat loss, 755 
Excessive air motion, 42 
Exchange, radiation with gases, 743-752 


Explicit method, 313, 314, 315-316 
stability criterion for, 315-316 
transient heat conduction, 313, 314, 
315-316 

External flow, 359, 396-399 
defined, 359 
friction drag, 396-398 
heat transfer, 396, 398-399 
pressure drag, 396-398 
separated region, 398 
wake, 398 

External forced convection, 395—450 
cross-flow, 408-417, 417-423 
cylinders, 408-417 
drag, 396-399 
external flow, 396-399 
flat plates, 399-408 
heat transfer, 396-399, 423-434 
introduction to, 395 
parallel flow, 399-408 
pressure drop, 420 
spheres, 408^117 
thermal insulation, 423-434 
tube banks, 417-423 

F 

Fick's law of diffusion, 776, 779-7S3 
Film boiling, 567-568, 571-572 
Film condensation, 578-591 
flow regimes, 580 
heat transfer correlations, 581-586 
noncondensable gases, 587 
plates, 581-585 
spheres, 585-586 
superheated vapor, 580 
tube banks, 586 
tubes, 585-586, 591 
vapor velocity, effect of, 586-587 
vaporization, modified latent heat of, 
580 

Film temperature, 398-399 
Fin equation, 160-162 
Finite difference formulation, 289-329 
boundary conditions, 294—297 
defined, 289 

differential equations, 289-292 
first derivatives, 290 
nodes, 290-291, 292-294 
steady one-dimensional heat 
conduction, 292-301 
steady two-dimensional heat 

conduction, 291-292, 302-311 
Taylor series expansion, 290 
transient one-dimensional heat 
conduction, 3 1 1-324 
transient two-dimensional heat 
conduction, 324-329 
Finned surfaces, 159-174, 517-521 
effectiveness, 166-169 


Finned surfaces {continued) 
efficiency, 164—166, 167 
equations, 160-164 
heat sinks, 519—521 
heat transfer from, 159-174 
length of, 169-171 
mass flow rate of space between 
plates, 519-521 

natural convection cooling, 517-521 
steady heat conduction, 159-174 
First law of thermodynamics, 1 1-17, 621 
Fixed mass, 12 
Flat plates, 376-380 

convection equations, 376-380 
friction coefficient, 400-401 
heat transfer coefficient, 401-403 
parallel flow over, 399—408 
unheated starting length, 403 
uniform heat flux, 403-404 
Flow, 359-362, 396-399, 399^08, 408- 
417, 417— 423, 610-612 
counter, 610 

cross-flow, 408-417, 417-423, 61 1 
external, 396-399 
fluid, 359-362 
heat exchangers, 610-612 
laminar, 360, 365-366 
parallel, 399^108,610 
turbulent, 360, 365—366, 367-369 
Flow boiling, 563, 576-578 
Fluid flows, 359-362 

compressible versus incompressible, 
360 

forced, 360 

internal versus external, 359 
inviscid regions, 359 
laminar, 360, 365-366 
laminar versus turbulent, 360 
natural, 360 

natural versus forced, 360 
one-, two-, and three-dimensional, 
361-362 
periodic, 361 

steady versus unsteady, 361 
transient, 361 
transitional, 360, 365 
turbulent, 360, 365-366, 367-369 
uniform, 361 

viscous versus inviscid, 359 
Forced convection, 26, 395—450, 451—502, 
530-532 
defined, 26 
external, 395-450 
internal, 451-502 
natural, combined with, 530-532 
Forced diffusion, 782 
Forced flow, 360 
Fouling factor, 615-617 
Fourier number (Fo), 226-227, 236 
Fourier-Biot equation, 75 


Fourier's law, 18, 65, 132, 776 

heat conduction, 18, 65, 132, 776 
temperature gradient, 18 
Free convection, see natural convection 
Free-stream velocity, 396 
Freezer bum, defined, 265 
Friction, 381-382, 396-398, 469 
drag, 396-398 
factor, laminar tubes, 469 
functional forms of, 381-382 
pressure drag, 396-398 
skin friction drag, 397 
Friction coefficient, 364, 400—401, 483 
defined, 364 
fiat plates, 400-401 
parallel flow, 400-401 
transient flow, 483 

G 

Gases, 587, 743-752, 779, 803-809 
absorptivity of mixtures, 746-750 
Beer's law, 745 

constant pressure and temperature, 

803- 804 

emissivity correction factor, 748 
emissivity of mixtures, 746-750 
emitting and absorbing radiation, 
743-752 

equimolar counterdiffusion, 806- 
807 

ideal gas mixtures, 779 
mean beam length, 749 
mixtures, 746-750, 803-804 
noncondensable, 587 
pressure correction factor, 748 
radiation exchange with, 743-752 
radiation properties of, 744-745 
stationary, diffusion of gases through, 

804— 8.06 

Stefan flow, 804—806 
Stefan’s law, 805 
Grashof number (Gr), 509-510 
Greenhouse effect, 687-688 

H 

Heat, 2-11, 23, 61-129, 131-216,217- 
284, 609-661, 819-825. See 
also Energy; Heat conduction; 
Heat exchangers; Heat transfer 
capacity, 23 
capacity rate, 621 

conduction, 68-74, 86-97, 131-216, 
217-284 

conduction equation, 61-129 
defined, 2, 9 

effectiveness, heat-transfer, 632-633, 
635—638 

energy systems, 6-7 


exchangers, 609-661 
flux, 10,79-81 
generation, 66—68, 97-104 
simultaneous mass transfer and, 819 — 
825 

specific, 7-9 
steady, 131-216 
transfer, 2-6, 64—65 
transfer rate, 9-10 
transient, 217—284 

Heat conduction, 68-74, 86-97, 131-216, 
217-284, 285-354. See also 
Conduction; Numerical 
methods; Steady heat 
conduction; Transient heat 
conduction 
equations, 61—129 
numerical methods, 285— 2S7 
one- dimensional equations, 68—74 
one -dimensional problems, 86-97 
steady, 63-64, 86-97, 131-216 
transient, 63—64, 217-284 
Heat conduction equation, 61-129 
boundary conditions, 77-86 
cylinders, 70-71, 94—96 
cylindrical coordinates, 75-76 
differential equations, 107-1 1 1 
initial condition, 78 
introduction to, 61-63 
lumped systems, 63 
multidimensional heat transfer, 64—65 
one-dimensional heat transfer, 64, 
68-74 

plane wall, 68-69, 86-90, 92—94 
rectangular coordinates, 74—75 
solids, heat generation, 97-104 
spheres, 71, 96-97 
spherical coordinates, 76 
steady heat transfer, 63-64 
steady one-dimensional problems, 
86-97 

transient heat transfer, 63-64 
variable thermal conductivity, 104— 
107 

Heat exchangers, 609-661 
analysis of, 620-622, 638 
baffles, 61 1 
boilers, 622 
capacity ratio, 636 
compact, 610-611 
condensers, 622 
correction factor, 625—626 
counter- flow, 610, 624 
cross-flow, 611, 625-626 
double-pipe, 610 

effective ness -NTU method, 631-64! 
fouling factor, 615-617 
heat capacity rate, 621 
heat-transfer effectiveness, 632—633, 
635-638 


introduction to t 609 
logarithmic mean temperature 

difference (LMTD), 622—631 
number of transfer units (NTU), 636, 
639 

overall heat transfer coefficient (U- 
factor), 612-620 
parallel flow, 610 
plate-andfframe, 612 
regenerative, 612 
selection of, 642—645 
shelt-and-tube (multipass), 611-612, 
625-626 

types of, 610-612 

Heat flux, 10, 79-81, 285, 459-160, 467- 
468, 567, 569-570 
boundary conditions, specified, 79- 
81,285 
burnout, 568 

constant surface, 459—460, 467—468 
critical (maximum), 567 
defined, 10 
minimum, 570 
peak, 569-570 
pool boiling, 569-570 
Heat generation, 66-68, 97-104, 776-777 
heterogeneous reactions, 777 
homogeneous reactions, 777 
mass transfer, 776-777 
solids, 97-104 
thermal energy, 66—68 
uniform, 66 
Heat pipes, 592-597 

construction of, 595-596 
defined, 592 
operatiojjnof, 594-595 
use 0^592^594 

Heat transfer; 246, 9-10, 17, 29, 30-35, 

64-65, 131-189, 221-222,357- 
358, 382-384, 385-388, 396- ' 
399, 401-403, 486-490, 504, 
533-543, 562-564, 568-572, 
jf 581-591, 592-597, 632-638, 

' 753-757 

application areas of, 3 
boiling, 562-564 

coefficient, 29, 134, 135-137, 179- 
180, 357-358, 401^103, 412- 
413 

common configurations, 174-179 
conduction shape factor, 174-176 
defined, 2 

effectiveness, 632-638 
engineering, 4-6 
enhanced, 572 
external flow, 396-399 
film condensation, correlations for, 
581-591 

heat pipes, 592-597 
history of, 3-4 


human body, from, 753-757 
lumped systems, 221-222 
mechanisms, 17, 30-35 
microscale, 385-388 
modeling, 5-6 
momentum and, 382—384 
multidimensional, 64-65 
natural convection, 504, 533-543 
parallel flow, 401-403 
pool boiling, 568-572 
rate, 9-10 
reducing, 423—434 
steady conduction, 131-189 
thermal insulation, 423-434 
thermal resistance coefficient (fi- 
value), 133, 179-180, 181 
thermodynamics and, 2-4 
transitional flow, 486-490 
[/-factor, 135-137, 179-180,533- 

534. 537- 538, 538-540 
walls and roofs, 179-189 
windows, 533-543 

Heat transfer coefficient, 29, 134, 135-137, 
357-358, 401-403, 412-413, 
533-534, 537-538, 538-540, 
612-620 

combined, 29, 134 

convection, 357-358 

cylinders, 412—413 

flat plates, 401-403 

fouling factor, 615-617 

heat exchangers, 612-620 

overall, see U-factor 

radiation, 134 

spheres, 412—413 

[/-factor, 135-137,533-534,537- 

538. 538- 540,612-620 
Heisler charts, 231-236 
Henry’s constant, 785-786 
Henry’s law, 785 
Heterogeneous reactions, 777 
Homogeneous differential equations, 1 10 
Homogeneous reactions, 777 
Horizontal surfaces, natural convection 

over, 513-514 

Human body, heat transfer from, 753-757 
Hydraulic diameter, 454 
Hydrodynamic entrance region, 455-456 

1 

Impermeable surface, 784 
Implicit method, 3 13 
Incident radiation, 676-677 
Inclined surfaces, 512-513 
Incompressible flow, 360 
Incompressible substance, 8-9 
Indefinite integral, 109 
Independent variable, defined, 107 
Infrared region, 666 


Initial condition, 78 
Insulated boundary, 79, 295 
Insulation, 156-159,423-434 
critical radius of, 156-159 
heat transfer, reducing through surfaces, 
423-434 

/[-factor, 428-429 
reasons for, 425-427 
superinsulators, 427-428 
thermal, 423 
thickness, 429-430 
Integration, 108-109 
constant, 109 
defined, 108—109 
indefinite integral, 109 
Intensity, 673-679 

emitted radiation, 675-676 
incident radiation, 676-677 
radiation, 673-679 
solid angle, 674-675 
spectral, 677-678 

Interface boundary conditions, 83, 296 
internal energy, 6-7 
Internal flow, 359 

Internal forced convection, 451-502 
average temperature, 453—454 
average velocity, 453-454 
constant surface heat flux, , 459-460 
constant surface temperature, 460- 
462 

entrance region, 455-458, 470 
introduction to, 451-452 
laminar flow in tubes, 454, 463—473 
thermal analysis, 458-456 
transitional flow in tubes, 482-490 
tubes, flow in, 454, 463-473, 473- 
482, 482-490 

turbulent flow in tubes, 454, 473-482 
International unit, 6 
Inviscid flow regions, 359 
Irradiation, 676 
lirotational (core) region, 455 
Iterative method, 301-302 

K 

Kinematic eddy viscosity, 369 
Kinematic viscosity, 363 
Kinetic theory, 4, 20 
defined, 4 
gases, 20 

KlrchofTs law, 28, 686-687 
Knudsen diffusion, 782 
Knudsen number (Kn), 385-386 

L 

Lag phase, 256 

Laminar flows, 360, 365-366, 454, 457, 
463-473 


Laminar flows ( continued) 

constant surface heat flux, 467—468 
constant surface temperature, 468- 
469 

Darcy friction factor, 465 
Darcy-Weisbach friction factor, 465- 
466 

defined, 360, 365 
determination of, 365-366 
entrance region, development in, 470 - 
entry lengths, 457 

internal forced convection, 454, 463- 
473 

noncircular tubes, 469 
Nusselt number(Nu), 467 
Poiseuille’s law, 466 
pressure drop, 465—466 
pressure loss, 465 
Reynolds number (Re), 366 
temperature profile, 467 
transition, 365 
tubes, 454, 463-173 
Laplace equation, 75 
Laplace transform technique, 243-245 
Latent energy, 7 
Latent heat loss, 755 
Leidenfrost point, 567 
Lewis relation, 815 
Lift, defined, 396 
Light, spectrum region, 665-666 
Linear differential equations, 109 
Logarithmic mean temperature difference 
(LMTD), 462, 622-63 1 
correction factor, 625—626 
counter-flow heat exchangers, 624 
defined, 462, 623-624 
determination of, 622-624 
shell -and-tube (multipass), 625—626 
Lumped systems, 63, 218-224 
analysis, 218-224 
Biot number (Bi), 220-221 
characteristic length, 220 
criteria for, 219-221 
defined, 63 

heat transfer in, 221-222 

time constant, 219 

transient heat conduction, 218-224 

M 

Mach-Zehnder interferometer, 507 

Mass balance, 370 

Mass convection, 810-819 

analogy between coefficients, 814 
Chiltonr-Colbum analogy, 815 
concentration, 810-811 
concentration boundary layer, 810 
external flow, 810 
fully developed region, 81 CHS! 1 


internal flow, 810-811 
Lewis number, 810 
Lewis relation, 815 
low mass flux, 816 
relations, 816-817 
Reynolds analogy, 814-815 
Schmidt number, 81 1 
Sherwood number, 812, 817 
Stanton number, 812—813 
Mass flow rate, 12-13, 519-520 
Mass flux, 780 
Mass fraction, 778 
Mass transfer, 773^40, See also 

Diffusion; Mass convection 
analogy between heat transfer 
and, 775-777 

binary diffusion coefficient, 780-782 
boundary conditions, 783-788 
coefficient, 812 

concentration, 774, 778, 810-811 
density, 780 

diffusion in a moving medium, 799- 
809 

equimolar counterdiffusion, 806-807 
Pick’s law of diffusion, 776, 779-783 
heterogeneous reactions, 777 
homogeneous reactions, 777 
ideal gas mixtures, 779 
introduction to, 773—775 
mass convection, 810-819 
mass diffusion, 777-783, 788-792 
molar concentration, 780 
permeability, 787-788 
simultaneous heat and, 819-825 
solubility, 785—787 
transient mass diffusion, 796-799 
water vapor migration, 792—796 
Mesh Fourier number, 314* 

Metabolism, 41 
Microorganisms, 256—267 
beef products, 259-263 
control of in food, 256-267 
defined, 256 
lag phase, 256 
poultry products, 263—265 
refrigeration and freezing of foods, 
258-259 

transient heat conduction, , 256-267 
Microscale heat transfer, 385-388 
Microwave region, 666 
Mirror image concept, 296-297 
Molar concentration, 778-779 
Molar diffusion resistance, 790 
Molar flux, 780 
Mole fraction, 778 

Momentum, 367-369, 370-312 , 382-384 
balance, 371 
equations, 370-372 
fluid flow, transfer in, 367—369 


heat transfer and, 382-384 
Newton’s second law of motion, 370- 
371,372 
stresses, 368 

.v-momentum equation, 371 
Moody chart, 475-476, 867 
Motion, 42, 370-371, 372, 507-510. See 
also Momentum 
Boussinesq approximation, 507 
excessive air, 42 
Grashof number (Gr), 509-510 
momentum equations, 370-371, 372 
natural convection, 507-510 
Newton’s second law of, 370-371, 
372, 507-509 

Moving medium, diffusion in, 799-809 
Multidimensional heat transfer, 64-65 
Multidimensional systems, 248-256 
product solution, 249-250 
transient heat conduction, 248-256 
Multilayer plane walls, 137-141 

N 

Natural convection, 26, 503-560, 565 
boiling, 565 

buoyancy force, 505— 506 
cooling, 517-521 
current, 504 
defined, 26 

enclosures, inside, 521—530 
finned surfaces, 517-518 
forced convection, combined with, 
530-532 

Grashof number (Gr), 509-510 
heat transfer, 504, 533-543 
introduction to, 503 
Mach-Zehnder interferometer, 507 
mass flow rate, 519-520 
motion, equation of, 507-510 
Nusselt number (Nu), 511 
physical mechanism, 504-507 
printed circuit boards (PCBs), 517, 
518-519 

radiation, combined with, 525—526 
Rayleigh number (Ra), 510 
surfaces, over, 510-517 
volume expansion coefficient, 505 
windows, 533-543 
Natural flows, 3®) 

Net radiation heat transfer, 727-730 
Network method, 730 
Newton’s law of cooling, 26, 219, 356- 
357, 622 

Newton’s second law of motion, 370-371, 
372, 507-509 
Newtonian fluids, 363 
No-slip condition, 357 
Nodal points, 290 


INDEX 


Nodes, 290-292, 292-298, 303-3 1 1 

boundary nodes, 294—298, 303—3 1 1 
defined, 290 

finite difference formulation, 290- 
292 

interior, 292-294 
mirror image concept, 296-297 
one-dimensional, 292-298 
two-dimensional, 303-311 
Nondimensionalized equations and 
similarity, 380-381 
Nonlinear differential equations, 109 
Nuclear energy, 7 

Nucleate boiling, 565-567, 568-569 
Number of transfer units (NTU), 636, 639 
Numerical methods, 285—354 

differential equations, 289-292 
direct method, 301-302 
discretization error, 329-330 
elimination method, 301 
energy balance method, 292-301 
error in, controlling, 331-332 
explicit method, 313, 314, 315—316 
finite difference formulation, 289- 
292 

heat conduction, 285-354 
implicit method, 313 
introduction to, 285 
iterative method, 301-302 
mirror image concept, 296-297 
nodes, 290-292, 292-^298, 303-3 1 1 
numerical error, controlling, 329-332 
one-dimensional, 292-302 
reasons for, 285-289 
round-off error, 329, 331 
stability criterion for explicit method, 
3l5-3i6 

steady heat conduction, 292-302, 
302-311 

Taylor series expansion, 290 
transient heat conduction, 3 1 1-329 
two-dimensional, 302-31 1, 324-329 
Nusselt number (Nu), 358-359, 382, 412- 
- 414,419,469,511 
determination of, 358—359 
dimensionless temperature gradient, 
382 

extemai cross-flow, 412-414, 419 
laminar flow in tubes, 469 
natural convection, 51 1 

0 

One-dimensional heat transfer, 64, 68-74, 
292-302. See also Heat 
conduction 

combined equation, 72 
conduction equations, 68-74 
cylinder, 70-71 


defined, 64 

numerical methods, 292-302 
plane wall, 68-69 
sphere, 71 

steady heat conduction, 292-302 
One-term approximation, 230 
Ordinary differential equations, 109 
Ordinary diffusion, 782 
Overall heat transfer coefficient, see U - 
factor 

Overlap layer, 366 

P 

Parallel flow, 399-408, 610 
flat plates, 399408 
heat exchangers, 610 
Partial derivatives, defined, 108 
Partial differential equations, 109 
Partial pressure, 779 
Penetration depth, 797-798 
Periodic flow, 361 
Permeability, 787-788 
Permeance, 794 
Petukhov equation, 473 
Photons, 665 
Pipes, defined, 452 
Plane-parallel air space, effective 
emissivityof, 181-183 
Plane walls, 68-69, 86-90, 92-94, 132- 
141, 224—220, 313-315 
energy balance, 132 
Fourier’s law of heat conduction, 132 
Heisler charts, 232 
mesh Fourier number, 314 
multilayer, 137-138 
one-dimensional heat transfer, 68-69 
one- term approximation, 230-231 
solar heated, heat conduction, 92-94 
steady heat conduction, 132-141 
steady one-dimensional heat 
conduction, 86-90 

thermal resistance, 133-135, 135-137 
transient heat conduction, 224-240, 
313-315 

Plate-and-frame heat exchangers, 612 
Plates, 376-380, 512-513, 581-585 
convection equations for, 376-380 
film condensation, 581-585 
flat, 376-380 

heat transfer correlations, 581—585 
horizontal, 513 
inclined, 512-513,585 
laminar flow on, 584 
natural convection over, 512-513 
turbulent flow on, 584-585 
vertical, 512, 581—585 
Poiseuille’s law, 466 
Poisson equation, 75 


Pool boiling, 563, 564-576 
boiling curve, 564 
defined, 563 

enhanced heat transfer, 572 
heat transfer correlations, 568-572 
minimum heat flux, 570 
peak heat flux, 5694*70 
regimes, 564—568 
Power, defined, 9 
Prandtl number (Pr), 365 
Pressure, 7-8, 369-398, 465-466, 482- 
486, 748, 779, 782, 793 
constant, c pT 7-8 
correction factor, 748 
Dalton’s law of additive, 779 
diffusion, 782 
drag, 396-398 

drop, 420, 465466, 482-486 

fraction, 779 

loss, 465 

saturation, 793 

vapor, 793 

Pressure drop, 420, 465466, 482-486 
Darcy friction factor, 465 
Darcy-Weisbach friction factor, 465- 
466 

extemai forced convection, 420 
internal forced convection, 465—466 
laminar flows, 465-466 
Poiseuitle’s law, 466 
transitional flow, 482-486 
Primary coefficients, 315 
Printed circuit boards (PCBs), 517, 518- 
519 

Problem-solving techniques, 35-40, 730 
direct method, 730 
engineering equation solver (EES), 
38-39 

engineering software packages, 37- 
38 

network method, 730 
radiation, 730 
significant digits, 39-40 
steps for, 35-37 

Product solution, multidimensional 
systems, 249-250 

Property tables and charts, 841-867, 869- 
890 

air (1 atm pressure), 860, 887 
ammonia, saturated, 856, 883 
atmosphere at high altitude, 863 
boiling-point, 843 

building materials, 848-849, 875-876 
critical-point properties, 
emissivities of surfaces, 864-865 
English units, 869-890 
food, 851-852, 878-879 
freezing-point, 843, 851, 871, 878 
gas constant, 842, 870 


Property tables and charts (continued) 
gases (1 atm pressure), 861-862, 
SSS-8S9 

ideal-gas specific heats, 842, 870 
insulating materials, 850, 877 
liquid metals, 859, 886 
liquids, 858, 885 
metals, 844-846, 859, 864, 872, 
886 

miscellaneous materials, 853, 880 
molar mass, 842, 870 
Moody chart for friction factor, 867 
nonmetals, 847, 865, 874 
propane, saturated, 857, 884 
refrigerant, saturated, 855, 882 
SI units, 841-867 
solar radiation, 866 
solid metals, 844-846, S72-S73 
solid nonmetals, 847, 874 
water, saturated, 854, 881 
specific heats, 842, 851, 870, 878 


Quanta, 665 

R 

rt-value, 133-135, 179-189,428^29 
airspaces, 182 
building components, 180 
determination of, 133-135 
insulation, 428-429 
walls and roofs, 179-189 
Radiation, 1, 27-30, 82-83, 134, 296, 525- 
526, 663-707, 709-771* See 
also Solar radiation; 

Thermal radiation 

absorptivity, 28, 684— 686 
atmospheric, 688-4592 
black surfaces, 724-726 
blackbody, 28, 667-673 
boundary conditions, 82-83, 296 
combined heat transfer coefficient, 

29, 134 

crossed-strings method, 722-724 
defined, 1, 27 

diffuse, grey surfaces, 727-739 
effect on temperature measurements, 
741-743 

electromagnetic, 664—665 
electromagnetic spectrum, 665-666 
emissivity, 28, 680-684 
exchange with gases, 743-752 
gases, emitting and absorbing, 743- 
752 

greenhouse effect, 687-688 
heat transfer, 709-771, 753-757 
heat transfer coefficient, 134 


human body, heat transfer from, 753- 
757 

incident, 676-677 
introduction to, 664—665 
Kirchoff’s law, 28, 686-687 
natural convection, combined with, 
525-526 

net radiation heat transfer, 727-730 
photons, 665 

problems, methods of solving, 730 
quanta, 665 
radiosity, 727 

reciprocity relation, 7 14— 7 17 
reflectivity, 684—686 
resistance, 134 
sbields,739-741 
solar, 666, 688^592, 692-699 
Stefan-Boltzmann law, 28, 667-671 
summation rule, 717-718 
superposition rule, 719—720 
symmetry rule, 720-722 
thermal, 663, 665-707 
three-surface enclosures, 733-739 
transmissivity, 684-686 
two-surface enclosures, 731-732 
ultraviolet, 666 

view factor, 710-713, 713-724 
Radio wave region, 666 
Radiosity, 727 
Raouit’s law, 787 
Rayleigh number (Ra), 510 
Reciprocity relation, 712, 714, 717 
Rectangular coordinates, 62-63, 74—75 
determination of, 62-63 
heat conduction equation, 74-75 
Rectangular enclosures, 523-524 
aspect ratio, 523-524 
horizontal, 523 
inclined, 523-524 
natural convection inside, 523—524 
vertical, 524 
Reflectivity, 68<L-686 
defined, 684 

radiative properties of, 680--684 
Regenerative heat exchangers, 612 
Relative humidity, 793 
Renewable energy, 691 
Reradiating surface, 728 
Reynolds analogy, 383, 814-815 
Reynolds number (Re), 366, 484 
Roofs, heat transfer through, 179-189 
Round-off error, 329, 331 

S 

Saturated, boiling, 562-563 

Sensible energy, 6 

Separated region, 398 

Separation of variables method, 227-229 


Shading coefficient (SC), 694 
Shear stress, 363 
Shelband-tube (multipass) heat 

exchangers, 611-612, 625-626 
Sherwood number, 812, 817 
Shields, radiation, 739-741 
SI units, property tables and charts, 841- 
867 

Significant digits, 39-40 
Similarity variable, 241, 377 
Software packages, engineering, 37—38 
Solar heat gain coefficient (SHGC), 694 
Solar radiation, 666, 688-692, 692-699 
defined, 666 
diffuse, 689, 693 
direct, 689, 693 

effective surface temperature, 683— 
689 

heat gain, 692-699 
hourly variation of incident, 695 
renewable energy, 691 
shading coefficient (3C) t 694, 696 
solar constant, 688 
solar heat gain coefficient (SHGC), 
694 

total solar irradiance, 688 
windows, 692—699 
Solid angle, 674-675 
Solids, 97-104, 240-248 

complementary error function, 242— 
243 

contact of two semi-infinite, 245- 
248 

error function, 242 
heat generation, 97-104 
Laplace transform technique, 243- 
245 

semi-infinite, 240-248 
similarity variable, 241 
transient heat conduction, 240—248 
Solubility, 785-787 
Soret effect, 782 
Space resistance, 729 
Specific heat, 7-9 

constant pressure, c pt 7-8 
constant volume, c vt 7 
tables for, 842, 851, 870, 878 
Spectral quantities, 668-671, 677-678, 
685, 745 

absorption coefficient, 745 
absorptivity, 685, 745 
blackbody emissive power, 668-671 
directional, 685 
emissivity, 745 
hemispherical, 685 
intensity, 677-678 
transmissivity, 685, 745 
Specular reflection, 685 
Spheres, 71, 96-97, 150-156,224-240, 


408-417, 513— 514, 525, 535- 
586 

concentric, natural convection inside, 
525 

cross-flow, 408-417 
external forced convection, 408-417 
film condensation, 585-586 
heat transfer coefficient, 412— 413 
Heisler charts, 234 
multilayered, 152—153 
natural convection over, 513-514 
one-dimenstonal heat transfer, 71 
one- term approximation, 230-231 
steady heat conduction, 150-156 
steady one-dimensional heat 
conduction, 96-97 
surface roughness, 410-412 
transient heat conduction, 224—240 
Spherical coordinates, 62-63, 76 
determination of, 62-63 
heat conduction equation, 76 
Square mesh, 303 

Stability criterion for explicit method, 
315-316 

Stanton number (St), 383, 812-813 
Stationary medium, 801 
Steady heat conduction, 63-64, 86-97, 
131-216, 292-302,302-311 
common configurations for, 174—179 
critical radius of insulation, 156-159 
cylinders, 150—156 
defined, 63 

finned surfaces, 159-174 
heat transfer, 63-64, 174-179 
introduction to, 13 1 
numerical methods, 292-302, 302- 
31 f "i 

one'dimensional problems, 86-97 
plane walls, 132-141 
roofs, 179-189 
spheres, 150-156 

thermal contact resistance, 142-146 
thermal resistance networks, 135- 
' 137/147-149 

transient, versus, 63-64 
walls, 179-189 

Stefan-Boltzmann law, 28, 667-671 
Stefan flow, 804—806, 890 
Stefan's law, 805 
Subcooled, boiling, 562-563 
Summation rule, 717-718 
Superheated vapor, 580 
Superinsulators, 427-428 
Superposition rule, 719-720 
Surface area, 4 1 
Surface diffusion, 783 
Surface phenomenon, 667 
Surface resistance, 728 
Surface roughness, 410-412, 475-476 


cylinders, 410-412 
relative roughness, 475 
spheres, 410-412 
turbulent flow, 475-476 
Surface shear stress, 363—364 
Surfaces, 510-517, 724-726, 727-739, 

784 

black, 724—726 
cylinders, 512, 513-514 
diffuse, grey, 727—739 
horizontal, 5 13—514 
impermeable, 784 
inclined, 512-513 

infinitely long, view factors between, 
722-724 

natural convection over, 510-5 17 
net radiation heat transfer, 727-730 
Nusselt number (Nu), 51 1 
plates, 512-513 

radiation heat transfer, 724-739 
Rayleigh number (Ra), 510 
re radiating, 728 
spheres, 513— 514 
two- and three-surface enclosures, 
733-739 
vertical, 512 

Symmetry rule, 720-722 

Y 

Taylor series expansion, 290 
Temperature, 15, 18, 23, 43, 78-79, 105, 
453-454, 460-463, 467, 468- 
469, 562-563, 688-689, 690, 
741-743, 754, 776 
arithmetic mean temperature 
difference, 460 
average, 23, 105, 453-454 
coefficient of thermal conductivity, 

15 

constant surface, 460-463, 468-469 
effective, thermal comfort, 754 
effective sky, 690 
effective surface, 6S8--689 
excess, 562 
gradient, 18 

logarithmic mean temperature 

difference (LMTD), 462, 622— 
631 

mass transfer, 776 
mean radiation, 754 
measurements, radiation effect on, 
741-743 
operative, 754 
profile, laminar flow, 467 
saturated, 562-563 

specified, boundary conditions, 78-79 
stratification, 43 
subcooled, 562—563 


unit thermal resistance of clothing 
(clo), 745 

Tenderness, defined, 260-261 
Thermal analysis, 458-463 

arithmetic mean temperature 
difference, 460 

constant surface heat flux, 459-460 
constant surface temperature, 460- 

462 

internal forced convection, 458- 

463 

logarithmic mean temperature 
difference, 462 
Thermal comfort zone, 42 
Thermal conductivity, 18, 19-23, 104—107, 
522-523 

average temperature, 23, 105 
defined, 18, 19-20 
determination of, 19-23 
effective, 522-523 
temperature coefficient of, 105 
variable, 104-107 

Thermal contact conductance, 143-145 
Thermal contact resistance, 142-146 
Thermal diffusion, 782 
Thermal diffusivity, 23 
Thermal energy, 9, 66 
Thermal entrance region, 455—456 
Thermal insulation, 423—434 
defined, 423 

heat transfer, reducing, 423—425 
optimum thickness, 429—430 
R-value, 428-429 
reasons for, 425-427 
superinsulators, 427-428 
Thermal radiation, 663, 665—707. See also 
Intensity 

atmospheric radiation, 688-692 
blackbody radiation, 667-673 
defined, 665 

electromagnetic radiation, 664—665 
electromagnetic spectrum, 665 
fundamentals of, 663-707 
infrared region, 666 
intensity, 673-679 
light, 665-666 
microwave region, 666 
properties, 679-688 
radio wave region, 666 
solar radiation, 666, 688-692, 692— 
699 

surface phenomenon, 667 
ultraviolet radiation, 666 
volumetric phenomenon, 666 
Thermal resistance, 133—135, 135-137, 
142-146, 147-149, 754. See 
also R -value 

coefficient, overall unit of (R-vatue), 
133-135, 179-180, 182 


Thermal resistance (continued) 

combined heat transfer coefficient, 

134 

concept of, 133—135 
conduction resistance, 133 
contact resistance, 142-146 
convection resistance, 134 
network, 135-137, 147-149 
parallel layers, 147-149 
plane walls, 133-137 
fl-value, 133-135, 179-189 
radiation heat transfer coefficient, 134 
radiation resistance, 134 
series-parallel layers, 147-149 
unit of clothing (clo), 745 
Thermal symmetry, 80-81 
Thermodynamics, 1-60 

basic concepts of, 1-60 
conduction, 1, 17—25 
convection, 1,25—27 
defined, 1 
energy, 6-17 
energy balance, 1 1-17 
first law of, 1 1-17, 621 
heat, 2-11 

heat transfer, 2-6, 9-10, 17, 29, 30- 
35 

introduction to, 1 

problem-solving techniques, 35-40 
radiation, 1, 27-30 
specific heat, 7-9 
thermal comfort, 40—45 
thermal conductivity, 18-23 
thermal diffusivity, 23 
Three-dimensional heat transfer, 64 
Three-surface enclosures, 733-739 
lime constant, 219 
Total energy, 6 
Total solar irradiance, 688 
Transient flow, 361 

Transient heat conduction, 63-64, 217— 
284,311-329 

complementary error function, 242- 
243 

cylinders, 224-240 
defined, 63 
error function, 242 
explicit method, 313, 315-316 
Fourier number (Fo), 226-227, 236 
heat transfer, 63-64 
Heisler charts, 231-236 
implicit method, 313 
introduction to, 217 
■ Laplace transform technique, 243- 
245 

lumped system analysis, 218-224 
microorganisms in food, control of, 
256-267 

multidimensional systems, 248-256 
Newton’s law of cooling, 219 


nondimesionalized one-dimensional 
problem, 225—240 
numerical methods, 311-329 
one-dimensional, 311—324 
plane walls, 224-240, 313— 315 
semi-infinite solids, 240-248 
separation of variables method, 227— 
229 

spheres, 224—240 
steady, versus, 63-^64 
two-dimensional, 324—329 
Transient mass diffusion, 796-799 
analysis, 796-797 
penetration depth, 797—798 
Transition boiling, 567 
Transitional flow, 360, 365, 482—490 
defined, 360, 365 
friction coefficient, 483 
heat transfer, 486-490 
pressure drop, 482—486 
region, 356 

Reynolds number (Re), 484 
tubes, 482-490 
Transmissivity, 684—686 
defined, 684 

radiative properties of, 680-684 
Tube banks, 417-423, 586 
cross flow, 417-423 
film condensation, 586 
pressure drop, 420 

Tubes, 452, 463-473, 473-482, 482-490, 
585-586, 591 
annulus, 477 
defined, 452 

film condensation, 585-586, 591 
hydraulic diameter, 454 
laminar flow, 454, 463-473 
noncircular, 469, 476* 
transitional flow, 454, 482-490 
turbulent flow, 454, 473-482 
Turbulent flow, 360, 365-366, 367-369, 
457-458, 473-482 
boundary layers, 366 
Chilton-47olbum analogy, 473 
Colburn equation, 473 
Colebrook equation, 475 
critical Reynolds number (Re cr ), 366 
defined, 360, 365 
Dittus-Boelter equation, 474 
eddies, 367-369 
entrance region, 476 
entry lengths, 457-458 
heat and momentum transfer in, 367— 
369 

heat transfer enhancement, 477 
Moody chart, 475-476 
noncircular tubes, 476 
Petukhov equation, 473 
relative roughness, 475 
rough surfaces, 475-476 


transition, 365 
tube annulus, 477 
tubes, 473-482 
Turbulent layer, 366 
Turbulent shear stress, 368 
Turbulent thermal conductivity, 368 
Turbulent viscosity, 368 
l\vo-dimensional heat transfer, 64, 302- 
311, 324—329 
boundary nodes, 303-3 1 1 
numerical methods, 302-311 
square mesh, 303 
steady heat conduction, 302—31 1 
transient heat conduction, 324-329 
TXvo-surface enclosures, 731-732 

U 

(/-factor, 136-137, 533-534, 537-538, 
538-540, 612-620 
determination of, 136-137 
fouling factor, 615-617 
heat exchangers, 612-620 
natural convection, 533-534, 537- 
538, 538-540 
overall, 538-540 

windows, 533-534, 537-538, 538- 
540 

Ultraviolet radiation, 666 
Uniform flow, 361 
Uniform heat flux, 403-404 
Upstream velocity, 396 

V 

Vapor, 579-580, 586-587, 792-796 
barriers, 792-793 
migration in buildings, 792—796 
permeance, 794 
pressure, 793 
relative humidity, 793 
resistance, 794 
retarders, 792, 793 
saturation pressure, 793 
superheated, 580 

vaporization, latent heat of, 579-580 
velocity, 586-587 
water, 792-796 

Variable thermal conductivity, 104-107 
Variables, 107, 1 10, 227-229, 241 
coefficients, 110 
dependant, 107 
independent, 107 
separation of, method, 227-229 
similarity, 241, 377 

Velocity, 362-363, 396, 453^154, 455, 
800-803 
approach, 396 
average, 453-454 
boundary layers, 362—363, 455 


diffusion, 800-803 
free-stream, 396 

internal forced convection, 453-454, 
455 

mass-average, 801 
molar-average, 802-803 
upstream, 396 
Ventilation, 45 

Vertical surfaces, natural convection over, 
512 

View factor, 710-713, 713-724 

crossed-strings method, 722-724 
geometric expressions, 713, 714 
radiation parameters, 710-711 
reciprocity relation, 712, 714, 717 
summation rule, 717— 718 
superposition rule, 719-720 
symmetry rule, 720-722 
Viscosity, 359, 363, 368-369 
dynamic, 363 
flow, 359 
kinematic, 363 


kinematic eddy, 369 
turbulent, 368 

Viscous flow, 359 

Viscous sublayer, 366 

Volume, 7, 13, 505 
constant, c vl 7 
expansion coefficient, 505 
flow rate, 13 

Volumetric phenomenon, 666 

W 

Wake, 39S 

Walls, 179-189, 788-792, 792-796, See 
also Planar walls 
conservation of mass, 789 
diffusion resistance, 789-790 
heat transfer through, 179-189 
mass diffusion through, 788-792 
molar diffusion resistance, 790 
water vapor migration in buildings, 
792-796 


Wien’s displacement law, 669-670 

Windows, 533-543, 692-699 
double-pane, 534 
edge-of-glass, 537 
frame, 537-538 
heat gain through, 692-699 
heat transfer coefficient, 535, 539 
heat transfer through, 533—543 
overall heat transfer coefficient, 533- 
534 

solar radiation , 692-699 
spacers, 537 
surface heat, 538 
transfer coefficients, 538 
tZ-factor, 533-534, 537-538, 538- 
540 

X 

jt-momentum equation, 371 



